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I The Poisson process

» a measurable space with a o-finite measure p
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I The Poisson process

» decomposition into measurable set B; with finite u-measure
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I The Poisson process

Oao

» Poisson random variables N; with mean u(B;)
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I The Poisson process

s

» Xi,..., Xy, random points distributed according to y( - |B;)
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I The Poisson process

» Poisson process (better: random point field) with control u
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B Random polytopes
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B Random polytopes
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What happens asymptotically with the diameter?
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B Random polytopes

Points are distributed to a Poisson process 7; with control tK l

Definition

» The number of points is a Poisson rv (t K(S971))

» Given the number of points, they are independently drawn
with distribution K
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B Rescaling : v =4/(d —1)

Mecke's formula (special case)

E Z f(Xl,. .. 7Xk) = tk/f(Xl, oo ,xk)Kk(dxl, oo ,ka)

(le"' 7Xk)€nf,#
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B Rescaling : v =4/(d —1)

Mecke's formula (special case)

E Z f(X]_,. .. ,Xk) = tk/f(xl, cee ,xk)Kk(dxl, cee ,ka)

(Xla"' ’Xk)enf,-f/

v

Mean number of points (after rescaling)

1 t?
5E 2 Lojyican = 5 / /S sorggos 12 eylispedxdy

XFEYyEN:
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B Rescaling : v =4/(d —1)

Mecke's formula (special case)

E Z f(Xl,. .. 7Xk) = tk/f(Xl, ce ,xk)Kk(dxl, ce ,ka)

(le“' 7Xk)€77f~(’#

v

Mean number of points (after rescaling)

1 t2
SE D lojyzpen = / / ey Loy < dxdy
XFYENt §771®S

A

Vg_1(S971n B‘j/%?(y)) = kg_1(28t7)4D/2 1 epror
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B Rescaling : v =4/(d —1)

Mecke's formula (special case)

E Z f(Xl,. .. 7Xk) = tk/f(Xl, ce ,xk)Kk(dxl, ce ,ka)

(le“' 7Xk)€77f~(’#

v

Mean number of points (after rescaling)

1 t?
SE D lojyzpen = / / ey Loy < dxdy
XFYENt §771®S

A

(d-1)

/2 -+ error

d—1 ~ pd -
Va-1 (S9N B\/W(Y)) = Kq-1(2Bt77)




Schulte/T. (2012) based on Peccati (2011)

IP(¢4/(4Ddiam, > x) — e~ 2rma-1xTV2) < ¢ ¢ min(4/(d-1).1/2)
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I Random geometric graphs
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I Random geometric graphs

Christoph Thile Ruhr University Bochum Functional Poisson approximation



I Random geometric graphs
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I Random geometric graphs

What happens asymptotically with the order-statistic of all edge
lengths?
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I Rescaling : v =2/d

Mecke's formula

E Y fla,...,x)= fk/f(xla-“ ,xi ) KK (dxq, -+, dxk)

(le"' 7Xk)e77é(,¢

Christoph Thile Ruhr University Bochum Functional Poisson approximation



I Rescaling : = 2/d

Mecke's formula

E Z f(Xl,. .. 7Xk) = tk/f(Xl, e ,xk)Kk(dxl, s ,ka)

(le“' 7Xk)€77f~(’#

v

Mean number of points (after rescaling)

1 t2
5E D Lxoyl<mingse) = 5 / / Ljxy | <min(ge=,5,)dxdy
xXFEyEnt wew

v
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I Rescaling : v =2/d
Mecke's formula

E Z f(X]_,. .. ,Xk) = l’k/f(Xl, cee ,xk)Kk(dxl, cee ,ka)

(le"' ’Xk)enfy-f/

| A\

Mean number of points (after rescaling)

1 _t
5 E D Ly <min(8e=,5) // ]'Hx —y||<min(gt=7,6,)dxdy
XFyent

Va(W N Biin(se— 60y (¥)) = wa(min(Bt ™7, 8¢)) + error
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I Rescaling : v =2/d
Mecke's formula

E Z f(X]_,. .. ,Xk) = l’k/f(Xl, cee ,xk)Kk(dxl, cee ,ka)

(le"' ’Xk)enfy-f/

| A\

Mean number of points (after rescaling)

1 _t
5 E D Ly <min(8e=,5) // ]'Hx —y||<min(gt=7,6,)dxdy
XFyent

Va(W N Biin(se— 60y (¥)) = wa(min(Bt 7, 8:)) + error
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Schulte/T. (2012) based on Peccati (2011)

S = {llx = yll - () € s lix =y < 6} with £2/6; — o

t2/9¢, = suitable PPP
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I Random simplices
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I Random simplices
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I Random simplices
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I Random simplices
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I Random simplices

Question (Grimmett/Janson 2003 for minimum and d = 2)

What happens asymptotically with the order-statistic of all simplex
volumes?
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I Rescaling : v =d+1

Mecke's formula

E Y fla,...,x)= fk/f(xla-“ ,xi ) KK (dxq, -+, dxk)

(le"' 7Xk)e77é(,¢
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I Rescaling : v =d+1

