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Foreword

This report contains the slides of the talks presented at GROSTAT III. This workshop was
held at EURANDOM on September 9 and 10, 1999. The workshop was supported by both
a grant of NWO, the Dutch Science Foundation, and EURANDOM. GROSTAT III was the
third workshop in a series of workshops on applications of Grébner basis methodologies to
statistics. Previous workshops were held in Coventry (1997) and Menton (1998). These
workshops provide a forum for statisticians and algebraists to meet and exchange ideas.

December 1999,
A. Di Bucchianico

G. Pistone
H.P. Wynn



GROSTAT Il
Workshop on Grobner bases and statistics

September 9 and 10, 1999

PROGRAMME:
Thursday September 9

8.30 Bus leaves from the Hotel
9.30-9.35 Opening by Prof. W. van Zwet, scientific director of EURANDOM

Algebraic theory of DOE

The theme of this section is the state-of-the-art of the application of algebraic theory to DOE. It also
shows the refevance for applications and tries to bridge the gaps between statisticians, algebraists
and practical users. The speakers are curren tly working on writing basic material on the subject.

09.35 - 10.10 Di Bucchianico/Cohen: Introduction to Grébner bases and DOE

10.10 - 10.20 coffeeftea

10.20 - 11.00 Denteneer: Improved PCB estimation: design for surface estimation
of DOE

11.00 - 11.20 coffeeftea
11.20 - 12.00 Riccomagno: A glimpse into the future of nonlinear theory and fans
12.00 - 14.00 Lunch (Van Trierzaal)

Algebraic Theory of Special Designs and Method’s
This section is devoted to special applications of the algebraic theory to DOE. The emphasis is on
current development of specific statistical methodologies.

14.00 - 14.40 Bates/GigiioMynn:  Regression strategies and Grébner bases
14.40 - 14.50 coffeeftea

14.50 - 15.30 Rogantin: Estimability and resolution for binary factorial fractions
15.30 - 15.50 coffeeftea
15.50 - 16.30 Ye: Response surface designs and Grébner bases

16.30- ... coffeeftea

Algorithms and Software

Real application of the algebraic theory requires the development of efficient special algorithms
and good interfaces with widely used software. This section is devoted to projects that try to
accomplish this.

16.40 - 17.20 Cohen/Capprotti: OpenMath
18.00 Bus leaves for the hotel
20.00 - ... conference dinner in El Teatro (3 minutes walking from the hotel)
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Friday September 10

8.45 Bus leaves from the hotel

Algorithms and Software (continued)

Real application of the algebraic theory requires the development of efficient special algorithms
and good interfaces with widely used software. This section is devoted to profects that try to
accomplish this.

09.30 - 10.10 Robbiano/Caboara:  Algebraic Tools for Statisticians.
10.10 - 10.20 coffeeftea

Probability and Statistics
This section is devoted to algebraic theory for probability computations on a finite sample case and
statistical applications.

10.20 - 11.00 Dinwoodie:  Conditional Distributions on Integer Data and Grébner Bases
11.00 - 11.20 coffeeftea

11.20 - 12.00 Pistone/Wynn: Probability computations on finite sample space and

applications
12.00 - 14.00 Lunch (Postumuszaal)

Differential Algebra, System Theory and Stochastics

This section is devoted to dynamical aspects of statistical modelfing and design. New problems
appear in the dynamic case such as controlfability, estimability, identifiability and stochastic
calculus.

14.00 - 14.40 Karcanias: Nonlinear Problems in Linear Systems: Grébner Bases and
Global Linearisation Methods

14.40 - 14.50 coffeeftea
14,50 - 15.30 Carra-Ferro:  Differential Resultant Systems and Statistics
15.30 - 15.50 coffeeftea

15.50 - 16.30 Margaria:  Structural identifiability for polynomial differential systems
16.30 - 16.40 coffeeftea

16.40 - 17.20 Kendall: Some reflections on the algebra of stochastic calculus
17.20 - 17.30 coffeeftea

17.30 - 18.00 Conclusion + discussion of future
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Introduction to Grobner bases and DOE

A. Di Bucchianico and A.M. Cohen

EURANDOM / Eindhoven University of Technology
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Contents

+ Short practical introduction to Design of
Experiments (DOE)

« Mathematical background of DOE
* The importance of Grébner bases for DOE

wildon [ ‘

What is design of experiments?

