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1. Point Processes & Derrida-Ruelle Structures

Random Points (z;,7 € N)
. Point Process X = > . Ox,

Subset A

X(A) =4

Poisson Point Process (PPP) of density g(x)dx

e P[X(A)=n]= %e_““‘), w(A) = /Ag(x)da:.

o Ai..... A, C Rdisjoint= X(Aq),....X(Ay) independent

If z; > 0 and }_; x; < oo PP-a.s. define Normalization
N((ziieN)) = (@i €N), withz; =
jvy



Additive Derrida-Ruelle Structures
Parameters 0 < 81 < ... < B < 1. Consider PP (g,,;;i C NK)

£ d_6f gzl + g’&l,ZQ + + le)

e Foriq,... 11, (5;31’

zj_l,k’k> PPP(ﬁje_ﬁjtdt) on R

e &J  independent for different j

o <€gl,...,ij_1,l’ l) independent for different ¢, ...,4;_1



Multiplicative Derrida-Ruelle structures
For 3 > By consider image of (&;) under = — e,

_ B e )

m; = T e e

= NN iy i
o (nf i ;3 €N)is PPP(myt™k=Ldt) with my, = B;/8
e max;n; < oo, Y.;m; <oo, P-a.s.
e >, 7; = 1~ (7;) Random Probability on N&
(1aw)

® > iby = <PPP(mkt_mK_1dt)> = forgets structure
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Retaining the K-levels tree structure
Order (n;) downwards, random bijection

m: N— NE
jr m(j), ngy JM-largest elementin {n;}

Overlaps q(i,i') = maxy {w(z‘)l, () = 7)1, . ..W(i’)r}

0 m;




Bolthausen-Sznitman coalescent

Introduce Random equivalence relations on N

i~ i <= q(i,7) > k.

Keep track of random equivalence classes for k = 0, 1, ..., K we
get a clustering of random partitions

(ZK — ‘singletons’, ..., Z9 = 'one single set’)



Parisi Picture for SK-Model.
Gibbs measure Gg (o) = 81N (7) /70 (8) on = {£1}V,

1
Hy(0) = —— 91017
nggg:'g]\f R

e Emergence of Pure states: disjoint Ao C >, Uy Ao = 2N

lim zo; G, v (A D A PPP(E™E141))

N —o0

2
edy(o,7)=1— (% > i am) becomes ultrametric

imP Qg’i?v,.[dN(U, 7) <max,{dyn(o,p),dn(p,7)} | =1

e Tree structure (Zg, ..., Zp) on pure states (possibly K = oco?)
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Universality conjecture.

The above picture is conjectured to be universal; i.e. given
any mean field model of spin glasses on some configuration
space, then, in the thermodynamical limit:

e the configuration space is hierarchically organised

e the configuration space splits into pure states with statistics
given by normalized PPP (Derrida-Ruelle structures)

e Tree structure on the Pure states according to Bolthausen-
Sznitman coalescent

Instructive examples where this can be proved?
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2. A nonhierarchical version of the GREM

e Parameters: I = {1,...,n}, (vt € I), >;v = 1, and
(ay,J C I) positive, > ;a5 =1

e Configurations o = (o1,05,...,0n) Witho; = 1,...2%N

e Foro; = (04,1 € J) and XJJJ Id N (0, ayN) Hamiltonian

X, = Z X;,’J
JCI

o Gon(0) =ePXe [ 52 PN fn(B) =} log 5, ePX,
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Tochain T = {A; C A,... C A} associate GREM X, (T).
E.g. Triangle-GREM : X, = Xi},’gg + Xi};f’;ﬁ;, + ngg
o, = Q%'N, var (Xé::g-i) = Naz-j.
o % _ {1} 11,2}
Chain T' = {{1, 21.{1,2, 3}} = Xo(T) = XA (1) +x82 (1)

g = 2(m+72)N far = 203N
var (Xé?(T)) = Najs var (X'(Ejgé(T)) = N (a13 + az3)



Thm (Bolthausen-K.). GREM universality
» GGREM-Free Energy exists, self-averaging.

» Jd chain T = {Aq,Ao,..., Ax}

F(B) =r(BT)

» 1" is minimal,

£(8) = minf (8, 5)

But Ultrametricity «<— Hamiltonian irreducible



Thm (Bolthausen-K.). Ultrametricity for GGREM.

e Marked Point Process on R x R x 21
—  def

=N = ZéXU—aN,XT_aN; q(o,7)
overlap q(o,7) =J <= o0; =1, i € J.
o T = {A,;} minimal chain. Marked PP on R x R x 21,

—_ def
20, e (i)

G=& 4+l . and (&) PPP(r;B;e idt)

overlap ¢(i,i") = A, if max, {(il, cote) = (4, ... ,i;)} =

» If Xy is irreducible, = — = weakly.
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Mechanism behind ultrametricity (energy levels)
Triangle-GREM, chain T = {{1,2},{1,2,3}}
X0'1,0'2 _I_ X0'1,0'3 _I_ XO'Q,O‘3 — an

Cae e . )”“?X

|
XT1,7‘2 + XT1,T3 + X7'2,T3 — an

Energy vs. Entropy: for N > 1, withP =~ 1:
o If oo = 1 then o1 = 73.
o If o3 =m3thenoy = 711,00 = ™.

