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Time-inhomogeneous Brox’s diffusions and related processes General framework

Settings and assumptions

Diffusion and random environement : {Bt : t ≥ 0} a standard Brownian
motion independant of the Wiener space (Θ,B,W ) where

Θ :=

{
θ ∈ C(R;R) : θ(0) = 0 et sup

x∈R

|θ(x)|
1 + x2 < ∞

}
.

Time-inhomogenous Brox’s diffusions

dXt = dBt −
1
2

θ ′(Xt )

tβ dt , t ≥ 1, X1 = x ∈R.

↪→ Meaning (distributional drift) ? Long time behaviour ?
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Time-inhomogeneous Brox’s diffusions and related processes Time-homogenous situation : Brox’s diffusion

Model and related objects

Time-homogenous Brox’s diffusion

dXt = dBt −
1
2

θ ′(Xt )dt (β = 0).

Scale function and speed measure :

Sθ (x) :=
∫ x

0
eθ(y) dy and mθ (dx) := e−θ(x)dx.

Infinitesimal generator :

Lθ :=
1
2

d
mθ (dx)

d
dSθ (x)

=
1
2

eθ(x) d
dx

(
e−θ(x) d

dx

)
.
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Time-inhomogeneous Brox’s diffusions and related processes Time-homogenous situation : Brox’s diffusion

Ito-McKean’s construction

Associated stochastic differential equation (SDE) without drift :

dYt = S ′θ ◦S−1
θ (Yt )dBt where Yt := Sθ (Xt ).

Proposition (Brownian motion changed in space and time)
There exists a brownian motion B such that

Xt = S−1
θ (Yt ) = S−1

θ (BT−1(t)),

with

T(t) :=
∫ t

0
exp

(
−2θ(S−1

θ (Bu))
)

du.
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Time-inhomogeneous Brox’s diffusions and related processes Time-homogenous situation : Brox’s diffusion

Settings

Annealed version and scaling transformation :

F̂ :=
∫

Θ
F(θ)W (dθ) and Sλ θ :=

θ(λ?)√
λ

.

Standard Brownian depression of depth h :

x

θ(x)

bh(θ)
qh(θ)ph(θ)

h
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Time-inhomogeneous Brox’s diffusions and related processes Time-homogenous situation : Brox’s diffusion

Localisation phenomenom and sub-diffusivity

Theorem (Schumacher, Brox, 84-86)
Quenched convergence :

Xt

(log t)2 −b1
(
S(log t)2θ

)
=

Xt −b log t (θ)

(log t)2
Pθ−−→

t→∞
0 W -a.s..

Annealed convergence :

Xt

(log t)2
P̂−−→

t→∞
b̂1.

Sketch of the proof :

−→ Ito-McKean’s construction.
−→ Local time of brownian motion.
−→ Scaling property of the potential θ and the Brownian diffusion.
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Time-inhomogeneous Brox’s diffusions and related processes Time-homogenous situation : Brox’s diffusion

Numerical illustration
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Time-inhomogeneous Brox’s diffusions and related processes A deterministic case : singular time-inhomogeneous SDEs

A deterministic counterpart

dXt = dBt −
1
2

W ′(Xt )

tβ dt (θ(x)≡W(x)≡ |x|1/2).

Deterministic scaling / Random scaling :

Sλ W ≡W / Sλ θ W
= θ .

Theorem (M. Gradinaru, Y. O., 13)

Xt√
t

L−−→
t→∞

{
γ := N (0,1), β > 1/4.

µ := c e−
(

x2
2 +W(x)

)
dx, β = 1/4.

(Diffusivity)

Xt

t2β
L−−→

t→∞
π := cs e−W(x) dx, β < 1/4. (Sub-diffusivity)
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Time-inhomogeneous Brox’s diffusions and related processes A deterministic case : singular time-inhomogeneous SDEs

General deterministic model

SDEs with homogeneous drift

dXt = dBt + ρsgn(Xt )
|Xt |α

tβ dt , X1 = x, t ≥ 1.

Remarks :

−→ Deterministic counterpart : α =−1/2.
−→ Singular SDEs for α < 0.
−→ Explosion phenomenon for α > 1.
−→ Attractive case : ρ < 0.
−→ Repulsive case : ρ > 0.

