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“Classical" polling model

cyclic routing
1,2, . . . , I,1,2, . . .

independent
infinite-buffer queues,
each with

Poisson arrivals

i.i.d. service times

i.i.d. switchover times

policies: gated,
exhaustive and more
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Multigated service

Per visit, the server gates the queue
at most the gating index number of times.

X1, . . . ,XI — r.v.’s with values in Z+ ∪ {∞}

The service discipline in queue i is Xi-gated,
i.e. gating indices for visits of queue i are i.i.d. copies of Xi .

Gating index =


1 ⇒ gated
∞ ⇒ exhaustive

const ⇒ fair and efficient1
service

1van Wijk, Adan, Boxma, Wierman 2012
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Additional assumptions

Bi — service time in queue i ,
EBi log Bi <∞ for all i

zero switchover times

overload : λi/µi < 1 for all i and
∑I

i=1 λi/µi > 1

empty initial state
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Example

Q(·) = (Q1, . . . ,QI)(·) — queue length process

x (n) →∞, then
Q(x (n)·)

x (n) → fluid limit Q(·) (a.s.)

Consider a symmetric model, 2 queues, exhaustive service,
1/2 < λ/µ < 1
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Example, starting non-empty
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Example, starting empty
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Why is the fluid limit random?

overload

+

actual initial state
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Embedded MTBP

Property
For all i = 1, . . . , I, the customers found in queue i at a polling
instant get replaced during the course of the visit by i.i.d.
populations of customers jointly in all queues.

t(n)1 , t(n)2 , . . . , t(n)I , n ≥ 0 — successive polling instants

Q(t(n)1 ), n ≥ 0 — MTBP with immigration in the empty state2

2Resing 1993
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Embedded MTBP

ρ > 1 — biggest eigenvalue of the mean offspring matrix
v ∈ (0,∞)I — eigenvector for ρ

Theorem (Kesten-Stigum)

Q(t(n)1 )

ρn → ζv a.s., where ζ > 0

Q(ρn·)
ρn → fluid limit Q(·) a.s.
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Fluid limit

(tηn
1 , . . . , tηn

I ) = min{(t(n)1 , . . . , t(n)I ) : t(n)1 ≥ ρn}

(tηn
1 , . . . , tηn

I )/ρn → (t1, . . . , t I)ξ a.s.

(Q1(t
ηn
1 ), . . . ,QI(t

ηn
I ))/ρn → (q1, . . . ,qI)ξ a.s.
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Fluid limit

Kesten-Stigum theorem (Q(t(n)1 )/ρn → ζv ) + LLN⇒

t1 =

∑
i vi/µi∑

i λi/µi − 1 t(n)1 +
∑

i

∑Ei (t
(n)
1 )

Ei (t
(n)
1 )−Qi (t

(n)
1 )

B(k)
i

=
∑

i

∑Ei (t
(n)
1 )

k=1
B(k)

i
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Fluid limit

Kesten-Stigum theorem (Q(t(n)1 )/ρn → ζv ) + LLN⇒

for all i ,

qi = v1 + λi(t i − t1)

t i+1 = t i + qiγi

Qi(t
(n)
i ) = Qi(t

(n)
1 ) + Ei(t

(n)
i )− Ei(t

(n)
1 )

t(n)i+1 = t(n)i +
∑Qi (t

(n)
i )

k=1
V (n,k)

i

γi := E(t(n)i+1 − t(n)i |Qi(t
(n)
i ) = 1) =

1− E(λi/µi)
Xi

µi − λi
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Kesten-Stigum theorem (Q(t(n)1 )/ρn → ζv )⇒

ξ = ρ{logρ(t1ζ)}/t1, t1ξ ∈ [1, ρ)

for x ∈ [1, ρ), P{t1ξ ≥ x} =

1
1− qG

∑
k∈ZI ,
|k |≥1

G(k)

×
∑

l≤k ,
|l|≥1

(
k
l

)
((1, . . . ,1)− (q1, . . . ,qI)

l(q1, . . . ,qI)
k−l

× P{{logρ(t1
∑I

i=1

∑li

j=1
ξ
(j)
i )} ≥ logρ x},
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where
qi — extinction probabilities (no immigration)
ξi — Kesten-Stigum limits (no immigration)

ξ
(j)
i , j ≥ 1 — i.i.d. copies of ξi |ξi > 0

G(k), k ∈ ZI
+ — immigration distribution

qG — probability for Q(t(n)1 ), n ≥ 0, to return to zero
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Moment conditions

Q(t(n)1 ) — MTBP, Li,j — queue j offspring of a type i customer

Kesten-Stigum theorem: ELi,j log Li,j must be finite

Consider M/G/1 queue, λ < µ, service time B, busy period τ .

Ef (B) <∞⇒ Ef (τ) <∞, f (x) := (x log x)+

τ(k) — at most k gating stages, τ(k)→ τ a.s.
τ(k + 1) d

=B +
∑E(B)

j=1 τ (j)(k)
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Moment conditions

Ef (τ(k)) ≤ Ef (τ(k + 1))

≤(1/2)Ef (2B) + (1/2)Ef (2
∑E(B)

j=1
τ (j)(k))

≤(1/2)Ef (2B) + (1/2)Ef (2E(B)τ(k))
≤(1/2)Ef (2B) + (1/2)E(2E(B))︸ ︷︷ ︸

=λ/µ

Ef (τ(k)) + (1/2)Eτ(k)︸ ︷︷ ︸
≤1/(2(µ−λ))

Ef (2E(B))︸ ︷︷ ︸
<∞

convexity, f (xy) ≤ xf (y) + yf (x),
lim sup f (cx)/f (x) <∞, lim log f (x)/x = 0

(1− λ/µ)Ef (τ(k))︸ ︷︷ ︸
→Ef (τ)

≤ Ef (2B)/2 + Ef (2E(B))/(2(µ− λ))
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Summary

precise description of the random fluid limit

moments of the busy period in M/G/1 queue
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