Design of Experiments is a general term for a

collection of statistical techniques for systematic

experimentation.

The most important benefits of using design of

experiments are:

* jess experiments are needed (time,costs,...)

= interactions between factors are taken into account
(but: Taguchi thinks that interactions are due 1o bad modelling)

o on B :

Example

* chemical production process of vegetable oil

* relevant questions:
which factors influence yield (e.g., temperature,
pressure, concentration of added acids, choice of
washing liquid, etc.)
- find the “optimal” values of the important factors
(optimal yield or optimal costs or ...}

- e :

Main types of experimental designs

* “screening designs™

These designs are used to investigate which
factors are important (“signiftcant”).

* “response surface designs”

These designs are used to determine the optimal
settings of the significant factors found after
performing a screening design (see talk by Ye)

N.B. For a “non-standard” example of DOE, see talk by Denteneer

Screening designs: effects

How do we determine whether an individual
factor is of importance?

Basic idea: measure the outcome at 2 different
settings of that factor (and do this simultaneously for ail
factors)

Scale the settings such that they become the
values +1 and -1 (reason will become clear later)

wilbon B :




* A design consists of performing measurements al particular
level combinations.

* A run is a measurement at one level combination (runs may
be performed with the same level combination: replications)

Suppose that there are 3 factors: A and B. We perform 4
measurements with the following settings:

Graphical display

ab

B
*A-1l and B-1 (short: (1))
*A+landB -1 (short: a )
«A -land B +1 (short: b ) 3
*A +land B +1 (short: ab)
-u-“'&m w ' eukANBOM m ’
40 60 49 60
+1 +1
B B
-1 -1
35 50 35 50
-1 A +1 -1 A +1

2 estimates for effect A:
50-35=15 and 60-40=20

] timates: Y2(50-35) + 14(60-4
Combt%ﬁ%tﬁl gsstllnrqgtg 5ls szlgperi?ar. %60-40)

[
EREAND DM

In the same way we estimate the effect B:

TURANOOM

¥(40-35) + '%(60-50)

Interactions

Factors may influence each other. E.g, the
optimal setting of a factor may depend on the
settings of the other factors.

When factors are optimised separately, the
overall result (as function of all factors) may be
suboptimal ...

B [==ge

factor A is optimisct

TUHANDOM

f is optimised




+1

The interaction effect AB is the difference
between the estimates for the effect A:

14(60-40) -  %(50-35)

wibhon = i

n
 measurement
a .
N k . setiings
b + E'.::' e T
it Aok . H-:"‘ effect
2 £ ., estimates

from left to right: measurement settings .
from top 10 bottom: coefficients of effect estimates.

Example: for measurement (1), both A and B are set at -1
Example: A = - {1) + a - b + ab, where small Jetters denote the

outcomes of the measurements,

wiSbon g §

General set-up

« calculate effects

* factors whose corresponding effect is
“large"” are considered to be significant

* being “large” should be a scale-independent
notion

* use variance as universal scale

- giage .

Mathematical model (regression analysis)

* In order to avoid trivialities, assume 3 factors
* We try to fit a linear regression model to the data:

Y= B 4B+

where  FRITIN

T gy L
x4+ 5, t;.-"‘g".t'. -{}.ﬁ._.xx B Pk

N.B. The term f#i724] is left out, because it has no

practical importance (true for any higher-order interaction)

17

Cross terms and interaction effects

Cross terms in linear regression models are used
to model interaction effects. E.g., if

Y=3+2x,+4x,+7x,x,

Xy 2x,+]l DYV +2+7x,,

so increase in ¥ when x, changes, depends on x;.
Likewise for x,.

