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Single gene expression model
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• Gene autoregulation.

R1 : DNA
kR (t)−−−→ DNA + R

R2 : R
γR−→ ∅

R3 : R
kP−→ R + P

R4 : P
γP−→ ∅.

• System state R(t),P(t))

S =

(
1 −1 0 0
0 0 1 −1

)
.

• θ = (γR , γP , kP , b0, b1, b2, b3)
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Motivation

• Continuous stochastic process on a discrete state space.

• Transitions happening at random times.
• Transition rates depend on current state and unknown rate parameters.
• Markov property, p(x t |x t−1, . . . , x0) = p(x t |x t−1)

• x t = (x1,t , . . . , xN,t )
T system state at time t for N random variables.

• State change vectors sj = (s1,j , . . . , sN,j )
T , j ∈ {1, . . . ,M}

• Transition rates, fj (x ,θ)dt for state change j in the interval [t , t + dt).
• Master Equation

dp(x , t |x0, t0)

dt
=

M∑
j=1

[fj (x − sj ,θ, t)p(x − sj , t |x0, t0)− fj (x ,θ, t)p(x , t |x0, t0)] .

• Intractible, simulate trajectories by a Stochastic Simulation Algorithm.
• Parameter inference scheme Boys, Wilkinson, Kirkwood (2006)
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Diffusion Approximation

• Employed by Golightly and Wilkinson (2005, 2008)

• Ito diffusion associated with Fokker-Planck equation
• Informal derivation, τ -leaping:
• Choose τ > 0 such that:

fj (x t′ ,θ) ≈ fj (x t ,θ), ∀t ′ ∈ [t , t + τ ], ∀j ∈ [1,M] (1)

fj (x t ,θ)τ � 1, ∀j ∈ [1,M] (2)

• Conditions (1) and (2) can be satisfied if xi � 1.
• (1) implies that the number of transitions to states j are independently

Poisson distributed with mean fj (x t ,θ)τ .
• (2) implies that the number of transitions can be reasonably

approximated by a Normal distribution.
• Langevin Equation

dx t = Sf (x t ,θ)dt +
1√
Ω

S
√

diag(f (x t ,θ))dBt (3)
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Diffusion Approximation

• Inference proceeds employing Euler-Maryuama discretision

• Augmentation of observed values with ’missing values’ Roberts and
Stramer, 2001, Golightly and Wilkinson, 2005

• Sample a skeleton path then parameters of interest
• Issues of efficiency given the coupling of discrete path sampled and

parameters
• If system is close to thermodynamic limit further approximation valid
• Linear Noise Approximation (LNA) of van Kampen 1976
• Employed extensively in chemical physics and genome research
• May provide intermediate scheme for MCMC based inference
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Linear Noise Approximation
• Assume that x = φ + 1√

Ω
ξ

• φ are deterministic and ξ stochastic variables.

fj (x ,θ) = fj
(
φ +

1√
Ω
ξ,θ

)
= fj (φ,θ) +

1√
Ω

N∑
i=1

∂fj (φ,θ)

∂φi
ξi + O(Ω−1)

• Replace in the diffusion retain O(1) terms for dφ.

dφt = Sf (φt ,θ)dt

• Neglect any terms higher than O( 1√
Ω

) for dξ

dξt = SJ f (φ,θ)ξdt + S
√

diag(f (φt ,θ))dBt

• which is a linear SDE with analytic solution

ξt = Φ(t0, t)
(
ξ0 +

∫ t

t0
Φ(s, t)−1S

√
diag(f (φs,θ))dBs

)
• where Φ(t0, s) the solution to

dΦ(t0, s) = SJ f (φs,θ)Φ(t0, s)ds, Φ(t0, t0) = I
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Likelihood for the Linear Noise Approximation

p(x (TS)|θ) ∝ N (µ(θ),Σ(θ))

• µ(θ) = (φt1, . . . ,φtn)T a nN vector with solutions of the MRE.
• Σ(θ) a nN × nN block matrix with blocks Σ(θ)i,j N × N
•

x t ∼ N (φt ,V t ),
dV t

dt
= SJ f (φt ,θ)V t +V tJ f (φt ,θ)T ST +Sdiag(f (x t ,θ))ST

Σ(θ)i,j =

{
V ti if i = j
cov(x ti , x tj ) = Σ(θ)i,j−1Φ(tj−1, tj )T

• Fisher Information

FI(θ)m,n =
∂µ(θ)T

∂θm
Σ−1(θ)

