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The equations

Nonlocal interaction equation Conservation law
Ocit = O, (u(0 W * w)) 0,F +0d,g(F)=0
to € P,(R) Fo € L(R)
W(x) = +|x| g(F) = +(F? = F)

I In general solutions are not unique !



How are they connected?

F(x) = F,(x) = p((~0,x])

8, * p = f sign(x — y)du(y)
R

X
=2 fd,u(y)—1=2F—1



How are they connected?

F(x) = E,(x) = p((—o0,x])

8, * p = f sign(x — y)du(y)
R

X
=2 fd,u(y)—lzZF—l

orp = O, (u(tsign* ) ———= 0.F + 8, (F2—F) =0

X




Well-posedness

* Nonlocal interaction equation (u a.c.)

{at.u + 0, (vu) =0
v=—0,Wx*pu

Wasserstein Gradient Flow for
1
200 = 5 [ W = »dutdu)

e Conservation law (g convex )

0;F+0,9g(F)=0
+Oleinik condition = Entropy Solution



Time reversal

Wasserstein gradient flow

Entropy solution
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Questions

e Solutions equivalent? (A)
fo < > I

define
—

evolve

into + @ﬁ
e < »  F

e What do we gain if equivalence holds?
e Condition inside W-gradient flow?
e Why non-invariance under time reversal?



Answers

* Prove the equivalence

e Particle approximation

e Characterization of 0€



Outline

e Equivalence

1. Well-posedness

2. Pseudo-inverse

3. Sketch of the proof

* Particle approximation via wave-front-tracking
e Characterization of 0€



Entropy solution

g(F) =+(F*—-F) F, € L®(R) non decreasing

F € L*(]0,4),R) is entropy solution if

F=F0 t=0

And, when g is convey, it satisfies the Oleinik condition

C
F(x+2zt)—F(xt) S?z



Entropy solution

g(F) =+(F*—-F) F, € L®(R) non decreasing

F € L*([0,+), R) is entropy solution if

F=F0 t=0

And, when g is convey, it satisfies the Oleinik condition

C
F(x+2zt)—F(xt) S?z

Proposition
Given Fj, then there exists a unique entropy solution F;
starting from X,. Moreover, |Fy; — Fo: |1 < |F1 o — F20l1.




Entropy solution

L
Fo(x)={£R iig with FL < FR

g=F—F?

g(F1)-g(F®)
FL_ER

R-H= x(t) =

FL x < (1—FR—FL)t

Flxt) = {FR x> (1—FR - Fby



Entropy solution

L
Fo(x)={£R iig with FL < FR

g=F?-F

Oleinik condition

(FL x < (=14 2FH)t
x+t

2t
FR x> (—1+ 2FR)t

F(x,t) = <

<X <L




Wasserstein gradient flow

« d7 (p,n) = inf{f |x — y|?dy | y transport plan p - p }

e Let E:P,(R) - (—0,+], u € D(E) and k € L?(u), then
kedE(u)ifvp

€(p) — €() > inf, f K@) — 0)dy + o(d (0, 1))



Wasserstein gradient flow

dé (p,u) = inf{[ |x — y|?dy | y transport plan p - p }
Let £: P,(R) — (—o0,+], u € D(E) and k € L*(u), then
kedE(u)ifvp

€(p) — €() > inf, j K@) — 0)dy + o(d (0, 1))

Let £(u) = - | W(x — y)du(x)du(y) with W (x) = £[x|,
then u; is a W-gradient flow for € if
{at.ut + 0 (Vepte) = 0
v, = —0°E(uy)



Wasserstein gradient flow

Proposition (existence and uniqueness of W-gf)

Let uy, € P,(R), then there exists a unique gradient flow for the
functional €.

Moreover, for two given solutions y; and v;

dy (e, ve) < dy (o, Vo).
Moreover, for W = —|x| andfort > 0, u; < L.

