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Diffusions with jumps

dXt — b(Xt, H)dt + O'(Xt; H)th + ’)/(Xt_, Q)dZt, 0 c © Q Rp,

Z is a Lévy process with Lévy measure vy satisfying ffooo x| vp(dz) < o0.
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Diffusions with jumps

dXt — b(Xt, H)dt + O'(Xt; H)th + ’)/(Xt_, Q)dZt, 0 c © Q Rp,

Z is a Lévy process with Lévy measure vy satisfying ffooo x| vp(dz) < o0.

Data.: Xto, R ,th Az =1, —t;—1
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Martingale estimating functions

Gn(e) — ZQ(AM ti Xti_1;9)7

1=1

Mz

g(AiaXthti 17 a] Xt 17A17(9 [fJ(Xt 9 ) Ee(fj(Xti;e) |th'—1)]

J=1

T T

p-dimensional real valued

Gn(0) isa Py-martingale:

Ee(aj (th'—lvAi; (9)[f](th7 (9) - Ee(fj(Xti; (9) ‘ Xti—l)] | th? T 7th‘—1) =0

G,,—estimator(s): Gn(6,) =0

.~ p.3/32



Martingale estimating functions

Gn(e) — ZQ(AM ti Xti_1;9)7

1=1

g(AiaXthti 17 a] Xt 17A17(9 [fJ(Xt 9 ) Ee(fj(Xti;e) |th'—1)]

Mz
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e Easy asymptotics by martingale limit theory
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Martingale estimating functions

Gn(e) — ZQ(AM ti Xti_1;9)7

=1
N
g(Aiv Xt Xti—l;e) — Zaj (Xti—lvAi; (9)[fj(th7 (9) - Ee(fj(thG 9) |th'—1)]

J=1

e Easy asymptotics by martingale limit theory
e Simple expression for Godambe-Heyde optimal estimating function
e Approximates the score function, which is a Py-martingale

e Particular and most efficient instance of GMM
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A simple jump diffusion

dX: = adt + odWy + dZ,

Ny

Zy=>YY,

j=0
N is a Poisson process with intensity A

Y;,j=1,2,..., are ii.d. normal with mean x and variance 7

W, N and the Y;s are independent
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A simple jump diffusion

dX: = adt + odWy + dZ,

Ny

Zy=>YY,

j=0
N is a Poisson process with intensity A

Y;,j=1,2,..., are ii.d. normal with mean x and variance 7

W, N and the Y;s are independent

a = 0.0001,0 =0.1,A=0.01,u =1, and 7 = 0.1.
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A simple jump diffusion

A=1
Gn(0) = ZA(Xi—la 0)h (X, Xi—1;0)
i=1
y — F(x;0)

h(z,y;0) = | (y— F(x;0))? — ®(x;0)

eV — k(x;0)

F(z;0) = Ep(XilXii=x)=z+a+
®(x;0) = Varg(X;|Xi—1 =) =+ ANp* +7°)

1
k(z;0) = Eg(e|X;_1 =) =exp (:13 + a+ %02 + )\(e“+272 — 1))
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A simple jump diffusion

A=1
Gn(0) = ZA(Xi—la 0)h (X, Xi—1;0)
i=1
y — F(x;0)

h(z,y;0) = | (y— F(x;0))? — ®(x;0)

eV — k(x;0)

F(z;0) = Ep(Xi|Xim1=2) =2+ a+ Au
®(x;0) = Varg(X;|Xi—1 =) =+ ANp* +7°)

1,
k(z;0) = Eg(e|X;_1 =) =exp (:13 + a+ %02 +Ae"T2T — 1))

Explicit expression for the optimal weight matrix A*(z, 0)
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A simple jump diffusion

Parameter True value Mean  Standard error
o 0.0001 -0.0009 0.0070
o 0.1 0.0945 0.0180
A 0.01 0.0155 0.0209
[ 1 0.9604 0.5126
T 0.1 0.2217 0.3156

