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The M/M/c retrial queue

The M/M/c retrial queue is given by:
- A\, Poisson arrival rate
- v, exponential service rate
- ju, retrial rate if there are j > 1 customers in orbit
- ¢, number of servers
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Introduction

A regular time-homogeneous irreducible CTMC
X = {X(t) =(C(t),N(t)) : t = 0},

on § ={0,...,,c} x{0,1,2,...}, where C(t) is the number of busy servers, and
N(t) is the number of customers in orbit at time t. If S = U2,/(j) with
1) ={(,j—=1):0<i<min(j,c)}, then X is a LD-QBD process
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Introduction

The quality of service (QoS) is usually measured in terms of
classical queueing performance descriptors:

o Expected queue length.
o Waiting time.

@ Stationary queue length distribution.

Assuming a stationary regime (p = A\/(cv) < 1) is needed to
guarantee the existence, and subsequent computation, of most
classical queueing measures.
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The quality of service (QoS) is usually measured in terms of
classical queueing performance descriptors:

o Expected queue length.
o Waiting time.

@ Stationary queue length distribution.

Assuming a stationary regime (p = A\/(cv) < 1) is needed to
guarantee the existence, and subsequent computation, of most
classical queueing measures.

Alternative: Maximum queue length distribution (Xpax) in a busy
period (the period that starts when the process leaves the state
(0,0) and ends at the first epoch thereafter that the process visits
the state (0,0) again).
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The distribution of X,.x is a performance descriptor of practical
relevance in the M/M/c retrial queue:

@ It is a measure of system congestion.

@ It gives support to the adoption of drastic decisions such as an
increase of the number of agents or rescheduling of common
resources.

@ It can be computed even in non-stationary regime, but it
might be defective (i.e., P(Xmax < 00) < 1).

See for example:

o Artalejo JR, Economou A, Lépez Herrero MJ. “Algorithmic
analysis of the maximum queue length in a busy period for the
M/M/c retrial queue”. INFORMS Journal on Computing, in
revision.

@ Artalejo JR, Economou A, Gémez-Corral A. “Applications of
maximum queue lengths to call center management”.
Computers & Operations Research, (2007) 983 - 996.
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Compu n of the matrix exponential solution

Accuracy of the solution

Instead of X,.x, we may be interested in

Z(ty) : maximum number of customers in the system
(servers + orbit) during a predetermined interval [0, tp],

which is a non-defective random variable.
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Maximum queue length during a certain time interval

Instead of X,.x, we may be interested in

Z(ty) : maximum number of customers in the system
(servers + orbit) during a predetermined interval [0, tp],

which is a non-defective random variable.

Objective

Computation of

P(Z(ty) < x|C(0)=1i,N(0)=j), forx>i+jand(ij)e€

since P (Z(ty) < x|C(0) =i,N(0) =4)=0if x <i—+].

S,
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Matrix exponential solution
Computation of the matrix exponential solution

Accuracy of the solution

Maximum queue length during a certain time interval

For x > i+ j and (i,j) € S, the conditional probability
P (Z(t0) > x|C(0) = i, N(0) = j)

is equivalent to the probability that, starting from X(0) = (i, ),
the process X'(x) visits the absorbing state x + 1 at time tp.

X(x) = {X(t) : t >0},
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For x > i+ j and (i,j) € S, the conditional probability
P (Z(t0) > x|C(0) = i, N(0) = j)

is equivalent to the probability that, starting from X(0) = (i, ),
the process X'(x) visits the absorbing state x + 1 at time tp.
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Maximum queue length during a certain time interval

Matrix exponential solution
f

exponential solution

We consider an auxiliary absorbing process X'(x) = {X(t) : t > 0}
defined on the state space

X

560 = JIkuix+1y,

k=0

where the kth level /(k) is given by
I(k) = {(i,k—1i):0<i<min(k,c)}, k>0,

and the state x + 1 is obtained by lumping the states of

U4 1/(k) together to make a single absorbing state. Transitions
between level /(x) and the state x + 1 are obtained from those
transitions from level /(x) to level /(x + 1).
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The infinitesimal generator of X'(x) has the form
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and its standard transition function P(tp; x) can be expressed as

_ P*(to; x) | px+1(to; x
Ploix) = (g Py
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Computation of the matrix exponential solution

