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Introduction

M/G/1 queue with FIFO discipline:

λ: poisson arrival rate

F : service time distribution (S r.v.)

ρ: load of the system (ρ = λES < 1)

W : waiting time in the queue

Pollaczek-Khinchine formula

P(W ≤ t) =
∞∑
n=0

(1− ρ)ρnF ∗n0 (t) ,

where F0 (t) = 1
ES
∫ t
0 F c (u) du is the stationary service time

distribution.
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Introduction

Laplace Transform of Pollaczek-Khinchine formula

Ŵ (s) =
1− ρ

1− ρF̂0 (s)
.

Problem: if F̂0 (s) does not exist Laplace inversion of Ŵ (s) is
difficult, i.e. heavy-tailed service times.

Solution: Approximations
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Introduction

Approximations...

1 Service time with a phase-type.

2 Heavy-traffic

P(W > t) ∼ ρe−(1−ρ)t/ES0 , ES0 =
ES2

2ES
.

3 Heavy-tail approximation

P(W > t) ∼ ρ

1− ρ
F c
0 (t) .

4 Approximate the stationary service time distribution with a
hyperexponential + bound.
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Introduction

Definition of “perfect” approximation, by Elena

1 Valid for the whole time domain, (Domain)

2 accuracy is known, i.e. lower/upper bound or estimation of
approximation error, (Error)

3 not many requirements of the service time distribution, i.e.
only finite mean, (Requirements)

4 works well for every service time distribution, i.e. light-tailed
& heavy-tailed, (L.T. & H.T.)

5 Bonus: adjust its accuracy!
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New idea: The Hill estimator

Theorem

Suppose that Xj , j ≥ 1 are i.i.d., nonnegative random variables
whose common distribution has a regularly varying tail
(F c (t) = t−aL (t)), which implies that

k

n
P
[

X1

b(n/k)
∈ ·
]

v→ va(·)

in M+(0,∞] as n→∞ and k = k(n)→∞ with k/n→∞. Then
in M+(0,∞],

vn ⇒ va, (1)

where

va(t,∞] = t−a, t > 0, a > 0 & b(t) = F←
(

1− 1

t

)
.
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Construction of the “perfect” approximation

Theorem

If (1) holds, then as n→∞, k →∞, and k/n→ 0,

Hk,n :=
1

k

k∑
i=1

log
X(i)

X(k+1)

P→ 1

a
.

Question: How can we construct the “perfect” approximation?

Service time distribution:

F (t) = (1− ε)Gg (t) + εGb (t) .

λ
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Handling the “bad” customers

DISCARD

Gb(t)=1

λ

λ(1-ε)
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Handling the “bad” customers

REPLACE

Gb(t)=Gg(t)

λ

λ
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Starting point

Laplace Transform of Pollaczek-Khinchine formula

Ŵε (s) =
1− ρε

1− ρεF̂0 (s)
.

Ŵε (s) =
1− (1− ε)δ − εθ

1− (1− ε)δβ̂∗ (s)− εθγ̂∗ (s)

Notation:

β̂∗ (s) =
1−Ĝg (s)

sγg
: good stationary service time

γ̂∗ (s) = 1−Ĝb(s)
sγb

: bad stationary service time

δ = λγg , and θ = λγb.
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sγb

: bad stationary service time

δ = λγg , and θ = λγb.

10 / 25



Discard Approximation

Ŵε (s) =Ŵ0 (s)

+
∞∑
n=1

(
εθ

1− δ + εδ

)n (
Ŵ0 (s)

)n+1
(γ̂∗ (s))n

−
∞∑
n=1

(
εθ

1− δ + εδ

)n (
Ŵ0 (s)

)n
(γ̂∗ (s))n−1

L−1

⇒ P(Wε > t) =P(W0 > t)

+
∞∑
n=1

(
εθ

1− δ + εδ

)n

(Ln+1,n (t)− Ln,n−1 (t)) ,

where Ln+1,n (t) = P(W0,1 + · · ·+ W0,n+1 + C ∗1 + · · ·+ C ∗n > t).
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Starting point

Laplace Transform of Pollaczek-Khinchine formula

Ŵε (s) =
1− ρε

1− ρεF̂0 (s)
.

Ŵε (s) =
1− δ − ε(θ − δ)

1− δβ̂∗ (s)− ε
(
θγ̂∗ (s)− δβ̂∗ (s)

)
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Replace Approximation

Ŵε (s) = Ŵ0 (s)

+θ
∞∑
n=1

(
ε

1− δ

)n (
Ŵ0 (s)

)n+1

γ̂∗ (s)
n−1∑
k=0

(
n − 1

k

)
(θγ̂∗ (s))k(−δβ̂∗ (s))n−1−k

−θ
∞∑
n=1

(
ε

1− δ

)n (
Ŵ0 (s)

)n n−1∑
k=0

(
n − 1

k

)
(θγ̂∗ (s))k(−δβ̂∗ (s))n−1−k

−δ
∞∑
n=1

(
ε

1− δ

)n (
Ŵ0 (s)

)n+1

β̂∗ (s)
n−1∑
k=0

(
n − 1

k

)
(θγ̂∗ (s))k(−δβ̂∗ (s))n−1−k

+δ
∞∑
n=1

(
ε

1− δ

)n (
Ŵ0 (s)

)n n−1∑
k=0

(
n − 1

k

)
(θγ̂∗ (s))k(−δβ̂∗ (s))n−1−k .
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Replace Approximation

L−1

⇒
P(Wε > t) = P(W0 > t)

+θ
∞∑
n=1

(
ε

1− δ

)n n−1∑
k=0

(
n − 1

k

)
θk(−δ)n−1−k (Ln+1,k+1,n−1−k (t)− Ln,k,n−1−k (t))

−δ
∞∑
n=1

(
ε

1− δ

)n n−1∑
k=0

(
n − 1

k

)
θk(−δ)n−1−k (Ln+1,k,n−k (t)− Ln,k,n−1−k (t)) ,

where
Ls,m,r (t) = P(W0,1+· · ·+W0,s +C ∗1 +· · ·+C ∗m+B∗1 +· · ·+B∗r > t),
∀s,m, r ∈ N.