500 observations (500 simulated estimates)

Bibby, Jacobsen and Sgrensen (2010)
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Explicit martingale estimating functions

Kessler and Sgrensen (1999)

d? d
Generator: Lo = %02(3;; g)ﬁ + b(x; H)d_’
X X

@ eigenfunction for Ly: Lop = —Xgp
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Explicit martingale estimating functions

Kessler and Sgrensen (1999)

d? d
Generator: Lo = %02(3;; g)ﬁ + b(x; H)d_’
X X

@ eigenfunction for Ly: Lop = —Xgp

Under weak regularity conditions — Ey(p(Xy,)| Xy, ,) = e o5

Gn(e) — ZQ(AM ti Xti_1;0)7

1=1

N
g(Aiv Xtm Xti—l : ‘9) — Z a; (th'—1 ) Ai; ‘9) {ij (th'; (9) - G_Aj(e)AiQO

g=1

J

SO(Xti—l)

(X, 330)]
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Pearson diffusions

Wong (1964), Forman & Sgrensen (2008)

AX, = ~B(X; — a)dt +\/26(aX? +bX, + )dW,, >0

Lo = B(az® + bz + c)¢" + Bz — a)¢’
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Pearson diffusions

Wong (1964), Forman & Sgrensen (2008)

AX, = ~B(X; — a)dt +\/26(aX? +bX, + )dW,, >0
Ly = f(az® bz +c)¢” + Bz — a)¢’

If © Is a polynomial of order k, then so is Ly

Thus we can find eigenfunctions that are explicit polynomials

n
QOn(ZIZ) — an,jxja Pn,n — 1
=0
(a; = an)Pn,j = bj41Pn,j+1 + Cig2Pnjv2, J=0,...,n =1, pppi1 =0

aj =il = =1apB, bj=jla+(G-1bB, ¢ =4 —1)cb
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Example: Jacoby diffusions

dXt = —ﬁ[Xt — ”Y]dt—'— 04/ 1 — XEth

State space: theinterval (—1,1), (,0>0,v€ (—1,1)

Stationary distribution: Beta-distribution

Eigenfunctions: P£5(1_7>0_2_1’5(1“)"_2_1)(90)

Pé“’b)(a:) denotes the Jacobi polynomial of order n
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Jump diffusions

dXt — b(Xt, Q)dt + O'(Xt; Q)th + ’}/(Xt_)dZt, 0 c © g Rp,

Z is a Lévy process with Lévy measure vy satisfying ffooo x| vg(dz) < 0.
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Jump diffusions

dXt — b(Xt, Q)dt + O'(Xt; Q)th + ’}/(Xt_)dZt, 0 c © g Rp,

Z is a Lévy process with Lévy measure vy satisfying [~ |z|vg(dz) < oo.

By Ito’s formula

eMo(Xy) = p(Xo) +/O e [Lop(Xs) + Ap(X)] ds +/O X' (Xs)o (X )dW

+> Mp(Xe + (X0 )AZL) — (X))

s<t

/ / (X o +71(Xal)y) — o(Xo ) vp(dy)ds

Generator:

Lop = 30%@)e" +@)e' + [ lp(o+()0) - p@lvaldy)
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Jump diffusions

t
eMo(X;) = o(Xo) + / e [Lop(X,) + Ap(X,)] ds + a local martingale
0

Under regularity conditions, the local martingale is a martingale, and if
moreover g IS an eigenfunction of the generator, i.e.

