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Anatomical and Functional Brain Networks 

Functional Brain Networks 

Magnetoencephalography (MEG) –  151 channel MEG 
(N=151) 
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Functional Brain Networks 

threshold 

weighted adjacency matrix W 

effect of the threshold T 

aij = 1 wij ≥T{ }

adjacency matrix A 
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Development of human brain networks 
 From randomness to structure? 

•  Randomness/structure of a network: 
•  Definition? 
•  How to measure? 
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Functional brain measurements 

Randomness of complex networks 

Functional brain network & ER 

Alzheimer case study 

Summary 

Outline 

Definitions of randomness 
•  Randomness of binary sequences 

•  huge amount of tests (see Marsaglia) 
•  link vector in ER graph is a true random sequence 

•  Randomness of spatial point patterns 
•  delete all 0 in A, replace 1 by a dot: representation 

of graph in upper triangular area 
•  Entropy of networks: 

•  thermodynamics & information theory 
•  Kolmogorov randomness 
•  Card Shuffling (Persi Diaconis) 

•  total variation distance 
•  and others... 
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Erdös-Rényi random graph  

•  Class of graphs with N nodes and each 
node pair is connected independently with 
probability p. 

•  Binomial degree distribution: 
•  not sufficient to characterize (e.g. 
assortativity) 

•  linear degree correlation coefficient is zero 
•  Wigner’s semicircle law 

Wigner’s semicircle law for Gp(N) 
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P. Van Mieghem, Graph Spectra of Complex 
Networks, Cambridge University Press, 2011 
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Denote by hG(x) the probability density function of the 
eigenvalues of the scaled adjacency matrix A

N

Measuring randomness of networks (1) 
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ϕλ = hG x( ) − hER x( )
−∞

∞

∫ dxDefine 

 = Deviation from Wigner’s semicircle law as spectral  
measure for deviation from randomness 

Measuring randomness of networks (2) 
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1) Link rewiring of graph G: each of the L links can be  
uniformly placed in one of the N(N-1)/2-L free link positions 
(other rewiring variants are possible) 

2) Rewire links until φλ is close to zero 

3) Final measure: the percentage of rewired links until 
the graph G is randomized  
(others are possible, such as the total randomization energy) 

ϕλ = hG x( ) − hER x( )
−∞

∞

∫ dx

“Static info only”: not what “randomization energy” is 
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Watts-Strogatz Small-world graph  

Watts-Strogatz small-world networks 

14 N = 300 
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Barabasi-Albert random graphs 

15 N = 600 

Ad-hoc wireless networks 
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C. (aenorhabditis) Elegans 

17 N = 297,  L = 2148 

Overview of some complex networks 
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Random Graph  G0.002(300) 

Isolated node 

Node with degree ≤ 9 

Node with degree > 9 

Connected cluster size = 12 nodes 

E[D] = 0.6, p = pc/4 

from Javier Martin Hernandez 



11	


21 

Random Graph  G0.004(300) 
Connected cluster size = 25 nodes 

E[D] = 1.2, p = 0.5 pc 

Isolated node 

Node with degree ≤ 9 

Node with degree > 9 
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Random Graph  G0.008(300) 
Connected cluster size = 255 nodes 

Critical threshold: pc~0.0083 

E[D] = 2.4 

Isolated node 

Node with degree ≤ 9 

Node with degree > 9 
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Random Graph  G0.016(300) 

Connected graph, p = 2 pc 

E[D] = 4.8 

Isolated node 

Node with degree ≤ 9 

Node with degree > 9 
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Random Graph  G0.032(300) 

Isolated node 

Node with degree ≤ 9 

Node with degree > 9 

Connected graph, p = 4 pc 

E[D] = 9.6 
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Network Model: Small-world graph  

Watts-Strogatz Small-world graph  
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Spectrum small world graph 

27 

increasing 
rewiring 

P. Van Mieghem, Graph Spectra of Complex Networks, Cambridge University Press, 2011 

Assortativity generates small-world? 
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Metric Correlation is topology dependent 

   

ER random graph: E[H] is independent of N

D-lattice:              E[H]  D
3

N
1
D

Consider:  Erdös-Rényi random graphs 
               Bárabasi-Albert graphs 

Application: Functional brain networks (MEG, health controls) 

Network  metrics 

  

µ1

µN −1

  µN −1

 λ1

  E[H ]

 RG

κ
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  E[1 / H ]

  N3 / N2

 ρD
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µ1

µN −1

  µN −1
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  E[1 / H ]

 λ1κ
  N3 / N2

Erdös-Rényi random graph 

Correlation map of metrics 

Correlation map of metrics 

  

µ1

µN −1   µN −1
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Erdös-Rényi random graph Bárabasi-Albert graph 
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Verification in Brain Networks 

T=0.019 

Verification in Brain Networks 

Erdös-Rényi random graph Functional Brain Networks 
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Functional brain measurements 

Randomness of complex networks 

Functional brain network & ER 

Alzheimer case study 

Summary 

Outline 

Alzheimer 
patients 

36 

Deviations from Wigner’s 
semicircle law 
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Randomness 

37 

Summary case study 
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Functional brain measurements 

Randomness of complex networks 

Functional brain network & ER 

Alzheimer case study 

Summary 

Outline 

Summary 
• Determining the amount of structure in a complex 

network does not seem so easy. 
• percentage of rewired links: sensitive to “noise” 
• topological determination of Alzheimer does not yet 

lead to significance, although average is meaningful 
• Functional brain networks are close to ER graphs: 

• binomial degree distribution 
• assortative (i.e. links are not independent as in ER) 
• only a small set of relative orthogonal metrics to 

characterize functional brain networks is presented 
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Books 

Articles:   http://www.nas.ewi.tudelft.nl 
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Thank You 

Piet Van Mieghem 
NAS, TUDelft 

P.F.A.VanMieghem@tudelft.nl 


