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We prove functional limit laws for the increment functions of empirical
processes based upon randomly right-censored data. The increment sizes
we consider are classified into different classes covering the whole possi-
ble spectrum, We apply these results to obtain a description of the strong
limiting behavior of a series of estimators of local functionals of lifetime
distributions. In particular, we treat the case of kernel density and hazard
rate estimators.

1. Statistical motivation and main results. In the right censorship
model, the data set is given by {(Z;,8;): 1 <i < n}, where Z;, = min(X;,Y,)
and §; = 1y .y, for i = 1, with 1 g denoting the indicator function of E. Here,
{X,: i = 1} is a sequence of independent and identically distributed nonnega-
tive lifetimes, and {Y,: { > 1} is an independent sequence of independent and
identically distributed nonnegative censoring times, defined on the same prob-
ability space (0, o, P). Set X =X,, Y=Y, Z2=2,,8=8,, F(x)=P(X =
x), G(x) = P(Y < x), H(x) = P(Z 2 x) =1 (1 - F(z)}(1 - G(x)). We allow
Y to be defective, that is, such that P(Y = c0) is possibly positive, to cover the
uncensored case corresponding to the particular case where P(Y = o0) = 1.

The problem of estimating F, together with local functionals of F such as
the lifetime density f(x) = (d/dx}F{(x) or the hazard rate function A(x) =
f(x)/(1— F(x)), assuming that they exist, has received much attention in the
literature [see, e.g., Aalen (1976), Kalbfleisch and Prentice (1980), Gil} (1980),
Foldes, Rejtdo and Winter (1981), Burke, Csérgé and Horvath (1981, 1988),
Csérgé and Horvith (1983), Anderson, Borgan, Gill and Keiding (1993)]. The
nonparametric maximum likelihood estimator of F and G based upon the data
are the product-limit (PL) estimators F,, and G, introduced in Kaplan and
Meier (1958), and defined by

8.
1.1 F =1- e R
an @=1- T |1-32)
l<i<n
1.2) Guxy=1~ T[] J1-27lus
. wE = i Z; a%x n—l+1 '
l<isn
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where Z, , < ... < Z, , are the ordered Z,,...,Z,, and, for each i =
1,...,n,8; , is the §; corresponding to Zin=2; 1< j<n (we use the
convention that []p = 1). The Kaplan—Meier empirical process a, and the
Kaplan—Meier censoring process §8, are defined by

(1.3) an(x) =n'2(F,(x) - F(z)) and B,(x)=n*G,(x) - G(x)),

for n > 1 and x € R. The aim of this paper is to describe the limiting behavior of
the local oscillations of a,, (equivalently of 8, by the formal change of 5; ,, into
1-3§; ,, 121 < n)through the study of the increment functions b, 1)
and n,(h,, t;I), defined by

£n(h, t;8) = oy (8 + hs) — a, ()
= nl2xq,(h, t;s) — nV2(F(t + hs) — F(t)),

(1.4)

(N, 8 5) = F.(t+ hs) - Fn(t)
=n"Y2¢,(h, t;s) + (F(t + hs) — F(2)),

for b > 0 and s,¢t € R. Here, I(s) = s denotes the identity function and
{h,: n = 1} is a sequence of positive constants satisfying conditions among the
following, listed below. We will set log, u = log, (log, u), log, u = log(u v e),
and denote by u, = oo(v,) (resp. u, ~ v,) the condition that v,/u, — 0 {resp.
u,fv, — 1)

(H1) () h, — 0; (ii) A, §; (ii) nh, 1;

(H2) nh, /logyn — oo}

(H3} () nh,/log n — co; (ii) (log(1/h,))/ logy i — oo
(H4) (log(1/A,))/logzn — ¢ € [0, c0);

(H5) nh,/logn — y € [0, 0);

(H6) (log(1/A,))/logn — d € [1, o0).

To motivate our forthcoming theorems, we start by an exposition of their
implications in the framework of nonparametric estimation of f = (d/dx)F by
kernel estimators. Let K be a function (or kernel) fulfilling the assumptions:

(K1) X is of bounded variation on R.
(K2) For some 0 < T' < 00, K(1) =0 for all |u| > 1 T.
(K3) [ K(u)du=1.

The kernel estimator of f(x) [see, e.g., Watson and Leadbetter (1964a, b),
Tanner and Wong (1983)] ig given by

1.6) Fa@) = [ BAE((t = x)/h,) dF(0)
Set, for all x e R,

L.7) Bfu@) = [ A K((¢ = 2)/hy)dF(D)

(1.5)
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In the uncensored case, Ef,(x) = Ef 2{x), where E denotes the usual expecta-

tion. Otherwise, in general, Ef ,(x) and Ef,(x) may differ. Note further that,
under (K1) and (K2),

(1.8) fa(x) —Ef pl2) = ~h; 042 fi; £nlhn, % u)dK (u),

which follows from (1.3) and (1.4) and (1.6) and (1.7), after integrating by
parts.

The following additional notation and assumptions will be needed. Let
L(x) = P(V < x) be the distribution function of a random variable V. We
denote by L~'(u) = inf{x: L(x) = u} for 0 < u < 1 the quantile function of L,
and by T} = sup{x: L(x) < 1} the upper endpoint of the distribution of V.
Throughout the sequel, we shall assume that the upper endpoints T and
T'¢ of the distributions of X and Y are such that @ = min(7'z, T¢) > 0, and
let a,a’, b, b’ be specified constants such that 0 < o' <a < b < & < O,
Unless otherwise specified, we assume that F and G fulfill the conditions (F1)
and (F2)

(F2) (i) F and G are continuous on [a', b'];
(i) f =(d/dx)F is defined, continuous and strictly positive on [a’, &'].

Throughout, ¥ will denote a specified continuous and (strictly) positive
function on [a’, &']. We assume that ¥, is an estimator of ¥ fulfilling assump-
tions among (C1) and (C2):

(C1) sup,c,ep ¥, (x)/F(x) — 1| — O in probability as n — oo,
(C2) supgcr<p ¥, (x)/¥(x) — 1] » O almost surely as n — oo.

As follows from the results of Debeuvels and Einmahl (1996), under (H1),
(H2), (K1)-(K3), (F1), (F2) and (C2), for any specified x, € [a, b], we have

2 12
timsup & { 2oL 7, ) — B () o) x 22250

(1.9 e
= {\P(xo)}llz{f_m Kﬁ(u)du] a.s.

In this paper, we will prove the following basic limit law concerning f 2 Below,
we use the convention ¢/(c + 1) = 1 when (H3) holds, that is, when ¢ = co
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THEOREM 1.1. Under (H1)i), (H3) or (H4), (K1)~(K3), (F1)-(F2) and (C1),
we have

. nhn 172
amvcs { 2{log(1/k,) +log; n}
" _ 1/2

(110)  x sup £(fn(x)— IEf,,(x)){\Ifn(x) w 1= Gx)

agzsh f(x)

¢ \M2 Y21 oo 12
= (c m 1) I as;x:gb \I’(x)] { fm K%(u) du} in probability.

If in addition, (H1)({i)=(iii) and (C2) hold, then

) th 172

v { 2{1og(1/%,) + 1og; n}

. - /2
(1.11) x sup +(f,(x) — Bf (o] w, (x) x L)
a<x<h f(x)
12f o 1/2
= { sup ¥(x) {f K%(u) du] a.s.
a=xzh —o0

and

o nhn 1/2

it | gy g T
N _ 12
(1.12) x sup {f.(x)— [Ef,,(x))[‘lfn(x) x l—G(x)}
asz<h f(x)

c \12 Y21 oo 172
— (c-i—l) [nss\.:gbllf(x) [f_w Kz(u)du] a.s.

REMARK 1.1. (i) The assumptions in Theorem 1.1 allow in particular the
following possible choices of interest, denoted by ¥}, j = 1-5, for ¥, where
¥ is an auxiliary continuous and positive function on [a', b']:

YO(x) =1, ¥O(x)= 1_;(;(::)
(1.13) VE(x) = f(x), ¥¥(x)= lf(—(‘;gx)
Oy LV AUE)

(1- F(x)*(1-G(x)) ~ 1-H(x)’

(ii) For each of the above choices of ¥, an estimator ¥, of ¥ fulfilling (C1),
(C2) is obtained by replacing in the definition (2.13) of ¥ any one among the
functions f(x), F(x) or G(x) by f.(x), F,(x) or G,(x), respectively. The fact
that (C1), (C2) hold for either of these functions is readily verified. First, it is
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straightforward from (1.10) and (1.11), (1.12), taken with ¥, = ¥ = 1, that,
under the assumptions of Theorem 1.1, sup, ., < |Fa(x)/f(x)—1| - 0. Second,
the fact that

sup |(1— Fo(x))/(1 - F(x))— 1] >0 and

a=xsh

sup |(1 -G (x))/(1-G(x))-11—=0 as,

aexx<h

is a simple consequence of the strong uniform consistency of the PL estimators
F, and G, of F and G [see, e.g., Gu and Lai (1990), Chen and Lo {1997) and
the references therein]j.

