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Community	  detec-on	  in	  networks	  

Objec&ve:	  Extract	  K	  communi-es	  in	  a	  network	  of	  n	  nodes	  from	  
random	  observa*ons	  
	  
Observa&ons	  

	  1.	  A	  graph	  (e.g.	  the	  stochas-c	  block	  model)	  
	  
	  
	  
	  
	  

	  2.	  This	  talk:	  a	  more	  general	  sampling	  framework	  
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•  Find	  communi-es	  in	  a	  graph	  



1.	  Community	  detec-on	  in	  graphs	  

•  Find	  communi-es	  in	  a	  graph	  
•  Applica-ons:	  biology	  (the	  role	  of	  proteins),	  social	  networks	  

(targeted	  ads),	  distributed	  compu-ng	  (balanced	  par--ons),	  …	  
•  Large	  graphs:	  e.g.	  web:	  >	  1	  billion	  pages	  	  



1.	  Community	  detec-on	  in	  graphs	  

•  Objec-ve:	  find	  condi-ons	  on	  the	  graph	  under	  which	  
communi-es	  can	  be	  efficiently	  detected	  using	  low	  complexity	  
algorithms	  	  
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Stochas-c	  Block	  (SB)	  model	  

•  The	  graph	  is	  built	  by	  considering	  each	  pair	  of	  nodes	  once	  
–  If	  in	  the	  same	  community:	  put	  an	  edge	  with	  probability	  p	  
–  Else:	  put	  an	  edge	  with	  probability	  q	  <	  p	  
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Stochas-c	  Block	  (SB)	  model	  

•  Network	  size:	  n	  nodes,	  n	  tends	  to	  ∞	  
•  Sparse	  interac-on:	  p,	  q	  =	  o(1)	  
•  Dense	  interac-on:	  p,	  q	  =	  O(1)	  

q



2.	  General	  Sampling	  Framework	  

•  The	  interac-on	  of	  two	  nodes	  can	  be	  sampled	  repeatedly	  
•  Sample	  for	  a	  given	  node	  pair:	  Bernoulli	  with	  mean	  p	  if	  nodes	  

are	  in	  the	  same	  cluster,	  with	  mean	  q	  otherwise	  	  
•  Sample	  budget:	  T	  

q

p



Sampling	  Strategies	  

•  Non-‐adap&ve	  Random	  Strategies	  
–  The	  pair	  of	  nodes	  sampled	  in	  round	  t	  does	  not	  depend	  on	  past	  

observa-ons,	  and	  is	  chosen	  uniformly	  at	  random	  
–  S1:	  sampling	  with	  replacement	  
–  S2:	  sampling	  without	  replacement	  	  

•  Adap&ve	  Strategies	  
–  The	  pair	  of	  nodes	  sampled	  in	  round	  t	  depends	  on	  past	  observa-ons	  

•  Stochas-c	  Block	  Model:	  random	  sampling	  without	  
replacement,	  and	  T	  =	  n(n-‐1)/2	  



Performance	  metrics	  

Propor-on	  of	  misclassified	  nodes	  under	  π:	  
	  
1.  Asympto-c	  detec-on:	  an	  algorithm	  detects	  the	  clusters	  if	  it	  

does	  be[er	  than	  the	  algorithm	  that	  randomly	  assigns	  nodes	  
to	  clusters	  	  

	  
2.  Accurate	  asympto-c	  detec-on:	  a	  joint	  sampling	  and	  

clustering	  algorithm	  π	  is	  asympto-cally	  accurate	  if	  

	  

	  	  	  

"⇡(n, T )

lim
n!1

E["⇡(n, T )] = 0.



