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Joint work with Rick Durrett, Ed Perkins
(and Mathieu Merle if we get that far)

In a nutshell, the goal is to study a class of interacting particle
systems called voter model perturbations via:

e measure-valued limit approach
¢ hydrodynamic (pde) limit approach
In each case
e the rescaled particle systems converge to something

e the limit can be “inverted” to transfer information back to the
particle systems

Plan to give an introduction to the basic tools and methods used.
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Outline of talks

@ spin-flip systems, voter model (graphical representation,

duality, martingale problem), super-Brownian motion,
convergence

® voter model perturbations, Lotka-Volterra model,
super-Brownian limit, consequences (survival/coexistence)

© voter model perturbations, hydrodyamic limit, consequences,
cooperator/defector model, d = 2 Lotka-Volterra model(?)
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Outline la

@ Spin-flip systems
@ Basic questions

© The voter model
@ Graphical construction/duality (first tool)
@ Martingale problem (second tool)
e Measure-valued point of view

© References
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Spin-flip systems

Let Z? = d-dimensional integer lattice.

Consider Feller processes &;,t > 0 with state space {0, 1}Zd,

‘ft(x) = type (0 or 1) of “individual” at site x € Z? at time ¢

Dynamics are determined by a translation invariant flip rate function
c(z, €)1 74 x {0,112 — [0, 00) via

P(&in(x)#&(2) [ &) = he(x, &) +o(h) as h | 0
c(x, &) is just the rate at which the coordinate at « flips

More formally, ...
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c(x, &) determines determines a (pre)generator
Gf(&) =) ez, OIf(€") - £(€)]
where

e f:{0, I}Zd — R depends on only finitely many coordinates
o {7 equals € except at z, where £%(x) =1 — £(z)

Liggett (1972) gives conditions on rate functions ¢(x, &) which
guarantee existence/uniqueness of & with pregenerator G. All our
examples satisfy his conditions.

Notation: let |£|; =) 1{¢{(x) =i}, i=0,1
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Some basic questions

Point of view: ‘ particle systems are competition models

For a given rate function ¢(z,§), want to determine which if any of
the following hold:
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Some basic questions

Point of view: ‘particle systems are competition models

For a given rate function ¢(z,§), want to determine which if any of
the following hold:

e Type i survives: |{y|; > 1 implies P(|&|; > 1V¢t>0) >0

e Type i takes over: |{y|; = oo implies
P(&(x) =i forall larget) =1 VuxeZd

e Coexistence: 7 a stationary distribution g for & s.t.

u(!ﬁ\l = [¢lo = 00) =1

Ted Cox, Syracuse University Voter Model Perturbations

7/18



The voter model
Will use throughout:

e p(x) = a symmetric step distribution of irreducible rw on Z<,
p(0) = 0, covariance matrix o1

o fi(xz, €)= Z p(y — x)1{&(y) = i} = frequency of type i near x
y€eZd
in £
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The voter model

Will use throughout:

e p(x) = a symmetric step distribution of irreducible rw on Z<,
p(0) = 0, covariance matrix o1

o fi(xz, €)= Z p(y — x)1{&(y) = i} = frequency of type i near x

y€ez?
in £

Voter model (neutral competition)

e Introduced independently: Clifford/Sudbury (1973), Holley/Liggett
(1975)

0
1

e Flip rate function is | c,(z,&) = {?Ez’g :: 222
0\L,

e The individual at x dies at rate 1, is replaced by an individual of
type @ with probability f;(x,&).
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Graphical construction |

A™Y x,y € Z% are independent, rate p(y — ) Poisson
processes.

T>Y,n > 1 are the arrival times of A™Y

At each time T2Y

e draw an arrow — from y to x, and
o the voter at x adopts the opinion of the voter at y.

Start with &g, determine & for all ¢ > 0.

Note. More complicated c(x,&) also have graphical constructions.
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Graphical Construction Il
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Coalescing Random Walk Duality

Fix ¢ > 0. For each z € Z% let BY', 0 < s < t trace the path
down and against the arrows from (z,t) to Z% x {0}. Then
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Coalescing Random Walk Duality

Fix ¢ > 0. For each z € Z% let BY', 0 < s < t trace the path
down and against the arrows from (z,t) to Z% x {0}. Then

e BI'"is a rate one random walk with step distribution p(z),
Bg’t = .

e These walks are independent until they meet, at which time
they coalesce and move together

e The duality equation is: for 0 < s <t and z € Z¢

&(x) = &(BYY,)
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Graphical construction Ill
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&i(x) = &(BYY,)
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Let B, s > 0,z € Z% be a CRW family (note all s > 0).