Maximum queue length during a certain time interval

Accuracy of the solution

Therefore, we have
P(Z(to) < x|C(0) =i, N(0) =j) = 1—e,)(i,)j)px+1(to;x),

where € (,)(/,J) is a row vector of order J(x) such that all its
entries are equal to 0, except for the entry associated with the
state (/,/) which is equal to 1.
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the solution

Therefore, we have

P(Z(to) < x|C(0) =i, N(0) =j) = 1—e,)(i,)j)px+1(to;x),

where € (,)(/,J) is a row vector of order J(x) such that all its
entries are equal to 0, except for the entry associated with the
state (/,j) which is equal to 1. Since P(tg; x) = exp{Q(x)to},
P(Z(to) < x|[C(0) =i, N(0) =j) = 1—2sq(ir]) (b~
—exp{T(x)to}) (—T_l(x)) tera(x).
In this expression,
@ The matrix (—T~1(x))tys1(x) = e, consists of the

conditional probabilities that the absorption into x + 1 occurs
in a finite time.

@ The matrix exponential exp{T(x)tp} has to be explicitly or
numerically computed.
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x exponential solution
Computation of the matrix exponential solution
Accuracy of the solution

Maximum queue length during a certain time interval

In principle, exp{T(x)to} could be computed in many ways:

@ Series methods: Taylor series, Padé approximation, scaling
and squaring, Chebyshev rational approximation

@ Ordinary differential equation methods: general purpose
O.D.E. solver, single step / multistep O.D.E. solvers

@ Polynomial methods: Cayley-Hamilton, Lagrange
interpolation, Newton interpolation, Vandermonde, inverse
Laplace transforms, companion matrix

@ Matrix decomposition methods: eigenvectors, triangular
systems of eigenvectors, Jordan canonical form, Schur, block
diagonal

@ Splitting methods

An interesting survey is the paper by Moler and Van Loan (2003)
Software: MathLab, Mathematica, Mapple, ISML library, etc.

12/35



\ exponential solution
Computation of the matrix exponential solution
Accuracy of the solution

Maximum queue length during a certain time interval

In practice, consideration of computational stability and efficiency
indicates that some of the methods are preferable to others, but
that none are completely satisfactory when they are implemented
as general-purpose algorithms

For a value x > i + j, the dimension of exp{T(x)ty} is given by
J(X):w if 1 <x<c, and &W%—(X—c)(c—kl) if
x>c+1.

As a result,
@ Increasing values of x will imply more demanding memory
requirements

@ General-purpose algorithms will fail to give satisfactory results
as x progressively increases

13 /35
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Computation of the matrix exponential solution
Accuracy of the solution

Maximum queue length during a certain time interval

Splitting methods

For a certain splitting T(x) = U(x) + V(x), it is known that

exp{T(x)to} = exp{U(x)to}exp{V(x)to}

if and only if U(x) and V(x) commute
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Splitting methods

For a certain splitting T(x) = U(x) + V(x), it is known that
exp{T(x)to} = exp{U(x)to}exp{V(x)to}

if and only if U(x) and V(x) commute

As U(x) and V(x) do not commute, the exponentials of the
matrices U(x) and V(x) are directly related to that of T(x) by

exp(T(x)to} = lim <exp {U(x)i())} exp {V(x)ij})p.

Moller and Van Loan (2003) suggest the approximation
exp{T(x)to} = (exp{U(x)t}exp{V(x)t})™,

where t = po_lto, for an appropriately selected integer pg.
14 /35
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exp{T(x)to}

@ Casel: 1 <x<ec
o Case 2: x> c+1.
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exp{ T(x)to}

@ Casel: 1 <x<ec
o Case 2: x> c+1.
Case l: 1< x<c.
T(x) = U(x) + V(x) is defined by

Ao Ao
A Ap
Ux) = .
Axfl,xfl Axfl,x
AXX
0
Ao
V(x) = A2y

AX7X_1 0(x+1)><(x+1) 15/35



Maximum queue length during a certain time interval

For 1 < x <, it is seen that

al solution

matrix exponential solution

X 4k
exp{V(x)t} = > 1V (x)
k=0 "
M(0; 0)
M(1;0) M(1;1)
B M(x —1;0) M(x—1;1) M(x—1;x—1)
(x;0) (x;1) M(x;x — 1) ‘ M(x; x)

where

16

35



al solution
matrix exponential solution

M(X:—].;O) M(X.—l;l) M(x—1;x—1)

