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Introduction

Motivation: resource pooling (example)

Medical departments in a hospital that require a clinical ward
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Motivation: resource pooling (example)
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Motivation: resource pooling (example)

University departments sharing computing facilities
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Introduction

Motivation: resource pooling (example)

Several cities operating a joint fire department
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Introduction
Research question

@ Several independent decision makers that may collaborate
by pooling resources.

@ How should they fairly distribute the joint costs of the
pooled system amongst each other?
= Cooperative game theory
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Introduction
Related literature

Cooperative games in single-server queueing systems

@ Garcia-Sanz et al. (2008)
@ Yu, Benjaafar & Gerchak (2009)
@ Anily & Haviv (2009)
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Model

Setting

@ There is a group of independent decision makers, the
players.
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Model

Setting

@ There is a group of independent decision makers, the
players.

@ Customers for each player arrive according to a Poisson
process.

@ Arriving customers that find all servers occupied are lost.

@ Players can collaborate by fully pooling their servers and
arrival streams.

e Customers can be freely transferred between servers
@ There is an infinite time horizon.

@ A cooperating group of players picks the cost-minimizing
number of servers.
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Model
Resource pooling situations

A resource pooling situation is a tuple (N, (\))ien, i, h, p),
where

@ N is the finite set of players

@ )\, is the arrival rate of customers of player i € N
@ 1/uis the expected service time

@ his the costs to hold one server per unit time

@ pis the penalty costs incurred for a lost customer
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Game and allocation

Cooperative games

Cooperative cost game: (N, c)

@ Player set N
@ A subset M C N is called a coalition
e M = N refers to the grand coalition

@ Characteristic cost function ¢: 2N — R

e Assigns to every coalition M its cost c(M)
e c()=0
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Game and allocation

Costs for a group of players

Erlang’s loss function

The function 7 : Ng x (0, 00) — [0, 1] with

a’/s!
Zf/:o aryy!

gives the blocking probability in an M/G/s/s queue with load a.

(S, a) =

y
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Game and allocation
Costs for a group of players

Erlang’s loss function

The function g : Ng x (0, 00) — [0, 1] with

a’/s!
>0 @/Y!

gives the blocking probability in an M/G/s/s queue with load a.

(S, a) =

4

Costs for a coalition

@ Coalition M C N with Ay = >y Ai
@ Suppose they jointly use S servers
@ Expected costs per unit time in steady state:

h-8+mo(S, Am/1) - Am - p

Analysis of resource pooling games via a new extension of the Erlang loss function Karsten, Slikker, van Houtum



Introduction Model Game and allocation Proof approach Erlang loss extensions Main theorem Summary

Definition (Resource pooling games)

Let (N, (\i)ien, i, h, p) be a resource pooling situation.
The game (N, ¢) with

c(M) = S”;'Nno {h-S+m0(S, Am/) - Am - P}

for all M C N is called the associated resource pooling game.
An optimal number of servers for coalition M is denoted as Sj,.
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Game and allocation

Example resource pooling game

Associated resource pooling game and

Situation: optimal number of servers:

o N={1,2,3} ﬁ(})alition M (?;\*,, g(M)

° A =1 ) T |6

°A2=2 (3] HE

° \3=3 {1,2} 1 |8F

° =1 {1,3) 2 [ 113

o h—2 {2,3} 3 1335%22

°p=3 {1,2,3} 4 [16:%
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Game and allocation

Cost allocations

Definition (Core)

The core is the set of all allocations (x;);cy € RN that are
Efficient: >y Xi = ¢(N)
Stable: > >,cp X < ¢(M)forall M C N
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Game and allocation
Cost allocations

Definition (Core)

The core is the set of all allocations (x;)jcy € RN that are
Efficient: >y Xi = ¢(N)
Stable: > ;cpyXi < c(M)foral M C N

A\

Definition (Allocation proportional to arrival rates)
For a resource pooling situation (N, (\;)jen; 1, h, p) we allocate

to each player j € N.
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Game and allocation

Example resource pooling game

In this example, A = (2142,58%,855).