(iii) In particular, the replacement of F by F, in Y5 corresponds to esti
mators of the hazard rate function A(x) = f(x)/(1 — F(x)), which will be
considered in more detail in Section 3.

The following results in the literature are related to (1.11} and (1.12). Under
more stringent assumptions than that given above, Diehl and Stute (1988)
showed that, under (H3),

\ rnh, o
b B AL Al o

= {f_: K2(u)du]1/2 a.s.,

which follows from (1.11) and (1.12), taken with ¥ = 1 and ¢ = co. Their
results were extended by Xiang (1994), who established (1.14) under the addi-
tional assumptions on K that K(u) = K(—u) ¥ z € R, and for &, = n™” with
0 < y < 1. Related statements are to be found in Stute and Wang {1993), Lo,
Mack and Wang (1989), Schiifer (1986), Liu and Van Ryzin (1985), Padgett and
McNichols (1984) and Mielniczuk (1986). It is to be noted that in the uncen-
sored case, corresponding to when G(x) = 0 for all x € R (see the discussion
in Section 3 below), the conclusion of Theorem 1.1 is obtained by combining
Theorem 4.1 of Deheuvels and Mason (1992) (for ¢ = o) with Theorem 3.3
of Deheuvels (1992) (for 0 < ¢ < oo) [see also Deheuvels (1974), Hall (1981),
Stute (1982b) and Xu (1993)]. For further descriptions of limiting properties
of Kaplan—Meier empirical processes with applications, we refer to Chen and
Lo (1997), Csbrgd (1996), Foldes and Rejté (1981), Gijbels and Wang (1993),
Lo and Singh (1986), Major and Rejté (1988), Miiller and Wang (1994), Patil
(1993), Stute (1995, 1996), Yandell (1983) and the references therein.
Theorem 1.1 and related applications (see Section 3 in the sequel} will be
shown to be direct consequences of general functional limit laws for the incre-
ments £,(k,, t; I} of the Kaplan-Mejer empirical process a, [recall (1.3) and
(1.4)], which constitute the main results of this paper. To present the first of
these limit laws in the forthcoming Theorem 1.2, we need to introduce some
notation and vocabulary. We closely follow Deheuvels (1992) where additional

1/2 {1 —G(x)]lﬂ
1.14)
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details can be found, concerning the topological aspects of the function spaces
we consider.

Denote by (B[O, 1], %) [resp. (AC[O, 1], )] the set B[0, 1] (resp. AC[0, 1])
of all bounded (resp. absolutely continuous) functions ! on [0, 1}, endowed with
the uniform topology % defined by the sup-norm ||I|| = SUPp.s<; [{(t)]. For each
I € AC[0,1), denote by [ = (d/ds)! the Lebesgue derivative of I. For each
I e B[0,1] set

1, 2
W15 g = I [ Beds} ™. if1e acp,1)and 10) =0,
co, otherwise.
For each 5 > 0, set
(1.16) S = {1 e AC[0,1]: 1|} < »).

Observe that . = ./ is the Strassen set [see, e.g., Strassen (1964)] and that
, = Y%A, where, here and elsewhere, we set A& = {Al: I € #}. The
following inequality is a direct application of the Schwarz inequality [see, e.g.,
(2.36), page 2021 in Deheuvels (1997)]. For any [ € s

(1.17) Rl < 11z < n™2.

Define a sequence of random subsets of B[0, 1] by setting, for each n > 1,

HEW,) = [ £ {2k, (log, (1/h,) + log, n)}~¥2

(1.18) 1-G(x) "
xé,(h,, x; I)[\If,,(x) x I tasx = b] C B[0, 1].

In what follows, we shall describe the limiting behavior of J*(¥,) as
n —» oo, making use of the following vocabulary and definitions.

Let (¢, 7) denote a set &, endowed with the topology 7~ induced by a
metric d(l, g), with], ge & . Foreache>0and AC &, A #J,set A= {ge
&3l e A, d(l, g) < ¢}. Introduce the Hausdorff set-metric pertaining to 7
by setting, for each A, B € &,

(1.19) 9,(A,B)= {i:;f{e>0: AC B¢ and BC A}, :iﬁ:;?n 22‘»0 exists;

Consider now a sequence {%, C &: n > 1} of nonvoid subsets of & for which
there exits a compact subset % of &, such that the following property holds.
For each ¢ > 0, there exists an n, < oo such that #, < ¥°¢ for all n > n,.
Under this assumption, we will say that @, has limit set equal to & € ¥,
if # consists of all limits as j — oo of convergent sequences I, ; € B, with
l1=ny <ng <..-and n; - co. Likewise, we will say that &, minimally
covers &' C X if &' consists of all limits as n — oo of convergent sequences
l, € #B,. # is possibly void, whereas such is not the case for &. Both @
and &' are closed (and hence compact when nenvoid) subsets of (&, 9°), with
DCH CBC ¥ When #=#, we will say that 8, completely covers &.
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REMARK 1.2. (i) It is noteworthy (see, e.g., Deheuvels (1992)] that a
sequence @, C & has limit set & £ & and minimally covers &' < 4, if
and only if the following properties (a)}-{c) hold.

(a) @ is a compact subset of (&, 5);
(b) For each £ > 0, we have for all n sufficiently large,

(1.20) @ c @ and B, C B

{c) Foreach ¢ > 0,!' ¢ # and I € # we have
(1.21) l¢Bio(inn) and I[e BEio(inn)

In particular, (a) implies that @, completely covers & if and only if
(1.22) DB, B) > 0.

(ii) The assumption (a) that & is compact is essential for the equivalence
in Remark 1.2(i) to be fulfilled. When combined with (b), the condition (a)
implies that each sequence {l,: n > 1}, with !, € &, for each n > 1, is
relatively compact in (&, &) with limit set included in &. The latter property
is not necessarily satisfied when (a) does not hold.

Our main result may now be stated in the following Theorem 1.2, which
will be shown later on to imply Theorem 1.1. In the statement of this theorem,
D, stands for the Hausdorff set distance (1.19) pertaining to the sup-norm on
B0, 1], and #X(¥,) is as in (1.18)

THEOREM 1.2. Assume that H1(i), (H3) or (H4), (F1), (F2} and (C1) hold.
Set

(1.23) M = sup ¥(x).
asxsh
Then
(1.24) ,!an}o Do (HE(W L), Ajerr)) =0 in probability.

If in addition fo these assumptions, (H1)ii), (iii) and (C2) hold, then, with
probability 1, in (B[0, 1), %), the sequence {¥=(V, ). n > 1} has limit set
equal to #y, and minimally covers Figyc41)y In particular, under (H3), we
have ¢ =00, ¢/(c+1)=1,

(1.25) }L‘Ea Do (HE(Y,), A) =0 as,
and {¥*(¥,): n > 1} completely covers .y with probability 1.

REMARK 1.3. (i) In the uncensored case where G(x) = 0 for all x, and
for F = I (i.e., when X has the uniform [0, 1] distribution), Theorem 1.2
reduces to a combination of Theorem 3.1 in Deheuvels and Mason (1992) and
Theorem 1.3 in Deheuvels (1992) [see also (1.11) in the latter]. The extension
of the latter resulis to the case of an arbitrary F can be obtained by relatively
simple arguments in this simplified setting.
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(ii) In the statement of Theorem 1.2, #X(¥,), #p/crr) and Ay are sub-
sets of B[O, 1]. We note that the conclusion of this theorem is unchanged if we
work in the setting of B[C, D] instead of B[0, 1], where —00 < C < D < oo
are arbitrary constants, after the appropriate notational changes. The choice
of C =0 and D =1 will be used here and later on for convenience.

(ii1) Starting with Finkelstein (1971), there have been a great many papers
giving functional limit laws for uncensored empirical processes, taken either
globally or locally. In addition to the previously mentioned references, we may
add that of Mason (1988), Deheuvels and Mason (1990, 1991, 1994, 1995),
Einmahl (1992, 1997) and Einmah] and Mason (1997, 1998).

