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1. Point Processes & Derrida-Ruelle Structures

X(A) = 4

R

Point Process X ≡
∑

i
δxi

Random Points (xi, i ∈ N)

Subset A

Poisson Point Process (PPP) of density g(x)dx

• P [X(A) = n] =
µ(A)n

n!
e−µ(A), µ(A) =

∫

A
g(x)dx.

• A1, . . . , An ⊂ R disjoint⇒ X(A1), . . . , X(An) independent

If xi ≥ 0 and
∑

i xi <∞ P-a.s. define Normalization

N
(
(xi, i ∈ N)

)
= (xi, i ∈ N), with xi =

xi∑
j xj

.
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Additive Derrida-Ruelle Structures

Parameters 0 < β1 < ... < βK < 1. Consider PP
(
ξi; i ∈ NK

)

ξi
def
= ξ1i1 + ξ2i1,i2

+ · · ·+ ξK
i1,...,iK

• For i1, . . . , ij−1,
(
ξ
j
i1,...,ij−1,k, k

)
PPP

(
βje
−βjtdt

)
on R

• ξj independent for different j

•
(
ξ
j
i1,...,ij−1,l, l

)
independent for different i1, . . . , ij−1
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Multiplicative Derrida-Ruelle structures

For β > βK consider image of (ξi) under x 7→ eβx.

ηi = e
β(ξ1i1

+···+ξK
i1,...,iK

)
= η1

i1
η2
i1,i2
· · · ηK

i1,...,iK

•
(
ηk
i1,...,ik−1,j, j ∈ N

)
is PPP(mkt−mk−1dt) with mk = βk/β

• maxi ηi <∞,
∑

i ηi <∞, P−a.s.

• ∑
i ηi = 1 (ηi) Random Probability on NK

• ∑
i δηi

(law)
= N

(
PPP(mkt−mK−1dt)

)
⇒ forgets structure
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Retaining the K-levels tree structure

Order (ηi) downwards, random bijection

π : N→ NK

j 7→ π(j), ηπ(j) jth-largest element in {ηi}

Overlaps q(i, i′) = maxr

{
π(i)1, . . . π(i)r = π(i′)1, . . . π(i′)r

}

... 

η1
i1
· η2

i1,i2

j = K

j = 2

j = 1

η1
i1
· η2

i1,i2
· · · ηK

i1,i2,...,iK

η1
i10
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Bolthausen-Sznitman coalescent

Introduce Random equivalence relations on N

i ∼k i′⇐⇒ q(i, i′) ≥ k.

Keep track of random equivalence classes for k = 0,1, ..., K we
get a clustering of random partitions

(
ZK = ‘singletons’, . . . , Z0 = ’one single set’

)



Parisi Picture for SK-Model.

Gibbs measure Gβ,N(σ) = eβHN(σ)/ZN(β) on ΣN = {±1}N ,

HN(σ) =
1√
N

∑

1≤i<j≤N

gijσiσj

• Emergence of Pure states: disjoint Aα ⊂ ΣN ,
⋃

α Aα = ΣN

lim
N→∞

∑

α
δGβ,N(Aα)

(d)
= N (PPP(t−mK−1dt))

• dN(σ, τ) = 1−
(

1
N

∑
i σiτi

)2
becomes ultrametric

lim
N

P ⊗ G⊗2
β,N,·

[
dN(σ, τ) ≤maxρ {dN(σ, ρ), dN(ρ, τ)}

]
= 1

• Tree structure (ZK , . . . ,Z0) on pure states (possibly K =∞?)
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Universality conjecture.