Proposition
Let u < L, then

9%€(n) = f tsign (x —y)du(y)

XFYy

Carrillo, Di Francesco, Figalli, Slepcev, Laurent
GAB, Master thesis, supervisor G. Savare



Equivalence

?
Entrqpy < : > W-gradient flow
solution




Equivalence

?
Entrqpy < ‘ > W-gradient flow
solution

L*-gradient flow for pseudo-inverse



Pseudo-Inverse

« K:== {f €12((0,1)) | f is non—decreasing}

\. ./

X,(s) = 1nf{x F,(x) > S}

= p((—0,x])

e Change of variable formula

1
[ 9eane = [ 9(xu(s))as
R 0



L*-gradient flow

£(X) :=% ﬂ W(X(s) — X(z))dsdz
[0,1]2

(0 ifXeK
I (X) = {+00 otherwise

A curve X, is a L*-gradient flow if

Proposition

Let X, € K, then 3! gradient flow solution X; starting from X,.
Moreover, given X; and X,, then || X1 — X;2]| < [|1X1 — X3l

Moreover for W (x) = —|x| the solution X; is strictly increasing.



Comparison

Wasserstein gradient flow

Entropy solution

L? gradient flow

% 4 _H 4

Repulsive




Sketch of the proof

* Finite combination of delta measures
N
Ho = 2 m]6x]
j=1

N

XG50 = ) 5500 X[y, ;) )

j=1

Attractive case

0 (6) = = ) mysign(x(8) - x,(6))
k

N
- F(x, t) - ‘Ll,t((—OO, x]) — Z ij[xj(t),+oo)
j=1



Sketch of the proof

Repulsive case

1

X(s,t) =Xy(s)+t(2s —1) » F(x,t) = f X (—o0,x] (X(S, t))ds

0

Oleinik condition

F(x+2zt)—F(xt) =
{52 = sup {s

rl

J X(X,X+Z] (X(S, t))ds — SZ — Sl

0

X(s,t) € (x,x + z|}

st =inf{s | X(s,t) € (x,x + z]}

= F(x+2zt)—F(x,t)=s?2—5s' <

X(s%,t) — X(st,t) _Z
2t 2t




Sketch of the proof

e General initial measure

1- Approximate initial data py with ug
Fy with FyY
X, with XY

2- Contractivity properties

3- ‘F/,L_Fv‘lde1(U:V) & ||XV_X,LL||:dW(.u»V)




Equivalence of the three solutions

Theorem

Let W(x) = £|x|, g(F) = £(F? = F), po€ P,(R), Fo(x) =
to((—0,x]) and X, the pseud-inverse of Fy. Given u, absolutely
continuous curve, the following are equivalent

1. u;isthe unique Wasserstein gradient flow for € with initial
condition ug,

2. F(x,t) = us;((—o0,x]) isthe unique entropy solution with
initial condition F,

3. X.(s) =inf{x | F(x,t) > s} is the unique L*-gradient flow
for € + Ix with initial condition X|,



Particle approximation

e Attractive case W(x) = |x|

Lo = 2 rr1]8X]

j=1
N
0xi(0) = = ) mysign(x(6) - x(1))
k=1

... done ...



Particle approximation

* Repulsive case W (x) = —|x|
Immediate regularization!

How to avoid it?



Wave front tracking

1. Approximate initial data F, = Fy'
2. Approximate the flux g —» gV
3. Solve the equation 0, FN + 0, gN(FN) =0

g™ (F) F (z)
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Wave front tracking

Theorem

N —
He = Nz5x”<t>

1
0o () = = ) sign(x (&) — xf (1))

J

Remark: avoid regularization + split delta



Extended subdifferential

Proposition

Let u € P,(R) and W(x) = —|x|. If exists y
such that u({y}) > 0 then 0€ = @.




Extended subdifferential

Proposition
Let u € P,(R) and W (x) = —|x]|. If exists y
such that u({y}) > 0 then 9€ = 0.

Definition (Extended sub-differential)
Yy € 0E(w) if (m1)4y = 1 and

E(v) — E(1) = inf f x> (x5 — x1)dp + 0(dy)
R3




Extended subdifferential

Given a measure 4 = v + »m;8y,, theny € 0E(u)

1
YOoY) = ) 56 ® xa, + (1® (2F = D) v

plx, t)

Y

¥(x,y,t)




Open questions

Equivalence for (more) general W
W-gf for non A-convex interaction in nD
Wave-front-tracking approach for other cases



Thank you for the attention
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