TU/e

Mathematics converts multi-item multi-
echelon networks into serial multi-
echelon systems

Ton de Kok

/School of Industrial Engineering
2nd Israeli-Dutch workshop, 2010-10-01



TU/e technische universiteit eindhoven
Real-life supply “chain”

3P _kit_Igl_at_ 3P 3FP_kit_&seger2s_at 3P

Seger2s,__at Die Segerz2d, TZA1020 egerz-‘-‘b. T = T at RSO_AaPralas st 3P
o
10 2 b 1 F'CB _JBR_at_JR P _kit_Ig2.6_at_3P

kMace3 at_Die Iguana1 SALTEIH & qna1_SAA78_t_HSD_EUH_at_SF’
10 ¥ _e2d—at_Die Mace3 SALTSI0 = IWH)IasZ-f— 1 FE_ Jalas2eT2 41036 _at RSO_EURA
5 a7 = 2
10 . nazt_at Die . N _e2Ee-S i 39 <Mace3 SAa5 1320 at_BST E R.17398 at RSO_EURST_at DVD_Video AP
v«-“""’ =57
11 _¥ = s2 2 =28, _SAAEFIT SPSARTZATORZ_at RSO_EUR.at_DVD_Video EUR
= IguuanaZS SAATSAE,, @6" ot F:SD AF17812_at_RSO_EUR_ite_at_DVD_Video_ AP
SSEEY =1 ’ ‘.’
11 = alasZr=tite—= Jalas2+ lite TZe. A\ SIS M,. 1033 at_ RSO_EURDYVD_“ideo EUR
kL ' — S A N =
=] 2 DV D Stas= 103_.\1~ T :""\' =3 SAL 1 i0_at_SzomPU29_at_lnnovex
0 Fyhat” SAATE12 _af RSO_APS_at _kMektec

Droppi_athDie ~“, pi_T=ZA41030_ at_ £ éf

1 030 s Ie:-c OPLUE4_at_kektec
l.

: 03Ladlc ,"JITEF"'.":'E ekteci SAATF331_at Has
: Y a,‘.. . SAATS30_at Has

=] !erB_at_D% :T‘}Eer3 T 1029_at V fA
v N e ;

10 2 w 1

HDRES at_Die Iguanal_SaA487810 clgu R

10 3 at_D. i AB5 _SAL1°831_a. ; = . Mercury kit_at_3P
1 0L ?’ 7
3 £ =12 _S=ZA1015_al . ‘t alPCB_Combi2_at_ION
- T \._ =7 i,
10 Iguanaz2.9 a3 Die Iguana2.9 S1A7848Igu ~ | % ¥ % PCE_DVDSzom_1_at_av-Gyor
- 7 -
11 Ladic_at_Die2 Ladic TZ4&11132_at_ ILa | “FPCEB_DVDSzom_ 2 at_AN-Gyor
W 7 A
10 . ¥ _er2 _at_C3= . _er2 T=41020_at ‘E;,er CB _F2_1_at_&-Sha
b4 b 4 e L
10 CDREBOE_at_ Die CDRE0OB_SAl1.7392 CDREBOB_$5Y .,7 -a--ﬂ PCB _F2_ 2 at_av-Sha
s (5} e,
10 =2 R 1 4 cF’CB H4 6831 _at ION
S—StPCB_H4_ 62833 at 10N
—_g
i 4_CB_H4_?971_at_ICIN
A7S810_:PCB_H7_at 10N
T=ZA1032PCEB_X}XB_at_ACHk
PDAR_at_Die PDAR_TZA1027_at PDAR_TZAT027_at_ RS AFEAINIZ7_at_lnnoves
12 2 5 3 1 w 1 F’D FI A ZA1027_at_Mektec
Spidre_at_Die Spldre TZ41031_at Spidre. TZ&T031_at_ FlSD UR1031_at_Has

%
<-a

9 5] 1 1 CSrnirke TFATAORT aF S



TU/e technische universiteit eindhoven W.

ME divergent networks

/ISchool of Industrial Engineering

2nd Israeli-Dutch workshop, 2010-10-01



TU/e

Definitions
h; added value created (holding cost) at item |
Dk penalty cost per unit short of end-item k

U; set of predecessors of i, i.e. all child items
V; set of successors of 1, i.e. all child items
W, set of all items in the echelon of |

E set of all end-items in the echelon of |
Y, echelon inventory position of i
X

: net stock of item i
net stock of end-itemk in a system with root
node i
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Base stock policies and linear allocation

-

Y,®)=S;-0q,(Z,t-L)+D (t-L,t]-4,)

S =2.(8;+94))

jevi

Key recursion

Z,t)=0,(Z,t-L)+D,(t-L,t]-4,)
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Allocation fractions

* Eppen and Schrage (1981): equal stockout
probability
o

qj:ZU

m EVi

* Van der Heijden et al (1997): minimal imbalance

2

q. = i N H
j 22051 ZZ,uri

jev, v,
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Optimization problem

 Given allocation fractions, determine base stock
levels for all items

* Expressions for costs and performance are
similar to expressions for serial systems

* Imbalance should be sufficiently low to ensure
validity of analytical results

— In case imbalance too high, base stock levels should
be such that average stocks are increased at
upstream stages with high imbalance

— requires experimental research
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Optimal order-up-to-policies for divergent MEIS:

Generalized Newsvendor equations theorem for periodic review systems without setup costs

Optimal order-up-to-policies and allocation functions under
balance assumption satisfy generalized Newsvendor equations:

Probability of non-stockout at downstream stockpoint k in the
divergent subsystem with stockpoint i as most upstream stage

equals D, + Z hj

jey;

P +h + D h

jeUy

or equivalently

b+ > h |=| p+h + D h [P{l; >0}

jEUi jEUk
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Sample path condition on control policies

Assume that each node 1 is controlled according to a

policy, which is defined by a parameter & and possibly
other parameters and functions

Sample path condition

If § Is increased by |E;|¢ for all je W; , and there is

upstream availability, then a one-time additional flow of
gunits Is created towards each ke E;
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Main theorem
* |f sample path condition holds then Viel

Z[pk+ > hjjzz(pk+hk+2hjjp{|ki >0}

kEEi jEUk\Wi kEEi jEUk

 Proof based on echelon costs and similar to
oroof of single-item Newsvendor equation

» Relationship can be used as heuristic
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Net stocks of end-items

Key recursion

Z;t)=0,(Z,t-L)+D,(t-L,t]-4,)

with
D, =D (t-L,t]
results into

+ U ’ -
Iki :Sk — (qn(qj(DL, —Ai) +DLj —AJ) +) +DLk+1 ,kE En,HEVj,JEVi
and

P{l,>0}= P{[(...qn(qj(DL —Ai)++DL,- —Aj)++_,j +DLk+1—Skj =O}k cE,neV,,jeV,
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Ruin probabilities and generalized

Newsboy equations

Let X4, ..., Xy be Independent random variables and Xy, ...,xy be non-
negative real numbers. Then

|.e. non-stockout probabilities in multi-echelon order-up-to-systems are
equivalent to general finite horizon ruin probabilities
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Finite horizon ruin probabilities

* Non-stockout probabilities P{l,;>0} can be
written as finite horizon ruin probabllities

{1,>0} = {Zx <&, j=1,. }

« Expressions can be accurately approximated
recursively

G(&,.n &) = P{ZJ: X, <&, ] :1,...,i}
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Recursive computations
» Define random variables Y;
P{Y, <x}=P{X, <x}

P{Y, <x} = %@Eg@tgx)) x>0, i=2,...,N.

e Theorem

P{X,+Y ,<xY, <
P{Yi <&
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Two-moment recursion

 Fit mixture of Erlang distributions on E[Y;] and
o*(Y)

E[Y,]=E[X]+E[Y M, <&,] 1=2.,N-1
GZ(Y) o’ Xl) (i—l‘ i—1—§i—1)7i:21---’N'1

« Compute P{l,;>0} = G,(&,,..., &) recursively

Gl(gl) = P{Yl = 51}
G, (fl,...,fi): P{Yi < fi}Gi_l(fl,...,fi_l),i =2,...N
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Main theorem
* |f sample path condition holds then Viel

Z[pk+ > hjjzz(pk+hk+2hjjp{|ki >0}

kEEi jEUk\Wi kEEi jEUk

 Proof based on echelon costs and similar to
oroof of single-item Newsvendor equation

» Relationship can be used as heuristic
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Key transformations for divergent systems

Optimality equation can be rewritten as

:E: ¢& ki —'()

keE

Kk_l . Kk_l ~ . . ~ . . ~ .
P{l, >0}= P{q,- D+ > ZP <qiA; + DAY (((ZQ 4 =AY L) +.)" + 2 AP = o}
s=1 s=1

Kl
& =max Y AY
keEj )

P{l,; >0} = P{q D+Zz“>+5,-—ZA§¢)sx,«...(z&glk RO +.) 4280 A§¢>)+=0}
s=1
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Key transformations for divergent systems

P{0=k}=4¢
> 4P {1, 20}=P{l,>0,0<E,

keE

Optimality equation can be rewritten as

Ky—1 _ o
a0+ 320 16, 380 S X (2 ML) ) 2P -APY -0.0¢E |

[Z 2y - ZA“)+é,-\((-..(2é‘2_29—A&‘3 20) ) + 2 - AD) = 0,6 ¢ Eij
Optimality equation can be rewritten as

PlayD+(Y, Y, <& ) <x} = glﬂ

nEVJ
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Key transformations for divergent systems

Considering successor n of j, we find

o
Y. 10 cE A—— — Y
(“ ”) te) qn+qn( WL

resulting in the following recursive rebtionship

/Z¢k\
Ny

D+i( Y.V, SE)SX=& +A, +§—}
ds oh
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Computational efficiency

» Solving cost-balance equations or generalized
Newsvendor equations is equivalent to solving a
one-dimensional bisection scheme to find a
target value in (0,1)

* Finding base stock levels for N-item divergent
structure requires solution of N bisection
schemes

— As efficient as solving N single-echelon systems

* Finding base stock levels for N-item general
systems requires solution of at most 3N
bisection schemes
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Transformation towards review period 1

« With nested review period the system runs through a
“super cycle” with length equal to the review period of
the root node Ry

* For each item we must distinguish R\/R; different
cycles

* For the simplest (serial) situation we need to consider
for item 1 R\/R; different random variables

W, . _D(Z(L +mR., ), Z(L +mR, 1)}
. Wh|ch are aggregated Into
R

0 3 (0o ) St 08, el =2

j=itl i= j
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Open issues to be resolved

* Recursive gamma fit approach becomes less
accurate as the number of echelons increases

« The aggregation approach for the lot sizing case
needs to take into account that as "= approaches

infinity ",

T

j=i+1 j=i

« approaches a uniform distribution, i.e. does not
resemble a gamma distribution

« Currently this problem is addressed by not
aggregating the random variables involved
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