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The model

We assume that only the bank account is fixed exogenously and under
the historical probability P. There is not any other primary asset in the
market. So, any equivalent measure can serve to price derivatives,
and a zero coupon bond is a derivative where the underlying is the
bank account.

Then we have a bank account process B that evolves as

B = exp{/otr(s)ds}

where r(t), the so-called short-rate interest. We consider a dynamics
of the form

t
F(t) = p(t) + /0 +(s. tydls, (1)
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The model

where L is a non-homogeneous Lévy process, or a process with
independent increments and absolutely continuous characteristics

(U§7USaaS):
L
t t t
/ asds + / osdWs + / / 3 <1y (J(dx, d) — vs(ax)ds)
0 0 0 JR

+Y ALsl(ar,>1)

s<t

t t t -
0 0 0 Jix|<1

+Y ALslgar,>1)

s<t

The coefficients p(t) and (s, t) are assumed to be deterministic and
cadlag. We also assume that the filtration generated by L and r is the
same.
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The model

Fix T > 0 and consider a T-zero-coupon bond. This is a contract that
guarantees the holder 1 monetary unit at time T. Write P(¢, T),

0 <t < T, for the price of this contract. We know that P(T,T) =1,
take Q equivalent to P (the historical probability) and structure
preserving (with respect to L) and define

)
P(t, T) = Eq(exp{— /0 r(s)ds}|F1)

this discounted price, whatever Q, equivalent to P, we choose, does
not produce arbitrage.
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The model

From here we have that

P(t, T)

exp {— /Tr(s)ds} | }‘t]
0
T T [ /T
= exp{—/o ,u(s)ds} x Eq |exp {—/0 (/ ~(u, S)dS) dLu} | Ft]
T T
= exp{—/o M(s)ds} x Eq exp{/0 r(T)udLu} | ft]

where -
(T =— / A(t, 5)ds.
t
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The model

Under Q, [, F(T)udL, is still a process with independent increments so

.
exp{ / F(T)udLu} | ]—"t]

0
= exp{/otr(T)udLu}IEQ exp{/tTF(T)udLuH ;

Eq
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The model

Therefore .
P(t, T) x exp {/ F(T)udLu},
0
and we can write

) exp { I F(T)udLu}
P(t, T) = P(0, T)EQ [exp {fé r(T)udLuH .
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The model The forward rates

The previous dynamics of P(t, T) for all maturities, T > t, can be

described in terms of the instantaneous forward rates, by using the
definition

P(t, T) = exp{— / ds—/ f(t, s)ds}.
Then
f(t,T) = —drlogP(t, T)
= (0, T)+A(T) + /Otv(s, T)dLs

where
d7Eq [exp { Jir( T)udLuH
Eq [exp { I r(T)udLu}]
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The model The forward rates

In Eberlein, Jacod and Raible (2005), the authors assume that the
forward rates are given and then study the arbitrage and completeness
problems. In fact they start by assuming that (under P)

f(t,T) = £(0,T) + /O t a(s, T)ds + / t'y(s, T)dLs,
0

and they look for martingale measures. They obtain that their
existence implies some constrains for the process fot a(s, T)ds. This
was already observed by Heath, Jarrow and Morton in 1992 in the
case when L is continuous. The constraint for the existence of
"structure preserving” martingale measures is then

/toz(s, T)ds = A(T):.
0

for some Q structure preserving.
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The model The forward rates

We have considered that Q is a given structure preserving equivalent
measure, we construct the bond market with this Q and deduce the
form of the forward rates which are compatible with this prices. So the
relevant problem is the completeness of the market. We take Q and
we check if this market is complete by trying to demonstrate that any
(squared integrable) contingent claim can be replicated by a
self-financing portfolio.
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According with Eberlein, Jacod and Raible (2005) ([EJR05])
completeness is important by two reasons:

@ Completeness amounts to the fact that any claim can be priced in
a unique way: by taking the expectation of the discounted value of
the claim with respect to the (unique) equivalent martingale
measure. This means, in our context, that if we choose different,
structure preserving equivalent measures, Q we obtain different
bond prices.

@ Completeness is also related with hedging and is in fact
"equivalent” to the property that any square integrable
(discounted) contingent claim Y can be written as

Y=E(Y)+> / H.dP(s (3)
Tied
and this is equivalent to the martingale representation property

E(Y|F) = E(Y) +Z/ HLdP(s, T)).

Tied
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Completeness of the market

Instead of looking if a system of bond prices implies a unique Q we
can use the martingale representation theorems for studying if and
how we can replicate any contingent claim.

