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Part1

The Stationary Excess Operator



Renewal process

(i.i.d. interarrival times with distribution F)
m Remaining lifetime B;
m Age A;
As Be

X~N(20,2),t=1,2,...,250



Stationary excess operator

Suppose that E[X] < oo, then

X
PAsx) — ﬁfo (1-Fw)du — P[B<x



Stationary excess operator

Suppose that E[X] < oo, then
1 x
PAsx) — m/o (1-Fw)du — P[B<x
Define an Operator
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S F(x) = mfo (1-F(w)du

and its higher powers (provided [E[X"] < 00)
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Stationary excess operator

Suppose that E[X] < oo, then
1 x
PAsx) — m/o (1-Fw)du — P[B<x
Define an Operator
1 x
S F(x) = mfo (1-F(w)du
and its higher powers (provided [E[X"] < 00)
S"F(x) =SS S Fx).

. nx
Interesting:

m Closed form for .¥"'F(x)
m Moments, Laplace transform

m Convergence as n— oo
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Properties of the stationary excess operator

Let .#""X be a random variable with distribution . F.

m Closed form:

JooQ-Fu+x)u"du
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Properties of the stationary excess operator

Let .#""X be a random variable with distribution . F.

m Closed form:

JooQ-Fu+x)u"du

F"F(x)=1- .
. JoTQ=Fw)udu

= Moments:

KnlE[X"A

Bl = e

m Laplace transform:

n ok
- —EIX"-E[e ] = (9 - Z( 9 x4,
k=0




Convergence as 1 — co

(o(F) =inf{x: F(x) = 1} < co) Then
n-"X= 2l

where le Io(P) is an exponential random variable with mean p(F).



Convergence as 1 — co

(o(F) =o0) If c=1lim s.upn_,oo

C

S"XI ¢, = X¥,
then F* is continuous, concave and differentiable,

* _ ; « _ *
F*(x) = E[X*]fo (1-F*(w) du,

and c= hmn_.c>o




Convergence as 1 — co

(p(F)=00) If c= hmsupn_,oo C
S"XI ¢, = X¥,

then F* is continuous, concave and differentiable,

* _ ; « _ *
F*(x) = E[X*]fo (1-F*(w) du,

and c= hmn_.c>o
In fact

a2 2
‘/‘SO e x/c U /Zd,v(u)

S22 w2 dy(w)

1-F*(x) =

where v(A+1) =v(A) and v[0,1) = 1.



Part 11

An insurance risk problem



Insurance problem

Risk model with Poisson arrival times, claim size distribution F.
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m Reinsurance contract: First claim is ignored - surplus level r is
memorized.

m Whenever the surplus down-crosses r, the next claim is again
ignored and the current level r is memorized.



Insurance problem

Risk model with Poisson arrival times, claim size distribution F.

\ 5:,«4/3/95

For the Standard model: The conditional distribution of the deficit
at ruin, given that ruin happens in finite time, is given by . F.



Insurance problem

Risk model with Poisson arrival times, claim size distribution F.

\ 5(,«4/9/05

F]
&ilet ap Tin {’ i@

Remove the summits and glue the remaining parts together.



Insurance problem

Risk model with Poisson arrival times, claim size distribution F.

\ ﬁuup/as

PF§depicit at rin
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Standard model with claim size distribution . F,
= The deficit at ruin (conditioned to exist) has distribution .#*F.



Insurance problem

Can be generalized (reinsurance covers first n claims)

\ Suiples
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= The deficit at ruin (conditioned to exist) has distribution .%"'F.



Insurance problem

Can be generalized (reinsurance covers first n claims)

\ Suiples

. =
dAﬂa'ﬁ ak un, {} Zine

= The deficit at ruin (conditioned to exist) has distribution .%"'F.
Net profit condition

1 Ex k+1

I H<X 2= B <T, Vk=0,1,...,n




Part II1
The Overshoot Operator
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New idea: n"" overshoot operator

Z} = Erlang-n variable with mean n/A and let
SUF) =PX>Z! + X7 > X)
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New idea: n"" overshoot operator

Z} = Erlang-n variable with mean n/A and let
SNF) =P(X>Z+x1Z} > X)
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m /s the n* power of !, i.e. FNS N =P
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New idea: n"" overshoot operator

Z} = Erlang-n variable with mean n/A and let

SR =P (X > Z + 312} > X)
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m /s the n* power of !, i.e. FNS N =P

m Explicit formula:

Joo—F(u+ 0)u e M dy My

) =1- =
AF) Sl =Fw)u"te M du M,

where My ,(x) = [3°(1 - F(u+x)u" e M du.
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New idea: n"" overshoot operator

Z} = Erlang-n variable with mean n/A and let

SR =P (X > Z + 312} > X)

Sk —

2N ~

i -~ —— — — 0t *ﬁ>
EX X

120 th pl QoM cph _ cph+m
n fllsthen powerof,/ﬂ,l.e.fl,//l—,/a
m Explicit formula:

Jo U= Fu+0)u" e Mdu My ,(x)
Sl =Fw)u"te M du M,

FUE(x) =1~

where My ,(x) = [3°(1 - F(u+x)u" e M du.

= Approximation: ./ F(x) — ./""F(x) as 1 — 0.



Properties of the /" overshoot operator

m LST:
A=9)" o n=l(s— )k
WMM.E[Q sf/,iX]:(p(s)—Z oy Dyep(1)
. k:O .
if A # sand
(-n"
A) = Dho(A).
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Properties of the /" overshoot operator

m LST:
A9y B[] = (s)—nil(s_/l)kD (A)
(-1 An / =@ & I kP
if A # sand
(-nn
A) = Dyo(A).
Pr,n(A) Yo n@)
m Moments:
, m 2 (=0 (m+k-1)!
Elw'x)™ =
[( AX)] My, K (men+k—1 "7



Convergence as A — 0

Suppose that E[X"*™] < co. Then
m
SNE@) = S"Fx) - Y. ar(-)F+o(A™),
k=1

as A — 0, where the coefficients a; can be evaluated via the
recursive formula

ml & Mpym-i

ak — 1 _ Q()'p‘iH’H’IF(x).



Convergence as 1 — co

(o(F) < o0) Then

iy M o~1
ny X = ZI/Q(F)'



Convergence as 1 — co

(o(F) = 00) Suppose ¢ =limsup,,_.,, cn/cp-1 < oo and
X

Cn

~ X!, ()

Then c=lim,,_ cp/Ccp_1 = 1.
1. If ¢;, — 0 then

Fy(x) = E[X*f (1-Fy(w) du. 2)
and E[X}] = lim. %
2. If ¢, — gfor some g€ (0,00) then /’”X/cn ﬁ(/l) where Zﬁ(A

has exponential distribution with rate

M/Ln
A1) = li -]
BA) =qgx (nl—{gonMA,nH )



A useful observation

Define the operator
TAF) =P(XAZ; <x)=1-e M1 - F).
Then
TS =" T

(Formally ./} = I_)."'T3)



Thank you!



