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Delay equations

B A couple system of renewal and delay differential equation

Space

X :=L'([-h,0;R), Y :=C(([~h,0];R).

Initial condition

(p,0) € X xY, b(t) =) and S(t) =9(t), —h<t<0

A general form for a finite delay case

b(t) = F1(bs, St),
Y dS
Cdi

where Si(o): o— S(t+o), 0<0

(t) = Fa(bt, St)




Mathematical theory

O. Diekmann et al, Delay equations: functional, complex, and nonlinear
analysis, Springer, 1995

# A finite delay case

O. Diekmann et al, Stability and bifurcation analysis of Volterra functional
equations in the light of suns and stars, SIAM J. Math. Anal. 39: 1023--
1069, 2007

= An infinite delay case

O. Diekmann et al, Abstract delay equations inspired by population
dynmics, in Functional analysis and evolution equations. 187--200, 2008

O. Diekmann et al, Equations in infinite delay, submitted.




Resource-consumer system

S(t): food (algae) concentration (resource) >,

b(t): Daphnia population birth rate (consumer) ¥

o0 = | " bt — a)B(2(a; 82, S(8))F(a: Si)da,

(ciif( t) = f(5@t)) - /:O b(t — a)y(E(a; St), S(t))F (a; St)da.

=(a;St): The current|body size|of an individual with age a

B(E(a; S), S(t)): the probability per unit of time of giving| birth

v(E(a; St), S(t)): the rate ofl food consumption|of an individual
F(a; St): the|survival probability\of an individual




Model ingredients

¥ Individual body size growth and survival

An individual has age a at the current time ¢

=(a; S¢): The current body size of an individual with age a

[ %)= gletr)wi-atm). €0 =6.

L E(a;v) = ¢&(a;a,7)

F(a; St): the survival probability of an individual

[ D r) = —ul(ria,0), v(-a+7)G(r), 6(0) = 1

F(a;v) = G(a;a, )

-




Linearised stability

# Steady state (b, S)
Ry: the basic reproduction number of the Daphnia
5)= [ A(E(:5). 5)F (@ 5)da

A steady Daphnia population

We can derive steady state age-size relation and survival probability (not shown)



Linearised stability

# |_inearised system

/

y(t) = c12(t) + /Ooo(kll(a)y(t —a) + k12(a)z(t — a))da,

< 00
E0= e+ [ @t @)+ ksl - o)

= Characteristic equation

(1 ~ ?én(x)) ()\ ey — 7522()\)) — For (V) (cl + ?512()\))

~~

where k?;j ()\) = / G_Aakij (a)da
0




A special case: stage structure

¥ Stage transition from juvenile to adult

Maturation
juvenile adult
non-reproductive ' reproductive
b €A
| | >
size at born size at maturation an individual body size

a = a(v): the age of the individuals that mature exactly now

) = | bt — a)B(2(as Sy, S(1))F(as Si)da.

a(St)




A special case: stage structure

C.f., De Roos et al, Theor. Pop. Biol. 2003

¥ Variable maturation delay

Assumption

Model ingredients g, i, 8 and -+ are indipendent of &

f 9(Su(0))d0 = £4 — &,

—T

variable maturation delay

T — Tm(St)

| ; >  time

&y juvenile &4 adult

| % > an individual body size

size at born size at maturation




Numerical bifurcation analysis
¥ Hopf bifurcation and population cycles

Characteristic equation: P(\;a,b) =0 a,b e R
A = iw: a parametrized curve (a(w), b(w))

go
004 Example:

() = go((1 — a)A + a$)

0.03 |
a: A fraction of juveniles to exploit S
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C.f., Diekmann Springer 1995

Bo = 10.0 Ao = 20.0 xeees



Numerical simulation

¥ By Escalator Boxcar Train method pe Roos et al, Am Nat 1992
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Future work

# Numerical analysis

De Roos et al, Bull. Math. Biol. 2009

Numerical equilibrium analysis for structured consume-resource models
Future work: numerical continuation of periodic orbits etc...

= Another direction

Application of the theory of physiologically structured
population models and delay equations TO

epidemiological model, cell biological context etc...




	Dia 1
	Dia 2
	Dia 3
	Dia 4
	Dia 5
	Dia 6
	Dia 7
	Dia 8
	Dia 9
	Dia 10
	Dia 11
	Dia 12