M(x; 0) M(x; 1) M(x;x — 1) ‘ M(x; x)
where
! _ Iy+1 lflS}/SXa
M(y;y) = { Ay 1Ay, fO<y <y—-11<y<x.
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. . - . onential solution
Maximum queue length during a certain time interval o q q
f the matrix exponential solution

y of the solution

Technical condition: For 1 < x < ¢, the eigenvalues of the
matrix U(x) are all distinct if and only if

e (A.1) [Eigenvalues of the sub-matrix A,, are all distinct]:

v.o#F

o (A.2) [Eigenvalues of sub-matrices A, and A,/ with y <y’

are also distinct]:
/_
vt (105 ) e

for every pair (y,y’) of integers with 0 < y < y’ < x, and
integers 0 < /<yand 0 </ <y with [ £/

17/35



onential solution
f the matrix exponential solution
y of the solution

Maximum queue length during a certain time interval

Under the technical condition, we derive the decomposition
formula U(x) = R,diag[r(0;0), ..., r(x; x)]R L, which implies

er(O;O)t
e,r(l;O)t

exp{U(x)t} = R er(t)t R,

er(x;x)t

where r(y; 1) = —(A + lv + (y — )u) and Ry consists of the right
eigenvectors of U(x) associated with the eigenvalues r(y; /), for
0</I<y<x
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exponential solution

Maximum queue length during a certain time interval

The matrix Ry has the structured form

Pow Por Po --- Pox—1 Pox
Pu P - Pix—1 Pix
P»n - P21 Pax
R, = _ , , _ (RH PNX),
Pxfl,xfl Pxfl,x
PXX

where the columns in P/, = [p(y’,y;0),p(y’,¥;1),....,p(y", y; y)] are given by
Oy 1) = (y/) ify' =y,
PUSYID = VTR (i Dhies — Aud) ™ Avcsav(yi ), f0<y <y 1.

and v(y; /) denotes the right eigenvector of A, associated with the eigenvalue
ryil) = —(A+ v+ (y = D).
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Maximum queue length during a certain time interval o q q
q g hd Computation of the matrix exponential solution

Accuracy of the solution

The matrix Ry has the structured form

Pow Por Po --- Pox—1 Pox
Pu P - Pix—1 Pix
P»n - P21 Pax
R, = _ , , _ (RH PNX),
Pxfl,xfl Pxfl,x
PXX

where the columns in P/, = [p(y’,y;0),p(y’,¥;1),....,p(y", y; y)] are given by

p(y/ y./):{ (v /1) ) ify' =y,
o [T, (r(vi Dl = Aw) ™~ Agksav(ys ), if0<y <y-—1.

and v(y; /) denotes the right eigenvector of A, associated with the eigenvalue
ryil) = —(A+ v+ (y = D).

| v(k; Iw(k; 1)
(s =A™= 30 Ty
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he matrix exponential solution
ne solution

Maximum queue length during a certain time interval

< ¢ associated with

Right eigenvector v(y;/) of A,, with 0 <y
—Nu), for0 <1 < y:

the eigenvalue r(y; /) = —(A+ v + (y

g (-2 osr<ion,
vi(y;l) = 1 if /=1,

0, ifl+1</<y.

Left eigenvector w(y; /) of A, with 0 <y < ¢, associated with
the eigenvalue r(y; ) = —(A+ v+ (y — Np), for 0 < [ < y:

0, if0</<i—1,
s
wi(y:) = {4 b ey Tl
() (4 -1) L fl+1<I<y.
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tial solution
f the matrix exponential solution
solution

Maximum queue length during a certain time interval

Starting with exp{U(0)t} = e~ *, the matrix exponential
exp{U(x)t} is evaluated from

[ epUx-Di N(o)
ek} = < Opct1)xux-1)  eXP{Axt} )’ tex=e
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where exp{At} = Py T ()P with

N.(t) = (NxTuw(t) —exp{U(x — 1)t}N,) Pt
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P = [v(x;0),v(x;1),...,v(x;x)],

c1(x; 0)w(x;0)
c1x; w(x; 1)

cx; x-)w(x; x)

and ¢(x; 1) = 2 ko (Wx: 1))k (v(x; 1))k
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Matrix exponential solution
Computation of the matrix exponential solution
Accuracy of the solution

Maximum queue length during a certain time interval

c+ L
(x) + V(x) is defined by

A Ao
A A
Acfl.cfl Acfl,c
Ux) = Acc Accit R

*
Ac+1,c+1 Act1,c+2

N
Al ix—1 Ax—1c

X, X

N
N
w
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c+ L
(x) + V(x) is defined by

