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The Poisson process

I a measurable space with a σ-finite measure µ
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The Poisson process

I decomposition into measurable set Bi with finite µ-measure
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The Poisson process

I Poisson random variables Ni with mean µ(Bi )
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The Poisson process

I X1, . . . ,XNi
random points distributed according to µ( · |Bi )

Christoph Thäle Ruhr University Bochum Functional Poisson approximation



The Poisson process

I Poisson process (better: random point field) with control µ
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Random polytopes
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Random polytopes
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Question

What happens asymptotically with the diameter?
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Random polytopes

Hypothesis

Points are distributed to a Poisson process ηt with control tK

Definition

I The number of points is a Poisson rv (t K(Sd−1))

I Given the number of points, they are independently drawn
with distribution K
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Rescaling : γ = 4/(d − 1)

Mecke’s formula (special case)

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)
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Rescaling : γ = 4/(d − 1)

Mecke’s formula (special case)

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Mean number of points (after rescaling)

1

2
E
∑

x 6=y∈ηt

12−‖x−y‖≤βt−γ =
t2

2

∫∫
Sd−1⊗Sd−1

12−‖x−y‖≤βt−γdxdy
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Rescaling : γ = 4/(d − 1)

Mecke’s formula (special case)

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Mean number of points (after rescaling)

1

2
E
∑

x 6=y∈ηt

12−‖x−y‖≤βt−γ =
t2

2

∫∫
Sd−1⊗Sd−1

12−‖x−y‖≤βt−γdxdy

Geometry

Vd−1(Sd−1 ∩ Bd√
2βt−γ

(y)) = κd−1(2βt−γ)(d−1)/2 + error
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Rescaling : γ = 4/(d − 1)

Mecke’s formula (special case)

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Mean number of points (after rescaling)

1

2
E
∑

x 6=y∈ηt

12−‖x−y‖≤βt−γ =
t2

2

∫∫
Sd−1⊗Sd−1

12−‖x−y‖≤βt−γdxdy

Geometry

Vd−1(Sd−1 ∩ Bd√
2βt−γ

(y)) = κd−1(2βt−γ)(d−1)/2 + error
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Schulte/T. (2012) based on Peccati (2011)

∣∣P(t4/(d−1)diamt > x)− e−
d
2
κdκd−1x

(d−1)/2∣∣ ≤ C t−min(4/(d−1),1/2)
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Random geometric graphs

Question

What happens asymptotically with the order-statistic of all edge
lengths?
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Random geometric graphs

Question

What happens asymptotically with the order-statistic of all edge
lengths?
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Random geometric graphs

Question

What happens asymptotically with the order-statistic of all edge
lengths?
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Random geometric graphs

Question

What happens asymptotically with the order-statistic of all edge
lengths?
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Rescaling : γ = 2/d

Mecke’s formula

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Christoph Thäle Ruhr University Bochum Functional Poisson approximation



Rescaling : γ = 2/d

Mecke’s formula

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Mean number of points (after rescaling)

1

2
E
∑

x 6=y∈ηt

1‖x−y‖≤min(βt−γ ,δt) =
t2

2

∫∫
W⊗W

1‖x−y‖≤min(βt−γ ,δt)dxdy
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Rescaling : γ = 2/d

Mecke’s formula

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Mean number of points (after rescaling)

1

2
E
∑

x 6=y∈ηt

1‖x−y‖≤min(βt−γ ,δt) =
t2

2

∫∫
W⊗W

1‖x−y‖≤min(βt−γ ,δt)dxdy

Geometry

Vd(W ∩ Bd
min(βt−γ ,δt)

(y)) = κd(min(βt−γ , δt))d + error
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Rescaling : γ = 2/d

Mecke’s formula

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Mean number of points (after rescaling)

1

2
E
∑

x 6=y∈ηt

1‖x−y‖≤min(βt−γ ,δt) =
t2

2

∫∫
W⊗W

1‖x−y‖≤min(βt−γ ,δt)dxdy

Geometry

Vd(W ∩ Bd
min(βt−γ ,δt)

(y)) = κd(min(βt−γ , δt))d + error
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Schulte/T. (2012) based on Peccati (2011)

ξt := {‖x − y‖ : (x , y) ∈ η2t,6=, ‖x − y‖ ≤ δt} with t2/dδt →∞

t2/dξt =⇒ suitable PPP
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Random simplices

