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Shortest queue and polling

What is steady-state queue length distribution?
What is the waiting time distribution?

What is the mean waiting time?
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Shortest queue

What is steady-state queue length distribution?
What is the waiting time distribution?

What is the mean waiting time?
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Shortest queue

LS

\\¢

States are grid points (m, n) where
e m is length of shortest queue
e n is difference between longest and shortest queue

What is steady-state queue length distribution p,, ,?
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Shortest queue

LS

\\¢

Balance equations (A +2u = 1)

Pman = Pm—1n+1A+ Pman+1h + Pm+1n—114
Pm.1 Pm—12A + Pm 2l + Pm,0214 + Pm+1,0A
Pm,0 = Pm1A+ Dm+1,114

Po.n = POnM + POn+1H + Pla—11
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Shortest queue

Balance equations (A +2u = 1)

Pman = Pm—1n+1A+ Pman+1h + Pm+1n—114
Pm,1 Pm—12A + Pmo2n +

(Pm A+ P11 021 + (Pm—1,1A + P, 0)A
P0.n Po.nlt + POn+1 + Pla—1M1
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Shortest queue

Basis solutions are products o™ " satisfying

Pmn = Pm—1n+1A+ Pmp+1M + Pm+1n—110
so « and 8 are on the curve

af = B*r+af’u +a’u
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Shortest queue

The curve of basis solutions

af = B2h +ap’u + a’u
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Shortest queue

Initial basis solution satisfies balance equations forn = 1:
Pm.n ~ COO‘81,36L

with g = p2, Bo = p%/(2 + p) where p = ﬁ
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Shortest queue

Initial term coo B} violates balance equations form = 0

Add new term to compensate for this error:
Pm.n = cooy By + cra By

where B; = By and ¢ = —cy 4=5L
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Shortest queue

However, ciaf 8" violates balance equations forn = 1

Add again term:

Pm.n = coogy By + cref' BT + coay' BY

_ _ . (ot+p)/fo—(1+p)
Where a2 T al and C2 T Cl (a1+p)/ﬂ1_(1+p) TU Lelﬁmlj‘f:: Universiteit
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Shortest queue

LS

\\¢

Steady-state queue length distribution is given by:

Pm.n = coag By + craf' B] + coay' By + c3es B3 +
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Shortest queue

o0

P =Y _cia'B}
i=0
Observations:
° i 5 are of form A + B (abl + b,), sow;, B L 0asi — oo
e series converges absolutely, faster further away from origin

e distribution of shortest queue

0 0
Pm=Y Pmn=y di(1—apaf
n=0 i=0

e distribution and mean of waiting time

00
P(W>1t) = Zd,‘(xie_’u(l_ai)ta
i=0
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Random walk in quarter plane
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Random walk in quarter plane

N

Nl

Then

(©.¢)

m gn
Pm,n = E cio; B

i=0

if no transitions to North, North-East and East:

q01=q1.1=¢q10=0
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Random walk in quarter plane

q0.1 = q1.1 = q1.,0 = 0 implies that «, B-curve is of the above form

which guarantees that«;, 8; — 0asi — o©
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Shortest queue: Bounds

2l

States are grid points (m, m») where
e m1 is length of shortest queue

e m» is length of longest queue
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Shortest queue: Bounds

2l

Average cost (A +2u = 1):
e c(my, my) = my + my cost per period

e g is long-run average cost (mean number in system): Bounds for g?
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Shortest queue: Bounds

mq —
Precedence relations: state (m, my) is more attractive than (ny, n») if
Ut(ml,mZ) fvt(nl,VlZ), t:O,132,°-'

where v,(m1, my) is the ¢-period expected cost starting in (m1, my)
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Shortest queue: Bounds

mq —

e Redirect some transitions to more attractive states

e Then g > g where g is long-run average cost of new chain
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Shortest queue: Bounds

my my my
Two Finite Buffers Central Buffer Threshold Jockeying

my my my
One Infinite Buffer Threshold Killing Threshold Blocking

Bounds work well, even for very large systems (say 50 queues)!
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Exhaustive polling

What is steady-state queue length distribution?
What is the waiting time distribution?

What is the mean waiting time?
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Exhaustive polling

What is steady-state queue length distribution?
What is the waiting time distribution?