Lopo () = — g ()
then

Eo(po(X:) | Xo) = €™ 0p(Xo)

and

n

Gal8) = 3" alXe_,:6) [p0(X0,) — e (X, )

1=1

IS a martingale estimating function
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Pearson diffusion with jump - example

Schmidt and Sgrensen (2012)

An example:
AX, = —B(X, — a)dt +\/20(aX? + bX, + ¢)dW, + (X, )dZ,

Lévy measure v satisfies [~ |y|*ve(dy) < oo, k=1,..., K,
Ve k = ffooo kag(dy)

Polynomial eigenfunction? ¢, (z) =31 Pniz", Pnn=1, n<K
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Pearson diffusion with jump - example

Schmidt and Sgrensen (2012)
An example:
AX, = —B(X, — a)dt +\/20(aX? + bX, + ¢)dW, + (X, )dZ,

Lévy measure v satisfies [~ |y|*ve(dy) < oo, k=1,..., K,
ver = [y ve(dy)

Polynomial eigenfunction? ¢, (z) =31 Pniz", Pnn=1, n<K

pn(r+7(2)y) —pnl(z) = me z + (> mea:

= ZPwZ( ) “Fy(x)y)* - ;pn,jiﬂj

k=0

= En:pn,i Z (;) z' Py () "

1=1 k=1
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Pearson diffusion with jump - example

AX, = —B(X; — a)dt + /28(aX? + bX, + )AW, + 7(X,_)dZ,

[ tont@) +2(@) — nllveliy) = mezo e

1=1 k=1

Polynomial for v(x) =1 and y(z) =
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Pearson diffusion with jump - example

AX, = ~B(X; — a)dt + /28(aX? + bX, + )AW, + X,_ dZ,

|
—

n
QOn($) — an,ixia Pn,n
1=0

The equation Lo, = —Appn

IS satisfied if
Dit1Pn,i+1 + Cit2 Pn it2
a; — T; — )\n

Anp =0p — Ty and p,; =
where

mo = 0, 7TZ':Z<]Z>I/§,/€, 1=1,...,n

a; =0i(l —a(t—1)), b =0i(b(t —1)+«) and ¢; = Bei(i — 1)

.—p.15/32



A diffusion with jumps and its generator

dXy = —f(Xy —a)dt + \/ 28(aX? + bX; 4 ¢)dW; + /

Gy (Y, Xo— ) pe(dt, dy)
Rd

W is a Wiener process, and p¢ IS a Poisson random measure on
(0, 00) x IR® with intensity measure

ve(dt, dy) = Fe(dy)dt.
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A diffusion with jumps and its generator

dXy = —f(Xy —a)dt + \/ 28(aX? + bX; 4 ¢)dW; + /

Gy (Y, Xo— ) pe(dt, dy)
Rd

W is a Wiener process, and p¢ IS a Poisson random measure on
(0, 00) x IR® with intensity measure

ve(dt, dy) = Fe(dy)dt.

Generator:

Lp = Bz + ba + ¢ = Bla = )¢’ + [ [o(w+9,(02) — @] Feldy

.—p.16/32



Polynomial eigenfunctions

mn
gpn(x) — an,iajja Pn,n = 1
1=0

on(T + 9v(y, 7)) — ©n(x)

S puile + g0 2)) = 3 praa’
1 =0 1=0

n 7 n

an,i Z (;) :Ei_kgﬁ’ (yv aj)k o an,jxj

i=0 k=0 =0

n 7

> Pni ) (,i) ' g, (y,2)"

1=1 k=1
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Polynomial eigenfunctions

Sﬁn(x) — an,iajjy pnjn — 1
1=0
on(@+0y(y,2)) = n(@) = Y Pnilz+9y(y,2))" = Y puga’

i=0 i=0

S X (D)t~ 3
i=0 k=0 j=0
n ) ; .

DY S B
1=1 k=1

Assume that (Zhou (2003))

k

/ () Feldy) = Y mjpa’, k=1, K
IR ,
7=0

.~ p.17/32



Polynomial eigenfunctions

Thenforn < K

/[e&(w+gw(y,x)) — p(2)|Fe(dy) = zn:pnz (Z)x"“/}Rd 9+(y, z)" Fe (dy)

R i=1 k=1

where

.—p.18/32



Polynomial eigenfunctions

n
gOn($) — an,iajja Pn,n — 1
1=0

The equation Lo, = —Appn

IS satisfied if

n
n
)\n:an_ﬂ-n,n:afn_ E L Rk k,

k=1

where a; := (i(1 —a(¢ — 1)), and

mn
bit1Dn,it1 + CitaPnita+ D DPnk Wik
k—it1

Pn,i = ,
a; — T i — An

)

where b; := Gi(b(t — 1) + «) and ¢; := [Bei(i — 1).