This explains the notation AB for the interaction
effect.

i g "

Designs with 3 levels (digression)

¢ In response surface designs, 3 levels are
used in order to include quadratic terms

« A factor now has not a single effect
associated to it, but both a linearand a
quadratic effect (corresponding to a linear
and a quadratic term with some correction
to obtain orthogonality).




Regression parameters

+ Obtain estimates  for the regression
parameters through +/-scheme or equivalently,
through Least Squares

= Obtain estimate for variance 62 through

where X is the design matrix (= matrix of + /-)

- e g

Vartances of parameter estimators

= Note that estimates  depend on the data
and hence, are random variables

+ The variance-covariance matrix of the
random vector is given by B X" x|

* The matrix is diagonal, because of
choice -1 and +1. Hence, parameter
estimates are uncorrelated.

i B

Significance of factors

= variances are used to have universal scale

+ significance of individual factors are judged
by dividing parameter estimates by
(estimated) standard deviation of that
parameter estimate.

* Only at this point an explicit distribution for
the error term € is needed.

. R

Fractional experiments

Often the number of parameters is too large 10
allow a complete 2P design (i, all 2P possible
settings -1 and 1 of the p factors).

By performing only a subset of the 2¢ experiments
in a smart way, we can arrange that by performing
relatively few, it is possible to estimate the main
effects and (possibly) 2nd order interactions.

e

YA AR CTAC BCTARC] o=

T o e e =

ig) (o ot T e 1y i A=-AC
il=Esa =+ B--BC

o Lo e T TR AR = -ABC

With this haif fraction (only 4 = '4 8 experiments) we
see that a number of colurnns are the same (apant from a minus sign)
and hence, the corresponding parameter estimates are the sae.

T TR AR AT |

We say that these factors are confounded or alinsed. In this particular
case we have an ill-chosen fraction, because | and € are confounded.
Cme of the two best choices here is the following fraction:

| TTR B A CTAC B ADE ) J=-ABC
(L B RS o R o oA = .BC
LT Y R A e
T e AT B =-AC
fabiadalie e il =1 *AB=-C
nSBom B i

Aliasing and group theory

+ there exist computational rules for aliases. E.g.,
it follows from A=C that AB = BC. Note that /
= 4= B? =’ etc. always holds

»The multiplication rules can be cast in terms of
Abelian group theory (going back to Fisher
1942).

«Group theory cannot handle arbitrary fractions in
a unified way.

- e 5




Polynomial interpretation

¢ Let D be the set of design point and let P
the space of polynomials in 3 variables.
Define the inner product

W)

R

- de

+ Estimation of parameters can be explained
in terms of projections in P.

+ Choice of -1 and +1 makes monomials
orthogonal w.r.t. <>

wilho [=ge .

Aliasing and polynomials

* Aliasing can now be interpreted as
polynomials coinciding when restricted to D.

* fis confounded with g if f-g=0on D.

+ Let I be the set of polynomials that are
tdentically zeroon D .

n

TuiANGOM

Aliasing structure
 In order to describe the aliasing structure,
we need a basis for the vector space P/[.

* A set polynomials {g|,....g,} is a Grébner
basis if any polynomial / can be written as

further (division with remainder -> term
ordering)

il By »

Algorithms

» Grobner bases can be computed. Original
algorithm by Buchberger (1965)

» Algorithms for computing Grobner bases
are available in general purpose software as
Maple or Mathematica. There also exists
dedicated (free!) sofiware: CoCoA (see talk
by Robbiano/Caboara).

i
|un;%on c.‘m ! =

Conclusion

+ aliasing can be interpreted as polynomials
coinciding when restricted to the design
points

« Grobner bases can generate the aliasing
structure of arbitrary fractions

* there arc computational tools for Grébner
bases

wiion Bl "