Objec-ves	  of	  this	  work	  

	  
1.  Iden-fy	  necessary	  and	  sufficient	  condi-ons	  on	  p,	  q,	  n,	  T	  for	  

the	  existence	  of	  asympto-cally	  accurate	  algorithms,	  and	  for	  
both	  random	  and	  adap-ve	  sampling	  strategies	  

	  
2.  Design	  asympto-cally	  op-mal	  algorithms	  for	  both	  random	  

and	  adap-ve	  sampling	  strategies	  
	  

	  

	  	  	  



Outline	  

	  
1.  The	  Stochas-c	  Block	  Model	  
	  
2.  Fundamental	  limits:	  Condi-ons	  for	  asympto-cally	  accurate	  

detec-on	  in	  the	  general	  sampling	  framework	  

3.  Op-mal	  algorithms	  for	  random	  and	  adap-ve	  sampling	  
strategies	  

	  

	  

	  	  	  



1.	  The	  Stochas-c	  Block	  Model	  



A	  few	  results	  

•  Dyer-‐Frieze	  1989:	  fixed	  p	  and	  q,	  min	  bisec-on	  in	  expected	  
O(n3)	  -me.	  	  	  

•  Jerrum-‐Sorkin	  1998:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  expected	  running	  -me	  
O(n2+ε),	  further	  improvement	  by	  Condon-‐Karp.	  	  	  

•  McSherry	  2001:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  degree	  
•  …	  	  
•  Sparse	  graphs	  are	  more	  difficult	  
	  

p� q � n� 1
6+✏

p� q � ⌦(

p
q log(n)/n)

log

6
(n)



Sparse	  graphs,	  2	  communi-es	  

•  SB	  model:	  sparse	  regime	  	  

Theorem	  (Mossel-‐Neeman-‐Sly	  2012)	  
If	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  then	  clusters	  are	  not	  detectable.	  	  

Conjectured	  by	  Decelle-‐Krzakala-‐Moore-‐Zdeborova	  2012	  
	  
Theorem	  (Massoulie	  2013)	  
If	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  then	  there	  exists	  an	  algorithm	  leading	  to	  
clusters	  that	  are	  posi-vely	  correlated	  with	  the	  true	  clusters.	  
	  

p =
a

n
, q =

b

n

a� b <
p

2(a+ b)

	  
	  

a� b >
p

2(a+ b)



Non-‐rigorous	  Spectral	  Analysis	  

•  Average	  adjacency	  matrix	  

•  Noisy	  observa-on:	  
•  Spectral	  density	  of	  noise	  matrix	  	  	  	  	  	  	  (Wigner	  semicircle	  law)	  
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2
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Non-‐rigorous	  Spectral	  Analysis	  

•  Spectral	  density	  of	  the	  modularity	  matrix:	  
	  

	  

z
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Non-‐rigorous	  Spectral	  Analysis	  

•  Spectral	  density	  of	  the	  observed	  matrix:	  

•  Communi-es	  are	  detectable	  if	  	  
•  Method:	  find	  	  	  	  	  	  	  and	  the	  corresponding	  eigen	  vector	  	  	  
	  
	  

z
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High-‐degree	  nodes	  

•  Lack	  of	  rigor:	  some	  nodes	  have	  high	  degree,	  up	  to	  
•  It	  perturbs	  the	  spectral	  density!	  
•  The	  problem	  vanishes	  when	  	  	  

	  

log(n)

log log(n)

p, q � 1/n



Rigorous	  proof	  (Mossel	  et	  al.)	  

•  Analogy	  with	  the	  tree	  reconstruc-on	  problem	  
•  Each	  node	  (labeled	  with	  its	  type)	  gives	  birth	  to	  Poi(a)	  nodes	  of	  

the	  same	  type,	  and	  Poi(b)	  of	  node	  of	  different	  types	  

•  Impossible	  if	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (Evans-‐Kenyon-‐Peres-‐
Schulman	  2000)	  

	  

Can	  we	  recover	  the	  type	  of	  the	  root	  
by	  observing	  the	  types	  of	  nodes	  at	  
large	  level	  r?	  	  

a� b <
p

2(a+ b)



Examples	  of	  algorithms	  

•  Maximum	  Likelihood	  
–  Belief	  Propaga-on	  
–  Compressed	  sensing	  (convex	  relaxa-on)	  