Among other results, Deheuvels and Einmahl (1996) have shown that,
under the assumptions (H1), (H2) and (F1), (F2) for each x, € [a, b], if My =
f(x9)/(1 — G(x,)), the sequence

(1.26) F, = [{2h,, loga n}Y2£,(h,,, %o 1)] < Bl0, 1],

is almost surely relatively compact and has limit set in ( B{0, 1}, %) equal to
4, A comparison of (1.26) with the conclusion of Theorem 1.2 gives emphasis
on the fact that the present work completes the study of the local Kaplan—
Meier empirical process in the neighborhood of a fixed point by that of the
same process on the specified interval [a, b}.

In the remainder of this paper, we will describe the limiting behavior of
the random sets of increment functions {£,(k,, t; I): a < t < b} for sequences
h, which are not covered by the assumptions of Theorems 1.1 and 1.2. It is
convenient to distinguish the following main ranges of interest depending on
the rate of convergence of £, to 0. We will speak namely of:

1. Large increments when (log(1/4,))/log, 7 — ¢ € [0, 00).

2. Standard increments when nh,/logn — oo and (log(1/%,))/log, n — oo.
3. Intermediate increments when nh,/logn — ¥ € (0, o).

4. Small increments when nh,/logn — 0.

Following Deheuvels (1996), we distinguish two subclasses of small incre-
ments. We speak of:

4a. Fairly small increments when (log(1/A,))/logn ~> 1 (and nk,/logn — 0).
4b. Extremely small increments when (log(1/%,))/logn — 1 + 1/ for some
k € [0, c0).

The convention 1 + 1/« = o0 is used when x = 0. Large and standard
increments are treated in Theorems 1.1 and 1.2, and the limit laws in the other
cases are stated in Section 2. Section 3 collects a series of applications of the
theorems of Sections 1, 2. In particular, in Section 3, we describe the limiting
behavior of a classical nonparametric estimator of the hazard rate function
f/(1 = F). The proofs of our main results are postponed until Section 4.
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2. Nonstandard local functional laws for censored processes.

2.1. Introduction: intermediate increments. The assumption (H3)i) in
Theorems 1.1 and 1.2 limits the validity of these theorems to sequences %,
fulfilling 2, = co(n~1logn). It is the purpose of this section to complete the
study of local increments of a, by a description of the limiting behavior corre-
sponding to sequences such that A, = O(n~1log n). We call such results non-
standard by following the vocabulary of Deheuvels and Mason (1990, 1991,
1995). First, we will consider the borderline case, where the condition (H5)
holds for some constant y € (0, co). We assume namely that, as n — oo,

(2.1) nh,/logn — vy € (0, 00).

The sequences {h,: n > 1} fulfilling (2.1) will be called intermediate sequences.
We will discuss later small sequences corresponding to when y = 0 in (H5)
(see, e.g., Section 2.2). In either of these cases depending upon the value of
v < oo in (H5), it is more convenient to work on

(2.2) Nalbns t; I} = Fo(2+ R I) = Fo(2),
rather than with £,(h,, {; I). This fact is captured in Remark 2.1.

REMARK 2.1. Recalling the definitions (1.4) and (1.5), we may check that,
under (2.1} and {F2)(ii), we have as n — oo, uniformly over ¢ ¢ [e, b],

(e ;1) = (1 + o(1))(27)"/*(2h, {log(1/ hy) +logy n})™V/*

(2_3) logn
X En(fn, 8 1) + (1 + o(1))vf()1.

As follows from (2.3), a functional limit law dealing, under (2.1), with the
random functions .
n
mnn(hn, t; I) fort e [a, b],
is equivalent, after a simple change of scale and centering, to a functional
limit law dealing with

(2h,{log(1/h,) + log, n}) V2¢,(h,, t; I) for t € [a, b).

Throughout the remainder of this subsection, we assume (2.1). In view of
Remark 2.1, our aim is to describe the limiting behavior of the set of random
functions defined in (2.4) below, in terms of n,(A,, ¢; I). Similarly to Section 1,
we let {E(x): a’' < x < b’} denote a continuous and (strictly) pesitive function,
and E,(x), for @ < x < b, an estimator of E(x) such that

(X.1) 8up,<yap [E(x)/E(x) — 1| = 0 almost surely as n — oo.
Given E, as above, set
n

@.4) L5 = {@nn(h,ﬂ 5DE () asxs b}-
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Our main result, stated in Theorem 2.1 in the sequel, establishes a strong
limit law for .#, (5, ). We start by some preliminary results and notation which
are needed in the present framework. Denote by Igg[0, 1] the set of all right-
continuous distribution functions I(x) = #([0, x]) for x € R, of nonnega-
tive bounded Radon measures .4 with support in [0, 1], and set I,.[0,1] =
Igc[0,1] N AC[O, 1] N {&: I1(0) = 0}. We will endow Igc[0, 1] with either the
uniform topology %, or with the weak topology ¥, conveniently defined via
the Lévy metric, for I, g € Ipg[0, 1],

(25) di(l,g)=inf{e>0:l(x—e)—c< gx) <l{x+&)+eVxeR}

Consider a function ®: R — RU{co} fulfilling the following condition, for some
pel

(Cu) () P(p)=0.
(ii) @ is convex and ¥(a) = 0, all a.
(iii) P(a)/a ~> 0o as a — oo.
(iv) ®(a) = oo for a < 0.

Introduce the functional on B[0, 1] defined by

(2.6) Joll) = with { = (d/du)l;

! fol &(i(w))du, if {{0)=0and l € AC[0, 1]
0o, otherwise,

It is noteworthy that, under (Cu), J¢(l) < 00 = I € I,c[0, 1]. Consider the
subsets of I,[0, 1} defined, for p = 0, by

(2.7 Lo ={l € B{0,1]: J4(I) <00} and Bg(p)={l € B[0,1): Jo(I) < p}.

LEMMA 2.1, Under (Cu), the mapping 1 ¢ B[0,1) = J(1) is lower semi-
continuous with respect to the uniform topology %.

PrROOF. Let {I,:n = 1} C B[O, 1] and [ € B[0, 1} be such that [, =1} — 0.
We need only show that

(2.8) Jo(l) < liminf Jo(1,).

There is nothing to prove if iminf, , , J(I,) = oo, so that we may assume,
without loss of generality, that liminf,_, ., J¢(l,) < oo. If such is the case,
then I, € I,¢[0,1] along a subsequence {n;: £ = 1}, which implies in turn
that I € Ipp[0,1]. The fact that I, — I — O then obviously implies
that dy(I,,,1) — 0, so that we may infer (2.8) from Lemma 3.3 of Lynch
and Sethuraman (1987). O

LEMMA 2.2, Under (Cu), for each p > 0, By(p) is a convex and compact
subset of (B[0, 1], %).

PrROOP. We first observe that By(p) # J since the linear function I(t) = it,
t € [0,1] is such that J4 () = 0, and therefore belongs to By(p). To establish
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the convexity of By (p), consider I;,I; € By(p) and A;, A > 0 such that A; +
= 1. The convexity of ¢ obviously implies that

A " B(ly(u) + Aly(@)) du £ 4y [ D (iy(u)) du + A f ®(iy(n)) du < p,

so that Ajl; + Asly € Bgl(p). To show that Bg(p) is relatively compact in
(B[0, 1], 2), we make use of the Arzela—Ascoli theorem. First, we show that
By(p) is uniformly equicontinuous. The convexity inequality for integrals
shows that, forany 0 <c < d <1and [ € By,

2.9) {(d - c)fb(l(d) l(c)) / d(l(w))du < Jo(l) < p.
Since (Cp) implies the existence, for any ¢ > 0, of an &, > 0 such that ®(a) =
(p/e)|ef for all fa] > a,, it follows from (2.9) that

U(d) — (e} P Ud) —(e)\ _ p|id)—c)
>¢ > .

d—c

Td—-¢ R d-c¢

= |l(d)—Uc)| <&

On the other hand, if we choose 0 < ¢ < d < 1 such that |d — ¢] < g/«,, we see
that

(2.11) ‘K‘—i&)—%@

2.10)

= |i(d) - Ue)| < |d - cle, <

By combining (2.10) and (2.11), we obtain that [d—¢| < g/a, = |(d)-l(c)| < &,
which establishes the equicontinuity of Bg(p). Since I(0) = 0 for all [ € Bq(p)
the uniform boundedness of By(p) is trivial, whence the relative compactness
of Bg(p). We conclude by an application of Lemma 2.1, which entails that
Bg(p) is a closed, nonvoid and relatively compact (and hence compact) subset
of (B[0,1],%). D

For each v > 0 and x € R, set

xlogx—x+1, forx>0,
(2.12)  h,(x) = vh(x/v) where h(x) = [ 1, for x =0,
oo, for x < 0.