Question 3

How does the ‘point pattern’ on R+ of all simplex volumes behave
asymptotically, as ]points→∞?
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Random simplices

Question 3

How does the ‘point pattern’ on R+ of all simplex volumes behave
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Christoph Thäle Ruhr University Bochum Functional Poisson approximation



Random simplices

Question 3

How does the ‘point pattern’ on R+ of all simplex volumes behave
asymptotically, as ]points→∞?
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Random simplices

Question 3

How does the ‘point pattern’ on R+ of all simplex volumes behave
asymptotically, as ]points→∞?
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Random simplices

Question (Grimmett/Janson 2003 for minimum and d = 2)

What happens asymptotically with the order-statistic of all simplex
volumes?
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Rescaling : γ = d + 1

Mecke’s formula

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)
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Rescaling : γ = d + 1

Mecke’s formula

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Mean number of points (after rescaling)

1

(d + 1)!
E

∑
(x1,...,xd+1)∈ηd+1

t,6=

1Vd ([x1,...,xd+1])≤βt−γ

=
td+1

(d + 1)!

∫
W⊗(d+1)

1Vd ([x1,...,xd+1])≤βt−γd(x1, . . . , xd+1)
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Rescaling : γ = d + 1

Mecke’s formula

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Mean number of points (after rescaling)

1

(d + 1)!
E

∑
(x1,...,xd+1)∈ηd+1

t,6=

1Vd ([x1,...,xd+1])≤βt−γ

=
td+1

(d + 1)!

∫
W⊗(d+1)

1Vd ([x1,...,xd+1])≤βt−γd(x1, . . . , xd+1)

Geometry

Fix the first d points and apply Blaschke-Petkanschin → t−γ
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Rescaling : γ = d + 1

Mecke’s formula

E
∑

(x1,··· ,xk )∈ηkt,6=

f (x1, . . . , xk) = tk
∫

f (x1, · · · , xk)Kk(dx1, · · · , dxk)

Mean number of points (after rescaling)

1

(d + 1)!
E

∑
(x1,...,xd+1)∈ηd+1

t,6=

1Vd ([x1,...,xd+1])≤βt−γ

=
td+1

(d + 1)!

∫
W⊗(d+1)

1Vd ([x1,...,xd+1])≤βt−γd(x1, . . . , xd+1)

Geometry

Fix the first d points and apply Blaschke-Petkanschin → t−γ
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Schulte/T. (2012) based on Peccati (2011)

ξt := {Vd([x1, . . . , xd+1]) : (x1, . . . , xd+1) ∈ ηd+1
t,6= }

td+1ξt =⇒ homogeneous PPP with intensity

dκd
d + 1

∫
[W ]

Vd−1(K ∩ H)d+1 dH (= 2V2(W )2, d = 2).
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Schulte/T. (2012) based on Peccati (2011)

ξt := {Vd([x1, . . . , xd+1]) : (x1, . . . , xd+1) ∈ ηd+1
t,6= }

td+1ξt =⇒ homogeneous PPP with intensity

dκd
d + 1

∫
[W ]

Vd−1(K ∩ H)d+1 dH (= 2V2(W )2, d = 2).

What about the speed of convergence measured by a
suitable point process distance?
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Convergence in distribution

Definition

(Xn, n ≥ 1) random variables with values in Y converge in
distribution to X whenever

Ef (Xn)
n→∞−−−→ Ef (X )

for all f continuous and bounded on Y.

Equivalently ∫
Y
f (y) dPXn(y)

n→∞−−−→
∫
Y
f (y) dPX (y)
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Configuration space

Definition

A configuration ω is a locally finite set of particles (points)
{y1, y2, . . .} on a Polish space Y.

ω =
∑
y∈ω

δyi =⇒
∫

f dω =
∑
y∈ω

f (y)
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Configuration space

Definition

A configuration ω is a locally finite set of particles (points)
{y1, y2, . . .} on a Polish space Y.

ω =
∑
y∈ω

δyi =⇒
∫

f dω =
∑
y∈ω

f (y)

Vague topology

ωn
vaguely−−−−→ ω ⇐⇒

∫
f dωn

n→∞−−−→
∫

f dω

for all f from Y to R continuous with compact support
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Configuration space

Definition

A configuration ω is a locally finite set of particles (points)
{y1, y2, . . .} on a Polish space Y.

