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The Ising model on Z¢

Let A CC Z9. Energy of a configuration ¢ = {¢,|x € A} € {1, +1}"
defined by

H/\(‘P) = Z J{x,y} Px Py -
{x,y}EAXA

Assume J symmetric and J > 0 (ferromagnetic interaction)
Example: Ji 3 = 1jx_y|=1 (nearest-neighbor model).

Probability of configuration ¢ € {—1,+1}" is e #Ha(®) /7, (]3).
Two-point correlation function:

Zcpe{*l,l}/\ Yo Px exp(—ﬁHA(cp)) - + -
Z¢g{_171}/\ eXP(—ﬁHA(SO)) . ++ - -

Phase transition: dm, M > 0 : + ++4
- -4+

<e Mk (B<B) R —
>M (B > Be).

<<P0<Px>/\ =

Gﬁ(x) = Ali/f%d@osﬁx)/\{

Aim: Understanding of critical behaviour, i.e., 3 = ..
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Critical behaviour

Physics concept: Introduce critical exponents, e.g.

x| oo g B/ Be _
Go.(x) & X7 T Ga(x) = (B~ B) 7.

Theorem (Aizenman, Barsky, Ferndndez, Graham “80s)

If > Gp.(x)? < oo (bubble condition), then n=0,y=1,6=3, ...

Note: These values for critical exponents coincide with Curie-Weiss
model (=lIsing model on complete graph). Known as mean-field values.

Theorem (Frohlich, Simon, Spencer '76)
For RP-version of J (reflection positivity) an infrared bound holds:

~ const
0< Gs(k) < e (d>2,8<p),

i.e., mean-field behaviour above 4 dimensions.
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The spin-spin coupling J

Recall: 5 (—BHA(9))
A x EXP(—

Gy(x) = lim pe{—1,1}1 PO Px EXP AP 7

A/2e Z(pe{fl,l}/\ exp(—BHa(¥))

H/\(‘P) = Z J{x,y} Px Py-
{x,y}EAXA

Question: What is the role of J?

o tanh(ﬁJ{gvx})
Introduce D by D(x) = T tanh(Bli0,))"
Consider three cases:

@ nearest-neighbor coupling: D(x) = 55 1{|xj=1}

o finite-variance coupling: e.g., D(x) ~ e~ ¥/t as |x| — oo, L suff.
large

o long-range coupling: e.g., D(x) ~ |x/L|~(9+%) as |x| — o0, a > 0,
L suff. large
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Result

Fourier transform: '
1—D(k) =1=3, 54e** D(x) = 3, c74[1 — cos(k - x)] D(x) = |k[>".
Theorem (HHS 2007)

Consider the Ising model in dimension

>4 (finite-variance case),
>2(2Aa) (power-law case),

and L sufficiently large. Then

_ 14 o(L=9)

6k = s

= (14 O(L™9)) |k| =", (1)

e Finite range models known by Sakai (CMP '07).
@ Proof uses lace expansion.

@ Result holds also for nearest-neighbor model with O(L=¢) replaced
by O(1/d) and d suff. large.
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Random Current representation

Starting point: RC representation by Griffiths, Hurst, Sherman
Denote Bp = {{x,y} | x,y € \,x # y} set of bonds in A.

2—IA|
(Pops)n = > woex [ exp(—BJuny vupy)
N oGlE (uver,
2_|A| ﬁJb > ven N{v.v}
- 55 Y we X () [
pe{£1}r nENBA  bEBA
—_———
=:wx(n)
1 I{ve{0}a{x}}+>, v,v
_ (2 T O e }>
neNBa veA w,==*1
wy(n
= Z >\Z(A ) (8“ = {V eAN: Zn{wp} is odd})
on={0}a{x} v
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Lace expansion for the Ising model (Sakai '07)

This gives rise to a representation involving bonds:

0 X

wy(n
<§0090X>A = g Z( )
A
neNEA
on={0}a{x}

Perform lace expansion using ideas from lace expansion for percolation.
Use of BK-inequality replaced by use of RHS source switching lemma.
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Self-avoiding walk

A self-avoiding walk is random walk conditioned to visit every site at
most once.
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30

20
20

-10
10
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20
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30

Realization 200-step (nearest-neighbor) SRW and SAW for d = 2.

Interesting: The asymptotic difference between SRW and SAW (in terms
of critical exponents) disappears in dimension d > 5.
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Recall versions of D:
@ nearest-neighbor coupling: D(x) = 55 1{|x=1}
e finite-variance coupling: e.g., D(x) ~ e ¥/t as |x| — oo, L large

e long-range coupling: e.g., D(x) ~ |x/L|~(9+%) as |x| — oo, L large

Let W, (x) be set of n-step walks from the origin 0 to x:
Wh(x) = {(wo,...,wn) | wo =0, w, = x, w; ezd1<i< n—1}

Call w € Wy(x) self-avoiding if w; # w; for i # j with i,j € {0,...,n}.
Define SAW two-point function by cy(x) = o x and, for n > 1,

Z H D - Wi IL{W is self-avoiding} +

WEW,(x) i=1

Self-avoiding walk Green's function:

= Z cn(x)z"

Question: How does G,(x) behave?
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Self-avoiding walk - result

Theorem (HHS)

Let d sufficiently large in the nearest-neighbor case, or d > 4 and L
sufficiently large in the finite-variance spread-out case, or d > 2(2 A «)
and L sufficiently large in the spread-out power-law case. Then

8u(k) = 1+ O(L™9)

- 2 2
x(2)7 + 2[1 = D(k)] )

uniformly for z € [0, z.) and k € [, 7)°.

Here, x(z) = 3, G.(x) = G,(0) is the susceptibility.

The critical value z. is the radius of convergence for the power series
defining G;; it is characterized by z. = sup{z | x(z) < oo}.

In the nearest-neighbor case, O(L~?) replaced with O(1/d).

As for the Ising model,

Ge (k) = (1+O(L™) [t = D(K)]™H = (1+ O(L™)) [k| ")

and this implies mean-field behaviour.
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