A Ao
A A
Acfl.cfl Acfl,c
Ux) = Acc Accit R

=
Aciterr Acties2

Al ix—1 Ax-1c
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0
A1o

A2
V(x) = Acc—1 O(ci1)x(ct1) _ i
Acti,c Aci1,ct1 .
Act2,ct1 Aci2,c42
Ax,x—1 K;x



Matrix exponential solution

Maximum queue length during a certain time interval A o q q
q g hd Computation of the matrix exponential solution

Accuracy of the solution

0 0 - 0 0

where

(@)
o
o
(e)

w o= | S Ly >+l

o O
o O
o O

o

(y =)
and the matrix AJ, is given by

A —yp yu
“A—v—(—-u (y—1p

A —(e—Dy—(y—cthu  (—ctu
A — (- u
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\ exponential solution

Maximum queue length during a certain time interval o q q
q g hd Computation of the matrix exponential solution

Accuracy of the solution

For x > ¢ + 1, the matrix exponential exp{V(x)t} has the
structured form

M(0; 0)

M(1;0) M(1;1)

M(c0)  M(G1) o M(co)

M(c+1;0) M(c+1;1) -+ M(c+1;¢c) | Mc+1,c+1)

M(x:0)  M(x1) - Mxic) | Mxict1) o M(xix)
where
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Maximum queue length during a certain time interval

For x > ¢ + 1, the matrix exponential exp{V(x)t} has the
structured form

M(0; 0)
M(1;0) M(1;1)
M(c; 0) M(c;1) - M(cic)
M(c+1;0) M(c+1;1) -+ M(c+1l;¢c)| M(c+1,c+1)
M(x0)  M(x1) -  Mxc) | Mxectl) - M(xx)
where
I
M(y;y) = ( c St )7 c+1<y<x,
o=y I
M(y;y) = | U7 , v (Cr—cluelk
(y = )’ (elv=ome — sy (=gunl)
XAy 1 Apgry, 0<y <y—-1lc+1<y<x
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x exponential solution
mputation of the matrix exponential solution
the solution

Maximum queue length during a certain time interval

For x > ¢ + 1, the matrix exponential exp{V(x)t} has the
structured form

M(0; 0)

M(1;0) M(1;1)

M(é?o) M((.?;l) M(c; c)

M(c+1,0) M(c+1L1) -+ M(c+1c) | M(c+1c+1)

M(>.<30) M(>.<;1) M(>.(;C) M(x;.c+1) M(x; x)
where
M(y;y) = (Ic e(yc)ut>7 c+1<y<x,
M(y;y') = vyl

’ 1y _ k
(y = )’ (elv=ome — sy (=gunl)

XAy 1 Apgry, 0<y <y—-1lc+1<y<x
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tial solution
f the matrix exponential solution
solution

Maximum queue length during a certain time interval

For values x > ¢+ 1,

B exp{U(X — l)t} Nx(t) I
ep{U()ty = ( 0(ch1)><J(X71) exp{A} t}> X=e

where exp{A% t} = P T (t)Pg} with

Nx(t) = (NXTXX(t) — exp{U(X _ 1)t}NX) P—1
Txx(t) = diag[e’(x?o)t r(x;l)t r(x;c)t]’
Pxx = [V(X 0) ( )’ . ( )]
,1(x 0)w(x; (1))
p-1 _ Y(x; )w(x, )

XX )

c(x; x)w(x; c)

and ¢(x; 1) = 2k_o(wWx: ))k(v(x: 1))
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tial solution
he matrix exponential solution
ne solution

Maximum queue length during a certain time interval

Right eigenvector v(y; /) of Ay, with 0 <y < c and A} with
c 4+ 1 <y, associated with the eigenvalue
r(y;)=—\+1v+(y —u), for 0 </ < min(y, c):

y—I H
vie(y:l) = 1 if /=1,

I

0, if I+1</ <min(y,c).