YoO (IMB, uB) Diffusions in time-varying environment 12 / 36



Time-inhomogeneous Brox’s diffusions and related processes A deterministic case : singular time-inhomogeneous SDEs

Attractive case : ρ < 0

Recurrence

Recurrence

Convergence to 0
α

β

N (0,1)
µρ ,α

πρ ,α

β = α+1
2

1

1

−1 0
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Time-inhomogeneous Brox’s diffusions and related processes A deterministic case : singular time-inhomogeneous SDEs

Repulsive case : ρ > 0

α

β

1

1

−1

Recurrence

Transience

β = α+1
2

0

Γα
µρ ,α

Recurrence according to ρ ≤ 1/2 or not
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Time-inhomogeneous Brox’s diffusions and related processes A deterministic case : singular time-inhomogeneous SDEs

Menshikov-Volkov model

E[Xn+1−Xn|Xn = x]' ρ
xα

nβ , ρ > 0.

α

β

1

1

−1 0

β = α+1
2

Recurrence

Transience

Excluded case

Recurrence according to ρ ≤ 1/2 or not Open question
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Time-inhomogeneous Brox’s diffusions and related processes A deterministic case : singular time-inhomogeneous SDEs

Scaling transformations and heuristic

Exponential transformation :

Zt :=
X(et )√

et

Ito−−−→ dZt = dBt −
1
2

Zt dt + e−(β− 1
4 )t W ′(Zt )dt .

Critical case β = 1/4 : µ-ergodic diffusion,

dZt = dBt −
1
2

Zt dt + W ′(Zt )dt .

Super-critical case β > 1/4 :

dZt = dBt −
1
2

Zt dt+e−(β− 1
4 )t W ′(Zt )dt (� 1).

−→ Asymptotic γ-ergodic Ornstein-Uhlenbeck (OU).
−→ Bounded in probability (by comparison theorem).
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Time-inhomogeneous Brox’s diffusions and related processes A deterministic case : singular time-inhomogeneous SDEs

Key lemma

Let Z ,H be the unique solutions of SDEs with continuous coefficients

dZs = σ(s,Zs)dBs + d(s,Zs)ds and dHs = σ(Hs)dBs + d(Hs)ds.

Assume that (Z ,H) is asymptotically homogeneous and µ-ergodic, i.e.{
lims→+∞ σ(s,z) = σ(z)
lims→+∞ d(s,z) = d(z)

(UC) and lim
t→+∞

Ht
L
= µ,

and Z bounded in probability, i.e. for all ε > 0, there exists r > 0 s.t.

sup
s≥0

P(|Zs | ≥ r) < ε.

Then
lim

t→+∞
Zt

L
= µ.
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Time-inhomogeneous Brox’s diffusions and related processes A deterministic case : singular time-inhomogeneous SDEs

Scaling transformation and heuristic

General transformation :

Zt :=
X(ϕ(t))√

ϕ ′(t)
−→ dZt = dBt + ρ

ϕ ′(t)
α+1

2

ϕ(t)β sgn(Zt ) |Zt |α dt− 1
2

ϕ ′′(t)

ϕ ′(t)
Zt dt .

Under-critical case β < 1/4 :

ϕ ′ = ϕγ , ϕ(0) = 1, γ :=
2β

α + 1
, 1.

dZt = dBt + ρ sgn(Zt ) |Zt |α dt− γ
2

ϕγ−1
γ (t)Zt dt (� 1).

−→ Asymptotic time-homogeneous πρ,α -diffusion.
−→ Bounded in probability (by comparison theorem).
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Study of theses diffusions Existence and uniqueness of solutions

Time-inhomogeneous distributional drift

Let V be a continuous potential and consider

dZt = dBt −
1
2

∂xV(t ,Zt )dt .

Solutions : solution of the martingale problem associated to

Lt :=
1
2

eV(t ,x) ∂
∂x

(
e−V(t ,x) ∂

∂x

)
,

with domain

D(L ) :=
{

F ∈ C1 : e−V(t ,x)∂xF(t ,x) ∈ C1
}
.

