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Motivation: Collaborative call centers

Call center 2

Satisfied customer

SN "V

(Source:Wikipedia)

* Blocked calls = Forwarded to another call center
— Satisfied customers — departure
— Non-satisfied customers — reattempt to the original call center



Model
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Join the orbit Abandon forever

Primary customers: p Primarycustomers: p=1-p
_ Retrialcustomers:q Retrialcustomers: g =1-q

Abandon: 1-r (\/\ \
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Rate:

[@OO?@]

Related work: Choi et al. (1999), Gomez-corral et al. (1999)
Phung-Duc et al. (JIMO 2010, Annals of OR 2011)

* Level-dependent quasi-birth-and-death process (LDQBD)



LDQBD of the M/M/c/K retrial queue

e ((t): # of customers in the system at time t (phase)
e N(t): # of customers in the orbit at time t (level)
e X(t)=(C(t), N(t)) forms a LDQBD on the state space
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Ty n=lim Pr(C() = k,N(t) =n), (k,n) €S
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Block matrices
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(0 0---0 0 \ (n.,u.-'r_" npr 0 0 \
00---0 0 0  nur nur
('}'1-) - .. . . 1 . . .
Qo ' =1 ::". QY= SRS 0
00---0 0 ; nr npr
\DU U,\p/ \ o - - 0 -n,u(-?—l—-r‘@)/
(n)
Unchanged [P0~ A 0 = o 00
(n) " :
1 b A
1 1 b(?l) _ _()\ + ?QH- + L/?:)g
(n) (]
Q(n) _ 0 vy by ‘
1 . , 1=0,1,2,..., K —1
1 S b = —(pA+ np(F + 1) + vi).
N0 0 e b))



Existent result on LDQBD

-
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Ramaswami and Taylor (1996) ﬁ
n =n_R"™ (n=12,..)

{R(”) n=12,.. } is the minimal nonnegative solution of
Qén—l) 4 R(n)Qin) 4 R(n)R(n+1)Q(2n+1) -0 (n =12,.. ) )

Bright and Taylor (95): expression of R™ in terms of infinite sum

Matrix continued fraction (Phung-Duc et al. 2010)
R(n) _ gn—l) (_Qin) . Q(()n) (_Qinﬂ) . R(n+2)Q(2n+2))—1Q(2n+1))—1 — ...
R”=R oR  00oR . (O). We have lim R =R®,

*g(x) = f(g(x)
— Numerical algorithms for R™ 790 =1(g(x)

Today’s talk — Taylor series expansion for R(™



Special sparse structure

R(n) _ én—l) (_Qin) . R(n+1)Q(2n+1))—1

(0 0
0 0
0 =|0 0

Instead of R™, we investigate r'™ = (r,™,r\", ...

» RM —

(0 0 0 0 )
0 0 0 0
0 0 0 0
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Liu and Zhao (QUESTA 2010): p=g=r=1

Theorem 3.1 (First-order formula) Fork=0,1,2,...,c,

i S N 1
Fyp e—k = o\ —— |.
n,o—k =P nt ) (c—k)! nk

Corollary 3.2 (Higher-order formulas)

7 S 7 S 2p 12 340 1
Fne—> = pl — — ol — S — .
2 =P 0 ) =2 P\an ) c=a P T n?

n c! p\ + e 2p + 1)
Fne—1 = — N R no T
et =P e (c—1)! P\ e (c —2)! P\ o (c =2)! e

1
+0 (rﬁ)” “kth-order for ri(")=> (k + 1)th-order for ri(n). No single expression
for a general k. The proof will soon become too cumbersome!!”

and
Fne=p+ pz_,u, + p*(c — l)—‘u @+ pnp —pn)+ 0 L Asymptotic result for .,
" no n2o2 nd) ©

e Qur contribution

— Explicit Taylor series expansion for ri(n) (i=01,..,K)
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Our results

Today’s talk
e Retrial customers may giveup:g<lorr<1

(’f) %—I—l 1 1
i k—Z’Y WJFO(nkerH) m=12,..

* Retrial customers never giveup: g=r=1

(n) (/ﬂ) ?l 1 1 _
e Z 0; ki T O(nk—Fm—H ) m=0L.

Different order!! A lo@/xl =620




Equation for rate matrices

[anl) 4 R(n)Qin) n R(n)R(n+1)Q(2n+1) -0 (n :1,2’.”).