For each ¢ > 0 set
(2.13) & =sup{x <l h(x)=1/c} and &} =inf{x> 1:h(x)21/c}
We observe that h, fulfills (Cv) for all v > 0. In view of (2.6), set, for all v > 0,

(2.14) I =y (D) = {[ vh(l(u)/v)dv, ifle Ig[0,1],
otherwise.

For each v > 0 and p > 0, let A, (p) and A, denote the sets of functions defined
by

(215) A(p) =By (p)={l€ B[0,1]: J,() < p} and A,=A,(1).
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LEMMA 2.3. We have, for each w > 0 and p > 0,

2.16 inf (1)=wé,, and (1) = ws}, .
( ) IeA, (p) ( ) w wip IESAL,:?;J) ( ) w wip

The proof follows readily from Example 6, page 62 in Deheuvels and Mason
(1991),

LEMMA 24. Fix 0 < A < B < co. Let x(v) and B(v) be positive and contin-
uous functions of v € [A, B). Then, the set A(x, B) defined by

2.17) Ar,By= U «(v)Ag
A<y<pB

is a compact subset of (1,¢[0, 1], 2).

PROOF. Wefirstestablish that A(x, B)isrelatively compactin (Zac[0,1], 2).
Toward this aim, we observe that, by the assumptions of the lemma,

0<i':= inf w(v)<k":= su v) < co
A<vzB (v) <« ASUEBK() ’

0<p':= inf B(v)=<pB’:= sup B(v) < oo
As=vzB A<v<B

Since, by (2.14), for each [ Agyy and A >0,
we have AAg,) € A,4,)(A), and hence, for each 4 < v < B,
(2-18) K(U)Aﬂ(”) g U Alﬂ(u)(’\) _C_' U AW(K”)‘
WEASK" KB 2w g
Now, making use of (2.12), we observe that, forany 0 < u < wand! e I aclO0, 1],
2.19)  J,(0) =, +u—w+ (1) log(w/u) < J (1) + (1) log(w/u),

By combining (2.19), taken with u = «'8’, with (2.16), we obtain readily that,
uniformly over all { € A, (x"), with '8’ < w < "B,

Jeg(l) < R:=«"+ l sup ws;,,.,] log(x"B"/«'B').

B =wenr g
By combining this last inequality with (2.18) and (2.17), we see that
A(x, B) € A p(R).

In view of (2.15) and Lemma 2.2, A,z (R) is a compact subset of (I,0[0, 1], %),
whence the relative compactness of A(x, ).

We next assume that g A, p(R) is such that, for some sequence {g,} C
Ixc[0,1} and some sequence {v,} C R, we have g, — g] = 0 as n — oo
with g, € x(v,}Ag(,,) and A < v, < B for each n > 1. By eventually replac-
ing {g,} by an appropriate subsequence, we may and do assume that, for
some v € [A,B], v, > vasn — oo Set g, = x(v,)l, and g = x(v)i,
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so that [, € Ay, ) ¢ Jp(y,)(ln) < 1. By application of (2.19), we obtain readily
from the continuity of 8 that |Jg,(1,) — J g, )({x)| = 0(1), and hence, that
liminf, . J40y(lx) < 1. Now, the continuity of « entails that |, - I| - 0.
By an application of Lemma 2.1 taken with ¢ = h, [see, e.g., (2.8)], it follows
that Jgg,)(I) = 1. We have therefore g = x(v)l € «(v)Ag,) € A(x, B). This
proves that Ak, B) is closed in (I,¢[0, 1], %). Since this set is also nonvoid
and relatively compact, it is therefore compact. O

We are now ready to state the main result of this section. Recall the
definition (2.4).

THEOREM 2.1. Under (H5) with y € (0, 00), (F1), (F2) and (X1), we have

(2.20) lim 2,(£(5,), £(E) =0 as,
where
= 2(X)
(2.21) <E)= U [I--_G(x) Ay ea-6(x))-
asx<h

REMARK 2.2. As follows from Lemma 2.4, the limit set #(E) in (2.21)is a
compact subset of (1,c[0, 1], %). On the other hand, this set is not necessarily
convex. We note that the compactness of .Z(E) is not straightforward, this set
being defined, via (2.21), as a union of an uncountable collection of compact
subsets of (I,c[0, 1), %). In view of Remark 1.2(ii), this property will turn out
to be essential for proving that Z,(E,,) completely covers £(E).

The proof of Theorem 2.1 is postponed until Section 4. Applications are
given in Section 3.

2.2. Small increments. We now turn to the case of small increments, that
is, when nh,/logn — 0. Consider the following random sets. Let = and B,
be as in Section 2.1, and set

(2.22) AYE,)= {(lo;n. log (lzi"'))n,,(hn, % I)E, (x) a <z <bi,

(2.23) .A=NE,) = {nn,(h,, x; DE,(x): a < x < b}.

Introduce the following compact subsets of Igg[0, 1]. Set, for each integer
k>0,

(2.24) L = {¢ € Igcl0, 1) #(1) < 1},
(2.25) Llel(k) = {¢ e Igcl0, 1): &(x) € {0, ..., B}}.

Flor the statement of the next theorems, we will make use of the following
notation. Recall the definition (2.5) of the Lévy distance d. For any A €
Igcl0,1) and & > 0, we set

(2.26) Al =1l e Igcl0,1): 3 g € A: dy(l, g8) < &).
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For any « = 0, we denote by [«] > « > [«] — 1 the upper integer part of x, and
use the convention that 1/0 = co.

THEOREM 2.2. Let (F1), (F2) and (X1) be satisfied. Assume that (H1)(i), (i),
(H5) with v = 0 and (H6) with d = 1 hold, that is, that

(2.27) h,}0,nh,/logn — 0 and (log(l/h,))/logn — 1.
Let
E(x) ]
(2.28) T=gs {— .
azees | 1= G(z)
Then, we have
(2.29) Yim d; (£9)(E,), TLF) =0 as

THEOREM 2.3. Let (F'1), (F2) and (X1) be satisfied. Assume that (H1)(i), (ii),
(H6) with d =1+ 1/x € (1, 00] hold, that is, that

{2.30) h, 10 and (log(1/h,))/logn — 14+1/k.

Define, for each integer k > 0, the compact subset of I'pcl0, 1],

_ E(x) fes]
(2.31) R(k) agsb[wl G(x)}m (k).

(i) Then, whenever « is noninteger, we have

(2.32) lim dy (£1*W(E,), 2([])) =0 a.s.

n=>0d

(ii) When « =0, we have

(2.33) Jim d(L1I(E,), Z1) =0 as

(iii) When « = k > 1 is integer, for each & > 0, there exists almost surely an
n(e) < oo such that, for all n > n(e),

(2.34) LANENC B+ 13 and (k) € A=E, )

The proofs of Theorems 2.2 and 2.3 are postponed until Section 4.
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3. Applications.

3.1. Introduction. We will make use of the following analytical proposi-
tion to derive a series of applications of our theorems. With the notation of
Section 1, let 4, be a sequence of nonvoid subsets of (&, 9).

PROPOSITION 3.1. Assume that 8, has limit set & and minimally covers
B #D. LetT: & > R be a T -continuous mapping. Then, we have

(3.1) liminf [ sup l"(l)] =supl(l) and limsup | supI'(Z) } =supI'(l).
e | g, e

n—co le@, le@

Proo¥. Let d(-, ) be the distance defining . Set

Ly =limsup [ sup I"(l)} and L,= supl“(l)

n—oo ledd,

There exists a sequence of indices n; — co and 1, . such that I'(Z,, ) —
L,. By eventually replacing n ; by an appropnate subsequence we may assume
the existence of I € & such that d(l,,,{) — 0. The continuity of I' implies
therefore that I'(1,, ;)= T'(?) = L) < Ly. On the other hand, since 4 is compact,
there exists a g € # such that I'(g) = L,. Since, by definition of L,, g is the
limit of some sequence 8m; € By, With m; — oo, the definition of L, entails
that I'(g) = Ly < L,. The inequality L, < L, implies therefore that L, = L.
Set now

Lg = liminf { supI'({);: and Ly =supT(I).
o0 lem, leg’

Since &' # J is compact, there exists a g’ € #' such that I'(g') = L,, and a
sequence g, € #, with d(g', g,) — 0. This implying that I'(g,) — ['(g') = L,,
it follows that L3 > L4 Suppose now that Ly > L,, and select an &£ > 0 so
small that I'(l) < L; — (L3 — L,) for all [ € (#)". Since we have &, € (#')"
io. in n, we also have sup).5 I'(!) < Ly — }(Ly — L) i.0. in n, which is in
contradiction with the definition of Lj. We have therefore Ly = L. O

3.2, Oscillations of the local Kaplan-Meier empirical process. We start by
investigating the oscillation modulus of «,. In the uncensored case, that is,
when G(x) = 0 for all x € R, many papers have been devoted to this prob-
lem, among which we may cite those of Stute (1982a, b), Mason, Shorack and
Wellner (1983), Deheuvels and Mason (1992) and Deheuvels (1992, 1996).
We refer to Deheuvels (1997), Shorack and Wellner (1986) and Csérgd and
Horvéth (1994) for further references and details on the subject. In the cen-
sored case, a partial description is to be found in Schifer (1986).
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Recalling (1.3), (1.4) we first establish the following corollary of Theorem 1.2
concerning the oscillations of «,. Set

(3.2) QE(R) = sup. Ha,(x+5) — e, (x)) = sup +£,(k,x;s)

axxzh asx<h

O=<s<h 0xs21

and

(3.3) Q,(h) = sup |a,(x+s)~a,(x)|= sup |£,(h,x;s)|.
R R

Set, for convenience,
(3.4) b, = (2h,{log(1/h,) + log, n}).