Sample Calculation 1. Assume d < 2, so rw is recurrent. For any
§oand x #y,

P(&(x) # &(y)) = P(&(BY) # &(BY))
< P(BY # BY)
—0

as t — o0.

So no coexistence for d < 2.
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Sample calculation 2. If {{(x) are iid Bernoulli(u), then
& = &%, whose law is a stationary distribution. = means: for
all finite A, B C Z¢,

tlim P =1on A& =0on B) exists
—00
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Sample calculation 2. If {{(x) are iid Bernoulli(u), then

& = &%, whose law is a stationary distribution. = means: for
all finite A, B C Z¢,

tlim P =1on A& =0on B) exists
—00
Proof. Define the CRW probabilities

o [z|y]: = P(B} # BY)

o [x,y|z]: = P(Bf = B} but # Bj), etc.
Now calculate
P(&(x) =&(y) = 1,&(2) = 0)

= P(&(B{") = &(BY") = 1,&(B;") = 0)
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Sample calculation 2. If {{(x) are iid Bernoulli(u), then

& = &%, whose law is a stationary distribution. = means: for
all finite A, B C Z¢,

tlim P =1on A& =0on B) exists
—00

Proof. Define the CRW probabilities
o [z|yle = P(B} # BY)
o [x,y|z]: = P(Bf = B} but # Bj), etc.

Now calculate

P(&(z) =&(y) = 1,&(2) = 0)
= P(6(B;") = &(B}") = 1,6(B;") = 0)
— (1 — w)[w, y|2]; + w2 (1 — w)[ely|=];

— u(l —u)[z, y|2]oo + u*(1 — u)[z|y|2]ee ast— oo

So, coexistence for d > 3.
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Martingale problem

Recall
o A®Y x y € Z¢ are independent, rate p(y — x) Poisson
processes.
e T™Y n >1 are the arrival times of A™Y

e At each time T2Y

e draw an arrow from y to x
e the voter at « adopts the opinion of the voter at y.

and restrict to finitely many 1's initially, |{p]1 < oo.
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Martingale problem

Recall
o A®Y x y € Z¢ are independent, rate p(y — x) Poisson
processes.
e T™Y n >1 are the arrival times of A™Y

e At each time T2Y

e draw an arrow from y to x
e the voter at « adopts the opinion of the voter at y.

and restrict to finitely many 1's initially, |£p|1 < co. Then

() = &ola) + /0 S (€ae () — £o () Asy(ds)
Y

|
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t
&) = Go(a) + /0 S (€ae () — £o () Asy(ds)
Yy
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t
&) = Go(a) + /0 S (€ae () — £o () Asy(ds)
Yy

If Ax,y(ds) = Ay y(ds) —p(y — x)ds, then

&i(x) = &o(z) + DY + M, where
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t
&) = Go(a) + /0 S (€ae () — £o () Asy(ds)
Yy

If Ay y(ds) = Ay y(ds) — p(y — x)ds, then
&(z) = &o(z) + DY + M, where

Df = /0 Z (€+(y) — £x(2))ply — 7) ds

t
M7 = [ 3 (6am@) = €am@)) Ruy(a)
y
= a martingale with square function

(M), = /0 S (£a(y) — £o(x))*ply — ) ds
)
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Measure-valued point of view

Put a unit mass at each 1 of & to get a measure on RY,
Xp =Y &),
x

For ¢ : RY — R put

Z»st = Xo(¢) + Di(¢) + My(e)
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Measure-valued point of view

Put a unit mass at each 1 of & to get a measure on RY,
Xo=> &(x)d,
x

For ¢ : RY — R put

Z»st = Xo(¢) + Di(¢) + My(e)

where M;(¢) is a martingale, and (sum by parts)

L4 Dt /ng (:c)ds:/o Xs((p_1)¢)d3
o (M($)) = /0 S 62w) S ply — )1 (x) # Eo(y) s

Put ¢ =1 to get Dy =0, so |&]1 a nonnegative martingale. Thus
no type survives.
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Outline Ib