&

/ bgn)?“((] n) n Vlr‘"gn) n ~(()n+1) g}) — 0, i=0. \

N N S (S o B P
E? + (b&?’) +#§“)) (n) _ _pa, i = K,
) = e, =0
A(n’) — n;u?“fri )1 + nuﬂ“gn)? 1=1.2,..., K —1,
n)

KK —nﬂ?“?“K 1+nﬂ(f+?ﬁ)?§?), 1 = K. /




Censored Markov chain

/Qg[)) Q[()O) O o O \
Q) @V Q" o
an—l _ o QéZ) ng) :
: 0] O
) : : an’ 2) Q(“ 2)
n— n—1
\O . 9] Q2 1) Q( )
Q=""1: Infinitesimal generator of the censored ~(n—-1) n—1) (1) oy (1)
Markov chain on levels {0,1, ...,n — 1} Q =@ +R7Q,
n— (n—1
(an Q ))e — (0 Look at the last row!
' ‘ : A
Nontrivial equation: 7“8”) + r%"’) RS (”’) Lo+ F ) (n) _ ni
(()n—l) + R(n)Qin) + R(n)R(n+l)Q(2n+1) ~0 (n ~12... )

This talk = Taylor series expansion for r,g ™) from this two equations.



g<lorr<i1

Retrial customers may give up



Our results: One term expansion

Lemma 1 We have lim,, oo n i;+1_,’,_,§ ") — fori:=0.1,.... K — k-1 and
() (L) 1 1 e
h—F 71 nFH—l +O(ﬂ_k—|—1)* :E-,—UIR
where
(0 _ Ap (k) _ VK—k+1_(k—1) L_19 K
F]_ ’L{(T_' _|_ ,l”{i) ? fl __u, fl s e — L4,

Lemma 2 We have
(n) _ (k) 1 1
"Rk =1 TRgT T O(nmz ):

where O(x) denotes lim,_,q |O(x)/z| = C > 0.



Mathematical induction
Step 1: check for k=0

C A 1 1 A
hmnr()—Ol—Ol K—landrlgn)o —p—+o<>
n—oo r+rgn n

\Lemma 1is true for k = 0. y

Step 2: assumption for k-1 -

We assume that Lemma listruefork := k—1,i.e.

1

1
711_{21() nkri(") =0(<K-k), rlén)(k = yl(k 2 X + 0(
\J

~_ Step 3: prove for k

We prove that Lemma 1 is true for k, i.e.
lim nk+1™ =0, M - yl(k)—nl + o(nl ),

n—->00




r+rq

Proof of Lemma 1 (Step 1, k=0)

— 1 () _ _

(n) (n) _ p - lim 7, 0, k=01,.. K
T: + 71 — n— oo

; i K GF+rqun nurk( W< Ap, k=01,. K—1

—/11"0( n) n,uro( 4 v1 )+ (n + Dyr (")rro(n+1) = 0
- 0 " 50 bounded -0
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Nn—>00
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-0

K-1

C[ L=O

4
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n—>00

1m nr ) + lim Nty

n—>00

() _

—(A+nu+ V1)7‘1( + Vzrz )+ (n+ 1),u[rr0 Wy ("+1)] M= 0

-0

Similarly

Ap

(F +rqu

-0

lim nr,g )1 =0

n—0o

1
- (n) _ -
K-0 T 7 1 rg)un + O(n)




Step 2: Lemma 1 is true for k-1
(assumption)

____Step 2: assumption for k-1

We assume that Lemma listruefork := k—1,i.e.

. . n 1 1
711_1)2) n"ri(n) =0(i<K-k), rlgf)(k_lfyl(k DF + 0 (F)

Key equation

(7 (1) ~(n+1) (n)
) ATge j1 N VK—k+1"K —k+1 n "K—k "K' A+ YK~k (n)
K—k n n L T K—k

~_ =

e lim nk+1p™ = 0,i=0,1,.. K—k—1(Easy)

n—oo L
. . n
* Key equation — one term expansion for rlg_)k




One term expansion (cont.)

