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The model

o Infinite waiting space (transportation station)

Poisson(\) customers’ arrival process

1 server (bus)

o Renewal server’s visiting process {M (t)}
Times between two visits: X, Xo, X3,...~ F(x)

Random server’s capacities: C1, Co, Cs3,...~ (gr, k=1,2,...)

When a server with capacity k visits the system:

e serves k customers instantaneously,
e the others abandon the system
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The model

o Infinite waiting space (transportation station)

o Poisson()\) customers’ arrival process

1 server (bus)

o Renewal server’s visiting process {M (¢)}
Times between two visits: X7, Xa, X3,...~ F(z)

Random server’s capacities: Cy, Cq, Cs,...~ (g, k=1,2,...)
@ When a server with capacity k visits the system:

e serves k customers instantaneously,
o the others abandon the system

State description

N(t): number of customers at time ¢
R(t):  remaining time until = {(N(t), R(t))} C.T.M.P.
the next server’s visit at time ¢
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¢

symmetric game among customers



Introduction I'he motivation The oc The problem

The problem: economic analysis of customer behavior
join or balk

¢

symmetric game among customers

Information level:
o Unobservable case: observes nothing

@ Observable case: observes N(t)



Introduction I'he motivation The oc The problem

The problem: economic analysis of customer behavior
join or balk

4

symmetric game among customers

Information level:
o Unobservable case: observes nothing

@ Observable case: observes N (t)

Reward-Cost structure:
o Customers’ reward R for completing service

o Customers’ waiting cost K per time unit



Introduction I'he motivation The oc The problem

The problem: economic analysis of customer behavior
join or balk

4

symmetric game among customers

Information level:
o Unobservable case: observes nothing

@ Observable case: observes N(t)

Reward-Cost structure:
o Customers’ reward R for completing service

o Customers’ waiting cost K per time unit

Decisions:
@ Upon arrival a customer decides to join or to balk
@ Decisions are irrevocable

o Customers’ purpose: maximization of individual expected net
benefit
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U(s1,s2): Payoff function of a tagged player, who follows the s;
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The Game Game-theoretic Framework

Symmetric non-cooperative game

S:  Set of strategies
U(s1, s2): Payoff function of a tagged player, who follows the s;
strategy, when all other players follow the so strategy

Definition (Best Response)

A strategy s7 is said to be a best response against a strategy so, iff

U(s7,s2) > U(s1,82), Vs1 €S

Definition (Symmetric Nash Equilibrium)

A strategy s} is said to be a symmetric Nash equilibrium iff it is a
best response against itself, i.e.

U(si,s1) 2 U(s, 51), Vs1 €5
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customers observe N (t)
I
strategies: q = (o, q1,42,--.), gn € [0,1], n= 0, 1, ...
(gn=probability of joining, when N(t) = n)

Sn(q): expected net benefit of a tagged customer , who finds
n present customers and decides to join, given that
all other customers follow strategy q.

Sn(q) = RP|[service|n, q] — K E[sojourn time|n, q]



The observable case

OBSERVABLE CASE
I
customers observe N ()
4
strategies: 9 = (q0,q1,¢2,.-.), gn € [0,1], n= 0, 1, ...
(gn=probability of joining, when N(t) = n)

Sn(q): expected net benefit of a tagged customer , who finds
n present customers and decides to join, given that
all other customers follow strategy q.

Sn(q) = R Plservice|n, q] —K E[sojourn time|n, q]
S ——

Z;o:nJrl 9k
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E[sojourn time|n, q]

expected residual service time at the arrival instant of a customer,
who finds n present customers,given that all other customers follow
strategy q



Expected sojourn time Equilibrium strategies

Let

Rq(t): residual service time at time ¢, when the customers follow a strategy q,
Ng(t): number of customers in the system at time ¢, when the customers follow a
strategy q,

{P(t), t > 0}: Poisson process at rate X,

then

{(Nq(w), Rq(w)), 0 <u <t}
{P(t+u) — P(t), u> 0} : Lack of Anticipation assumption
independent

J(PASTA)

residual service time at the arrival instant of a customer, given that he finds n
present customers and that all other customers follow strategy q

residual service time at arbitrary instant, given that there are n present customers
in the system and that all customers follow strategy q



Expected sojourn time Equilibrium strategies

Let

fi(q) =inf{n >0:¢ >0 for i < n and ¢, = 0}

and

{Px(t), t > 0}: Poisson process at rate Agn, n = 0, 1, ..., fi(q) — 1
then

{(Na(u), Rq(u)), 0 <u <t}
{Pn(t+ u) — Pu(t), u >0} : Lack of Anticipation assumption
independent

J(Conditional PASTA)

residual service time at the arrival instant of a customer, who joins, given
that he finds n present customers and that all customers follow strategy q

residual service time at arbitrary instant, given that there are n present
customers in the system and that all customers follow strategy q
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For 0 < n < n(q)

residual service time at the arrival instant of a customer, given that he finds n
present customers and that all other customers follow strategy q

residual service time at arbitrary instant, given that there are n present customers
in the system and that all customers follow strategy q

residual service time at the arrival instant of a customer, who joins, given that he
finds n present customers and that all customers follow strategy q

Rn?q
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For 0 < n =n(q)

residual service time at the arrival instant of a customer, given that he finds n
present customers and that all other customers follow strategy q

residual service time at arbitrary instant, given that there are n present customers
in the system and that all customers follow strategy q

Rn,q
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Recursive scheme for R,

° Royq 2 R(X), n(q)=0

° Roq = (X =Ty |X > Toy,), i) >0,
where Thg, ~ Exp(Aqo)

® Ruq L R(Ry_1q), f(q)=n>0

d _
© Rug=(Rn-1q—Trg|Rn-14>Tx,), nla)>n>1,
where Ty,, ~ Exp(A\gn)



Expected sojourn time Equilibrium

Recursive scheme for LSTs of R,

Lemma

Let T1, T5 and Y be independent random variables, with 77 and 75
being exponentially distributed with parameters A\; and As,

respectively, and Y being a non-negative generally distributed random

variable with LST Fy (s). Then we have the following formulas.