.—p.19/32



Example 1

dXt = —ﬁ(Xt — O{)dt + Uth + dZt

Z is a Lévy process with Lévy measure F; satisfying that
ffooo ly|FFe(dy) < oo, k=1,..., K,

gy, ) =y

/OO 9(y, 2)" Fe(dy) = /OO y" Fe(dy)

— 00 —00

. —p.20/32



Example 2

dXt = —ﬁ(Xt — Oé)dt + O/ Xtth -+ Xt_dZt.

Here N,
— Z J;
=1

where N is a Poisson process with intensity A\, and J; ~ Exp(¢),
1 =1,2,...arelld. (and independent of N and W)

gy, x) =yr  Fye(dy) = Me ¥dy

k!

/ 9(y, 2)" Fx ¢ (dy) Zw"“A/ yPe Vdy = x I
0 0

.- p.21/32



Example 3

o2/ (26%)

\/ 2mE2

gy, z) =y +yr  Fre(dy) = A dy  state-space: IR

When k& is even

k 2 2
/ (y +v2) Faeldy) = > ( .>’YZ967’>\/ y" dy

— 00

.~ p.22/32



Example 4

dXt = _6(Xt — Oé)dt + O'\/Xt(l — Xt) th + / g(y, Xt_),ug(dt, dy)

IR

1) Xe—dZy w9y, x) =yx, Fre(y) = Afe(y)

fe concentrated on (—1,0).

2) gy, ) =y —x), Fre=Ae(y)

fe concentrated on (0,1), v € (0,1]

(4

[ 0. ety = (5) o [ v et

1

.—p.23/32



Example 5

dX; = —f(X; — a)dt + o/ Xe (X + 1) dW, + (X + 1)dZ,.

Ny
Zy=) Ji
1=1

where N is a counting process with intensity AX;_ /(1 + X;_) and J; ~ fe,
i =1,2,...are llLd. (and independent of N and W) with f: concentrated

on (0, o).

Here

g(ylay%x) — (5’7+1)3/11(0,x/(a:+1))(y2)7 FA,g(dyl,dw) = Afg(y1)1(o,1)(y2)dy1dy2

0 1
/ / 9(y1, Y2, )" P ¢ (dy, dyo)
0 0

1

= (9C+1)k>\/ y’ffg(m)dm/ L0,/ (z+1)) (Y2)dy2
0 0

= Mp(O)(x+ D 2/(1 + ) = Aep (O z(x + 1)F1

.—p.24/32



Transformations of Pearson diffusions

X ¢(x) eigenfunction with eigenvalue A
T: twice continuously differentiable, and 1-1

T(X:): o(T~1(x)) eigenfunction with eigenvalue \
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Transformations of Pearson diffusions

X ¢(x) eigenfunction with eigenvalue A
T: twice continuously differentiable, and 1-1

T(X:): o(T~1(x)) eigenfunction with eigenvalue \

Jacobi diffusion:  state space (—1,1), §,0>0,v€ (—1,1)
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Eigenfunctions: P~ =180+ *=1) .y (plab) Jac0bi polynomial)
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Transformations of Pearson diffusions

X ¢(x) eigenfunction with eigenvalue A
T: twice continuously differentiable, and 1-1

T(X:): o(T~1(x)) eigenfunction with eigenvalue \

Jacobi diffusion:  state space (—1,1), §,0>0,v€ (—1,1)

dXt = —ﬁ[Xt — ”Y]dt—'— g1/ 1 — XEth

Eigenfunctions: P~ =180+ *=1) .y (plab) Jac0bi polynomial)