Situation: Is it stable (in the core)?
o N={1,2,3} Coalition M | S, | ¢(M) z;qezM A,
i1 {1} 0 |3 2§

{2 1 |6 55
® =2 3) 1 87 8%
@ \3=3 {1,2} 1 |8F 8
o =1 {1,3} 2[5 [ 104
o h=2 {2,3} 3 |13 [ 13:%
°p=3 {1,2,3} 4 |163% | 1675
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Scaling property of of the Erlang loss function

Theorem (Smith and Whitt, 1981)
(81, @) > mp(S2,a-S2/81) Va> 0and sy, s, € Ny with sy < s».
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Proof approach
Proof methodology for core inclusion of A

We have to show stability for each coalition M C N:

AN
N oM
Y c(M)

W
2
=2
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Proof approach
Proof methodology for core inclusion of A

We have to show stability for each coalition M C N:
AN

A A
oM)=h- 3 Sigrmo (S M) e
Am p

> c(N)
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Proof approach
Proof methodology for core inclusion of A

We have to show stability for each coalition M C N:

AN AN < )\M>
NoeMy=h-2N s+ mg (S5 M SYE
Ny (M) y oM 0 M NP
A A A
>h- 2N s 4+ <N.3;A7N> An-p ¢(N)
AM AM %
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Proof approach
Proof methodology for core inclusion of A

We have to show stability for each coalition M C N:

w " < AM)
Noemy=h-N.s5, 47 (S 2M AN -
AM ( ) AMm M 0 M 2 NP
A A A
>h-2N st <N-s;4,N> An-p = ¢(N)
Am AM H
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Proof approach
Proof methodology for core inclusion of A

We have to show stability for each coalition M C N:

A AN . A
lc(M):hiSM+WO <SM,M) AN P
AM Am p
A A A
203 Srm (3250 2) wep ()
A\ AMm o
Costs for "
grand coalition N 28
when using !
S servers 261 |
c(N’): ””””””” . *
Zrnoi 1 SKI )\Nl . S
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Proof approach
Proof methodology for core inclusion of A
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Proof approach
Proof methodology for core inclusion of A

We have to show stability for each coalition M C N:

A A A
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Am Am %
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Erlang loss extensions

Known extensions of the Erlang loss function

® m(s, a) = (a°/s!)/(X)—0 @ /y1), s € No

0.8
0.6

0.4 -
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Erlang loss extensions

Known extensions of the Erlang loss function

® m(s,a) = (a°/s!)/(Xj-0@/¥!), s € No
° B(s,a) = (a [ e #(1 + x)Sdx)
° L(s,a)=(1- (s~ [SJ))'WO(LSJaa)ﬂL(S— [s]) - mo([s], a)
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Erlang loss extensions

Known extensions of the Erlang loss function

o mo(s,a) = (a°/s!)/(Zy—0 & /¥, s € No

° B(s,a) = (a [ e #(1 + x)Sdx)

° L(s,a)=(1—-(s— [SJ))'WO(LSJaa)ﬂL(S— [s]) - mo([s], a)
@ Nonsense(s,a) =...

021

L P SRR L
0.5 1.0 1.5 2.0 25 3.0
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Erlang loss extensions

A new extension

Fixs=2,a=1
081y (ts, ta)

0.6 -

mo(1, 3)
4T ./ R (2,1)
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Erlang loss extensions

A new extension

Define the function X : [0, c0) x (0, 00) — [0, 1] with
X(s,a) = { TO(LSJ,a- |s]/s) ifs>1;

if s€[0,1).

L X (ts, ta) Fixs=2a=1
08 tmo(ts, ta)
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Erlang loss extensions
A new extension

Define the function X : [0, 00) x (0, c0) — [0, 1] with

mo(ls),a-[s]/s) ifs>1;
X(S’a):{ ;" if s € [0,1).

X(ts.ta)
08 o (ts, ta)

Fixs=2a=1

Obvious properties of this function
Extension: X(s,a) = m(s,a)VseNg,a>0
Scaling: X(1s, ta) is non-increasingin tV s € [0,00),a> 0
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Erlang loss extensions

An important property

X(s,a) > L(s,a) forall s € [0,00) and a > 0.

Proof sketch

L(s,a) \
X(s,a) E

a=1

2 2.5 3
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Erlang loss extensions

An important property

X(s,a) > L(s,a) forall s € [0,00) and a > 0.

Proof sketch

L(s,a) \
X(s,a) E
a=1 :

0.20 -

Convex

Linear
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Main theorem
The main theorem

Let (N, (\)ien, 1, h, p) be a resource pooling situation.
Then A is in the core of the associated resource pooling game.
As before,
AN AN ( AM>
—-cM)y=h-—-Sy+ X[ Sy, — AN
Ay (M) Ny oM M NP
A
zh.N.S;‘kﬂer()‘N.s;‘%)‘N) AN p > c(N)
Am Am %
using the new extension X. O

Analysis of resource pooling games via a new extension of the Erlang loss function Karsten, Slikker, van Houtum



Summary

Conclusion

Setting - several independent decision makers that

@ face costs for servers and lost customers
@ collaborate by optimizing and pooling their joint servers

Main results:

@ A new extension of the Erlang loss function
@ A cost allocation is in the core of a resource pooling game

Future research:

@ Costly customer transfers or servers with limited skills
@ Asymmetric penalty costs or service times
@ Waiting or overflow rather than balking
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Summary

Thank you for your attention
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