Improved PCB-inspection:
Design for Surface Estimation

Dee Dentenser
Philips Research-Eindhoven

the Netherlands
Dee.Denteneer@philips.com

September 9, 1999

Summary

» Background and application

» Other issues

« Design issues

s Conclusion

Background

+ Process control for PCBs

» Measure solder paste deposits

« Typically:
= 1000-5000 on & PCB

- Area: .1-1. mm?Z, .1-.2 mm high

» Measure optically

Traditionally

¢ Local polynomials

» Small number ot reference points

» Least squares

« Evaluate at target location

As in SURFACE ESTIMATION

Alternative:

» Local polynomials

« Large number of refarence points

» lterated lsast squares

= Computational trickery

As in LOESS



Result: illustration

||
i

+ Measure empty board
= Reduce third quartile

» Reduce outliers

Speed up by preordering

» For each target location, «,
find closest references, 5,

— Search all referances

- Determine search interval at start up

s Order (planar) data, , such that

Canonical image

i B v i
gyl RE e e s
i 29 & %} le El l.. I" :
il BEDw L e R
: A T ) o S
T e L L T ettty
’—i Poe s BHS
8 [ £ =t — v
EH
R ¥ m.i v
140 120 00 "9 0 -+ -:

= Target or 'PAD' location
- Refarence location

V Vertex or fit-location

1; (i) = ={J), 1
Z(ﬂ ax x(i) = w(j) 1
is smalt.
Motivation Adaptation

H
] & 0, s " &5
e d" W .’ ’ ,‘ o ““‘.:\‘: e
> i f 'l J a‘oo {85 '1\‘ ¥ .\t“ SR
WS iRl
3 A I( "' sy
2y i ,p:i‘ ;’ £

fll,’tfr
/(’

Observed interpolated references

Speed up Results
* Actual boards
» Search intervals

o With and without preordering

# Targets # References | Without With
125 4000 |1 3
175 4500 | 1 3
265 13000 | 1 15
450 25000 | .04
Adaptation

« Smoothing parameter: #Refs/Target

o Adapt:
High noise: high bandwidth
Low noise: low bandwidth

+» Needed!
« Time restricted, simple approach

Proposal, for each target:
After iteration 1; Compute

max[Wg = Wy * W,} @
max{ Wy}
if (C = .5) ilerate as usual
Else Square distance weights
Fit
Exit

C=




Evaluation Adaptation

+ Simulated surface:

» (Gaussian noise, contaminated ridges

Results Adaptation

-y

. mm
- -
—

= Reduction in mean RSS: 20%

» Not very sensitive to threshold

» To be developed

Design issue 1: Select vertex locations

+ Position
= Regular grid
— KD-tree

— Triangulation methods

= Based on
— Target locations

— Reference locations

KD-tree, based on target locations, .. .

Design issue 2: Select reference locations:
Select area in bare cupper

A subset of a candidate list

« Select refarence closest to target

« Select n-neighbors in Delaunay
triangulation

» Borow rast

» (Extend to better resolution)

Design issue 3: Select reference locations:

Example Dasign

T : Target

0 : Reference nearest to target
1 : 1-neighbors of target

2 : 2-neighbors of target




Evaluation Design: Results Design

TRIRL
-

’
{

P

4 1- I
[
[— -]
HEEm ]
[ ——

:

= Example: 3 and 4 neighbors

« Simulation, 16 replications (32 targets, 1600 Refs, 16 replications)
o Gaussian noise == optimistic « Poor resolution
» Vary # targets and # neighbors o (Neighbours in infinite plane)

Improved resolution: w-opt

Define
Improved resolution:

(xp. yo) : Vertex location

(¥.¥)i=1,...,n: Eglegible locations

Xia = (1, % — xg. ¥i — yo) : Tow dlasign matrix

d; = {(x; — xp) + (i — y0)) 2/ R ; relative distance

+ Randomisation

s w; = (1 = &)™)} : distance weights
e {0, 1y i = n* : Selected locations
= Improved spread ee (0 1y Ze, n
Find ¢ such that