ω =
∑
y∈ω

δyi =⇒
∫

f dω =
∑
y∈ω

f (y)

Vague topology

ωn
vaguely−−−−→ ω ⇐⇒

∫
f dωn

n→∞−−−→
∫

f dω

for all f from Y to R continuous with compact support

Be careful!

δn
vaguely−−−−→ ∅
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Convergence in distribution

Question

E
[
F
(
PPP(M)

)]
− E

[
F
(
tγT (PPP(tK)

)] t→∞−−−→ 0

for all F bounded and continuous on NY ?
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Convergence in distribution

Question

E
[
F
(
PPP(M)

)]
− E

[
F
(
tγT (PPP(tK)

)] t→∞−−−→ 0

for all F bounded and continuous on NY ?

Theorem

It is sufficient to choose

F (ω) = ψ
(∫

f dω
)

with ψ : R→ R bounded and continuous, f : Y→ R continuous
with compact support
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Lipschitz functionals

Distance between configurations

distTV(ω, η) = number of different points
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Lipschitz functionals

Distance between configurations

distTV(ω, η) = number of different points

Definition

F : NY → R is TV–Lip1 if

|F (ω1)− F (ω2)| ≤ distTV(ω1, ω2)

Christoph Thäle Ruhr University Bochum Functional Poisson approximation



Lipschitz functionals

Distance between configurations

distTV(ω, η) = number of different points

Definition

F : NY → R is TV–Lip1 if

|F (ω1)− F (ω2)| ≤ distTV(ω1, ω2)

Examples

I ω 7→ ω(A)

I ω 7→
∑

x∈ω f (x) with ‖f ‖∞ ≤ 1

I ω 7→ maxx∈ω f (x) with ‖f ‖∞ ≤ 1/2
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The distance - Link to optimal transport

P, Q probability measures on NY

Definition (Rubinstein distance)

dR(P,Q) := inf
C∈Couplings(P,Q)

∫
NY×NY

dTV(ω1, ω2) C(d(ω1, ω2))
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The distance - Link to optimal transport

P, Q probability measures on NY

Definition (Rubinstein distance)

dR(P,Q) := inf
C∈Couplings(P,Q)

∫
NY×NY

dTV(ω1, ω2) C(d(ω1, ω2))

Definition (after Kantorovitch-Rubinstein duality theorem)

dR(P,Q) = sup
F∈TV–Lip1

(
EPF − EQF

)
,
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The distance - Link to optimal transport

P, Q probability measures on NY

Definition (Rubinstein distance)

dR(P,Q) := inf
C∈Couplings(P,Q)

∫
NY×NY

dTV(ω1, ω2) C(d(ω1, ω2))

Definition (after Kantorovitch-Rubinstein duality theorem)

dR(P,Q) = sup
F∈TV–Lip1

(
EPF − EQF

)
,

Theorem (Decreusefond/Schulte/T.)

dR(Pn,Q)
n→∞−−−→ 0 =⇒ Pn

distr.−−−→ Q
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Set-up

Our set-up

I Pt : PPP with control tK on C ⊂ X
I f : dom f = symm. subset of C k −→ Y
I a transformation

T (
∑
x∈ηt

δx) =
∑

(x1,··· ,xk )∈ηkt,6=

δtγ f (x1,··· ,xk ) := ξt(η)

I f #K : image measure of (tK)k under f

I M: control of the target Poisson PP
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Stein’s method

What we have to compute

sup
F∈TV–Lip1

E
[
F
(
PPP(M)

)]
− E

[
F
(
T#(PPP(tK)

)]
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Stein’s method

What we have to compute

sup
F∈TV–Lip1

E
[
F
(
PPP(M)

)]
− E

[
F
(
T#(PPP(tK)

)]
The main tool

Construct a Markov process (X (s), s ≥ 0)

I with values in configuration space

I ergodic with PPP(M) as invariant distribution

X (s)
distr .−−−→ PPP(M)

for all initial condition X(0)

I for which PPP(M) is a stationary distribution

X (0)
distr.
= PPP(M) =⇒ X (s)

distr.
= PPP(M), ∀s > 0
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Realization of a Glauber process

Y

time0

X (s)

sS1 S2

I S1,S2, . . . : Poisson process with control M(Y) ds

I points are placed according to M( · |Y)

I Lifetimes : Exponential rv with mean 1

I Remark : Number of particles ∼ M/M/∞ queue
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Properties

Theorem

I X (s)=PPP((1− e−s)M) + e−s -thinning of the i.c.