↪→ Existence ? Unicity ? Non-explosion ?
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Study of theses diffusions Existence and uniqueness of solutions

Associated random perturbation of the OU process

Exponential scaling transformation :

θ(x)

tβ

Zt =
X(et )√

et−−−−−→ Vθ (t ,x) :=
x2

2
+ e−(β− 1

4 )tTtθ(x),

where

Ttθ(x) := Set/2θ(x) =
θ(et/2x)

et/4 .

y = x2

2 y =Vθ (t,x)

y

x
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Study of theses diffusions Existence and uniqueness of solutions

Existence

Theorem (Offret, 14)
For all θ ∈Θ there exists a unique global solution Z (resp. X) to

dZt = dBt −
1
2

∂xVθ (t ,Zt )dt
(

resp. dXt = dBt −
1
2

θ ′(Xt )

tβ dt
)
,

which satisfies the lower local Aronson estimate, i.e. for any T ,R > 0
there exists m > 0 such that for all 0≤ s ≤ t ≤ T and |x|, |y| ≤ R,

pθ (s,x; t ,y)≥ 1√
m(t−s)

exp
(
−m
|y−x|2

t−s

)
,

where pθ denotes the transition probability density.
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Study of theses diffusions Scaling limits and invariant distributions

1 Time-inhomogeneous Brox’s diffusions and related processes
General framework
Time-homogenous situation : Brox’s diffusion
A deterministic case : singular time-inhomogeneous SDEs

2 Study of theses diffusions
Existence and uniqueness of solutions
Scaling limits and invariant distributions
Sketch of the proofs

YoO (IMB, uB) Diffusions in time-varying environment 23 / 36



Study of theses diffusions Scaling limits and invariant distributions

Scaling limits : β > 1/4

Theorem (CLT, Y. O., 14)

lim
t→∞

Zt
L
= N (0,1) W -a.s.

(
lim
t→∞

Xt√
t

L
= N (0,1)

)
.

Vθ (t ,x)−−→
t→∞

x2

2
L (Zθ

t )−−→
t→∞

N (0,1)
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Study of theses diffusions Scaling limits and invariant distributions

Scaling limits : β = 1/4

Quenched time-inhomogeneous semi-group and annealed version :

νPt (θ)F := Eθ [F(Zt )|Z0 ∼ ν] and νP̂tF :=
∫

Θ
νPt (θ)F W (dθ).

Weighted total variation norm : for any F :R−→ (0,∞) we set

‖ν‖F := sup
|f |≤F

∣∣∣∣∫ fdν
∣∣∣∣ .

In the following we shall consider F ∈ {U,V} where

U(x) = exp
(

α
x2

2

)
and V(x) = exp(α|x|) with α ∈ [0,1).
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Study of theses diffusions Scaling limits and invariant distributions

Scaling limits : β = 1/4

Theorem (stationnary random flow, Y. O., 14)

There exists λ > 0 and a random probability measure µθ such that

µθ Pt (θ) = µTt θ and


‖νPt (θ)−µTt θ‖U ≤ cθ ,ν e−λ t ,

lim
t→∞
‖νP̂t − µ̂‖V = 0,

W -a.s.,

Therefore ∥∥∥∥L (
Xt√

t

∣∣∣∣θ , X1 ∼ ν
)
−µS√t θ

∥∥∥∥
U
≤ cθ ,ν

tλ ,

and

lim
t→∞

∥∥∥∥L (
Xt√

t

∣∣∣∣X1 ∼ ν
)
− µ̂

∥∥∥∥
V

= 0.
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Study of theses diffusions Scaling limits and invariant distributions

Numerical illustrations

Vθ (t ,x) =
x2

2
+ Ttθ(x) L (Zθ

t )−µTt θ −−→t→∞
0
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Study of theses diffusions Sketch of the proofs
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Study of theses diffusions Sketch of the proofs

Existence and uniqueness of global solutions

Pseudo-scale function : true SDE with continuous coefficients,

Sθ (t ,x) :=
∫ x

0
eVθ (t ,y) dy ∈ C1,

Yt := Sθ (t ,Xt ), dYt = ∂xSθ (t ,S−1
θ (t ,Yt )) dBt + ∂tSθ (t ,S−1

θ (t ,Yt )) dt .