We have seen that

P(t, T) = P(0, T)exp{Z;}

where (Z)o<z<r is a @Q non-homogeneous Lévy process (we shalll
omit the dependency on T) with characteristic triplet given say
(¢2,71,7;). Note that

G = r(T)tO't
B = vl
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Completeness of the market

Then, by It8’s formula and the Lévy-Ité representation of Z

dP(t, T)
= c? R
= P(t—, T)((’_}/t + Et + /]R (eX —-1- X1{|X|<1) Ut (dX))dt+ CdW;

+/R(9X—1)dl\:/lt)
= P(t-,T) (atth+/(eX—1)dl\:ﬂt>
r(T) tatthJr/ (er(T)tx_1>d,\~/,to>

= (F tUtth +/ (er(T)'X — 1) de>
R
T)

+B(=T) (M G+ [ (777 — 1) Hixae ) a

R
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Completeness of the market

Given Q we have a system of bond prices determined by the
mappings, fixed t and w :

KP (G H(x) — B(t—, T) (I‘(T)tatG+/R(er(T)fX—1) H(x)dvt>.

Uniqueness of the martingale measure is equivalent to the injectivity of
these mappings.

In [EJRO5] authors consider a bond market in the interval / := [0, T]
and with zero-coupon bonds with maturities 7; € J where J is a dense
set in /, and they prove the uniqueness of Q. That is there is not
another structure preserving and equivalent measure that gives the
same bond prices. Equivalently this means that we should be able to
replicate (in an L2-sense) any Q-square integrable contingent claim.
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Completeness of the market

In fact, incompleteness, in LZ(Q) sense, implies that there is X > 0,
bounded such that cannot be replicated and consequently, by taking
7_ X —projp X

X2
where R is the closure of the subspace of r.v. of the form (3), we have
that
dP*:=(1+2)dQ

provides another martingale measure.
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Completeness of the market

Instead of looking if a system of bond prices implies a unique Q we
can use the martingale representation theorems for studying if and
how we can replicate any contingent claim.
In Bjérk, Kabanov and Runggaldier (1997) ([BKR97]) the authors
consider measure value self-financing portfolios. A portfolio is a pair
{91, h+(dT)}, where

@ g is a predictable process (units of the risk-free asset)

@ hi(w,-) is signed finite on B((t, +c0)).

@ hy(-,A) is a predictable process, for every A € B((t, +0)).

h:(dT) is interpreted as the "number” of bonds with maturities in the
interval [T, T + dT]. The value of this portfolio at time t is given by

V; = grels rsts 4 / P(t. T)h(dT),
t
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Completeness of the market

and the self-financing condition is given by
v, = / dP(t, T)hy(dT)
t

- /too P(t—, T) (F(T),crtdl/_V,jL/R(er(T)’X - 1) d/\71,0> he(dT).
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Suppose now that we want to replicate X € L2(Q), then V7 = X and
M; := Eq(X|Ft) = Eo(V7|F7) = V.

It is well known that M, as every L?(Q)-martingale, has an integral
representation of the form

t t B
Mt = / ’ysd Ws + / / QO(X, S)dMS,
0 0 JR

then, the replicating self-financing portfolio should satisfy
- / P(t—, T)F(T)ioeh(dT)
t

o(x,1) = /tOOP(t—,T) (eF(T)rX—1)h,(dT).
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Completeness of the market

This system, fixed t and w, corresponds to the mappings
P* . h(dT)

</ P(t—, T)[(T)ioth(dT) / P(t—, )( ST (Mex _ 1) h(dT)>
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Completeness of the market

IC{D* and IC{3 are dual and compact operators then uniqueness of the

martingale measure (that is injectivity of ICf) implies that this equation
can been solved only in a dense set of R x L?(vy(dx)) and this set is a
proper subset of R x L?(v(dx)) if the support of v is infinite. This
means that a perfect (a.s) replication of an L?(Q) contingent claim is in
general not possible.
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Completeness of the market

We could consider Lévy measures v(dx) with a countable number of
different jump sizes an portfolios with a countable number of different
bonds then

v = Y Pt TON(T)oth(Tk)
k>1

e, t) = DO Pt Te) (6T — 1) hu(Ti).
k>1

but the situation does not change: we cannot replicate (a.s.) in general
an L?(Q) contingent claim.
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Completeness of the market

If we have only n different jump sizes: xi, X, ..., X, we will have a
system

v = / P(t—, T)[(T)toth(dT)
t
(X, ) = / P(t-,T) (eF(T)rXf - 1) h(dT),i=1,...,n,
t
and it is reasonable to look for a measure h;(dT) concentrated in n+ 1
points, T1(t),.., The1(1),
n+1

v = oty TH(Ti(t)G
i=

n+1
o(x. 1) = Z(er(r,-(t>)tx,-_1) Fi=1,..n,

i=1

where G is the discounted amount invested at ¢ in bonds with maturity
Ti(t).
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Completeness of the market