Mecke's formula

E Z f(X]_, Xk) =t /f(Xl, , X (Xm, ,ka)

(le"' ’Xk)enﬁ#

Mean number of points (after rescaling)

1
(d +1)! E Z lVd([X17~-~,Xd+1])Sﬁt_7
(X1,-~~’Xd+1)€77f’,;1
td+1

= m /W®(d+l) 1Vd([Xl,m,XdJr]_])SBt_'Yd(X]-7 ce. 7Xd+1)
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I Rescaling : v =d+1
Mecke's formula

E ) fla...,x)= tk/f(Xla“' ,xi ) KK (dx, -+, dx)

(le'“ 7Xk)€77f~(’#

v

Mean number of points (after rescaling)

1
CESILIDS

L, (b, xg 1)) <t

(X1,...,Xd+1)€77i;1

(d+1)!

1 —d .
/W®(d+1) Vallxt, g ) <Be=79(XL, - Xd41)

v

Fix the first d points and apply Blaschke-Petkanschin — ¢t=7 I
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I Rescaling : v =d+1
Mecke's formula

E ) fla...,x)= tk/f(Xla“' ,xi ) KK (dx, -+, dx)

(le'“ 7Xk)€77f~(’#

v

Mean number of points (after rescaling)

1
CESILIDS

L, (b, xg 1)) <t

(X1,...,Xd+1)€77i;1

(d+1)!

1 —d .
/W®(d+1) Vallxt, g ) <Be=79(XL, - Xd41)

v

Fix the first d points and apply Blaschke-Petkanschin — ¢t=7 I
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Schulte/T. (2012) based on Peccati (2011)

o= {Va(la, .. xg41]) - (1,5 xap1) € 05t
t9+1¢, — homogeneous PPP with intensity
d
fd / Va_i(K N H)EAH (= 2Va(W)2, d = 2).
d+1 (W]
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Schulte/T. (2012) based on Peccati (2011)

o= {Vallxa, - xa1]) - (s xap1) € 02

thft —> homogeneous PPP with intensity

dky
d+1

/ Va_t(KNH)TYdH (= 2W(W)?, d =2).
(W]

What about the speed of convergence measured by a
suitable point process distance?
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I Convergence in distribution

Definition
(Xn, n > 1) random variables with values in Y converge in
distribution to X whenever

Ef(X,) —= Ef(X)
for all f continuous and bounded on Y. )

Equivalently

[ £ = [ () dpe)
Y

Y

Christoph Thile Ruhr University Bochum Functional Poisson approximation



I Configuration space

A configuration w is a locally finite set of particles (points)
{y1,¥2,...} on a Polish space Y.

w225y,:>/fdw:z:f(y)

yew YEW
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I Configuration space

A configuration w is a locally finite set of particles (points)
{y1,¥2,...} on a Polish space Y.

w=)Y 4, :/fdw—zf(Y)

yYEw YEw

Vague topology

[ i [ 0

for all f from Y to R continuous with compact support
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I Configuration space

A configuration w is a locally finite set of particles (points)
{y1,¥2,...} on a Polish space Y.

széyiz/fdw:Zf(y)

yew yew

v

Vague topology
wnww@)/fdwnm fdw

for all f from Y to R continuous with compact support

v

Be carefull

vaguel
Sp — 0

v
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I Convergence in distribution

E|F(PPP(M))| - E|F(£T(PPP(tK)) | <% 0

for all F bounded and continuous on Ny ?
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I Convergence in distribution

E[F(PPP(M))} - E[F(tVT(PPP(tK))] LRENT)

for all F bounded and continuous on Ny 7

Theorem

| A

It is sufficient to choose

F(w) :¢( / fdw)

with ¢ : R — R bounded and continuous, f : Y — R continuous
with compact support
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I Lipschitz functionals

Distance between configurations

distTv(w,n) = number of different points
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I Lipschitz functionals

Distance between configurations

distty(w,n) = number of different points

Definition
F : Ny — R is TV-Lip, if

\F(wl) — F(w2)| < diStTv(wl,wg)
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I Lipschitz functionals

Distance between configurations
distty(w,n) = number of different points

F : Ny — R is TV-Lip; if

|F(w1) — F(w2)| < distty (w1, w2)

v

Examples
> w— w(A)
> Wi Yo e F(x) with [[fllee <1
> W Maxye, F(x) with ||f]je < 1/2
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I The distance - Link to optimal transport

P, Q probability measures on Ny

Definition (Rubinstein distance)

dr(P = inf d C(d
r(P,Q) CECou;Engs(P,Q) /NYXNyTV(WbUJZ) (d(w1,w2))
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I The distance - Link to optimal transport

P, Q probability measures on Ny

Definition (Rubinstein distance)

dr(P = inf d C(d
R( ’Q) CECouI;Ir;ngs(P,Q)/NYXNYTV(MI,WZ) ((W1,w2))

Definition (after Kantorovitch-Rubinstein duality theorem)

dr(P,Q) = sup (EpF —EqF),
FeTV-Lip,
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I The distance - Link to optimal transport