— Improved allocation to vertices
D Alxg, ¥p) = | X' DD X|

is maximal.
Also; allocate extra points to vertex (x, y) with minimal
Alx, y).
Improved resolution: w-opt
examples W-opt vs. Random:
= & -
g1 b TE -
9" 3" s o | 3 T
K . l
#e RR ¥ o gDD
2 . R ‘;% . H I H
- AR . J a *mo ol
[ 20 % ) TR ) - -
3 I 2 .
™ ., o = — - E I
N A — S gEefdl | JEgsfl
. h R B : . b oP 8 g Loaa R
- FF A A . . .P . o - s
: .t R 50 ° ST TR 1603 1500 1350 7000 750 508
2. * % o




Vertex selection-revisited

« Vartex locations 'gutside’

« Improve location wrt. reference set

— Optimize:
Adx. vy wrl. (x. y) given e,

= Shrink toward center

Vertex shrinking Resuits

31}

o092

L1 0]

1400

Vertex shrinking Resuits
Various boards
Reduction in mean squared error: 88%-90%

—

Conclusion

+ Succesful application
— BExtends engineering approach

= Other surface litters?

o Unrescived new issues
— Adaptivity, also between PCBs

= Design issues

« Understand noise process
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A glimpse into the future of
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Overview
Design:

no replicates

d factors, N points
quantitative/qualitative

complex in number and structure

D={a(i)eQ*:1=1,...,N]}

Model:

standard linear regression model

interactions

polynomial but not only

Y(x) = Taer 0az® + € where e.g. € ~ N (0, 0?)



Identifiability

f=3x 8,z D

acl
Design matrix: X = [a(1)%;;  yaer X, D)
Given D, which L?
One L (Est,)

A class of Ls (Fan)
Aliasing and confounding structure (NF)

Given L, which D?
stats.pkg (CoCoA)

2d
Linear algebra, random search, Ly



(D,L)i=1,...

Factor screening
Statistical analysis
Orthogonal analysis
Mallow’s C,

Akaike criterion

Model order choice criteria
Smootheness criteria
Stepwise regression



Design Ideal

D C Q¢, Variety, Q[z1, ..., zq) or Q[z]

Ideal(D) = {f € Q[z1,...,z4] :
fla(z))=0fori=1,...,N}

o ideal
e radical (because no replicates)
o finitely generated (Hilbert basis theorem)

e computable
Example

22 = {(+1,£1)} (21— 1), (23— 1)

s1(z? — 1) + so(z2 — 1)



The completed design

AFR
1 0 1
1 1 1
=] a a
< < < R
3 o 9 0 3 0
1 -l 1
1 0 1 1 0 1 t [ 1
RPM RPM RPM
1 1 ‘O o
[=1 =]
< < a 8
-
¢ Eh g° ° =
-1 1 a
1 0 1 -1 0 1 A rd i
RPM RFM RPM
1 1 1 @ o 9
2 2 2 &
30 90 30 tp -
N -1 -li & &)
-1 0 1 Bl 0 1 ol [ 1
RPM RPM RPM

Bidimensional representation of the 34 full factorial.
The original designed experiment includes the empty
circles; compileted runs are given by biack dots.

L ‘J"l
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The intended design

Ideal corresponding to a 3* experiment

a(a®*—1) =0
e(e?~1) =0
(?-1=0
T(T2 — ].) =
with the additional equation
 (@a=1)fe+1)=0
to give points at level ¢ = 1 or at level e = -1

Note: Universa.l and total G-bases.

The actual design tdeg(r >/ > ¢ > q)

Desld;

X eeta—e—1,
re +ret+ete,
rle +-1e +rl+le,
rze-i-lze—lez—I-rz-{-l?-le—e—-l,

X & —e, a®—g, B—1l, P —r, |
rlg +rig , T2 4 p2] 2 +rl,
Pe? 42 —e? — e,
a® —5/2r2 — 3/2712 + 1/2r%a +1/2rla — 1% +
1/2ra® +3/20% - /202,
~3/2rl —1/2ra +1/2la —1/2a% — 3/l —-1/21+1/2,
rla? +2rH - rl2 = rlg +1a? — 2 +rli—la+1le,
rza.z'—rzl-rlzi-rla-i-lze—-rz—rl+la—a2-le——l+1,
rlza+2r2l+r12—rla+lza-2123-{-1'1-12—[a-{-ZIe-{-l