COROLLARY 3.1. Assume that (H1), (H3) or (H4), and (F1), (F2) hold. Then,
we have

-1+ -1 f(x) vz
3.5) hmsupb Q3 (h, )—hmsupb Q,.(h,}) = sup a.s.

asxsh = G(x)
and
liminf b; 0% (h,) = liminf 5,10, (4,)
(3-6) c 1/2 f(x) 172
-(75) e {Lem) -

PrOOF. The mapping,
L e B[0,1]— I(f) = sup I(}),

O=e<t

is obviously %-continuous. Recalling the notation (1.3) and (1.18), we see that,
if¥=f/(1-G),
hm supb It (h,) = sup T(f).
Lot (i)
Setting M = sup,.,<; ¥(x), we infer from Theorem 1.2 and Proposition 3.1
that, almost surely,

limsup 5,107 (k,) = sup I'(}) = M2,
n—00 ey

12
liminf 57 Q¥ (k)= sup T(l --M”z( ) .
minf 6203 (k) = sop T() =
which yields (3.5} and (3.6) for (}}. The proofs of (3.5) and (3.6) in the other
cases are similar and omitted.

Similar results to that given above can be derived for the intermediate and
small increments corresponding to the sequences {4,: n > 1} considered in

Section 2. We will restrict ourselves here to the intermediate sequences of
Theorem 2.1.
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COROLLARY 3.2. Assume that (H5), with vy > 0 and (F1), (F2) hold. Then,
we have

n\20, (hy) _ . 00 (h,)

. _ +
@.7) lm e A Tozn —7225'0 (& rma-aun—1) as
and

_ nl2Q=(h
(3.8) lim 2 (fa) y sup f(x)(1 -8 0y o8

s IOg n agx<h

PrROOF. In view of Remark 2.1, we make use of the version of Theorem 2.1
holding for a centered form of #,(k,, t; I). By combining (2.2) and (2.3) with
(2.20) and (2.21), we see that, under the assumptions of Theorem 2.1, the
almost sure limit set in (B[0, 1], %) of

12
B9 (AENO = {,-n(x)(log )énthe 51 a<x<b}
is given by
(3.10) (£(E) = g FlxM ): L e Ay ra_ceyi-
(£(E)) a<LxJ<b{ (Jﬂ)(1 Y (x)) € Ay r(ay1-6 ))}

We choose E, = E = 1 in (3.9) and (3.10) and consider, as in the just-given
proof of Corollary 3.2, the functional I + T'(!} = supy.,<; I(t). By combining
{3.2) with (3.9) and (3.10), we see that

1/20+(h )
(3.11) lim 2= n ) l1m{ sup I'(l);= sup T(l) as.
nreo logn =00 | 1 @) le((EN

In view of (3.11), equality (3.7) for Q;} (and likewise for ©17) follows readily
from the observation that u(5} — 1) is increasing in u > 0, in combination
with (2.18) in Deheuvels and Mason (1991}, which yields that

(3.12) sup{ti(t): l € A,} = Lvt5E.

Equality (3.7) for (), follows similarly by taking I'(}} = SUPp<;<y |{(¢)| and
making use of the mequahty 87 —1>1- 87 for u > 0. Then (3.8) follows
along the same lines via (3.12), W‘lth i) = supoqq( {(t)), and making use
of the observation that (1 — 57) is increasing in 1z > 0. O

3.3. Nonparametric estimation of the hazard rate function. Let (F1), (F2)
be satisfied, and denote the hazard rate (function) pertaining to F by

_ (=) ' .
(3.13) A(x) = TT(I) fora' < x < ¥
We will consider the estimator A, of A defined by
(3.14) AMx) = 1)

I_Fn(x)’
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where £ (x) is as in {1.6) and F, as in (1.1). Recalling the definition (1.7) of

Ef 2{x}), we have the following theorem, which largely extends the results of
Zhang (1996). Let ¥ and ¥, be as in Section 1.

THEOREM 3.1. Under (H1)X3), (H3) or (H4), (K1)K3), (F1), (F2) and (C1),
we have

i nhy v Ef.(x)
% { Z{10g(1/hy) + 1oz 1} ai‘:‘;b*(""(") TI-F() F(x))

1- H(x)| 2

3.15 LT wx)

eI {\Pn(x) T

c 2 V2( oo 12
- (c+ 1) { sup ¥(x) {f Kz(”)du] in probability.

aszx<h -0

If in addition, (H1Xii), (ili) and (C2) hold, then

: nh, v Efu(x)
l‘f.‘i“;t“’[z{loga, ) + Tog; n}] i‘iﬁf(""(")‘ T F(x))
1/2
(3.16) x [11',,(::) x %
V2 e 12
={sup ‘I’(x)] {f Kz(u)du} a.s.
a<x<b 00
and
. nhy, = Efa(x)
lim inf {2{Iog(1, k) + logy n} :;gﬁ(*n(x) T F(i)’)
2
.17 . {‘If,,(x) . 1—",-\-(?]
e \12 V20 oo . 1/2
() o) | o]

PROOF. An application of the law of the iterated logarithm for a,, [see, e.g.,
Féldes and Rejté (1981)], in combination with Theorem 1.1, Remark 1.1 and
the formal replacement of ¥, by

1-F(x))|®
{W ¥, (x),
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reduces the proof of (3.15)-(3.17) to showing that, under the assumptions of
the theorem,

12
: -1/2 1/2 nh,
,}EEO n~"*(logy n) [ ]

log(1/h,)+1logyn

1/2
=1im{ By logy n ]—0,
n=co | log(1/h,) +logzn

which is obvious from (H1)(i). O
4. Proofs.

4.1, Preliminary results and notation. We will work here under slightly
more general assumptions than in the previous sections. As in Section 1, we
let X, Y be nonnegative independent random variables, with ¥ being allowed
to be defective [i.e., with P(Y = o) possibly positive], we set Z = min(X,Y)
and 8§ = 1,x.y). Unless otherwise specified, we will allow the distribution
functions F(x} = P(X < x) and G(x) = P(Y < x) to be discontinuous, so
that the following conventions will be needed. For any function I, we will set,
whenever the corresponding limits exist

(4.1) L(z-)=UmL(z) and L(x+)=LmL(t).

Whenever L is of bounded variation on [e¢, d], we will use the following con-
vention for the Lebesgue—Stieltjes integral: for any ¢ < y < z < d, we set

z z+
4.2) L(z+)— L(y+) = f,, dL(u) = [y | AL(w).

Recalling that the above defined F, G are right continuous, that is, such that
F(x) = F(x+) and G(x) = G(x+), we will set for convenience F_(x) = F(x~)
and G_{x) = G(x-). Set
Ty =sup{x: F(x) <1}, T =sup{x: G(x) <1} and assume
= m.in(TF, TG) > 0.

Throughout the sequel, we will assume the conditions (F1), (F2), which are
stated below for convenience:

(F1) F(0) = G(0) = 0.
(F2) (i) F and G are continuous on [&’, b'].
(ii) f = (d/dx)F is defined, continuous and strictly positive on [¢', ¥'].

The distribution function of Z = min(X, Y), denoted by H(x) = P(Z < x) =
H{x+), may be decomposed into

(4.3) H(x)=1-(1- F(x))(1 - G{x)) = HM(z) + HO(x),
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where

(44 HY@)=P(Z<zands=1)=[ (1~ G_(8)) dF(t) = HV(x4),
5 HO@=P(Z<szands=0)=[ (1= F_())dG(t) = HO(x+4).
Set HO(x) = HO(x+) and H(x) = HD(x+). We set further

46) p=P(E=1)= fo (1= G.(t)) dF () = HD(oo) = 1 — HO(c0).

