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@ Definition variable speed BBM

@ Extremal Process of variable speed BBM
© Elements of the proof:

» 1. Step: Extremal Process of two-speed BBM
» 2. Step: Gaussian Comparison
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Definition BBM

@ Start a Brownian motion x in 0.

o After an exponential holding time T the particle splits into k offspring
(according to a specified probability law).

@ Each of these performs independent Brownian motion starting at
x(T).

@ The new particles are subject of the same splitting rule.
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Definition BBM

@ Start a Brownian motion x in 0.

o After an exponential holding time T the particle splits into k offspring
(according to a specified probability law).

@ Each of these performs independent Brownian motion starting at
x(T).

@ The new particles are subject of the same splitting rule.

Picture by Matt Roberts, Bath
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Branching Brownian motion

Variable speed BBM

Let A:[0,1] — [0,1] be increasing. Define

Y2(s) = tA(s/t).

Brownian motion with speed function Y2 /

Br = Bya(s).
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Branching Brownian motion

Variable speed BBM

Let A:[0,1] — [0,1] be increasing. Define

Y2(s) = tA(s/t).

Brownian motion with speed function Y2 /

Br = Bya(s).

Variable speed BBM:
same splitting rules, but if a particle splits at time s < t:
law of movement independent copies of {BZ — BX }i>,>s
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Branching Brownian motion

Example for Gaussian process labelled by tree
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Branching Brownian motion

Example for Gaussian process labelled by tree

@ A time-homogeneous tree. Label
individuals at time t as

il(t), cee, in(t)(t)-
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Branching Brownian motion

Example for Gaussian process labelled by tree

@ A time-homogeneous tree. Label
individuals at time t as
il(t), cee, in(t)(t)-

@ Canonical tree-distance:
d(ig(t),ik(t)) = time of most recent
common ancestor of iz(t) and ix(t)
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Branching Brownian motion

Example for Gaussian process labelled by tree

@ A time-homogeneous tree. Label
individuals at time t as
il(t), ce in(t)(t)-

@ Canonical tree-distance:
d(ig(t),ik(t)) = time of most recent

common ancestor of iz(t) and ix(t)
@ For fixed time horizon t, define Gaussian

process, (x£(s), k < n(t),s < t), with
covariance

Exi(r)x{(s) = tA(t™ d(ix(r), ie(s)))

for A:[0,1] — [0, 1], increasing.
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Extremal Process of variable speed BBM

Question: Extreme value theory

o Is there a rescaling u¢(x), such that

P (krggé) xi(t) < ut(x)) — F(x)?
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Extremal Process of variable speed BBM

Question: Extreme value theory

o Is there a rescaling u¢(x), such that

P (kmaé) xi(t) < ut(x)) — F(x)?

<n

@ Is there a limiting extremal process, P, such that

D iy P?

k<n(t)
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Extremal Process of variable speed BBM

Extremal Process of variable speed BBM

Assumptions on A : [0,1] — [0, 1]:
e increasing, A(0) =0, A(1) =1
o below the identity: A(x) < x for
x € (0,1)
o A(0)=02<1
o A(l)=02>1

wyin| e J
snvesbon] o ..

Lisa Hartung (with Anton Bovier) IAM Bonn Variable speed branching Brownian motion



Extremal Process of variable speed BBM

Description of the extremal process

AR
pa——aL

Lisa Hartung (with Anton Bovier) IAM Bonn Variable speed branching Brownian motion



Description of the extremal process

Poisson Point Process: Py = ), 0p, = PPP (C(ae)nge_ﬁxdx> ,
where Y, is the limit of a martingale that only depends on !
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Description of the extremal process

Poisson Point Process: Py = ), 0p, = PPP (C(ae)nge_ﬁxdx> ,
where Y, is the limit of a martingale that only depends on !

Cluster process: {Xk(t)}<n(r) standard BBM,

At) = Zdik(t)—maxjgn(t)%’(f)'
k

drift V20,

conditioned on the event {max;<,(s) Xi(t) > V20et}
converges in law to point process, A.
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Description of the extremal process

Poisson Point Process: Py = ), 0p, = PPP (C(ae)nge_ﬁxdx> ,
where Y, is the limit of a martingale that only depends on !

Cluster process: {Xk(t)}<n(r) standard BBM,
A(t) = Zéik(t)—maxjs,,(t)ij(t)-
k

conditioned on the event {max;<,(s) Xi(t) > V20et}
converges in law to point process, A.