↪→ Non-explosion ?

Vθ (t ,x)
Girsanov−−−−→ a

x2

2
+O(x2)︸           ︷︷           ︸

sufficiently confining a� 1

Lyapunov−−−−→ Aθ Uθ (t ,x)≤ λUθ (t ,x),

where
Uθ (t ,x) :'

∫ x

0
exp

(
e−(β−1/4)tTtθ(y)

)
U ′(y)dy.
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Study of theses diffusions Sketch of the proofs

Underlying ergodic random dynamical system (RDS)

Ergodic dynamical system (Θ,B,W ,(Tt )t∈R) :

−→ Semi-group property :

Ts+tθ(x) =
θ(es/2et/2x)

es/4et/4 = TsTtθ(x).

−→ The Wiener mesure W is invariant under (Tt ) by scaling property.
−→ The dynamical system (Tt ) is W -ergodic :

t 7−→ Ttθ(x) stationnary ergodic OU.

Skew cocycle property for the time-inhomogeneous semi-group :

Ps+t (θ) := Pt (θ)Ps(e−(β−1/4)tTtθ).

↪→ Convergence ? We need compacity...
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Study of theses diffusions Sketch of the proofs

Foster-Lyapunov functions

Lemma (contractivity)

For F ∈ {U,V} and ρ < 1, there exists BF such that

P1(θ)F(x)≤ ρF(x) + BF (θ), W −a.s.,

and for all s ≤ 1,

Ps(θ)F(x)≤ ρF(x) + BF (θ) W −a.s.,

with ∫
Θ

log(BU(θ))W (dθ) < ∞ and
∫

Θ
BV (θ)W (dθ) < ∞.

Main difficulty : U, V independant on θ and do not belong to D(Lθ ).
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Study of theses diffusions Sketch of the proofs

Uniform approximations by Lyapunov functions

Proposition

For F ∈ {U,V} and ε > 0 there exists Fθ ∈ D(Lθ ) such that

‖Fθ −F‖∞ ≤ ε and Lθ Fθ (t ,x)≤−λFθ (t ,x) + BF (θ) W −a.s..

Sketch of the proof :

−→ Uniform polygonal approximations of θ (γ-hölder continuity).
−→ Gaussian bounds (Fernique theorem).

=⇒ sup
|x|,|y|≤n

|θ(y)−θ(x)| ≤ Hγ (θ)L(n)|y−x|γ ,

where

L(x) :=
√

1 + ln(1 + |x|) and
∫

Θ
eδH2

γ (θ) W (dθ) < ∞.
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Study of theses diffusions Sketch of the proofs

Scaling limits : β = 1/4

Random product of Markov operators (RDS)

Pn(θ) = P(θ)P(Tθ) · · ·P(Tn−1θ)

↪→ Random Perron-Frobenius theorem ?

Known for stochastic matrices (Arnold) and compact space (Kifer).

Coupling methods (Douc-Moulines-Rosenthal, 2004)

−→ Foster-Lyapunov functions.
−→ Petite sets (from lower local Aronson estimate) :

inf
|x|≤R

Pθ (x,?)≥ εθ νθ (?).
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Study of theses diffusions Sketch of the proofs

Scaling limits : β > 1/4

Associated SDE : Yt = Sθ (t ,Zt )

−→ Asymptotically time-homogeneous and S?γ-ergodic with

S(x) := lim
t→∞

Sθ (t ,x) =
∫ x

0
e limt→∞ Vθ (t ,y) dy =

∫ x

0
e

y2
2 dy.

−→ Bounded in probability (Foster-Lyapunov functions).
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Study of theses diffusions Sketch of the proofs

Questions

Scaling for β < 1/4 ?

−→ Stronger localization phenomenon is attempded.

−→Work in progress with R. Diel, Nice Sophia Antipolis.

General self-similar environment ?

−→ The proof works for fractional Brownian motion (Gaussian,Hölder).

−→ It needs to be deeply changed for other.

General self-similar diffusion term ?

−→Work in progress with M. Gradinaru, Rennes, for stable Lévy
processes in the deterministic situation.
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Study of theses diffusions Sketch of the proofs

Thanks for your attention
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