So
n+1 _
ZAj,‘(l‘)G; = ¢j,j =1,..,n+1,
i=1

where

Aii(t) = T(Ti(t):, i=1,..,n+1;,¢1=n/0¢

Ai(t) = e Tix—1 _ 1¢, e(Xi1,t) j=2,.,n+1,i=1,.,n+1

And we will have a solution provided that A is non singular. Let T be
the horizon of the market, it can be shown that if I'(T); is analyticin T
and t we can choose any maturity times bigger than T and
independent of t.
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Completeness of the market

Take Ty = T > T and assume now that for any k > 2 there is Tk(t),

such that
KUC(T)e = T(Tk())t,

then it is easy to see that
detA=r(T) N (e" Mo —1)2n7_,_._ ("M — e (Nexiy £ 0,

Vi e [0, T].
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Completeness of the market

If we consider affine term structure models, where I' (T); is given by
F(T);=a(T)b(t)+c(1), (4)
with a(-) strictly increasing and C' function and b (t) # 0, we have

Ti(t) = a ' (k(a(T) — a(t)) + a()).
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Completeness of the market

In particular this is true for the VasiCek model
[(T)=Cc(1—ea79)
and the Ho-Lee model

M(T)e=C(T —1).
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[?-completeness Power-Jump Processes

We also can write JP(LT

F’(t(—: T)) = o
and where (Zf)0§t<T is also a non-homogeneous Lévy process with
characteristic triplet given by (c?,v¢,v,), where

Vi = —/ <er(T)'X — 1) vt (dx),
[x|>1

ci = [(T)of,

ut(G)—/R1G(er(T)fX—1>vt(dx), Ge B(R).

Note that the Lévy measures v have support in (—1, +00).
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[?-completeness Power-Jump Processes

Set , '
zZ =N (az),  i>2

O<s<t

where AZs = Zs — Zs_. Define the Q-martingales
HD = Z0 —Eqz"), i=12,...,

with Z") = Z,.

J.M. Corcuera (University of Barcelona) Completeness and hedging in a Lévy bond m:



[?-completeness Power-Jump Processes

Assume that {Vf}te[o,T] satisfies, for some ¢ > 0 and A > 0,

sup exp(A|x])v¢(dx) < oco. (5)
te[0,7] /(=&)°

Then it is known that any Q-square-integrable martingale M; can be
expressed as

oo t _
M= Mo+ > / BIAH
n=1 0

where H(" are the orthogonal version of the H(") defined previously
and the 3’ are predictable processes.
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[?-completeness Power-Jump Processes

Then we can complete our market (with finite horizon T < T), M, with
a series of additional assets, Y() = {Yt(’),O <t < T}, based on the
above mentioned processes:

v —elmisy®  i>o 0<t<T

the so-called "power-jump” assets.

The market model, Mg, obtained by enlarging the market M with the
power-jump assets is complete, in the sense that any
square-integrable contingent claim X € L2(Q) can be replicated by a
self-financing portfolio.
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L2—completeness Proof

Let X be a square-integrable (with respect to Q) contingent claim.
Consider the squared-integrable martingale M; := Eq(e™ Iy rsdS X | Fy).
We can write

M = Zg,ﬂdF/}”)

dP

1 art n n)
= + dY
P Zﬁf

t—

where P; := P(t, T).
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L2—completeness Proof

Then if we take a self-financing portfolio: ((¢§l),~21')0§t§ 7, where ¢'
denotes the number of units of the stock, and (¢');>» the number of
power-jump assets of different order, we will have that the discounted
value of this portfolio evolves as

aV, = ¢ldP; + Zgb av(.

