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Vn — (Vn—l + Yn>Xn
and thus

Vi=wl]x+> v]][X
=1 i—1 =i

Level right before the nth collapse:
Up=Vp1+ Y, =X Up1 + 15
Recall
W(t) = Ve + Ing+1(t = T



Theorem 1 Assume that {(X,,Y,)|n > 1} is
a stationary sequence with E'Y; < oo, that

ﬁ X;=0,a.s. (1)
i=1

and that its two sided extension {(X,,Y,)|n €
7} satisfies

—1 1/n
lim sup (H X,) <p<l,as. (2

n—oo
=N

Then {V,| n > 0} has a stationary version
{V¥In > 1} with P[V < ool = 1and V, —
V¥ — 0a.s. for any initial V.



Theorem 2 Assume that {(T,, K,)|n > 1} is
an ergodic event stationary marked point pro-
cess with marks

Ky = (Xna {[n@)‘ t > O})

as well as ETy < oo, EX| < land Y, =
E@(m) < oo. Then {W(t)| t > 0} has a sta-
tionary version and for every function f which
is bounded and Lipschitz continuous on |0, 0o),
we have that

/f ds—>—E/ FVETh(s))ds

(3)
a.s. ast — oo. Eensequerntiy, W (t) converges
in distribution to the stationary marginal for
any initial W(0).
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Corollary 1 If in addition to the conditions of
Theorem 2, {(7,,, k,)| n > 1} is i.i.d., then

W~V + 1, (4)

where V and I, are ind., W ~ W*(0), V ~ V
and 1. is a r.v. having the dist.

> PlI. € A] = LE /071 La(L1(s))ds . (B)

T1
Moreover, if T and {I,(t)| t > 0} are ind., then
I, ~ I1(1.), where

]
P[7'1>S]
TeNFeD:/ dS
o- [ 282
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Corollary 2 If in addition to Corollary 1 we
assume that Xy, {I,(t)| t > 0} and  are in-
dependent, then denoting Z (o) = Ee™*% and
Fy(x) = P|Z < z] for some nonnegative ran-
dom variable Z we have that

~

Via) = /[01] Viaz)Y (az)Fx(dz) .  (6)

In particular, if P[X = q| = 1 for some
0 < qg<1then

Via) = Hf/ (o). (7)



Explicit computation of the stationary dis-
tribution of V:

Vervaat - 1979 (AAP 11, 750-783).

The following seems to be new:
X, ~ Beta(aq, as), Y, ~ Gamma(as, 3).
If V, 1 ~ Gamma(ay, 3) then

vn—l
Vn— Yna Xn ~ Vn— Yna
( 1+ ) ( 1+ Vi,._1+ Yn>

and thus
Vn — (Vn—l + Yn>Xn

Y Vn—l
Voot Vo) %, :
so in this case Gamma(ay, 3) is the unique

stationary distribution.




Moments for the i.i.d. case:
Since W ~V + 1,

EW'=%" (Z) EVFEI
k=0

Also

‘ n
EV" = EX" "EY"h
> ( k) EV'EY
k=0
and thus

EV"

 EX7 "1 n
1 - EXn k

) EVFEpyn—F

in particular
EX

T 1-EX
EX?

EX
== (EY2 2o (BY) )

For the case of a subordinator £Y = 7'(0)Emy
and

EV EY

and

EV?

EY? = —0"(0)Em + (0 (0)?E7i .
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Relation with shot noise processes:

Kaspi, K and Perry. - 1997
(QUESTA 24, 37-57).

Cfgc(x)ETl — 7axfsn<°/E>E151 .

Therefore, if for : = gc,sn and o > 0,

wlo) = [ e ia)da,
then
WYge(@) BTy = 19, (a) S,
therefore, and
Clige(N)ET) = rpug(n + 1) ES] .

in particular

B CET1
Hsn = TESl
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For cadlag 7 = {Z;| t > 0}:

[ ) Zt— = lim ZS

sTt
® AZt = Zt - Zt_
® AZQ = Z()

® 7i =171 — ) o<t AZs when Z is BV

e |7, Z|;-quadratic variation

12



’ oL&m
Sl'\o-ly—' noise ) ‘\V\qu

7\
><(7
NG |
T
>/ - T’fXSﬂ(s
X‘t - Xo+ 4 )
- = n [hf'(‘/g
Y = Zj Ntusuyzi |
¢l
€ ,



Grow'H/L‘ CO” O\F se

N

vV

X = Xp 0+ (T T.)