Key equation

() (n) ~(n+1) (n)
) _ AT k-1 n VK —k+1TK k41 n "K—k "K' A+ VK—k (n)
K—k nft npt iy N K—k
(n) (n) k _
Mgl Mgt of 1 ) « lim n*r™ =0 (i < K — k)
Tt -nkJFlru nk+17 n—oo
VK k1T 1 1
~hA1TK k41l VE—htl (k—1) i (n)
” ==, el T of oy ), One term expansion for ;. _1
~(n+1) (n) ok (ntl) _ k_(n+1) _
'Kk 'K nH LT TR k1 TR g '”'TE?) = of ! « lim n*r™ =0
np n nk n pk+177 nooeo ot
A+ VK—k (n) At VK—k (n) _k 1 n)
r .= T =0 : — limnfr'"™ =0(<K—-k
-~ K~k pktl, K-k (_nk—|—1 ) m N ( )

n) _ (k)_1 1 (k) _ VK- (k-1)
- Tk—k = V1 ez T O (nk+1) ,Where y; ™ = Kukﬂ oo




Two term expansion

 We have two term expansion as follows

Lemma 3
(n) (k) 1 (k) 1 1
A A 40
—k = 1 k1 2 o k+2 (nA+3)
where
(0 VEAp
/9 —

Y VI —k+ c— | )\—|_U C —k Apr c ,
LB L Yok (k) +( K-k Ap )Arizb), T



Mathematical induction

~—— Step 1: check for k=0

W (0) I 1

—h IRCERY: n3

1
+0< ) Lemma 3 is true for k = 0.

\

_/

___ Step 2: assumption for k-1

We assume that Lemma 3istruefork := k—1,i.e.
1 1 1
(n) (k—1) — (k—1)
"k-(k-1»)™N nk — V2 n(k+1) +0 (nk+2

)

~__ Step 3: proof for k

We prove that Lemma 3 is true for k , i. e.

1 1 1
(n) _. (k) (k)
K-k 1 T V2 G T 0<nk+3>'




Step 1 (check for k=0)

/Lemma3fork=0 \
. [(]fn) (n) (n)

+ry A (T ) =

n,u,
k-1 Lemma 2
1 1 1 1
m) _ . (0) (n) _ (0) (0)
SN TR L T g 06
=
(0) _ V1(1) Vg Ap

(Ig )o has two term expansion! /




Step 2: Lemma 3 is true for k-1
(assumption)

~ Step 2: assumption for k-1 (k = 1)

We assume that Lemma 3istruefork := k—1,i.e.

1 1 1
(n) _,(k=1) =  _(k—-1)
K-e-07V1 T V2 T O<nk+z>

Key equation

~(n+1) (n)

T .'U’ T .'u T .'U’ T .'U’

)\T(”) 4 Vic 1 l_r(”) 1 r o \ o
{:(n = K—Ek—1 ¢ + K—L+1_|_ K-k 'K . “‘I’K—kr(n)

K—k

]

(n)

* Key equation — two term expansion for 7, _,,



Key equation

(m) (m) ~(n+1) (n)
(n AT Zg—1  VK—k+1TK-kt1  T"K—k TK A+ VK—k (n)
T = + -+ - "K—k
L nfL N L

(n) _ (k1) 1 1 |
rel 1 =" W 1 O(nkJrS )’ - Lemma 2 (one term expansion)

(n) _ (k) 1 1
"K—k TN R T O(nk:—l—Q)’

(n) _ (k=1) 1 (k—1) 1 1
"K—k+1 = nk 72 nk+1 T O(nk+2

- Lemma 2 (one term expansion)

). 4=m Two term expansion

~(n+1) (n)
"K—k "K _(0) (k) 1 1

— T O(nk+3

) Lemma 2 (one term
N nk+2 ). ¢ ( )

e Substituting these formulae to Key equation.

. n
* Two term expansion for r,g_)k



Two term expansion

* We obtain two term expansion for r,?f)k

Lemma 3
(n) (k) 1 (k) 1 1
- = 1 — A + O
K—k T k+1 2 k2 (n’l‘+3)
where
(0) _ VEAp
Vo = =

P2 (7 +rq)?’