Our assumptions ® > 0 and (F2) exclude p = 0, but allow p = 1 when
P(Y = o0) = 1, that is, when G(x) = 0 for all x € R, which corresponds to
uncensored data. In the latter case, the results of this section will turn out to
be direct consequences of similar theorems for the uniform empirical process
due to Deheuvels and Mason (1992) and Deheuvels (1992). Therefore, we will
assume from now on without loss of generality in our proofs that 0 < p < 1.
Keeping in mind that HV(x) [resp. H®)(x)] increases from 0 to p (resp. 1— p)
as x increases from 0 to co, denote the quantile functions of H() and H©® by

(4.7) Q@W(s) = inf{x: HY(x) > s} for0<s< p,
(4.8) Q(s) = inf{x: HO(x)> s} for0<s<1—p.

Let {X,:n = 1} and {Y,: n > 1} be two independent sequences of independent
and identically distributed random variables with X = X, and ¥ = Y. Set
Z,=min(X,,Y,), Z=2Z,,and 8, = L5 .v3, 8=35y, for n > 1. For each
n > 1, define the empirical counterparts of H, H® and H® by

n
49 Hy@) =173 Lz = HO(@) + HOx) = 1~ n"IN,_(x),
i=1

where
n
N,(x) = Z Lizoxy = {1 - H,_(x)),
(4.10) =1 ]
Nn-(x) = Nn(x_) = Z ]l{Zp:},
=1
(1 =
Hi(x)=n1Y 813, and

(4.11) =

HS:O)(I) = n_l Z(l C 6,-)]].{2‘,5:}.
i=1
Set H,u(z) = H,(x%), H(x) = HP(x+) and H(x) = HO(xt). Intro-
duce the empirical cumulated hazard rate function defined by

4.12) A (x)= [0 i ﬁ}m dHP(u) = Ay(x+) forx>0.
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We note that the true cumulated hazard rate function may be defined, for
x>0, by

1 [ l-G.(u)
A(x)-.fo T Fw=[ iy ToH )
413) .
= f md}!(”(u).

The Kaplan—Meier PL estimators F, and G, of F and G based upon {(Z,, 5,):
1 < i < n} are such that [see, e.g., Shorack and Wellner (1986), page 295]

F@=1- T (1-522)= [a-F, @)dnw

7, <x 1<i<n n—-i+1
(4.14) E z'-l;- (‘ )
*1-F,_(u 1) (1)
o T=H, () 20 )= f1 G () ()
and likewise
l—si,n
Gw=1- T (1-377)

i Z; n5x,1gizn

(4.15)

_ [ 1 {0)
= [o T—F @) dH P (w),

where we set F,,(x) = F,(x%) and G,.(x) = F,(x+). Now, introduce the
empirical processes a, = a,, and B, = 8,, where, for each n > 1 and x € R,

pa(x) = n'2(F,u(x) - Fy(x)) and

(4.16) o
Bni(x) = nM*(G,u(x) - G4(x)).
Define likewise
417 #x) = 2 (HP (x) - Hx)) for j=0,1.

We may write

o) = WAE () = F) = w2 [*aF, ) - [ aF ()]

X 1 x 1
= nlﬂ[ fn TR ey dH M (u) - jo ) dH W (u)

£ 1-G_(u) £1-G,_(x)
) 176, (u)dF(”)"f 1-G,,_(u)dF(“)]

_ 1 (Mg, Bn-—(u) . ”

The following lemma establishes that, in the range of increments which we
consider, the oscillations of ¢/ can be neglected.

(4.18)
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LeEMMA 4.1. Fixany 0 < R < ©, Assume that there exists a version f(x) =
(d/dx}F(x) of the Lebesgue derivative of F uniformly bounded on [0, R). Then,
there exists a constant C,(R) < oo such that, almost surely for all n sufficiently
large and uniformly over all 0 < s <t <R,

@19 foi(e) - ol = | 2 ap )| < CocRitogs e — ol

ProoF. We recall from the law of the iterated logarithm of Fioldes and
Rejto (1981) [see also Csirgd and Horvéth (1983) and Gu and Lai (1990),
(1.15)] that, for any specified 0 < R < 9,

(4.20) Cy(R) = limsup(logy n)~Y2 sup |B,(u)} <o as.
00 Osu<R

Set C3(R) = suppe,<p | (u)|. Making use of (4.20), we obtain trivially that,
almost surely for all large n,

~1/2
(logy n) TG, (%)

= i~ (& Gt_(R) x (logy n)—uz ozhlsl.)n 1Ba_(w)| x {F(t) — F(s)}

TG cl;(R‘)‘ x 2C5(R)Cs(R) x [t — 5| =: Cy(R)l¢ — s,

which is (4.19). O

We will make use of the following fact, stated in (2.13), (2.14), (2.15) in
Deheuvels and Einmahl (1996), to evaluate the increments of o, in (4.18).

Facr 41. On a suitably enlarged probability space (Q, o, P), it is possible
to define {X,: n > P} and {Y,: n > 1} jointly with a sequence {U/,,: n > 1}
of independent random variables with a uniform distribution on (0, 1), such
that the following properties hold. For each n > 1, set

(421) Uy s)=n1Y L.y and a,(s)=n"*(U,(s)—s) forseR.
i=1

We have, almost surely,
(4.22) H(x) = U (HW(z)) for 0 < HD(x) < p
and

4.23) HO(x)= U (HO(x)+ p) - U, (p) for 0 < HOx) <1— p.
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In the remainder of this section, we will work on the probability space of
Fact 4.1. Recalling (4.17), we set, in view of (4.21), (4.22), for each A > 0,

mﬁf’(h) = sup
ax<s, i=h
|e—s]=h

A0t - a67(s)|

(4.24)

sup [an(HO®) - a,(HO(s)).

axs, t<b’
|t—sl=h

In view of (4.18), consider now

Ans(5.1) = (1) — () — 15 f:m‘”(u)

1-G_(s)
= : ! 1 (1) (1)
(4.25) _fs (l—G,,_(u) - 1_(;_(5))‘”‘;5‘;l (u) - #7(s)}
| ! 1 @ 8
- (1 —G,.(t) 1- G_(s)){%l (t) — A (s)}

- [ (0w - 2 @) dlm%‘"(as}

LEMMA 4.2. Assume that (F2)i) holds. Then, there exists a function
C{h)—0 as h — 0, together with a constant C; such that, almost surely
for all n sufficiently large,

4.26)  sup |A, (s, t)|5wf,1)(h)x|C5n 1/2(log2n)1/2+C4(h)].
ass, t<b
[

PrOOF. Making use of the assumption (F2)(i) of continuity of G, we see that

1 1

T G(t)_l---G(t) —0 ash—0

(4.27) Cyh):=2 sup
ass, t=l
lt-s|<h

By combining (4.20) and (4.24), we obtain readily that there exists a constant
Cj such that, almost surely for all n sufficiently large,

1 1
1-G, (1) 1- G_(t)’

(4.28) sup

e<i=h

< (1/3)CsnY2(log, n)*>.
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Thus, by combining (4.20) with (4.27) and (4.28), we see that, almost surely
for all large n,

sup
axs, t<b
e-sl<h

1 1 (1) 1)
(1 -G, (t) 1-G (s)){‘;’f’:1 (t) - #(s)}

I6)) 1
G Li‘?fb 1-G,() 1- G_(t)]

(4.29)

+ l—é(t)_l—G_(t)“

azs, i<l
le~s|<h

< wi(R) x |(1/8)Csn"*(logy )% + (1/2)Cy(h)).

Next, we observe that

) 1)
e [ 10 - ) af
lt—s|=k
(4.30) (1) 1 1
sen'Wx s TG0 T-6.0)
|t—sl=h

< wn () x {(2/8)Csn~"2(logy m)? + (1/2)C4(h)).
We conclude (4.26) by combining (4.29) with (4.30). O

Set
e 1 .
(4.31) A= G(:)[”’ (t+ hs)— 22 (:)l
= Tl E D+ b)) = au (O],

The following lemnma combines Lemmas 4.1 and 4.2, In the statement of this
result, the constant C,(R) is defined as in Lemma 4.1 for 0 < R < ®, whereas
Cy and C4(%) are as in Lemma 4.2.