So, by taking ¢; = ,ft—{ and ¢} = /3] we obtain the replicating portfolio.
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L2—completeness Power payoffs

In certain cases we can obtain hedging formulas directly, by using the
It6 formula. In fact, assume that the discounted price of a contingent
claim at time t can be written as F(s, Ps), F smooth, then by the 1t6

formula

dF (s, Pg)

S

too [ . . OF\ -
+/ F(s,Ps—(1+y))— F(s,Ps—) — yPs_ 5B dMs,

—00 S

where dVs is the compensated random measure associated with Z.
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L2—completeness Power payoffs

Then if we assume now that F(s, Ps_(1 + y)) is analytical in y we have

dF (s, Pg)
oF - too~ 1 0FF -
aPs ° —00 ,gzk! 8yk |ly=0 °
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L2—completeness Power payoffs

For instance, consider derivatives with payoff elo ’SdSF"’%, k > 2. Then
its discounted price will be given by

N
FO(t, Pr) = Eq(P|Ft) = PfEq </5T> | Ft

k
_ PrEg (’:;) (1, T, T)P.
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L2—completeness Power payoffs

Then this derivative can be replicated by using the power-jump assets

i i EO(t P ) . Ko ) »
aF0(1, By = ) ,s(t’ P)apir Y MG Pt_><7>dY§’)-
= i=2
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L2—completeness Power payoffs

Define F()(¢, P;) = Py, and

Then we can write

and
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L2—completeness Power payoffs

The market model, Mg, obtained by enlarging the market M with the
derivatives F(¥), k > 2 is complete, in the sense that any
square-integrable contingent claim X € L2(Q) can be replicated by a
self-financing portfolio.
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[?-completeness Completion with bonds

In our market with horizon T we have considered only the bond with
maturity T, power-jump assets or derivatives with power payoffs, but
obviously we can consider bonds with different maturity time to
complete the market. Then the question is if these bonds are sufficient
to complete the market. We know that, to complete the market, it is
sufficient to produce discounted payoffs with values P(T, T)¥, k > 2 at
time T.
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[?-completeness Completion with bonds

Let us consider again affine term structure models such that ' (T), is
given by
M(T)y=a(T)b(t) +c(t), (6)

where a(-) is a strictly increasing function and b (-) # 0.
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[?-completeness Completion with bonds

If the term structure model satisfies (6), then the discounted price
function of the contingent claim with payoff X(%) is given by

F® (1,P(t, T)) = v® (t,T, T) P(t, Tx () B! X,
t

where ¥ is the deterministic function

B — . (PO, T)\* 1
) (t,T,T) = k) (&, T,7) < p((o, t))> P(0, Tx)

and

Ti(t) = a " (k(a(T) — a(t)) + a(t)).
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L2—completeness Proof

Using the formula deduced for P(t T) in (2), we have that

p(t, T) = O )ep{ )= a(t /b )dLy ),

P(0,1)
So,
k t
P = (g p ) elk(a) ~ at) [ blujaL)
and taking Tx(t) = a'(k (a(T) — a(t)) + a(t)) we have that

(
k t
Py = (TG ewitam - aw) [ bt
<P

Finally

= P, TYE (PO, T)\* P(t, T) 1
P = (o) ol
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L2—completeness The hedging portfolios

The idea is to use the fact that

FO (£, P(t, 7)) = o ® (&, T,T) P(t, T (1))B]
is @ martingale and from this, we have that
dF0) (6,P(1,T)) = .t + 90 (1,7, T) Bl dP(t, Tic (1))

and _ _
dF dP(s, Tu(s))

— )

FK P(s, Tu(s))

We have finally
K -
Sk k _idP(s, Ti(s))
2 <i>(_1)k P(s. Ti(s)

which gives us a way of obtaining the replicating self-financing portfolio
and the corresponding hedging formula.
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[?-completeness Another set of basic bonds

In our market with horizon T we have considered first only the bond
with maturity T > T and we want to complete the market with bonds
with maturity times T* > T. Then the question is if these bonds are
sufficient to complete the market. First we see that for any measurable
function h, can be approximate by a linear combination of P(t, T*) with

T* > T.Infact if
Eq[h(P(t, T))P(t, T*)] = 0,forall T*>T,

we have that h(P(t, T)) = 0 a.s. since
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[?-completeness Another set of basic bonds

t t
Eq[h(P(t, T))P(t, T*)] = Eolg( /0 b(s)dLs) exp{A /0 b(s)dLs] = 0,
forall A= a(T*)— a(t), then, in particular,
P(t, T) = XS()P(t, T(t))
jed
and

P(t, T)¥
B

~ ~ _ ~ k —
FO (4P T)) = o™ (T, 7) (PtT)) =¢® (1T,T)
= GO(LTT) BT Y NP TI(1).
jed
Consequently the result follows as in the previous case but with
- i k g
Sjes MOP(E, T (1)) instead of (A& ) AW
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[?-completeness Hedgeable claims

Note that if in the expression
dM; = v, dW; + / o(x, s)dME,
R
©(+, t) is analytic. for fixed t, then we can write a.s. that

My =" ad ¥,
k>1

and the corresponding contingent claim will be able replicated in a
perfect (a.s.) sense. This was already observed, by using different
arguments, in [BKR97].
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