P, Q probability measures on Ny

Definition (Rubinstein distance)

d P, = 1 f d , C d ’
r(P.Q) CeCougilrilngs(P,Q) /NnyYTV(wl w2) C(d(w1,w2))

Definition (after Kantorovitch-Rubinstein duality theorem)

dr(P,Q)= sup (EpF —EqF),
FETV-Lip,

Theorem (Decreusefond/Schulte/T.)

dR(Pn,Q) n—o0 0 — Pn distr. Q

Christoph Théle Ruhr University Bochum Functional Poisson approximation



B Sct-up

» P; : PPP with control tK on C C X
» f : dom f = symm. subset of CK — Y

» a transformation

T(Z 6X) = Z 5th(X1,~~~ XK) T §t(77)

XENt (X17"'7Xk)677£#

» f#K : image measure of (tK)* under f

» M: control of the target Poisson PP
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I Stcin’s method

What we have to compute

_sup E[F(PPP(V))] — E[F (T (PPR(K)]
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I Stcin’s method
What we have to compute

T E|F(PPP(M))| — E|F(T#(PPP(tK))|

The main tool

Construct a Markov process (X(s),s > 0)

» with values in configuration space
» ergodic with PPP(M) as invariant distribution

distr.

X(s) —= PPP(M)
for all initial condition X(0)
» for which PPP(M) is a stationary distribution

distr. distr.

X(O) = PPP(M) :>X(s) = PPP(M), Vs >0




I Realization of a Glauber process

X(s)
Y
dél 52 s time
> 51, 5,,...: Poisson process with control M(Y) ds

» points are placed according to M( - |Y)

v

Lifetimes : Exponential rv with mean 1

v

Remark : Number of particles ~ M/M/oo queue

Christoph Théle Ruhr University Bochum Functional Poisson approximation



I Properties

» X(s)=PPP((1 — e=*)M) + e °-thinning of the i.c.
» X(s) == PPP(M)

> If X(0) “2" PPP(M) then X(s) “2" PPP(M)

» Generator

LF(w) ::/YF(w—i—éy)—F(w)M(dy)

+) Flw=4y) - Fw)

yYEw
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I Stein representation formula

Definition

PF(w) = E[F(X(t)) [ X(0) = o]
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I Stein representation formula

PF(w) = E[F(X(t)) [ X(0) = o]

/ F(w)PPPu(dw) — F(£) = / T LR F(€)ds
0
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I Stein representation formula

PF(w) = E[F(X(t)) [ X(0) = o]

/ F(w)PPPw(dw) — F(£(1)) = /0 " LPLF(E(n)ds
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I Stein representation formula

PF(w) = E[F(X(t)) [ X(0) = o]

/ F(w)PPPw(dw) — EF(£(1)) = E /O T LPLF(E(n)ds
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I \\hat we have to compute

Distance representation

dR(PPP(M) T#(PPP(tK)))
~ ap / / [PSF (&) + 8,) — PsF(E(ne))] M(dy) ds

FeTV-Lip,

B [T5 (PR~ 8,) - PeF(E()] o)

y€&(nt)
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I Meccke formula

Mecke formula (general case)
Let ¢ be a PPP(M). Then

ES" fly.0) = | EF(.C+8,)M(dy)

yEC v

(This is a characterization of PPP(M)!)
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I Meccke formula

Mecke formula (general case)
Let ¢ be a PPP(M). Then

EY f(y.Q) /Ef(y (+06,)M(dy)

ye¢
(This is a characterization of PPP(M)!)
Multivariate form

k

E Z f(y17"'7yk7<-)

(Y150YK)EC

— /Yk Ef(yl,...,yk,C+5y1 +...—|—5yk)Mk(d(y1,...,yk))

v
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I Generic Theorem

k+1
k!

dr(PPP(M),£(n)) < 2dpyv(FPKK M) + r(domf)

where

r(domf) := sup /( T((xas oo,y
1<U<k—1JXt \JXk=£

- Yies) € domF) K (.. yir)) KH(dQs - 0)

v
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I Random geometric graphs (cont’d)

1 . _
Eta = 5 Z Oix—y ) (X — y[I < min{d;, t 2/931)

(xy)en;

tz/d5t — 00

Theorem (Edge lengths)

2/d — min{2/d,1
dr(t?9¢:|[0,47, PPP(M)|[o,5) < Cp t~ mnt2/e1)




I Random geometric graphs (cont’d)

1
§ta 125 Z 5x+y)/2 (Ilx = yll < min{d;, t 2/da})

(X»Y)Ent,#

tz/d5t — 0

Theorem (Edge midpoints)

dr(t¥9€,, PPP(M)) < G, t~ ™M2/41)




I Random simplices (cont’d)

§t = X Z OVy([xtm %0 11])

(Oxtyexar1)Eng

dr(t7 ¢ 0,41, PPP(M)|jp.q) < Cat ™ *
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I \alliavin-Stein method

Final comments

> You can also start with a binomial input.
» You can do this also for certain Gibbs processes.

» The method works perfectly in geometric applications!

Thank you!
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