14 / 25



Both approximations

Discard model

P(Wε > t) =P(W0 > t)

+
∞∑
n=1

(
εθ

1− δ + εδ

)n

(Ln+1,n (t)− Ln,n−1 (t)) ,

Replace model

P(Wε > t) = P(W0 > t)

+θ
∞∑
n=1

(
ε

1− δ

)n n−1∑
k=0

(
n − 1

k

)
θk(−δ)n−1−k (Ln+1,k+1,n−1−k (t)− Ln,k,n−1−k (t))

−δ
∞∑
n=1

(
ε

1− δ

)n n−1∑
k=0

(
n − 1

k

)
θk(−δ)n−1−k (Ln+1,k,n−k (t)− Ln,k,n−1−k (t)) .
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Numerical example

Abate-Whitt, 1999

Bad service time distribution with Laplace transform:
Ĝb (s) = 1− s

(µ+
√
s)(1+

√
s)
, with mean µ−1, all higher moments

infinite and µ ∈ R+.

Probability density function of the stationary service time
distribution:

fC∗(t) =

(
µ

1− µ

)(
ψ(t)− µ2ψ(µ2t)

)
,

where ψ(t) ≡ et 2√
π

∫∞√
t e
−x2dx .
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Approximations when ε = 0.01 & ρ = 0.5.

0 1 2 3 4 5
t

0.1

0.2

0.3

0.4

0.5

P IWq > tM

discard approximation
replace approximation
original

Figure: Exponential ‘good’ service time distribution with rate 2 and
Abate-Whitt ‘bad’ service time distribution with µ = 2.
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Control check for “perfect” approximation

“Perfect” Discard Replace
Domain X X
Error lower bound approximation

Requirements X X
L.T. & H.T. × ×

Bonus

Tail behavior of the exact waiting time distribution

If C is Subexponential, then S ,S∗ are Subexponentials, too. So,

P(Wε > t) ∼ ρε
1− ρε

P(S∗ > t) ∼ εθ

1− δ + εδ − εθ
P(C ∗ > u).
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Improved approximations

New idea: add the first term (n = 1) of the power series to
P(W0 > t).

Discard approximation

P(WapD > t) =P(W0 > t)

+
εθ

1− ηδ
(P(W0,1 + W0,2 + C ∗ > t)− P(W0 > t)) ,

Replace approximation

P(WapR>t) =P(W0,1 > t)

+
εθ

1− δ
(P(W0,1 + W0,2 + C ∗ > t)− P(W0 > t))

− εδ

1− δ
(P(W0,1 + W0,2 + B∗ > t)− P(W0 > t)) .
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Discard approximations when ε = 0.01 & ρ = 0.5.

0 1 2 3 4 5
t

0.1

0.2

0.3

0.4

0.5

P IWq > tM
revised discard
discard approximation
original

Figure: Exponential ‘good’ service time distribution with rate 2 and
Abate-Whitt ‘bad’ service time distribution with µ = 2.
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Replace approximations when ε = 0.01 & ρ = 0.5.

0 1 2 3 4 5
t

0.1

0.2

0.3

0.4

0.5

P IWq > tM
revised replace
replace approximation
original

Figure: Exponential ‘good’ service time distribution with rate 2 and
Abate-Whitt ‘bad’ service time distribution with µ = 2.
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Approximations when ε = 0.01 & ρ = 0.5.

0 1 2 3 4 5
t

0.1

0.2

0.3

0.4

0.5

P IWq > tM

revised discard
revised replace
discard approximation
replace approximation
original

Figure: Exponential ‘good’ service time distribution with rate 2 and
Abate-Whitt ‘bad’ service time distribution with µ = 2.
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Comparison tail behaviors

Exact: P(Wε > t) ∼ εθ
1−δ+εδ−εθP(C ∗ > u),

Discard: P(WapD > t) ∼ εθ
1−δ+εδP(C ∗ > u),

Replace: P(WapR > t) ∼ εθ
1−δP(C ∗ > u).

Conclusions:

µg = µb, same behavior

µg > µb, replace over exact

µg < µb, replace under exact
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New control check

“Perfect” Discard Replace
Domain X X
Error lower bound approximation

Requirements X X
L.T. & H.T. X X

Bonus ? ?

Possible improvement: fix the tail behavior!

Exact: P(Wε > t) ∼ εθ
1−δ+εδ−εθP(C ∗ > u),

Discard: P(WapD > t) ∼ εθ
1−δ+εδP(C ∗ > u),

Replace: P(WapR > t) ∼ εθ
1−δP(C ∗ > u).
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Thank you for your attention
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