I X (s)
s→∞−−−→ PPP(M)

I If X (0)
distr.
= PPP(M) then X (s)

distr.
= PPP(M)

I Generator

LF (ω) :=

∫
Y
F (ω + δy )− F (ω) M(dy)

+
∑
y∈ω

F (ω − δy )− F (ω)
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Stein representation formula

Definition

PtF (ω) = E[F (X (t)) |X (0) = ω]
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Stein representation formula

Definition

PtF (ω) = E[F (X (t)) |X (0) = ω]

Fundamental Lemma∫
F (ω)PPPM(dω)− F (ξ) =

∫ ∞
0

LPsF (ξ)ds
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Stein representation formula

Definition

PtF (ω) = E[F (X (t)) |X (0) = ω]

Fundamental Lemma∫
F (ω)PPPM(dω)− F (ξ(η)) =

∫ ∞
0

LPsF (ξ(η))ds
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Stein representation formula

Definition

PtF (ω) = E[F (X (t)) |X (0) = ω]

Fundamental Lemma∫
F (ω)PPPM(dω)− EF (ξ(η)) = E

∫ ∞
0

LPsF (ξ(η))ds
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What we have to compute

Distance representation

dR(PPP(M),T#(PPP(tK)))

= sup
F∈TV–Lip1

(
E

∫ ∞
0

∫
Y

[PsF (ξ(ηt) + δy )− PsF (ξ(ηt))] M(dy) ds

+ E

∫ ∞
0

∑
y∈ξ(ηt)

[PsF (ξ(ηt)− δy )− PsF (ξ(ηt))] ds
)
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Mecke formula

Mecke formula (general case)

Let ζ be a PPP(M). Then

E
∑
y∈ζ

f (y , ζ) =

∫
Y

Ef (y , ζ + δy ) M
(
dy)

(This is a characterization of PPP(M)!)
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Mecke formula

Mecke formula (general case)

Let ζ be a PPP(M). Then

E
∑
y∈ζ

f (y , ζ) =

∫
Y

Ef (y , ζ + δy ) M
(
dy)

(This is a characterization of PPP(M)!)
Multivariate form

E
k∑

(y1,...,yk )∈ζ 6=

f (y1, . . . , yk , ζ)

=

∫
Yk

Ef (y1, . . . , yk , ζ + δy1 + . . .+ δyk ) Mk
(
d(y1, . . . , yk))
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Generic Theorem

Theorem

dR(PPP(M), ξ(η)) ≤ 2dTV(f #Kk ,M) +
2k+1

k!
r(domf )

where

r(domf ) := sup
1≤`≤k−1

∫
X`

(∫
Xk−`

1((x1, . . . , x`, y1, . . .

. . . , yk−`) ∈ domf ) Kk−`(d(y1, . . . , yk−`))
)2

Kk(d(x1, . . . , x`))
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Random geometric graphs (cont’d)

ξt,a :=
1

2

∑
(x ,y)∈η2t,6=

δ‖x−y‖ 1(‖x − y‖ ≤ min{δt , t−2/da})

t2/dδt →∞

Theorem (Edge lengths)

dR(t2/dξt |[0,a],PPP(M)|[0,a]) ≤ Ca t
−min{2/d ,1}
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Random geometric graphs (cont’d)

ξt,a :=
1

2

∑
(x ,y)∈η2t,6=

δ(x+y)/2 1(‖x − y‖ ≤ min{δt , t−2/da})

t2/dδt →∞

Theorem (Edge midpoints)

dR(t2/dξt ,PPP(M)) ≤ Ca t
−min{2/d ,1}
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Random simplices (cont’d)

ξt :=
1

k!

∑
(x1,...,xd+1)∈ηd+1

t,6=

δVd ([x1,...,xd+1])

Theorem

dR(td+1ξt |[0,a],PPP(M)|[0,a]) ≤ Ca t
−1
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Malliavin-Stein method

Final comments
I You can also start with a binomial input.

I You can do this also for certain Gibbs processes.

I The method works perfectly in geometric applications!

Thank you!
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