LEMMA 4.3. Assume that (F2Xi) holds. Then, there exist constants C, =

Cy(b) and Cs, and there exists a function Cy(h) — 0 as h — 0 such that the
following property holds. There exists almost surely an ny < oo such that, for
aelln=ngand h >0,

sup ||£,(h, ;1) = £(h, £ D))
(4.32) o=t=b
< @ (R){Cn™/*(logy n) ' + Cy(h)] + Ch(logy n)'”.

For the proof, combine (4.19) and (4.26) with (4.25) and (4.31).
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In the following sections, we will make use of Lemma 4.3 to show that

(4.32) allows a formal replacement of £,(#, £; 5) by ff,l)(h, £; 8) in the proofs of
our results.

4.2, Proofs of Theorems 1.2 and 1.1. This subsection is devoted to the
proofs of Theorems 1.2 and 1.1, so that we assume throughout, unless oth-
erwise specified, that (F1), (¥F2), (H1) and either (H3) or (H4) hold. We will
work on the probability space of Fact 4.1, and make an instrumental use of
the following useful facts which combine results from Stute (1982a), Mason,
Shorack and Wellner (1983), Deheuvels and Mason (1992) and Deheuvels
(1992). Recalling the notation (1.16) and (4.21), we consider the random sets
of increment functions defined, for 0 <¢; <e; <1, n>1and A > 0, by

(4.33) Euler e M) = (6710, (ARy, 6T ¢ S 8 S 04,

where b, = (2h,{log(1/h,) + log, n})/? is as in (3.4), and where we set, for
s,teRand k>0,

(4.34) Gulh, b8y =a,(t + hs) —a,(t).
For each h > 0, set
(4.35) wy(h)= sup |a,(t)—a,(s)
axs, t<1
|s~tizh

Facr 4.2. Assume that (H1) and (H3) or (H4) hold. Then, for any A > 0,
(4.36) limsup b;lw,(Ak,) = AY? as.

n—oo

Fact 4.3. Let (H1)i) and (H3) or (H4) be satisfied, Then, for any 0 < ¢; <
¢z <1and A > 0, we have

(4.37) nll)reo Da(&r(cy1, €25 A), Fepterry) =0 in probability.

If, in addition, (H1)(ii) holds, then, for any £ > 0, almost surely for all n
sufficiently large,

(4.38) ‘/f\c/(c+1) & 6"',1(01, €25 A)‘g and an(clx Cas ’\) < ‘/’As'
Moreover, for each I € 4, we have, infinitely often with probability 1,

(4.39) L e &(cy, 05 )5,

LEMMA 4.4. Assume that (H1) and (H3) or (H4) hold. Then, under
(F1), (F2),

(4.40) Jim 57! sup ¢a(hy, 1) — ENR D=0 as.

ast=zh
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PROOF. Setting D = max, .y f(t)(1 — G(¢)), we have uniformly over
a<s, t<b,

|HO(t) - HY(s)| < Dt - s|.

This inequality, in combination with (4.24) and (4.35), implies that, for all
large n,

04 () < w,(Dhy)
whence, by (4.36),
limsup b e (h,) < DY as.
n—od

By combining this last inequality with (4.32), and the observation that, under
our assumptions,

Csn~2(logy n)Y2 + Cy(h,) — 0,
and, via (3.4},

b7 C1h,(log, n)2 = O(BL?) — 0,
we conclude readily (4.40). O

Let N > 1 be an arbitrary, but fixed, integer which will be specified later
on.For1<i<N,sett; y=a+(i-1)N"}(b—a) Foreachl <i <N, set
Ay =F(t N X1 =G(2; n)), and, for ¢ € [¢; N, tig, N):

£ (B 135) = I”_‘tr;_(s)lan(H‘”(t) + shaf (55, )1~ Gt 1))
(4.41) - a,(HV ()]

1
= . (D) ey
= TG N HO@RD).

LEMMA 4.5. Assume that (H1) and (H3) or (H4) hold. Then, under (F1),(F2)
for any € > 0, there exists an Ny = Ny(&) < oo, such that, for all N = N,,

4.42)  limsupb;? sup [e0y(Rn 1) = £ (R D] <6 as.
nR=0o ac_:;sb

PrROOF. Set
ex=max [ s |r@)A-6E) - £t - Gl ).
1=i=sN \ ¢, yst<tig y+h,

and observe from the mean value thecrem that, for all 1 < i = N, ¢t €
[¢. s tr4a, v, and s € {0, 1}, for all large n,

|HO(E + Rys) — {HD() + shaf (8 )1 — Gt N < enhn.
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This, in turn, implies that
limsupb;® sup [&n (ke £51) = & (B 1)
n—00 agt<h

1 . -1 o 1 1/2
< sup |-——~——1_G(t)]hmsupb,, w,(eyh,)= [__I—G(b) ]eN a.s.

a<ti<h R0

Since a choice of N sufficiently large ensures ej; to be as small as desired, we
conclude (4.42), O

Let R denote a continuous and (strictly) positive function on [a’, ']. Set

. R(t) _ R(8)
Ban=, . T 4 Sev= 20 TT60
So that, if we let .5 and . be defined by
_ 12 12
(4.43) Ly = max Rinkl 4= max Si.whilwe
R(t) 172 f(2) ]1’2
(444) # = su { (1 - G(t = sup R(¢ s
P \T26m {Fo1 - 6y s RO\ 60

It 13 straightforward that, as N — oo,
(4.45) |~ 4| — 0.
Set
(4.46) Xy = [R(:)b;lgfj’N(h,,, tIya<ts< b].

LEMMA 4.6. Assume that (H1) and (H3) or (H4) hold. Then, under (F1),
(F2) for any ¢ > 0, there exists an N; = N,(¢) < co, such that for all N > N,
almost surely for all n sufficiently large,

(447) j‘/}:/(c-i-l) L= ‘Je;:N and JY,‘;N - (//)s
Moreover, for any | € #, we have, infinitely often with probability 1,
{4.48) Lle Xy
PrOOF. Recall (4.34) and (4.41). Fix an arbitrary ¢ > 0. For any fixed
1=i<N,sete;=HU(, ), ¢ = HYO(tyy w), p= maxyien Sins

Eni N =107 Ln(Ay, Nho s I) € S 1 < 09}

and
(4.49) ;5w = [ RO e 0 (ha 1)ty 25 L, v
R(t
(4.50) = (RO 87 b ey BNty 515 -
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Our assumptions [in particular (F2)Xii)] imply that 0 < c; <€ < p<1recall
(4.6)]. Thus by (4.38) there exists almost surely an ng = ng(z, i, N) such that,
for all n = n,,

1/2 &/(2, 172 £/(2p)
As Neper) € & ;( %) and ni N C (M.’N/)

1

and hence, that
12 12
Ry, N, NS opier) © -’Vn i~y and 7, N C (/ NA; ! f)

Here, we have made use of the fact that, for any r > 0, rA® = (rA)%. Since
Hon= =¥, F,.; > it follows that, for all # > n,,

(4.51) A7 Foesry C Ky and  Hy C (L7 P) T2,
Since I € 4 = ||I|| < AM2, it is straightforward that
Do My A A A) < |4 — AN,

By combining this inequality, taken with either A = 1 or A = ¢/(¢ + 1), with
(4.46) and (4.51), we obtain readily (4.47).

For the proof of (4.48), we select an arbitrary ! € ., then make use of (4.43),
to show that we have, infinitely often (in ») with probability 1,

112 l € &psl(Zp)
and hence
Ayl =R, yN 3l e 252y < w7
We conclude (4.48) by choosing N so large that |4y — 4| < £/2. D

PROOF OF THEOREM 1.2. We have now all the ingredients in hand to prove
Theorem 1.2. First, we let ¥ in (C1), (C2) and B be related via

_ 12
452) R(t)= I‘If(t)x IT%(” & W(t)= R%() x [”“"“‘1 U (c?(:) ,

This shows, via (4.44) and (1.23), that
M = sup V(¢) = .42

ax<t<b
We will omit the proof of the “in probability part” in (1.24), since it is similar
to but easier than the proof of the “almost sure part,” which we present now.
We combine (1.18), (4.40), (4.42), (4.44), (4.46) and (4.47) to show that, for
any £ > 0, a choice of N sufficiently large ensures that, almost surely for all
large n,

K (U) S (LAY = A and A S yyoh1y = Ppeperny € Hit (T
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Moreover, by (4.48), it holds that, for any [ € .# and ¢ > 0, we have almost
surely,
A1 =MV2] ¢ X} (¥)* infinitely often

in the “+” case with J#;}(¥,) replaced by #,*(¥). From (C1) or (C2) it is
immediate that the theorem holds for J&*(¥,) itself. The proof for the “~”
case follows along the same lines and will be omitted.