Prly <T1] = Fy(\), (1)
Ay =~ AN =
Prly <T1+Th] = 2 Fy(\) 4+ ——Fy (Na), AL # A2(2)
/\2 — )\1 /\1 - )\2
PI"[Y < T1 + TQ] = Fy()\l) — Alﬁ‘{/()\l), /\1 = )\2. (3)

v
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Recursive scheme for LSTs of R,

Fy.q(s): the LST of Ry q
F(s): the LST of X

e Ifn(q) =0,

R(X) = Foq(s) = =S50 (@)

d
RO,q = (X - T)\qo‘X > T/\q()) =
Pr[Ts > Ro,q] = Pr[Ts > (X — Txgo)I(X = Thgy)] =

Pr[Ts>X —Txqq:X>Txgqy] N

PT[TS > Rovq] = PY[XZT)\qo]

Pr[X <Txqo+Ts]—Pr[X <Txq] B
Pr[X=>Thg,] )

Pr{T, > Roq) =

, L@ - P rag)— F (s
if 5 # Ago, (5) ‘2 Fy o(s) = QPO ) ()

1),3) ~ — a2
if 5 = Mo, (5) L Fo.q(hao) = T200E0m) 7
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Recursive scheme for LSTs of R,

e Ifn(q) =n>1, )

Rn.q £ R(Rn-1,q) = Faq(s) = *“fji;;(%g” 8)
@ If ai(q) >n > 1 and s # Agn, ’

Rnq2 (Bn-1,q = Tagn|Bn—1,0 2 Thg,) =

Fra(e) = LSRR ©)

@ Ifn(q) >n>1and s = Aqn,
d
Rna = (Bn-1,0 = Tag, [Bn-1,0 2 Trg,) =

=, _)‘QTLF;L7 N (Aan)
Fn,qo\‘ln) = - 1—ﬁn,1:?an) (10)

Fn,q(s) depends on q only through q,, = (¢0,91,92,---,gn). So, we can write
Fra(s) = Fasq, (5)
Fhn.q,, (s) is continuous in g

ies



Equilibrium stra

Recursive scheme for E[R, 4]

Corollary (Expected sojourn times)

Consider the observable model of a transportation station, where customers join
the system according to a strategy q = (qo, q1, g2, - -.). For the expected
conditional residual service times, E[Ry q, ], we have the following recursive

scheme
ElRn—1, 1
E[Rnq,] = L P T Ty
" = anl,qn,1 (A(In) Aqn
B[R, ]
E[Rn,q,) Pl g #0,i=0,1,...,n—1, gp =0, n > 1,

2E[Rn-1,q,,_,]

with initial condition

B EX] 1
BlRowl = = roes i © 0
E[R _ R =

0,q0] = 2E[X]’q0_0'
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Proposition (Expected net benefit)

Consider the observable model of a transportation station, where the customers
join the system according to a strategy q = (qo, q1, g2, .-.). Then, the expected
net benefit Sy, (q) of an arriving customer, who finds n present customers in the
system and decides to join, is given by the formulas
= ElRn—1,q, ,] 1
Sn(@ = R > g-K = - = e » @ #0,
k=n+1 1—Fo-1,q,_;(Agn) an
i=0,1,...,m, n>1,
oo El(R 1 2
Sa(@) = R > go— kA Ertan )] 01,
k=n+1 2E[R'ﬂ*1’qn71]
gn =0, n>1,
E[X 1
So(a) = R*K[#*f} » g0 # 0,
1—F(Aq) A
E[X?]
S = R-K s =0.
o(a) 2Ex] ©




journ time Equ m strategies

Equilibrium strategies

Recursive scheme for the computation of equilibrium probabilities:
o Computation of gf

Theorem(Equilibrium probability g§)

Consider the observable model of a transportation station. Then, an equilibrium

probability g§ for joining when finding the system empty exists. Specifically, we

have the following comprehensive (but not necessarily mutually exclusive) cases:
2

Case I £ < EIX7]

K = 2E[X]"
Then, g§ = 0.
ace 1 R E[X] 1
Case II: 2 > TFO) X
Then, g§ = 1.
E[X?] R E[X] 1

Case III: 3HTX] < g < =y 5
Then, there exists a gj), such that 0 < ¢, < 1 and

E[X] 1 _ R
TFoa)) A K The equilibrium joining probability is
a5 = 95
v
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Consider the observable model of a transportation station. Then, assuming that
an equilibrium joining probability vector qf,_; is known, an equilibrium
probability ¢f for joining when finding n present customers in the system exists.
Specifically, we have the following cases:

Case I:

Case II:

Case III:

2
RERin41 96 EllBn a5 )]
K 2EB[R,,

—1q¢_ 17

Then, g5, = 0.
RERn419k - E[f{"*lvqifl] 1

e T 1-Fn_1qe (A A
Then, g5, = 1.

2

Bl(Bn—1,qg )] < RYR g1 9k BlEn—1,ag ] _ 1
2E[Ry_1.q¢ ] K 1-Fp_1qe_ (V) x°

Then, there exists a gj, such that 0 < ¢;, < 1 and
B[R _1.q¢ ] 2 RY5S,, 11 9k
K

I-Fn-1,0%5_,(A\qy) A4,
joining probability is ¢¢ = ql,.

. The equilibrium
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