	  
•  Spectral	  approaches	  

–  Provide	  a	  K-‐rank	  approxima-on	  of	  the	  adjacency	  matrix	  
+	  Trimming	  +	  Post-‐processing	  

	  
	  



Maximum	  Likelihood	  

•  Observed	  adjacency	  matrix	  A	  
•  Output:	  a	  symmetric	  binary	  matrix	  Y,	  rank	  2	  

–  	  nodes	  i	  and	  j	  are	  in	  the	  same	  community	  iff	  
•  Likelihood:	  

•  Max	  likelihood:	  exact	  solu-on,	  Decelle	  et	  al.	  via	  Belief	  
Propaga-on	  algorithm	  (no	  analysis)	  

	  
	  

yij = 1

logP[A|Y ] = log

Y

(i,j):yij=1

paij
(1� p)1�aij

Y Y

(i,j):yij=0

qaij
(1� q)1�aij

logP[A|Y ] = log(

p

q
)

X

(i,j):aij=1

yij � log(

1� q

1� p
)

X

(i,j):aij=0

yij + C



Maximum	  Likelihood	  

•  Relaxa-on:	  compressed	  sensing	  approach,	  Chen	  et	  al.	  
–  First	  relaxa-on:	  
–  Second	  relaxa-on:	  nuclear	  norm	  of	  Y	  (instead	  of	  low	  rank)	  

•  Maximize:	  (convex	  program)	  
	  

•  Performance	  guarantee:	  	  
–  we	  get	  the	  right	  solu-on	  w.h.p.	  provided	  that	  

–  Example:	  does	  not	  work	  if	  	  
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SBM	  

Detectable	  

Not	  detectable	  

Accurately	  
detectable	  	  
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SBM	  
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2.	  Generic	  Sampling	  Framework	  
Fundamental	  limits	  



General	  Sampling	  Framework	  

•  The	  interac-on	  of	  two	  nodes	  can	  be	  sampled	  repeatedly	  
•  Sample	  for	  a	  given	  node	  pair:	  Bernoulli	  with	  mean	  p	  if	  nodes	  

are	  in	  the	  same	  cluster,	  with	  mean	  q	  otherwise	  	  
•  Sample	  budget:	  T	  

q

p



Random	  Sampling	  	  

Detectable	  

Not	  detectable	  

Accurately	  
detectable	  	  

"⇡(n, T ) = 1/2.

"⇡(n, T ) < 1/2.

"⇡(n, T ) ! 0

?	  



Adap-ve	  Sampling	  	  

detectable	  

Not	  detectable	  

Accurately	  
detectable	  	  

"⇡(n, T ) ! 0

?	  



Fundamental	  limits	  	  
	  
•  Random	  sampling:	  

	  
Theorem	  	  	  Under	  Random	  sampling	  strategy	  S1	  or	  S2,	  for	  any	  
clustering	  algorithm	  π,	  we	  have:	  	  

E["⇡(n, T )] � 1

8

exp(�1(n, T )),

1(n, T ) = T
2(n� 2)
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"
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✓
log
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1� q
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Fundamental	  limits	  	  
	  
•  Non-‐adap-ve	  random	  sampling	  -‐-‐	  necessary	  condi-ons	  for	  

asympto-cally	  accurate	  detec-on:	  

•  Dense	  interac-on:	  

•  Sparse	  interac-on:	  	  
	  

T

n
= !(1),

T

n
min(KL(q, p),KL(p, q)) = !(1),

p, q = ⇥(1)

T (p� q)2/n = !(1)

p, q = o(1)

T (p� q)2/(pn) = !(1)



Fundamental	  limits	  	  
	  
•  Adap-ve	  sampling:	  
	  
Theorem	  	  	  For	  asympto-cally	  accurate	  detec-on,	  we	  need:	  	  
	  
	  
	  
•  Example:	  

–  Non-‐adap-ve	  sampling:	  