∂µ(θ)

∂θn
+

1
2

tr
(
Σ−1(θ)

∂Σ(θ)

∂θm
Σ−1(θ)

∂Σ(θ)

∂θn

)
• Augment the MRE for φ with the lower triangular elements of V and

solve the augmented system with forward sensitivity analysis.
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Geometric Concepts in MCMC

• Tangent space - local metric defined by δθTG(θ)δθ = gklδθkδθl

• Christoffel symbols - characterise Levi-Civita connection on manifold

Γi
kl =

1
2

∑
m

g im
(
∂gmk

∂θl +
∂gml

∂θk −
∂gkl

∂θm

)
• Geodesics - shortest path between two points on manifold

d2θi

dt2 +
∑
k,l

Γi
kl

dθk

dt
dθl

dt
= 0
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Illustration of Geometric Concepts

• Consider Normal density p(x |µ, σ) = Nx (µ, σ)

• Local inner product on tangent space defined by metric tensor, i.e.
δθTG(θ)δθ, where θ = (µ, σ)T

• Metric is Expected Fisher Information

G(µ, σ) =

[
σ−2 0

0 2σ−2

]

• Components of connection ∂µG = 0 and ∂σG = − diag(2σ−3, 4σ−3)

• Metric on tangent space

δθTG(θ)δθ =
(δµ2 + 2δσ2)

σ2

• Metric tensor for univariate Normal defines a Hyperbolic Space
• Consider densities N (0, 1) & N (1, 1) and N (0, 2) & N (1, 2)
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Normal Density - Euclidean Parameter space

µ

σ

N (0, 1)

N (0, 2) N (1, 2)

N (1, 1)



Normal Density - Riemannian Functional space

µ

σ

N (0, 1)

N (0, 2) N (1, 2)

N (1, 1)



M.C. Escher, Heaven and Hell, 1960



Langevin Diffusion on Riemannian manifold

• Discretised Langevin diffusion on manifold defines proposal mechanism

θ′d = θd +
ε2

2

(
G−1(θ)∇θL(θ)

)
d
− ε2

D∑
i,j

G(θ)−1
ij Γd

ij + ε
(√

G−1(θ)z
)

d

• Manifold with constant curvature then proposal mechanism reduces to

θ′ = θ +
ε2

2
G−1(θ)∇θL(θ) + ε

√
G−1(θ)z

• MALA proposal with preconditioning

θ′ = θ +
ε2

2
M∇θL(θ) + ε

√
Mz

• Proposal and acceptance probability

pp(θ′|θ) = N (θ′|µ(θ, ε), ε2G−1(θ))

pa(θ′|θ) = min
[
1,
π(θ′)pp(θ|θ′)
π(θ)pp(θ′|θ)

]
• Proposal mechanism diffuses approximately along the manifold
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Langevin Diffusion on Riemannian manifold
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Simplified Manifold MALA

• For θ ∈ RD with density π(θ), L(θ) ≡ logπ(θ)

• Define proposal distribution

q(θ∗|θt−1) = N
(
θ∗|µ(θt−1, ε), ε2G−1(θt−1)

)

Where

µ(θ, ε) = θ +
ε2

2

(
G−1(θ)∇θL(θ)

)
, G−1(θ) = FI(θ)

• Accept θ∗ with probability

min
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Single gene expression model

kP

kR(t)

∅

∅
γR

γP • Single gene expression model with negative
feedback.

• System state (R(t),P(t))T models the population
of RNA and protein.