—

5.3



Design ideal and Groébner basis

Monomials: z* € Qlz] Ex. z3z3z4, 71

Term ordering, 7: a totally ordering relations
on monomials such that 1 < z% for all a

Examples: tdeg, plex, blocked

f € Q[z], LT-(f)

A finite set G € Q|z] is a Grobner basis of a
polynomial ideal I with respect to 7 iff

(LT () : f€I)=(LT.(9) : g € G)



— G={91,...,9:} is a Grobner Basis
iff

<LT(gi) :i=1,...,t >=<LT(I) >
— IS minimal iff

. LC(g;) =1 for all i

- LT(g:) ¢ <LT(G\A{g:}) >
— is reduced iff

. LC(g) =1 for.all i

. for all terms of g; does NOT belong
to

< LT(G\ {g:}) >

for all 3.



Properties

e There exist a unique reduced Grobner bases

e For f € Q|z] there exist a unique r such
that

f= gEZG Sqg + T
such that r <, g forall g € G



Quotient space

Qe/ldeal(D) = {[f]: f € Qla] and
[fl={g: f — g € ldeal( D)} }

e Vector space
e Finite
e Given 7, reduced the Grobner basis, G

Est = {z“: x“ is not divisible by LT(g) ¢ € G}
= {z*:a€ L}

Properties of Est

e #Est =#D
e Marginal funct.ty/order ideal/hierarchical model

e A saturated, linear, identifiable model for D

> 8,z

aEL
® D1 g Dg then EStT(Dl) g EStT(DQ)
e Computable

. Coo



An engine mapping experiment (FORD)

APFR
1 0 1
3 3 3. :

m
=]
3o -8
o
-3 ] 1
=
[}
a
e -
a
- . L]
E

Full factorial: quadratic model.
La; &%, €, 8%, 7%

Complete design:

Lx; ea,a’, e, l3,73;

Est:=0rderId(Lm); Est;

r22e?, 222, 22, r2le?, rie?, r2lPa, r2la?, ri%a®, rP12,
e, rite, r?e?, rle?, 2e?, r2la, ri%a, r2a?, rla?, Pa?,

2 ri2, e, rle, l2e, re?, le?, 2a, rla, I%a, ra?, la?,

2 rl, 12, re,le, %, ra,la, a®,

r,l,eal

Actual design: tdeg(r >1>a > e}
Lm;
ae, €%, re?, rle, e, a®, I3, 3, rla,
22 2e?, 2a?, rla?, r2a*, rl*a
EstBasis:=0OrderId(Lm); EstBasis;
21 ri2,r2a, rle, Pa, ra?, la?, e, le?,
72, rl, 2, ra,la, a2, re, le, €2,

rlael



Division

f€Q[z]and gy, ..., 9 € Qz]
= ié sigt + ()

Model Confounding

D, TG
Qlz] — Q[x]/ldeal(D)
h= 3 ¢s° — [h] = NF(h,G) =

Parameter Aliasing

¢., = linear function(g,)
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Algebraic fan

D Est, (D)
F ={ Est(D) : 7 is a term ordering}

e 'an and leaves
e F is finite

e Computation

Statistical fan

N eZ3

G(N,d) = the set of all models with N terms
in d variables and with an order ideal structure

For d = 2, partition of identity.