= Overlap only in the Chain!
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Thm (Bolthausen-K.). Full Parisi Picture for GGREM.

> Let 8> Bk, mi = Bk /B, and n; = exp [BE;].

2965 (o), G (™): (o)
— 2.0 g (i)
(@) /\/’(PPP(Q)(t_mK_l)> ®'" BS-coalescent”.

In particular, ultrametricity:

lim E [<§(0, YN qg(o',o") c q(o, U”)>ﬁ N ] = 1.

N —o0

» Similar results for B; < < fj4q1 forj=1,...,K —1.

12



4. On a cavity field perturbation of the REM
o€ Xy E{1,...,2N}). Hamiltonian on = x {£1}V

N N
Hy(a,o0) = Z Xa,i + Z 90,i0i = "REM + Cavity”,
i=1 i=1
Xa,i> 9o,i Id normal.

Summing o’s out, Free Energy reads

Fn(B) = 109 Y exp [Hy (a, 0)] =

1
= 109 > exp |) BX,;+ logcosh(B8gy;)| + l0og2.
« 1
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= This suggests study of

1 oN N
IN(®) = log ) exp |} é(Xa)
a=1 1=1

with ¢ : R — R and X, ; iid with distribution p.

By 2"4-moment on empirical measure Ly , = 77 >3 dx.. .

im fv(®) =sup{ [¢dv — Hw | 1) : H(v | p) <log 2},

with H (v | u) the standard relative entropy.

How to solve the variational problem?
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Optimal measure turns out to be Gibbs measure, vy, for m € [0, 1]

dvm _ exp [md]
dp  [exp[me]du’

HighTemp H(vq | p) < log2 = 1 optimal (i.e. m := 1).
LowTemp Otherwise m, solutionto H(vm | u) = log 2.

Thm. Suppose ¢, s.t. LowTemp.

1
Z§E'¢(Xa d—ay PPP <—€_m*tdt>
= ,

Mx
for ay = Nfn(¢) + O(log N).

Rem. No conditions on ¢, . Universality of PPP.
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Thm (Bolthausen-K.). Free Energy of REM+Cavity

( 62 6 S /8*7
lim fN(B) = 9 m
VRSO ¢ seonggartsconon g2 2,

» B4 unique solution to E[cosh(Bg) log cosh(Bg)] = eB°/2 log 2

» m, = mx(08) € (0,1) unique solution of

8% 5 my . E[cosh(Bg)™ log cosh(Bg)]
5 —log E[cosh(Bg)"]+m E[cosh(Bg)™]

= log 2.
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() B.N = Yuo()G5.n(a, o) average w.rt. Gibbs measure.

Thm. Let
Ao E {(e,0) 10 € {£1}V}

G\ﬁ,N(O‘) d:efgﬂ,N(Aoz), <'>%)N & <'1oz>/37N /gg,N(a)

an =2 (O~ Gsn(a).

(87

If 8 > B« the {Ay} are pure states
> Uy Ao = Xy x {1}

~ N —mx—1
> Tadg, (e N(PPP(t dt))
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(V57 = average over (X x {£1}V) x (T x {£1}V) wrt

g@N,CU(a’ o) X gﬂ,N,w(O/a U/)
Thm. Ultrametricity. Let 3 > Ox.

- ®2
> My oo E(14z0an(o, 0/)2>ﬁN. = 0.

®2
= O,
B)Nf

der E [tanhz(ﬂg) exp (mxlog cosh(ﬁg))]
E [exp(m« l0og cosh(3g))]

> limy_ E<1a=a’ (qN(a, o'/) — CI*)2>

qx = :
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2 def
<->%91,627N7w = average W.r.t. Gg, N ® G, N

Thm. Chaos in temperature. Let 31,8 > B«. If B1 £ B>

- 2
> My oo E(la—a) g, v = O,

Thus relevant energies

N

Hy(oa,0) = Xa+ Y 9a.i0i
i=1

are temperature-dependent
a = a(B)
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Summarizing:

Parisi Theory predicts universality: of ultrametricity, of
PPP and Derrida-Ruelle structures. We have presented
simple models where these issues can be addressed:

e GGREM: ultrametricity arises naturally from Energy
vs.Entropy competition

e REM-+Cavity: universality of PPP and Derrida-Ruelle
structures (any ¢, u), one-step RSB...

What about more "realistic” models?
GREM+Cavity: work in progress...
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