• kR(P, t) =
(b0 exp(−b1(t − b2)2) + b3)/(1 + (P/H)nH )

• H = b3kP/(2γRγP), nH = 1/2

S =

(
1 −1 0 0
0 0 1 −1

)

• Deterministic MRE φ = (φR , φP)T

dφR/dt = kR(φP , t)− γRφR

dφP/dt = kPφR − γPφP

• Parameters θ = (γR , γP , kP , b0, b1, b2, b3)T
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Simulated Data
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• Simulated data generated with SSA.
• 10 independent sample paths for each time point.
• Parameters set to

γR γP kP b0 b1 b2 b3

0.44 0.52 10.0 15.0 0.40 7.0 3.0



Trace Plots
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Effective Sample Size

10,000 posterior samples
γR γP kP b0 b1 b2 b3

RMHMC 6532 6593 6614 5112 5384 6595 6642
SMMALA 2990 3270 3454 3124 3164 3316 3195
CWMH 201 71 73 465 339 420 239



Effects of System Size

• Unstable monomer, S1, can dimerise to an unstable dimer, S2, then
converted to a stable form, S3.

• The reaction set for this system is

R1 : S1
c1−→ ∅

R2 : 2S1
c2Ω−1

−−−−→ S2

R3 : S2
c3−→ 2S1

R4 : S2
c4−→ S3

• The propensity functions
f (X ,θ) = [c1S1(t), c2Ω−1S1(t)(S1(t)− 1)/2, c3S2(t), c4S3(t)]T

• Corresponding state change matrix is

S =

 −1 −2 2 0
0 1 −1 −1
0 0 0 1

 .

• Assume initial conditions known S1(t0) = 5Ω, S2(t0) = S3(t0) = 0, t0 = 0.
Reaction rate parameters to c1 = 1, ĉ2 = 2Ω−1, c3 = 0.5 and c4 = 0.04
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Effects of System Size

• Unstable monomer, S1, can dimerise to an unstable dimer, S2, then
converted to a stable form, S3.

• The reaction set for this system is

R1 : S1
c1−→ ∅

R2 : 2S1
c2Ω−1

−−−−→ S2

R3 : S2
c3−→ 2S1

R4 : S2
c4−→ S3

• The propensity functions
f (X ,θ) = [c1S1(t), c2Ω−1S1(t)(S1(t)− 1)/2, c3S2(t), c4S3(t)]T

• Corresponding state change matrix is

S =

 −1 −2 2 0
0 1 −1 −1
0 0 0 1

 .

• Assume initial conditions known S1(t0) = 5Ω, S2(t0) = S3(t0) = 0, t0 = 0.
Reaction rate parameters to c1 = 1, ĉ2 = 2Ω−1, c3 = 0.5 and c4 = 0.04
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Effects of System Size

min. ESS vs. Ω

Ω M.H. SMMALA RMHMC

1 121 (3.6) 150 (3.9) 245 (0.06)
2 226 (6.7) 2163 (57.2) 4775 (1.3)
5 132 (3.9) 3539 (93.6) 4618 (1.2)
10 180 (5.3) 3397 (89.8) 5954 (1.6)
100 214 (6.4) 3725 (98.5) 6066 (1.7)

Posterior mean and SD. vs. Ω

Ω c1 ĉ2 c3 c4

1 0.88 (0.031) 1.72 (0.253) 0.39 (0.039) 0.003 (0.002)
2 1.3 (0.041) 0.69 (0.066) 0.35 (0.016) 0.014 (0.002)
5 0.93 (0.019) 0.39 (0.028) 0.48 (0.025) 0.034 (0.002)
10 1.0 (0.015) 0.18 (0.008) 0.47 (0.015) 0.037 (0.001)
100 0.99 (0.004) 0.01 (0.0002) 0.52 (0.004) 0.039 (0.0003)



Failure Modes
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Figure: Simulated time point data using SSA for the Schlögl reaction set and LNA
predictions. Dots correspond to simulated data. The bold and dashed red lines
correspond to the LNA prediction for the means and standard deviations using the true
parameters. Doted blue lines correspond the LNA predictions using the posterior
means for the rate parameters. (Online version in colour.)



Conclusions

• MJP common tool to describe many phenomena in physical and life
sciences.

• LNA provides a useful approximation in appropriate operational regimes.
• Decouples deterministic and stochastic characteristics of model.
• Statistical inference remains a formidable challenge over such models.
• Exploitation of schoolboy differential geometry in MCMC provides

effective inference tool.
• Phil.Trans paper describes a number of larger scale scenarios.
• Ongoing work with Sherlock, Golightly.
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