	  
–  Adap-ve	  sampling:	  	  

min{p, 1� q}T
n

= ⌦(1) and

T

n
max(KL(q, p),KL(p, q)) = !(1).

p =

log n
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Fundamental	  limits	  	  
	  
•  Adap-ve	  sampling:	  
	  
Theorem	  	  	  For	  asympto-cally	  accurate	  detec-on,	  we	  need:	  	  
	  
	  
	  
•  Example:	  

–  Non-‐adap-ve	  sampling:	  

	  
–  Adap-ve	  sampling:	  	  

min{p, 1� q}T
n

= ⌦(1) and

T

n
max(KL(q, p),KL(p, q)) = !(1).

T

n
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n
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a log n

n
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n

T

n
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n
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2.	  Generic	  Sampling	  Framework	  
Algorithms	  



Algorithms	  for	  non-‐adap-ve	  sampling	  	  
	  
•  Spectral	  algorithms	  (extension	  of	  Coja-‐Oghlan’s	  algorithm)	  

1.  From	  random	  samples,	  build	  an	  observa-on	  matrix	  
2.  Trimming	  (remove	  nodes	  with	  too	  many	  interac-ons)	  
3.  Spectral	  decomposi-on	  (find	  the	  largest	  eigenvalues	  and	  

corresponding	  eigenvectors)	  
4.  Greedy	  improvement	  (for	  each	  node	  compare	  the	  number	  of	  

interac-ons	  with	  the	  various	  clusters)	  

	  



Performance	  	  
	  
Theorem	  	  	  Assume	  that:	  
	  
	  
Then	  with	  high	  probability:	  
	  
	  
	  
•  The	  algorithm	  is	  asympto-cally	  accurate	  under	  the	  necessary	  

condi-ons	  for	  accurate	  detec-on	  in	  the	  case	  of	  	  random	  
sampling	  

•  The	  necessary	  condi-ons	  for	  accurate	  detec-on	  are	  -ght!	  
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Algorithms	  for	  adap-ve	  sampling	  	  
	  
•  Spa-al	  coupling	  idea:	  find	  reference	  kernels	  and	  build	  the	  

clusters	  from	  these	  kernels	  

1.  Kernels:	  select	  n/log(n)	  nodes	  and	  use	  T/5	  samples	  to	  classify	  
these	  nodes	  (using	  the	  previous	  spectral	  algorithm)	  	  

2.  Select	  one	  of	  remaining	  nodes.	  Sample	  T/3n	  pairs	  between	  
the	  selected	  nodes	  to	  each	  kernel.	  Classify	  the	  node.	  

3.  Repeat	  2.	  un-l	  no	  remaining	  node	  or	  budget	  



Performance	  	  
	  
Theorem	  	  	  Assume	  that:	  
	  
	  
Then	  with	  high	  probability:	  
	  
	  
	  
•  The	  algorithm	  is	  asympto-cally	  accurate	  under	  the	  necessary	  

condi-ons	  for	  accurate	  detec-on	  in	  the	  case	  of	  adap-ve	  
sampling	  

•  The	  necessary	  condi-ons	  for	  accurate	  detec-on	  are	  -ght!	  
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Random	  Sampling	  	  

Detectable	  

Not	  detectable	  

Accurately	  
detectable	  	  

"⇡(n, T ) = 1/2.

"⇡(n, T ) < 1/2.

"⇡(n, T ) ! 0

T

n
min(KL(p, q),KL(q, p)) = !(1)



Adap-ve	  Sampling	  	  

Detectable	  

Not	  detectable	  

Accurately	  
detectable	  	  

"⇡(n, T ) < 1/2.

"⇡(n, T ) ! 0

T

n
max(KL(p, q),KL(q, p)) = !(1)



SBM:	  A	  Numerical	  Example	  

•  n	  =	  4000	  
	  

COMMUNITY DETECTION VIA ADAPTIVE SAMPLING
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(a) p = 10

�3 and q = p/20
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(b) p = 10

�2 and q = p/2
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(c) p = 10

�1 and q = p/2

Figure 1: The average fraction of misclassified nodes under SP (URS-1 sampling strategy) and
ASP.