Y; =sin~'(X,) statespace (—%,%), p=p8- 0% ¢=03y/(8- 50%)
. )
1Y, = _psm( )=y odW,
cos(Y;)

Eigenfunctions:  p1 =97~z ritele” _%)(Sin(x))

.—p.25/32



Optimal martingale estimating functions

Gn(e) — ZQ(AM ti Xti_1;9)7

1=1

g(A,y, x;0) [% (y;0) — A‘7'(“903-(96;9)}

||M2
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Optimal martingale estimating functions

Gn(e) — ZQ(AM ti Xti_1;9)7

1=1

g(A,y, x;0) [% (y;0) — A‘7'(“903-(96;9)}

||M2

S
uppose i (w;0) = 1;(r(x); 6),

where « is a real function independent of 8, and v, is a polynomial of
degree j:

j
= pix(0)y"
k=0

Then the optimal weights o (z, A; ) can be found explicitly

. —p.26/32



Explicit optimal estimating functions

Optimal weight matrix (A* ={aj,...,ay}):

A*($, A7 9) — Bh(xa A7 G)th(xa A7 6)_1

B (z,A;0): = Zaeipj,k(e)/e K(y)"p(A, , y; 0)dy — Bs, [e_kj(e)ASpj(ﬂﬂ;@)]

Vi, 2;0)i5 =) > pin(0)pss(6) /e T K(y)" T p(A, 2, y;0)dy

r=0 s=0
= PO (4 0) ()

ij=1,....N

.= p.27/32



Explicit optimal estimating functions

Thus to find the optimal estimating function based on the first N
eigenfunctions, we need to find the moments

/ k(y)'p(A, z,y;0)dy for 1<i<2N
14

If we integrate both sides of
=) pi(0)x
§=0

with respect to p(A, x,y;0) fori =1,...,2N, we obtain a system of linear
equations

e~ 204, sz / Ip(A, x,y;0)dy, i=1,...,2N

.—p.28/32



Asymptotics - low frequency

Gn(e) — ZQ(AM ti Xti_1;9)7

=1
Assume that X is ergodic with invariant measure uy(x), that t; = Ai, and
weak regularity conditions.

Then a consistent estimator 6,, that solves the estimating equation

G, (0) = 0 exists and is unique in any compact subset of © containing 6,
with a probability that goes to one as n — oco. Moreover,

V(b — 6) —= N (0,8, Va, (SE)™1)
under Py, . Here
Vo= Qp (9(A,0)9(A,0))  and Sy = {Qf (90,9:(2:6))},

where Q3 (z,y) = po(x)p(A, z, y; 0)

.—p.29/32



More general jumps

X, = —B(X, - a)dt +/26(aX? + bX, + c)dW;

+ /Hy||<c g~ (y, Xo— ) (e — ve)(dt, dy) + / 9 (Y, Xi— ) pe(dt, dy)

lyl[=c
11~ is a Poisson random measure on (0, co) x IR% with intensity measure
ve(dt, dy) = Fe(dy)dt.

Generator:
Ly = plaz? +bx +c)p’ — Blx — a)y’

+/“ - (@ + 9,(y,2)) — o(x) — g5 (y, )" (x)] Fe (dy)

T / o + gy (y,2)) — ()] Fe(dy)
|yl|>c

.~ p.30/32



Polynomial estimating functions

n
— E pn,ia:ja Pn,n — 1
1=0

on(x + 94(y, ) — on(z) — gy (y, ), ()

— anz x"'g’y Y, x anzaj anzwj. gv(y’x)

1=0 =1
- an,iz(;) ZW S i~ (5,
1=0 k=0 i—1

= Yy (k) v g, (g, )"

1=2 k=2

.—p.31/32



Polynomial estimating functions

Assume that

and

/ g+ (y, ) Fe(dy) = ko1 + K112
lyl|>e

Then Ly, is a polynomial of the same order as ¢,,, and we find the same
formulae for the eigenfunctions as previously.

.—p.32/32
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