ED)={f€G(N,d):
N =#D and X(f, D) is invertible}

10



* (D) C &(D)
e D = {(0,0),(0,-1),(1,0),(1,1),(=1,1)}

Caboara and Robbiano (1997)

o If f € £(D) and there exists T such that
the term of f are the N smallest terms
w.r.t. 7 then f € F(D)

e Fxample for which £(D) = F(D). Ex.
Full factorial

11



Minimal fan designs
#F(D) =1

e Full factorial

e Generalised echelon design
Application in reliability
Maximal fan designs
E(D) =G(N,d)

o Always exist

e A basis of Ideal(D) should be of the type

gd(fcd), Td—1 — gd—l(l‘d), SR/ 91($d)

with deggy = N and g;(a(i1)) # g;(a(i2))
for all pairs of design points and all 5 =

1,...,d —1 (cfr. Shape Lemma) il

12
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Figure 2: Two dimensional maximal fan designs with n points based on the integer grid n xn
(n=3,...,7).
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D-optimality

max det (X (D) X¢(D))

DCE
Fan D-optimality

1/p
%1(5__135( (MI_EIE det (X&(D)XM(D)))

e M cECF

® p = nm where

13
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Model ideal
(a(i),Y;) € Design Space x Observation Space

y=90+91$1+92$2+—2‘3—

2122

trx1xo — 1 m
Yrixro — 90331372 — 9133%3’}2 — 925(;1.’13% — 93

D ={(1,1),(2,1),(1,2)} lex(y > z2 > z1)

GB ={y+M—-Yo)z; -3V1+ Yo+ Y3+ (Y1 — Y3)z2
27— 311+ 2,712 — Ty + 1 — 12,2 — 3z + 22 }

NF = {(—90 +2Y, — 36, — 6, — Yl):c1+
(—91 - Y1 + 2§/;3 — 90 — 392)372
—05 + 0 — 2Y3 + 361 + 365 + 3Y; — 2Y3 }

G+ 460, = =Y, — Y, +3Y;
01— 0 = Y3+ Y5
O3 — 20, = 2Y] — 2Y5

14



Grobner basis methods for structuring and analysing
complex industrial experiments :

Giovanni Pistone
Dipartimento di Matematica, Politecnico di Torino
Corso Duca degli Abruzzi 24, 10129 Torino (Italy)
pistone@calvino.polito.it
tel.: +39 411 5647550 fax.: +39 +11 5647599

Eva Riccomagno (corresponding author)
Department of Statistics, University of Warwick
Coventry, CV4 7AL (UK)
emr@stats.warwick.ac.uk
tel.: +44 +1203 524630 fax.: +44 41203 524532

Henry P. Wynn (presenting author)
Department of Statistics, University of Warwick
Coventry, CV4 7AL (UK)
emr@stats. warwick.ac.uk
tel.: +44 41203 523625 fax.: +44 +1203 524532



Grobner basis m Experimental design
Design: D={a(i) € Q¢:i=1,.. ., N}

Interpolator(s): f € Q[z1,...,z4st. f(a(d)) =
0i=1.. N |

Design ideal: {f : f(a(?))
Quotient space: Q[zy, ..

0,i=1,...,N}
Ideal(D)
/Ideal(D): Est =

z4)/
A vector basis of Q|zy, . .. ]
{he(z): € L}

Regression model: y(x) = Spercr bokio(T)
Responses Y and X design matrix

A »
[dentifiability: ¥ = X6 — ¢ = (X*X) ' XtY

A polynomial model: g(z) € Q[zy, ... , T
Model confounding: NForm(g, Ideal(D)) = Sz qﬁa:c

e



* MODEL AFTER STEPWISE REGRESSION:

Shear =
-29.97 + 282.51*Binder + 9.58*Steel — 559.13*Binder>

Value  Std. Error T value Pr(>li])
Intercept -29.9731 6.7639 44314 0.0002
Binder 282.5112 589834 4.7897 0.0001
Steel 9.5777  1.7206 5.5666 0.0000
Binder*" -559.1349 126.9370 -4.4048 0.0002

Residual standard error: 0.4316 on 22 dof
Multiple R-Squared: 0.8239
F-statistic: 34.32 on 3 and 22 dof, the p-value is 1.784e-008
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Figure: Observed vs. Fitted Values