The above picture is conjectured to be universal; i.e. given

any mean field model of spin glasses on some configuration

space, then, in the thermodynamical limit:

• the configuration space is hierarchically organised

• the configuration space splits into pure states with statistics
given by normalized PPP (Derrida-Ruelle structures)

• Tree structure on the Pure states according to Bolthausen-
Sznitman coalescent

Instructive examples where this can be proved?
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2. A nonhierarchical version of the GREM

• Parameters: I = {1, . . . , n}, (γi, i ∈ I),
∑

i γi = 1, and
(aJ , J ⊂ I) positive,

∑
J aJ = 1

• Configurations σ = (σ1, σ2, . . . , σn) with σi = 1, . . .2γiN

• For σJ = (σi, i ∈ J) and XJ
σJ

iid∼ N (0, aJN) Hamiltonian

Xσ =
∑

J⊂I

XJ
σJ

• Gβ,N(σ) = eβXσ

/ ∑
τ eβXτ , fN(β) = 1

N log
∑

τ eβXτ .
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To chain T = {A1 ⊂ A2... ⊂ AK} associate GREM X̃α(T ).

E.g. Triangle-GREM : Xσ = X
{1,2}
σ1,σ2 + X

{1,3}
σ1,σ3 + X

{2,3}
σ2,σ3,

]σi = 2γiN , var
(
X
{i,j}
σi,σj

)
= Naij.

Chain T =

{
{1,2}, {1,2,3}

}
⇒ X̃α(T ) = X̃

{1}
α1 (T ) +X̃

{1,2}
α1,α2(T )

]α1 = 2(γ1+γ2)N ]α2 = 2(γ3)N

var
(
X̃
{1}
α1 (T )

)
= Na12 var

(
X̃
{1,2}
α1,α2(T )

)
= N (a13 + a23)



Thm (Bolthausen-K.). GREM universality

I GGREM-Free Energy exists, self-averaging.

I ∃ chain T = {A1, A2, . . . , AK}

f(β) = f(β, T )

I T is minimal,

f(β) = min
S

f(β, S)

But Ultrametricity ⇐⇒ Hamiltonian irreducible
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Thm (Bolthausen-K.). Ultrametricity for GGREM.

• Marked Point Process on R× R× 2I

ΞN
def
=

∑
δXσ−aN ,Xτ−aN

; q̂(σ,τ )

overlap q̂(σ, τ ) = J ⇐⇒ σi = τi, i ∈ J.

• T = {Aj} minimal chain. Marked PP on R× R× 2I,

Ξ
def
=

∑
δξi,ξi′;q̌(i,i′)

ξi = ξ1i1 + · · ·+ ξK
i1,...,iK

and
(
ξj

)
PPP(κjβje

−βjtdt)

overlap q̌(i, i′) = Aj if maxr

{
(i1, . . . , ir) = (i′1, . . . , i′r)

}
= j.

I If Xσ is irreducible, ΞN → Ξ weakly.
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Mechanism behind ultrametricity (energy levels)

Triangle-GREM, chain T =
{
{1,2}, {1,2,3}

}

Xσ1,σ2 + Xσ1,σ3 + Xσ2,σ3 − aN

Xτ1,τ2 + Xτ1,τ3 + Xτ2,τ3 − aN

−∞← max

Energy vs. Entropy: for N � 1, with P ≈ 1:

• If σ2 = τ2 then σ1 = τ1.

• If σ3 = τ3 then σ1 = τ1, σ2 = τ2.

⇒Overlap only in the Chain!
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Thm (Bolthausen-K.). Full Parisi Picture for GGREM.

I Let β > βK, mK = βK/β, and ηi = exp [βξi].
∑

δGβ,N(σ), Gβ,N(τ); q̂(σ,τ )

−→
∑

δηi, ηi′; q̌(i,i′)

(d)
= N

(
PPP (2)(t−mK−1)

)
⊗”BS-coalescent”.

In particular, ultrametricity:

lim
N→∞

E

[〈
q̂(σ, σ′) ∩ q̂(σ′, σ′′) ⊂ q̂(σ, σ′′)

〉
β,N,·

]
= 1.

I Similar results for βj < β < βj+1 for j = 1, . . . , K − 1.
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4. On a cavity field perturbation of the REM

α ∈ ΣN
def
= {1, . . . ,2N}. Hamiltonian on ΣN × {±1}N

HN(α, σ) =
N∑

i=1

Xα,i +
N∑

i=1

gα,iσi ≡ ”REM + Cavity”,

Xα,i, gα,i iid normal.