Cone & Z 6Pi+0’eAJ(-i), A jid copies of A
ijeN
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Extremal Process of variable speed BBM

Convergence of Extremal process
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Extremal Process of variable speed BBM -

Convergence of Extremal process

Theorem (Bovier, H. '13, '14)

Assume that A(x) < x,Vx € (0,1), A/(0) =02 <1, A(1) =02 > 1. Let
m(t) = ft——lnt

wyin| e J
uniestatbonl -

Lisa Hartung (with Anton Bovier) IAM Bonn Variable speed branching Brownian motion



Extremal Process of variable speed BBM -

Convergence of Extremal process

Theorem (Bovier, H. '13, '14)
Assume that A(x) < x,Vx € (0,1), A/(0) =02 <1, A(1) =02 > 1. Let
m(t) = ft——lnt Then

o P (maxeen(e) xk(£) — M(t) < x) — Be=C(oe)Yo,e™ V>
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Extremal Process of variable speed BBM -

Convergence of Extremal process

Theorem (Bovier, H. '13, '14)

Assume that A(x) < x,Vx € (0,1), A/(0) =02 <1, A(1) =02 > 1. Let
m(t) = ft——lnt Then

o P (maxkg,,(t) Xk(t) = ﬁ’l(t) < X) — Ee—C(ge)nge—ﬁX

© D k<n(t) In(t)—ri(t) = Eopoe = 22150 pitoeA’)
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Extremal Process of variable speed BBM

Convergence of Extremal process

Theorem (Bovier, H. '13, '14)

Assume that A(x) < x,Vx € (0,1), A/(0) =02 <1, A(1) =02 > 1. Let
m(t) = ft——lnt Then
o P (maxy<p(r) xk(t) — m(t) < x) — Ee—C(0e)Yop,e™>

© > k<n(t) Oxe(t)—rn(t) = Eopoe = D 5pf+aeA§-”

Universality of limiting objects:
Only depend on the slope of A at 0 and 1!

@ Poisson point process: depends on a% through RANDOM VARIABLE
Y,, and on o through a constant C(o%).

@ Cluster process: Only depends on o, !
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Extremal Process of variable speed BBM

ldea: 8
Use comparison for Laplace trans- "
forms with two-speed process; only
good approximation of covariance
near 0 and 1 needed. g

= Proof in two steps:
1. Extremal Process of two speed BBM
2. Gaussian Comparison
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Two-speed BBM

Let 02 < 1 and 02 > 1. Consider the two- |
speed BBM with speed
2 f < l_gg slope o
0-2(5)_ Ob» Or0<:_mt,
- 2 l—O'e slope 0°
os, for o t<s<t, -
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Two-speed BBM

Let 02 < 1 and 02 > 1. Consider the two- |
speed BBM with speed
2 f < 1ot "
0-2(5)_ Ob» Or0<:_mt,
- 2 1— < slope 0"
os, for Ug_‘;gt<s§ t, o
Theorem (Bovier, H. '13)
Then
o _ —V/2x
o P (maxkgn(t) xk(t) — m(t) < x) s ReCloe)Yo,e™V2
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Two-speed BBM

Let ai < 1 and ag > 1. Consider the two- |
speed BBM with speed

2
slope o

2 1-0?
g for0<s < ——5t
2 b 02—02 9
o (s) = 1
2

2
2 —0
os, for Ub_;g t<s<i,

slope 0"

Theorem (Bovier, H. '13)
Then

o P (maxi<n(e) x(t) — M(t) < x) — Ee=C7e)Yope ™

® Dksn(t) On(t)=in(e) = Eonoe = 2000y o A0
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Step 1.1: Localization

siope 7

---------

position

Localisation of the particles Vat

reaching extreme levels
@ at the time of the speed

change in a narrow (1/t)
gate around \/2bto?

@ stay in a tube Vit
V202s£0(s7), 3 <v <1
for s < bt

time

Figure: Path of extremal particle
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Step 1.1: Localization

siope 7

---------

position

Localisation of the particles R ¢
reaching extreme levels VoWt + V3ol - bt

@ at the time of the speed i

change in a narrow (v/t) |

gate around \/2bto? Ve et |

@ stay in a tube ! |

V202s£0(s7), 3 <v <1 1 :

bt t time

for s < bt

Figure: Path of extremal particle
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Step 1.1: Localization

siope 7

---------

position
Localisation of the particles va
reaching extreme levels
@ at the time of the speed
change in a narrow (1/t)
gate around \/Ebtag Vot
@ stay in a tube V2obt
2 1
V202s£0(s7), 3 <v <1 . e
for s < bt

Figure: Path of extremal particle
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Extremal Process of variable speed BBM

Step 1.2: FKPP-equation

stope

Oru(x, t) = éﬁiu(x, t) 4+ u— u?