U”)@-Hyﬂqn fO</</-1,

Left eigenvector w(y; /) of Ay, with 0 <y < c and A}, with
c + 1 <y, associated with the eigenvalue
r(y; ) ==+ 1v+(y — u), for 0 </ < min(y, c):

0, ifO</<i/—1,
o= )1 if =1,
Wl/(.y’ I) - vl . _(l/_l) ) , )
() (5 -1) L ifI4+1< 7 <min(y,c).
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. . - . Matrix exponential solution
Maximum queue length during a certain time interval A o q q
Computation of the matrix exponential solution

Accuracy of the solution

For values x > 1, the technical condition becomes

The eigenvalues of U(x) are all distinct if and only if v # u and

for every pair of integers 0 < y < y’ < x, and every integers
0 </ <min(y,c) and 0 < /" < min(y’,c) with | # /.
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olution

Maximum queue length during a certain time interval - _ N _
atrix exponential solution

Accuracy of the solution

Selection of py: In the approximation
exp{T(x)to} = (exp{U(x)t}exp{V(x)t})™,
where t = palto, we choose pg such that
[lexp{T(x)to} — (exp {U(x)t} exp {V(x)t})*[| < e,

where the maximum row sum matrix norm is defined by
W/ [oo = maxy<ick Yoy [wil.
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xponential solution
ation of the matrix exponential solution
of the solution

Maximum queue length during a certain time interval

In particular,
too(U(x)) = 0, x=1,

XV, if 1 <x<c,
Hoo(V(X)) = {cy+(x—c)u, if c+1<x,

For 1 < x < ¢, it is readily seen that

UGV (x) = VU)o = {Zm e vz

(Similar expressions for ||U(x)V(x) — V(x)U(x)||oo in the case
¢ + 1 < x are readily obtained.)
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. . - . onential solution
Maximum queue length during a certain time interval _ _ _ en _
Computation of the matrix exponential solution

Accuracy of the solution

In the expression for P(Z(tp) < x|C(0) = i, N(0) = j), that is,
1= &y00(i,J) (i — exp{T(x)to}) e,
we suggest to replace exp{T(x)tp} by
(exp{U(x)t} exp{V(x)t})*,

with t = py ', provided that py is such that pg > h(x; tg)(2¢) 7%,
for a predetermined small value € > 0.
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. . - . xponential solution
Maximum queue length during a certain time interval P _ _ en _
ation of the matrix exponential solution

of the solution

In the expression for P(Z(tp) < x|C(0) = i, N(0) = j), that is,
1= &y00(i,J) (i — exp{T(x)to}) e,
we suggest to replace exp{T(x)tp} by
(exp{U(x)t} exp{V(x)t})*,

with t = py ', provided that py is such that pg > h(x; tg)(2¢) 7%,
for a predetermined small value € > 0. As a result,
|P(Z(t0) < X|C(0) = i, N(0) = ) = P(Z(ts) < XIC(0) = /. N(0) = j)|
||exp{T(x)to} — (exp{U(x)t} exp{V(x)t})™|| _
h(x; t)
— <
2po :

IN

IN
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Numerical results

030
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The mass function of Z(ty) versus p for retrial queues with ¢ = 6, v = 3.00/2.0 and p = 2.5. Values of the

traffic load: p = 0.8, 1.0 and 1.2 (from left to right); interval length: ty = 1.0; initial state: (i, ) = (0, 0)
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The mass function of Z(tp) versus p for retrial queues with ¢ = 6, v = 3.0v/2.0 and p = 1.0. Values of the

retrial rate: p = 2.5, 5.0, 7.5 and 10.0 (from left to right); interval length: ty = 1.0; initial state: (i, ) = (0, 0)
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Numerical results

il

The mass function of Z(ty) versus tg for retrial queues with ¢ = 6, v = 3.01/2.0 and p = 2.5. Traffic load:
p = 1.5; values of the interval length: tg = 1/3, 2/3 and 1.0 (from left to right); interval length: tg = 1.0;

initial state: (i, ) = (0, 0)
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Discussion

A few remarks on the time-dependent descriptor:

@ It has always got a non-defective distribution, even if the
LD-QBD process is not positive recurrent.
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Discussion

A few remarks on the time-dependent descriptor:

@ It has always got a non-defective distribution, even if the
LD-QBD process is not positive recurrent.

@ lts probability distribution function has a matrix exponential
form.

@ We present simple conditions on the service rate v and the
retrial rate p for the matrix exponential solution to be explicit
or algorithmically tractable.

@ We present an iterative scheme for computing the matrix
exponential solution.

@ A particularly appealing feature of this iterative solution based
on splitting methods and eigenvalues/eigenvectors is that it
allows us to obtain global error control.
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Discussion

Thank you for your attention

martin_lopez@mat.ucm.es
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