T - T -
w-
autore gressive CK. l°°ﬂ>
N
X = X +rt - X_ ("U~)
b = ;



C|ear: h/T TFO(QSS

A U
/
| N ”E
SRRy
Kpo= b M-
“f
oY L,(VT; 77“_‘» ==X In,
N~ Co/q



l
L] ]

/
(7.
+ § X,
AN S

+ noise -
She

1
N ljc:
X + 2 L

Cy)
\/,L < X

+l’7 Co ” qrﬁeA,
Grow

Ve -—u)
~ZQ
lJc: -
+ )
X +
Y, -

. %:
‘M.
C—'

/

-N,
¢ =
+
Siv\] }
ieq‘en
N ow
v -

.y
e ) £}

ceé
k + ‘F'lV\aM
s

+

—_—




Theorem 3 Y, Z cadlag, adapted, Y is BV, Z
is a semimartingale. The unique cadlag adapted
solution to

Xt — }/t —|— XS_dZS
(0,¢]

)(tzzu/n lj@id}%
[0,¢]

where Uyy = 1and for u < t, U, =
€Zt—Zu_%([ZaZ]§_[Z:Z]ﬁ) . H <1 -+ AZS>6_AZS

u<s<t

When Z is BV then for u < t, U, ; =
625_2% :[]:(1.+‘ZXZZJ

u<s<t

1S
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Assume:
e Y, Z nondecreasing
o Yo=2y=0
o AN/, <1

o Law of (Y. — Y, Zs1. — Z,) is indepen-
dent of s (stationary increments)

o« Xp = Xo+ Y — [, X dZ,

o Ni =D pesct Haze1)

o Tn = 1nf{t| Nt — n}

o J =7 — Z(ngt log(1 — A(Zs — Ny))

e Extend (Y, Z) to be a two sided process
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Theorem 4 If [, e”dY; < oo as. and ei-

ther T1 < oo a.s. or J; — oo a.s. ast — oo,
then X has the unique stationary version

Xi = /( ]e“ﬂsh{Nt_NSO}dm (8)
—00,1
and for every initial a.s. finite X,
X, - X¢

When Xy = 0 a.s. then X, is stochastically
increasing int > 0.
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States: 1,..., K.

Condition 1 37, j such that q¢;; > 0 and
P X;,;=1 <1

Theorem 1 Under Condition 1 the process
(W4, Ji) has a well defined time stationary dis-
tribution which is also the limiting distribu-
tion, independent of initial conditions.

(W, J.) has the joint stationary distribution
of {(Wt, Jt| t > O}



Extended generator:
Af(w,i) = rif (x,7)
K
j=1
j#i

K
= rif'(z,4) + ZQijEf($Xij’j>'

j=1



Theorem 2 Va > 0, f(x,i) = ¢x® is in the
domain of A and thus, with a,;(a) = EX{,

197
K

Af(z,i) = arjcp® 4 2° Z qijai;(Q)c;

J=1
or

Af(z) = az® 'D,c + 2°Q o A(a)c,

where

and A acts componentuwise.
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Lemma 1 Let D, = diag(qi, ..., qx). Under
Condition 1, the matrix () o A(«) is nonsingu-
lar for every positive o and

(~QoAla) =D, "

Theorem 3 Under Condition 1,
(€ =nla" [ D(—Qo A(k))™
k=1

forn > 1.



Dynkin’s martingale:

(Wi J,) — F(Wo, Jo) — /0 Af(X,, J.)ds

Valid for f(z,i) = ¢;x".
Set

& (t) = [W L= Z}}
§"(t) = (&'(t))

c e RE
then

£'(1)"c = €°(0)"c

+/O (n(ﬁ"_l(s))TDTc
+(E"(s)'Q o A(n)c) ds.
Thus

%fn(ﬁ =nD,g" () +(Q o A(n))"¢"(t)
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Phase type inter-collapse times

States: 0,1, ..., K.
_( 15
= (m ')
P [intercollapse time > t] = 3'e'"1
By regenerative theory,

SSh L PW, <t J, =]
1 — T

K ¢n
Mn _ / tndF<t> _ Zz’zl fz
0,£] 1 — g

F(t) =



ao(a) = ala) = EXYfori=1,..., K and
a;j(a) = 1 for all other pairs.

Q240 = Lo 7 )



Theorem 4 For a growth collapse model with
linear increase with rate r > 0, remaining pro-
portion after a jump with distribution not con-
centrated at one, with nth moment a(n) and
with i.1.d. inter-collapse times having the phase
type distribution F(t) = 1 — B1ef'1, a sta-
tionary distribution exists and has the follow-
ing nth moment:

oo BB
3 BT(—R1)1

ﬁ [(1+ 1 f(];gk)wT) (—R—l)] 1.




Corollary 1 If in Theorem 4, in addition the
remaining proportion after a jump is zero, then
the growth collapse model becomes a clearing
process and the corresponding moments are:

n5T<_R—1>n+11
(=R 1

1w =nlr

(1)
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