@ Super-Brownian motion
@ Branching random walk
@ Convergence to super-Brownian motion

© Voter model convergence to super-Brownian motion
@ Voter model as branching random walk
@ Convergence to super-Brownian motion, d > 3
@ Sketch of proof
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Branching Random Walk 7,

System of particles in Z¢

e p(x) as before
e allow multiple particles per site, n¢(x) = the number of
particles at = at time ¢
e particles at a given site x
e die at rate §
o while alive, give birth at rate 3 to a particle which
immediately jumps to site y with probability p(y — )
e |ne| =, m(x) is a cont. time nonspatial branching process
° i
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Branching Random Walk 7,

System of particles in Z¢
e p(x) as before

e allow multiple particles per site, n¢(x) = the number of
particles at = at time ¢

particles at a given site x
o die at rate
o while alive, give birth at rate 3 to a particle which
immediately jumps to site y with probability p(y — )

|ne] = >, me(x) is a cont. time nonspatial branching process
o 1
For a measure-valued point of view, let

o M= set of finite Borel measures on R

/¢ w(dx) for p € Mp and ¢ : R — R.
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Branching Random Walk = Super-Brownian Motion

Scale space: pn(z) = p(eVN), zeSy=2/VN.

Scale time: 71}V (z) has rates
e particles die at rate NV + 6
e particles give birth at rate N + 3

Scale mass: mpy = N and

=—Z77t )0z € Mp

CEESN
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Branching Random Walk = Super-Brownian Motion

Scale space: pn(z) = p(zVN), zeSy=2VN.

Scale time: 71}V (z) has rates
e particles die at rate NV + 6
e particles give birth at rate N + 3

Scale mass: mpy = N and

7277,5 (5€MF

CCESN

Expect XV = something as N — oco. One can check that
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With An = N(pn — I), smooth ¢, and g = 3 — 6.
XN(¢p) = XY (¢) + DN (¢p) + M]N (), where
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With An = N(pn — I), smooth ¢, and g = 3 — 6.
XN(¢p) = XY (¢) + DN (¢p) + M]N (), where

t t
DN(4) = /0 XV(Ano)ds + g /0 XN () ds

0.2 t t
~— | XNAg)d XN(p)d
y | XN @ty [ xXe)ds
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With An = N(pn — I), smooth ¢, and g = 3 — 6.
XN (o) = X (¢) + DY () + MN (), where

t t
DY (¢) = /0 XN(And)ds + g /0 X () ds

o2 [t by
~— A
2/0XS( ¢)ds+g/0 X, (p)ds

o= S0 Tty =260 - o) s
2+ %)/Otxgv(qs?)ds

t
~ XN d
2/0 N(g?) ds
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Theorem. If X} — X( € Mp then XV = X as N — oo,
where X. is SBM(Xy, 2,02, g), an M p-valued processes.
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Theorem. If X' — Xy € Mp then XV = X as N — oo,
where X. is SBM(Xy, 2,02, g), an M p-valued processes.

SBM(Xy,b,02%, g) X, is characterized' by:
for ¢ € C3(R),

2 t t
¢ Xi(0) = Xo(0) + G [ Xuad)ds+g [ Xu(o) + Mi(9)
0 0
. Mt(d)) is a continuous L2-martingale, with
(M t_b/X (¢?) ds and

b = “branching” rate
e o2 = "“diffusion” rate
g

= “growth rate”
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Measure-valued branching diffusions X;,¢ > 0.
e Introduced independently: Watanabe (1968) and Dawson
(1977). (“super-process” name is by Dynkin in 1987)
o Large (!) research literature.
e Many interesting properties, such as: for SBM,

Ford > 2, X, is a.s. supported on a set of zero Lebesgue
measure and uniformly spread on its support, in the sense of
Hausdorff measure.
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Measure-valued branching diffusions X;,¢ > 0.

e Introduced independently: Watanabe (1968) and Dawson
(1977). (“super-process” name is by Dynkin in 1987)

o Large (!) research literature.

e Many interesting properties, such as: for SBM,

Ford > 2, X, is a.s. supported on a set of zero Lebesgue
measure and uniformly spread on its support, in the sense of
Hausdorff measure.