What is the mean waiting time? E(W) = (1_p
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Exhaustive polling

States are grid points (m, n) where
e m is number in idle queue
e n is number in service queue

What is steady-state queue length distribution p,, ,?
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Exhaustive polling

Balance equations Q1L + u = 1)

Pmn = Pma+1it + Pm—1nr + Pmn—1A
Pm,1 = DPm2M1 pm—l,l)"
Po.n PO.n+114 + Pn 1l + Pon—1A

/department of mechanical engineering YEQT-VI



Exhaustive polling

Basis solutions are formed by products o "~ ! satisfying
Pmon = Pman+1+ Pm—1nA + Pmn—1A

so « and B are on the curve

af = a4+ Br+ ar
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Exhaustive polling

The curve of basis solutions
aff = A+ oz,Bz,u + ai

Iteration? Initial term? Cannot find one!
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Exhaustive polling

Different iteration:

P(z) = P(h(z)) — po,1(1 — h(z2))
where h(z) = n(A(1 — z)) and n(-) is LSTof BP of M(1)/M () /1

Iterating yields
(0. ¢] (0. ¢]
PR =) pmi—po1y (1—hP)
m=0 k=1

where 1® () = h(h*=D(z)), hOz) =
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Smart gated polling

e Gated service

e PP()) joins idle queue
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Smart gated polling

States are grid points (m, n) where
e m is number in idle queue
e n is number in service queue

What is steady-state queue length distribution p,, ,,?
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Smart gated polling

Balance equations (A + . = 1)

Pman — pm—l,n)\+pm,n—|—1:u
Po.n = Pn, 1M+ POn+1M1
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Smart gated polling

Basis solutions are products o "~ ! satisfying
Pman — pm—l,n)\ + Pmn+1 M4

so « and 8 are on the curve

oa=A+afu
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Smart gated polling

The curve of basis solutions

oa=A+afu
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Smart gated polling

Initial product satisfies balance equations for m > 0:

~ m pn—1
Pm.,n ~ C0Q IBO

withog =24, Bp =0
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Smart gated polling

Initial product coag’ﬂg_l violates balance equations form =0

Add new product to compensate for this error:
P ~ cooly By + cra' B

where 8 = «y
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Smart gated polling

Steady-state queue length distribution is given by:
P = coaq By 1o BT + o BT 4

wherea; — A/uand B; — A/ asi — oo

and this random walk in the quarter plane has transitions to the East
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Smart gated polling

Different iteration:

P(z) = P(h(z)) = po,1(1 — h(2))

where

n
n+ Al —z)

lterating yields

P@) =) pmi—po1y (1—hP()
m=0 k=1

h(z) =
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Smart gated polling: Another look

which is a particle randomly circulating in the plane
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Shortest queue and polling

What is steady-state queue length distribution?
What is the waiting time distribution?

What is the mean waiting time?
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Shortest queue and polling

What is steady-state queue length distribution?
What is the waiting time distribution?

What is the mean waiting time? E(W) = m
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Shortest queue and polling

States are grid points (m, n) in the right half plane where
e m is length of shortest queue
e n is difference between idle and service queue

What is steady-state queue length distribution p,, ,?
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Shortest queue and polling

Balance equations (A + u = 1)

Pman = Pm—1.n+1A+ Pm+1n—11
DPm.—n = Pm—1,—n—1A+ Pm,—n—11
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Shortest queue and polling

Basis solutions forn > 0 are products «™ g" satisfying
Pmn — pm—l,n—l—l)\ + Pm+1n—1M1

so « and 8 are on the curve
af = Br+ o’ or (a—B)ap—pr) =0
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Shortest queue and polling

The curves of basis solutions forn > 0

a =, pa = 1B
Curve of basis solutions forn < —1

AP

o =
1 —pup
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Shortest queue and polling

\

Initial product:

doayy' m>0,n=-—1,

coag By, m>0,n>0,
Pm,n =
0, m>0,n<—1,

Where o) = /30 = pz TU/ Leiﬁf‘;r'lij:::Universiteit
University of Technology
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Shortest queue and polling

Compensation on vertical boundary of coayy' By, m > 0, n > 0:

_ | coag By +crof' By, m>0,n=0,
Pm.n = c20d' 85", m>0,n< —1,

where 8, = B1 = By (so two new terms!)
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Shortest queue and polling

Compensation on horizontal boundary of cia{' 8}, m > 0, n > 0:

crof' BY + cza3' B3, m>0,n=0,
Pma =\ d3af, m>0,n=-—1,
0, m>0,n<—1,
where o3 = o]
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Shortest queue and polling

Compensation on horizontal boundary of coa5' B, ", m > 0,n < —1:

caoy By, m>0,n>0,
Pman = 3 dsay, m>0,n=-—1,
cadfy", m=0,n<—1,
where o4 = Q)
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Shortest queue and polling

Results in tree of terms:

o c;a" B live in Upper quadrant
o c;a"B;" live in Lower quadrant

C5Qy 55

Ce0lg 66

070477"’5?

cgQg 68
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Shortest queue and polling

Observations:
eqa;,Bi L 0asi - oo
e series converge absolutely, faster further away from origin
e distribution of shortest queue and waiting time (in service queue)

Pm = Z Di(1 —ajpa*, P(W >1t)= Z Diaje (et
iceUUL icUUL
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