Summing σ’s out, Free Energy reads

fN(β) =
1

N
log

∑

α,σ
exp [HN(α, σ)] =

=
1

N
log

∑

α
exp


∑

i

βXα,i + log cosh(βgα,i)


 + log2.
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⇒ This suggests study of

fN(φ) =
1

N
log

2N∑

α=1

exp




N∑

i=1

φ(Xα,i)




with φ : R→ R and Xα,i iid with distribution µ.

By 2nd-moment on empirical measure LN,α = 1
N

∑
i δXα,i

lim
N

fN(φ) = sup
ν

{∫
φ dν −H(ν | µ) : H(ν | µ) ≤ log 2

}
,

with H(ν | µ) the standard relative entropy.

How to solve the variational problem?
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Optimal measure turns out to be Gibbs measure, νm for m ∈ [0,1]

dνm

dµ
=

exp [mφ]
∫
exp [mφ] dµ

.

HighTemp H(ν1 | µ) < log 2⇒ ν1 optimal (i.e. m := 1).

LowTemp Otherwise m? solution to H(νm | µ) = log 2.

Thm. Suppose φ, µ s.t. LowTemp.

∑

α
δ∑

i φ(Xα,i)−aN
→ PPP

(
1

m?
e−m?tdt

)

for aN = NfN(φ) + O(log N).

Rem. No conditions on φ, µ. Universality of PPP.
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Thm (Bolthausen-K.). Free Energy of REM+Cavity

lim
N→∞

fN(β) =





β2 β ≤ β?,

β2

2 m? + E[cosh(βg)m? log cosh(βg)]
E[cosh(βg)m?]

− log 2 β ≥ β?,

I β? unique solution to E[cosh(βg) log cosh(βg)] = eβ2/2 log 2

Im? = m?(β) ∈ (0,1) unique solution of

β2

2
m2−logE[cosh(βg)m]+m

E[cosh(βg)m log cosh(βg)]

E[cosh(βg)m]
= log 2.
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〈·〉β,N
def
=

∑
α,σ(·)Gβ,N(α, σ) average w.r.t. Gibbs measure.

Thm. Let

Aα
def
=

{
(α, σ) : σ ∈ {±1}N

}

Ĝβ,N(α)
def
= Gβ,N(Aα), 〈·〉αβ,N

def
= 〈·1α〉β,N

/
Ĝβ,N(α)

〈·〉β,N =
∑

α
〈·〉αβ,N Ĝβ,N(α).

If β > β? the {Aα} are pure states

I
⋃

α Aα = ΣN × {±1}N

I
∑

α δĜβ,N(α)
→ N

(
PPP(t−m?−1dt)

)
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〈·〉⊗2
β,N,ω

def
= average over

(
ΣN × {±1}N

)
×

(
ΣN × {±1}N

)
w.r.t.

Gβ,N,ω(α, σ)× Gβ,N,ω(α′, σ′)

Thm. Ultrametricity. Let β > β?.

I limN→∞ E

〈
1α6=α′qN(σ, σ′)2

〉⊗2

β,N,· = 0.

I limN→∞ E

〈
1α=α′

(
qN(σ, σ′)− q?

)2〉⊗2

β,N,· = 0,

q?
def
=

E

[
tanh2(βg) exp (m? log cosh(βg))

]

E [exp(m? log cosh(βg))]
,
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〈·〉⊗2
β1,β2,N,ω

def
= average w.r.t. Gβ1,N,ω ⊗ Gβ2,N,ω

Thm. Chaos in temperature. Let β1, β2 > β?. If β1 6= β2:

I limN→∞ E 〈1α=α′〉⊗2
β1,β2,N,· = 0,

Thus relevant energies

HN(α, σ) = Xα +
N∑

i=1

gα,iσi

are temperature-dependent

α = α(β)
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Summarizing:

Parisi Theory predicts universality: of ultrametricity, of

PPP and Derrida-Ruelle structures. We have presented

simple models where these issues can be addressed:

• GGREM: ultrametricity arises naturally from Energy

vs.Entropy competition

• REM+Cavity: universality of PPP and Derrida-Ruelle

structures (any φ, µ), one-step RSB...

What about more ”realistic” models?

GREM+Cavity: work in progress...
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