Voter model vs. super-Brownian motion?
e Voter model studied since 1975
e SBM studied since 1977

e Some general similarities between the two, but just how
closely related can they be?

Ted Cox, Syracuse University Voter Model Perturbations 6/12



Voter model as BRW?
&(x) =1« particle at =
&(x) =0 < no particle at =
Can rephrase the voter dynamics from the particle point of view

Recall fo(z,§) =2, p(y — 2)1{&(y) = 0}.

A particle at x
e dies at rate fo(z, &)

e gives birth at rate fo(x, &) to a particle, which jumps to y
with probability p(y — x)1{{(y) = 0}/ fo(z, ).
e per particle rates are random

Ted Cox, Syracuse University Voter Model Perturbations 7/12



Voter Model = SBM

o Let & be the rate N voter model on Sy = Z¢/\/N.

* Ve =2, p(¥)0]yleo

« XN = mLN S &¥@)d.,  (my =N ford > 3)

rESN
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Voter Model = SBM

o Let & be the rate N voter model on Sy = Z¢/\/N.
* Ye =2, P(¥)0lyloo

« XN = mLN S &¥@)d.,  (my =N ford > 3)

rESN

Theorem (C,Durrett, Perkins 2000)

Assume d > 3, §év| < CN and X(])V — Xg. Then XN = X as
N — oo where X. is SBM(Xo, 27e,02,0).
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This is a low density result. It describes the behavior of the voter
model when 1's are relatively sparse.

o Z%/\/N has N%/? sites/volume, but
 [£V]1 = O(N) (d=3)
e Consistent with behavior of supp(SBM).
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This is a low density result. It describes the behavior of the voter
model when 1's are relatively sparse.

. Zd/\/N has IN¢/2 sites/volume, but
o [£]1 = O(N) (d=3)
e Consistent with behavior of supp(SBM).

Application: can use this to give a “simpler” proof of a result of
Sawyer (1977) (which has an amazing proof).

Our proof of voter model = SBM:

@ establish tightness by verifying Jakubowski's conditions (see
Perkins (2002))

@® show all subsequential limits of X satisfy SBM martingale
problem with the claimed parameters.
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In more detail ...
AN = BN means E|An — BN|P — 0, some p > 1.

Recall

=— Za = XV (¢) + DY (¢) + MY (¢)
1. The drift term is: with Ay = N(py — 1),
- @Y el = 0)0() - o)

= [ xansys
0

0.2 t
z—/ xXNAag)yds v
2 Jo
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2. The martingale square function
06 = [ X @) Eonly - )N @) # X wDis
“2 [ g X o D only — D€l @)1 - € )

= 2/0t mn(s)ds
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2. The martingale square function
06 = [ X @) Eonly - )N @) # X wDis
“2 [ g X o D only — D€l @)1 - € )

= 2/0t mn(s)ds

Let tn | O with Ntn — oo, for s >ty put 8/ = s — tn. Let
En be law of rate N CRW's.
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2. The martingale square function
06 = [ X @) Eonly - )N @) # X wDis
“2 [ g X o D only — D€l @)1 - € )

= 2/0t mn(s)ds

Let tn | O with Ntn — oo, for s >ty put 8/ = s — tn. Let
En be law of rate N CRW's.

t t
Stepl/ mN(s)dsz/ E(mn(s) | Fu)ds v
0 tN

Step 2 E(mn(s) | Fs) =XV (0)
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Ns

HZd/\/ﬁ*}

NS/ Bth:,S Bgl;vs

EEN (@)1 - ) | Fo))
= ENEN(By,) (1 - €N (BY)) duality
EN( i\/](BfN)l{BfN # BY.}) sparse 1's in £

Q
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Ns

HZd/\/ﬁ*}

NS/ Bth:,S Bgl;vs

EEN (@)1 - ) | Fo))
= ENEN(By,) (1 - €N (BY)) duality
EN( i\/](BfN)l{BfN # BY })  sparse 1's in &)

Q

E(mN(s) | ‘FS/)
~ =Y F@ Y- | ]
) % ; St @) ;p(y —z)[z|y]Nty ¢ cont, B ~x

=7XXY(6%),  where o =Y p(e)[0]e]oc v
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