F. McSherry. Spectral partitioning of random graphs. In Foundations of Computer Science, 2001.
Proceedings. 42nd IEEE Symposium on, pages 529–537. IEEE, 2001.

E. Mossel, J. Neeman, and A. Sly. Stochastic block models and reconstruction. arXiv preprint
arXiv:1202.1499, 2012.

E. Mossel, J. Neeman, and A. Sly. A Proof Of The Block Model Threshold Conjecture. ArXiv
e-prints, November 2013.

M. Newman. Spectral methods for network community detection and graph partitioning. Phys. Rev.
E, 8, 2013.

K. Rohe, S. Chatterjee, and B. Yu. Spectral clustering and the high-dimensional stochastic block-
model. The Annals of Statistics, 39(4):1878–1915, 08 2011.

T. Tao. Topics in random matrix theory, volume 132. AMS Bookstore, 2012.

Appendix A. Numerical Experiments

In this appendix, using toy examples, we numerically compare the performance of SP and ASP. We
consider a network of 4000 nodes and two communities (K = 2) with equal sizes (↵ = 0.5). In
Figure 1, we plot the average fraction of misclassified nodes as a function of the observation budget
T . We use the URS-1 sampling strategy (refer to as ‘Random’ in the experiments). As expected, the
adaptive sampling algorithm outperforms non-adaptive algorithms, and in general, the performance
increases with (p�q)2

p
T
n .

Under URS-2 sampling strategy, we know, from Heimlicher et al. (2012), that the fraction of
misclassified nodes cannot be less than 1/2 when (p�q)2

p+q
T
n < 1. For example, if p = 10

�3 and
q = p/20, T = 2.326 ⇥ 10

6 is the required budget to be able to design algorithms that perform
better than simply assigning nodes to clusters randomly. This is consistent with the results of our
numerical experiments: for non-adaptive sampling, the fraction of misclassified nodes is less than
0.5 if T � 2.6⇥ 10

6 (roughly). In this case, adaptive sampling provides much better performance:
the fraction of misclassified nodes is less than 0.5 if T � 4⇥ 10

5. This good performance achieved

15

p	  =	  0.01,	  q=0.005	   p	  =	  0.1,	  q=0.05	  



Detec-on	  with	  limited	  memory	  

•  Storing	  the	  adjacency	  matrix	  in	  RAM	  could	  be	  impossible	  
	  

A =



Detec-on	  with	  limited	  memory	  

•  Storing	  the	  adjacency	  matrix	  in	  RAM	  could	  be	  impossible	  
	  

A =

Classify	  nodes	  in	  
an	  online	  
streaming	  	  way	  
	  
The	  spectral	  
method	  is	  not	  
op-mal	  here	  …	  
	  
A	  memory	  
scaling	  linearly	  
with	  n	  is	  enough!	  	  	  



Summary	  
•  A	  generic	  sampling	  framework	  extending	  the	  SBM	  
•  Necessary	  condi-ons	  for	  asympto-cally	  accurate	  detec-on	  

valid	  in	  all	  regimes	  (unknown	  so	  far	  for	  the	  SMB)	  
•  Asympto-cally	  op-mal	  joint	  sampling	  and	  clustering	  

algorithms	  
•  Arbitrary	  sample	  budget:	  

–  	  Quan-fy	  the	  impact	  of	  lack	  of	  informa-on	  (some	  pair	  of	  nodes	  not	  
observed)	  

–  Required	  budget	  for	  detec-on	  in	  very	  sparse	  regimes	  (circumven-ng	  
the	  phase	  transi-on	  problem)	  

•  Extensions	  
–  Beyond	  the	  SBM:	  different	  p’s	  in	  different	  clusters;	  Overlapping	  

communi-es;	  …	  
–  Limited	  memory,	  online	  classifica-on:	  No	  loss	  of	  performance	  …	  



Thanks!	  
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