Asymptotics of solutions of the FKPP equation at very large values ahead
of the travelling wave:

x =+/2(ce — 1)t + o(1)
u(t, V2t +x) ~ Coe)t 2 V232

position

V2t

~ V20%t(1 — b)

V2oibt

time
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Extremal Process of variable speed BBM

stope

Step 1.3: Martingale Convergence

Let Xk (s), k < n(s) be particles of a standard BBM .
Show convergence of the McKean martingale

n(s)
Ys,(s) = Z e~ s(1+oB)+V20u%(s)
i=1
For o <1 Y,,(s) is uniformly integrable!
Shown by truncated second moment method.

Count number
2
V2a3bt of particles!

.
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Extremal Process of variable speed BBM

Step 2: Convergence of Extremal Process
for general A

Tightness of extremal process: v/
Convergence of finite dimensional distributions:

for u € R,
n(t)
Nu(t) = Z Lt)—m(t)>u-
i=1
Lemma

For all k e N and uy,...,ux € R

(Nu(t), .. Nu ()} S (N, N Y

ast 7 oo.
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Extremal Process of variable speed BBM

Step 2.1: Gaussian Comparison

2)For general A that satisfies assumption:

Afz)

To establish convergence of finite di-
mensional distributions use Gaussian
comparison!  Only good approxima-
tion at 0 and 1 needed!
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Extremal Process of variable speed BBM

Step 2.1: Definition of auxiliary two-speed processes

Define two-speed BBM's with s
the same underlying Galton :
Watson tree: L — °
L
(}71? s 7}_/n(t))
(Xl’ T ’-Zn(t)) 0 time ' 0 time f
Galton-Watson tree Branching Bownian motion

o first order Taylor expansion around 0 and upper respectively lower
bound the remainder!

@ the same at 1 and bound remainder from below respectively above!
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Extremal Process of variable speed BBM

Step 2.1: Definition of auxiliary two-speed processes

Define two-speed BBM's with
the same underlying Galton
L
L

00T O

Watson tree:

(}71? s 7}_/n(t))
(Xl""’xn(t))

§

) time J ) time

Galton-Watson tree Branching Bownian motion

o first order Taylor expansion around 0 and upper respectively lower
bound the remainder!
@ the same at 1 and bound remainder from below respectively above!

Lemma
The extremal processes of (yy,...,¥n)) and (y,, - .. ’Xn(t)) BOTH
converge to &, 5.
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Step 2.3: Gaussian Comparison
We want to compare the Laplace functionals of original process and
()_/17 ce ’.Vn(t))!

= function of particle positions at time t!
Compare the difference

Eg (f(x1(t), -, xn(5) (1)) — Ep (f(71(f)a ces 7}_/n(t)(t))> :

where Eg denotes expectation w.r.t. particle movement (tree fixed).
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Step 2.3: Gaussian Comparison
We want to compare the Laplace functionals of original process and
()_/17 ce ’.Vn(t))!

= function of particle positions at time t!
Compare the difference

Eg (F(a(t), - xa(e)(£)) — Es (FFA(), - T (1))
where Eg denotes expectation w.r.t. particle movement (tree fixed).
Using the interpolating process with speed function

T2(s) = hT2(s) + (1 — )T (s).

this is equal to
e dh
EB( | %f(x (1)) >
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Extremal Process of variable speed BBM

Step 2.3: Gaussian Comparison

Now as in the normal Gaussian comparison, we would get

n(t) 2F(xh
>~ [EaCu(e)(e) - Balr(oyr )] Ea (L)

=1
i#j
Looks like a second moment! Would like to take expectation w.r.t tree
structure and simple bounds...!
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Extremal Process of variable speed BBM

Second moment type computation

BUT that has to be done in a clever way:
Introduce localization [Needs justification!!!]

n(t)
>~ [=aCulebs ) ~ B (05,0 e (e, TrED)

PShs2 Oxi0x;
,‘:j:'l t,I,Zh I i
i#

Localization of Brownian bridge

e Motion of single particle

= Time change of BM

> _
BE = By ().
. AL ./
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Extremal Process of variable speed BBM

Monotonicity around 0 and t

sign sign
~ —=

Localization

Genealogical distance d(zi(t),z(t))

Green region: Using localization show that terms in sum are o(1).
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Extremal Process of variable speed BBM

Monotonicity around 0 and t

sign sign
~ —=

Localization

Genealogical distance d(zi(t),z(t))

Green region: Using localization show that terms in sum are o(1).
Red region:
Eg(xi(t)xi(t)) — Es(yi(t)y;(t)) <0

and o
FIO()
oxi0x;  —

= Upper and lower bound on corresponding terms in the sum!
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Extremal Process of variable speed BBM

Thank you for your attention!
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