PRrROOF OF THEOREM 1.1. First note that it follows immediately from (1.8)
that

nh, 172 R
{2{log(1, h,)+logy n} ] £ (falx) - Ef,,(x)){\l'n(x) *

1= G(x) }1-’2
D
— [ {2ha (08 (3/hy) + log Y V2, (B, )

_ 1/2
X {‘IJ‘,,(x) X L}%()i)

Define I': I € B[—T, T1n M[-T, T] —~ R (here, M[-T, T] stands for the set
of measurable functions on [-T, T]) by

T
()= - [_ RIOL240)

and let &, = #*(¥,). Then the versions of Theorem 1.2 and Proposition
3.1 obtained with the formal replacements of B[0, 1] by B[-T, T'], yield the
statements in (1.11) and (1.12), once we show that for n = 0,

sup { -f;‘l(u)dK(u)} = [n [_ﬂ; Kz(u)du]m.

leS,

dK(u}.

This, however, is well known [see, e.g., Section 4.2 in Deheuvels and Mason
(1992)]. Likewise (1.24) implies (1.10); we omit details.

4.3. Proof of Theorem 2.1. 'We consider here a sequence of numbers {h,:
n > 1} fulfilling condition (H5) with y > 0, that is, such that, as n — oo,
(4.53) nh,/logn — v € (0, c0).

We will again work on the probability space of Fact 4.1 and we will use the
following fact from Mason, Shorack and Wellner (1983) and Deheuvels and
Mason (1992). Recalling (4.21), definefor 0 <c; <ey <1,n>1land A > 0,

ey, e33A) = {E%(Un(t +has) = Un(t)): ey <t < 02}

and
@y(h)= sup (U,(2) - U,(s))-

O=s<t<l
t—s<h
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Fact 4.4. I (4.53) holds, then for any 0 < ¢; < ¢ <1 and A > 0, we have

(4.54) lim Do (e cA), Ay =0 as.
In particular,

n +
(455) n].l)n;lo 'lo—g—-‘ n(Ahn) = )L'yﬁh,,

with &} as in (2.13).

The proof of Theorem 2.1 essentially follows the lines of the proof of
Theorem 1.2 and will therefore not be given in full detail. The main differ-
ence with Theorem 1.2 is that in £,(E,), F, is not centered by F. Write

e 1 (1) 1
(hyt58) = 1 HP@ + hs) - HP ()
(4.56) B (f'(t)[ I
= W[Un(H(”(t+ hs)) = U (HO@))-

Now under (F1), (F2) it can be shown along the same lines as Lemmas 4.1-4.4
that

n (1) . -
(4.57) Jim S aitng"nn(hn,t iD= (R, ;D] =0 as.

So it suffices to study -q,,l) instead of #,, for the present theorem.

ProoF oF THEOREM 2.1, We first show that for any £ > 0, there exists
almost surely a finite N(¢) such that for all n > N(&)

(4.58) £ (E) € A(BE).

As in Lemma 4.5 let N > 1 be an arbitrary but fixed integer. Set ¢; 5 =
a+(i—1N-b-a), A, y = F(t; nY1 = G(¢; ), for 1 < i < n, and write for
telt; N, tiyr, v and s e R,

459) 7Dy(ky, t;5) = )IUn<H<"(:)+sh Mow) = U (HO@p).

1- G(t
Write again D = max,.,.p f(£)(1 — G(t)). Note that under (F1), (F2) for any
7 > 0, there exists an Ny = Ny(e) < oo, such that, with ¢, — 0, for all
N 2 ND:

hmsup1 sup "nn (B, 6 1) = R, 8 D
n—+co N g<t<h
—_— i
(4.60) tI- G(b) e’ Tog w"(eNh !
’ G(t; — G(;
+ max (:+1.N) ("N)lmsup w,,(Dh)

Pp— G(ti+1,N)_' G( L N)

1
=1 G(b)')'e,vﬁyen 1<i<N (1= G()) Dy SDT <71 as.,
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since limg o c8F =0, limy.,,, ey =0, and since G is uniformly continuous on
[e, B).
For any fixed 1 <i < N write

& in= { (U (¢ + Ay whas) = ,,(t)}zclscscz},

with as before ¢, = HX¢; y), cg = HO(t;,, y), and

= n 1
LN = |r—'~(ti.N)10g ’if; (B 8 1): LinsSts ti+1.N]

l B, v)

-G, N)logn{U DHHO@Y + TR A N

~ UL (HO@)): <t < ti+1.N}-
Consider

o= Bt ) i 0 <2 <3,

with ¢; » such that ¢, y <¢ <¢;,; . Now by Fact 4.4 we have almost surely
for all large n,

with 5 = max;<;<n 81, x» Si, v = E(t.n)/(1 - G(t:, »)), and hence

LN G §i,NA8/25

YALNT

Since £,y © Ufil ;. N this implies

N .
(4.61) Zun € U AN, € 2(E)7.
Combining (4.57), (4.60) and (4.61) yields (4.58).
Next we will show that for every £ > 0, there exists almost surely a finite
N(e) such that for all n = N(&),

(4.62) £(E) C £(E).

Since #(E) is compact, it suffices to show that we have for an arbitrary
l ¢ A(E) that I € £, (E)%. Let ¢, € [a,b] be such that I e (E(f)/(1 -
G(to)))Ayf(,o)(l —G(tyy- With N > 1 as before let I be an interval of length
1/N having ¢; as one of the endpoints. Now comb1mng (4.57) and a slight
modification of (4.60) we obtain for any 7 > 0 for N large enough,

(4.63) gll‘!;loﬁg—— sup ||n,,(h,,, 61— 17(1) (hos :Df =7 as,
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with the formal replacements of A; v by Ay = F(£,)(1 — G(ty)) and ¢; n by £
in (4.59). Now (4.62) easily follows from Fact 4.4.

Finally from (X1) it is immediate that in (4.58) and (4.62}, £,(E) can be
replaced by £(=,). O

4.4. Proofs of Theorems 2.2 and 2.3. The proofs of Theorems 2.2 and 2.3
will make an instrumental use of Theorems 1 and 3, respectively, of Deheuvels
(1996). We only present a short proof of Theorem 2.2. The proof of Theorem 2.3
follows along the same lines and will therefore be omitted.

ProOF OF THEOREM 2.2. Similarly to the previous proofs we can show that

it suffices to prove Theorem 2.2 with %,(h,, £;I) replaced by nﬁl)(hn, t; 1), as
defined in (4.56). We now have from Theorem 1 in Deheuvels (1996), with D
as before,

. logn 1
} = (¢ m _ @
imsup sup 3o log <o B (67— {UMHO( + ) = Un(HO)
. 2.(t) n logn
51“,;‘1‘?:,“’[;‘:5,,1_(;(:) sets logn ¢ nk,

x {Un(HO(#) + Dh,) - U (HV(e))]

{ Z,(8) < LN logn

< lim sup
A— 0o

su —_—
agga 1—G(¢t) | o<t<1-pn, logn £ nh,

X |U,,(u +Dh,) — U,,(u)] <T as

This proves that for any ¢ > 0, there exists almost surely an n(e) such that
for all n = n(e¢),

£U)(E,) < (TL)e,

So it remains to show that for any ¢ > 0, there exists a.s. an n(e) such that
for all n > n(e),

(4.64) (T[LISI) c —/[s](En )ls]'

It is obvious again from Theorem 1 in Deheuvels (1996), (X1) and the conti-
nuity of = and G that we have for any ¢, with E(#,)/(1 - G(fy)) = T that

lim lim sup sup G log loﬁ

= (1
Ep(t)nn (R, 6,1
MO noo tela,bto-1, to+A) IOB T nh, 177 ma )

S (ct;?l'oi{Un(H“’(t +Th) = U (HO@)]| =0 as.
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Therefore it suffices to show (4.64) with A15)(Z_ )¢} replaced by

E(ty) n logn
[1 —G(ty) Togn € k.

[Un(HD e+ 11,))

[£/2)
= U,,(H(l)(t))]: tela,b]N[tg—A, to+ ,\]} ,

for some properly chosen small A > 0. This follows however from observing
(by inspection of the proof) that the corresponding result for the uniform-(0,1)
distribution, that is, Theorem 1 in Deheuveis (1996), immediately generalizes
to a distribution with a continuous density bounded away from 0 and co on
a fixed closed interval. Because of (F2) and G(b) < 1 we indeed have that
(1 — G) satisfies this condition on the interval [a, b1 N[ty — A, t5 +A). O
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