. Vi _ 1. L A Vi Apr : .
A,ng) — _[/X 1i+l Aré)ll 1) _|_ IX A _ - p — ,\rik). A, — 1: 2 e K )
z 7 (7 +7q)




Main result

* m term expansion

Theorem 1 For m > 3, we have

T

+1 1
TIx—k —Z’Y (—1) (nk+7n+1)
where q/,,(f) 1s recursiwvely defined as follows

0 1 S (k)

0 k k+1
Ymo = T+ rq ZWTTZ-—A‘(_]‘) )

k=1
SR) VK1 (k=1) i (1) | A VK _k (k)
Tm L m L T —2 M m—1
m—2

+ Z \’DJ m j 1( l)r‘m’_f}: ]1 — 1 2 ey



Further definition

Furthermore, gp(k) 15 defined by

J
_A(k
S ?"5(() ) 7=0
J 'roag.k) + ’Fﬁjgh) 7 >1
where

j

(k) (k+1), qvit1 (k4 J)j—
Jj+1

yB) _ S0 _qyi L it 7



Derivation

* The derivation for m (> 3) term
expansion of rK k (k=0,1,..., K)is
similar to that for the casem = 1,2

* The key tool is the following expansion

n a _ 1\ ¢
( _ ) — (1 + _) —
n—+ 1 n

o

a > (.



Asymptotic formulae for the stationary
distribution

Theorem 2 We have

1

n! (7(0))7?/”_%7

A = ()T ED < g < 0= (o

nt v

where 050) and Céo) are positive numbers independent of n.

Corollary 1 There exist C’ikﬁ) >0 and C’i()_k') > 0 wndependent of n such that
N 1 VYK g N 1 VYK g
O L O T << P10 T o
fork=1,2,..., K.

Using the three term expansion for r}gn)



Numerical results

=1, K = ¢ =5,

r = 0.5

Table 1 Relative error of »V) for the case 7 + rg > 0 EN — 100 .

p = 0.7,

g = 0.7

—

Traffic intensity (p)

First order

Second order

Third order

0.1

0.078979304

0.006347302

0.000512522

0.2

0.078922701

0.006528123

0.000548023

0.3

0.078865330

0.006708717

0.000584347

0.4

0.078309192

0.006889085

0.000621491

0.5

0.078752783

0.007069227

0.000659455

0.6

0.078696602

0.007249146

0.000698238

0.7

0.078640650

0.007428842

0.000737837

0.8

0.078584923

0.007608316

0.000778252

0.9

0.078529420

0.007787571

0.0008194%2

Relative error: ||r(N) — f'(N)|| /Ilr™|| * Exact ™) (Phung-Duc et al. 2010)




Numerical results

=1 K =¢c =

Table 2 Relative error of (V) for the case 7 4+ g > 0 (N = 1000).

r = 0.5

p = 0.7 g = 0.7

I

Traffic intensity (p)

First order

Second order

Third order

0.1

0.007711805

0.000061185

0.000000491

0.2

0.007711190

0.000062962

0.000000525

0.3

0.007710574

0.000064739

0.000000560

0.4

0.007709959

0.000066516

0.000000596

0.5

0.007709344

0.000068292

0.000000633

0.6

0.007708729

0.000070068

0.000000671

0.7

0.007708115

0.000071844

0.000000709

0.8

0.007707500

0.000073620

0.000000748

0.9

0.007706887

0.000075395

0.000000788

ative error is quite small!!




Partll:g =7r=1

Retrial customers never give up



One term expansion

Lemma 5 We have lim,,— ~ nkr,g_n) (1=0,1,..., K —k—1) and

(n) (k) 1 1 L ,
TIX—k — 90 ?,1 —~_ O(_A) ]{; — 13 2. IR K.
where
oD _ & Qg]k:) _ VK —k+1 [(]A 1): k=23
H H

Lemma 6 We have the following result

nkTLl)’ k?€Z+.



Theorem 4 We have

n = k 1
TR)L_ZaE )( l) +(( h+m+1) m € N,

1=

k)

where 93( 15 recursively defined as follows.

min(K,m+1)
1 i
:E”) o Z: gr(n)—l—l ’E( 1)
1=2
(L+1)+_A4‘VR k (k)

(L,) VKK — k41 4(k—1)
m — TQ?R + 1 9}?1 2 [ ?H—l
m—1 .
+ Z o) (1) k=23, K,

where

J .
(k) _ (k+1), yj (B +1)j-i
PP



Further definitions

Furthermore, we have

T

(0) A ) (0)
O’ = ———0 m 1T Z{ﬁ m—} J—)?:

VI VK ;

where

O) Z@ 1) (ZJ —¢ )j: 7=12,...,m.

J—Z



Conclusion

e Conclusion

— Multiserver retrial queues with two type of
nonpersistent customers

— Level-dependent QBD formulation
— Taylor series expansion for the rate matrices
— Asymptotic analysis
— Numerical examples
* Future work
— More dense rate matrices
— Work in progress!!