+ +

o35pafHy

Shear

Relationship between Binder and Steel and
the fitted values for Shear

Figure




Qualitative Factors

e The given design is

1000(j100
1000000
0100{100
Design:= (10100010
0010(010
0010001
00011001 ¢Q]

o Fst = {17 L8, L7, T6y L4, T3, :1:2}

e Grobner Basis:
Ideai(:z:s-l—a:s +T7+23— 1,21 +To+T3+Ta—
1,5 — T3, T7Ts, T6Ts, L4T8, T3Ts, ToTs, T —
L7, TeZ7, ToL7 — T4, T3TT + Ty — T7, ToT7, T2 —
Tg, ToL6y L3T6—L3—LyTL7, LoT6+T3TL4—T6—
T, l'i — T4, T3T4, T2T4, 3?% — T3, 22T3, CU% — T7)



DOING STATISTICS
.Y =X0+¢
X, ={z}
z* € est.(D),z € D

2. Try to choose 7 in order to favour terms you
want

3. Two-stage procedures:

(a) Screening
(b) Favour



- BLOCKING

A O 0
0 Ay ... 0
0 0 . Ag |
Aj — {xi}iejj BLOCK
e plex between blocks

e tdeg within blocks



ORDER
“Graded” ordering

1% - 1P

=>Zai225z'

Theorem:

For all graded orderings

tH{zx® € Est | deg(z®)

deg(x Z oy

1S Same

= s}



Look at 3 more ciosely:

We can sequentially build up designs one point
at a time and we add one term to E'st at a time

Est(Dp.1) = Est.(D,)

This is the basis for fast alghoritms.
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« Relations between the coefficients of the
indicator function:

by= % bybsay
jer

[implied by (2) and (4)]

» Relations between the coeflicients of the
indicator function and the points of F:

1
by = — Cr{A
1= L0

[as {Cr}iep 1s an orthonormal set]

In particular: by is the ratio between the car-
dinality of the fraction F and the cardinality
of the full design D:

il

=

Indicator function and statistical properties:

+ A simple or Interaction term Cy is a contrast
on F, that is £ aexrCr(A) = 0, If and only if

by=0

TFwo simple or interactlon terms Cy and Cy
are mutually orthogonal on F, that 1s
Taer Cr(A) C;(A) =0, if and only if

bras=0

A simple or Interaction term C; is aliased
with the general mean 1 if and only if the
corresponding coefficlent ; is, In absolute value,
equal to by

A fraction F is regular if and only if all the
non-null coefficlents of Its indicator function
are equal in absolute value;

byl = by
# The resolution of the fractlon Is at feast the

smallest length of the indices I, I # 8, of the
non-null by's

Coefficients of the indicator function of Fgy
multiplied by 2% (=512)

b L] ".l TG Thaa [T -BThioase [ BT Buzsers
B hise B | biasr f B | hizsar | -8 | braseay
8 | bisy 8| bns | B | haea 8 |
8| by B | bhoer || B | bizaee 8 | bussrao
B biga (| 8| bzes || -8B bzome | 8 | bresers
B | bizp || 8| bars || 8| Mzare 8 | brassay
-8 | biay 8 bose || 8| hruss | -8 | Srasres
Blbasg || 8| buas || -8 | uzase | B | brasres
8 | buss 8| hass || -8 | bizeer B | boasers
-8 | basy 8| hass || 8| bz B | boyseas
8 | brer 8| buser || 8| bizarn § -B | bapsres
B buraj -8 | bisse || 8| bizeme § B ] bapares
8| by B | by || B | biaass B | basres
8| ks 8| base || B | binase B | basares
-8 | byse 8 | b || -8 | bisass B | brapere
-8 | bagr B | bary || 8 [ binagr | B | brasesy
8 bap | 8| buaes || 8| Ban | 5 | Brassans
B bhraf 8 |busg| 6| byyrs | B braseras
B | boes | -8 | bases || -8B | tisare | B | bioasare
B | bess 8 | bayrs || 8| bieves | B 1 biaasves
8 | besy 8 | boyey || 8| bzase | B | drvasses
B | bua | 8 | bnes7 || 8| bzmsr | -B | bisseres
B8 | bus 8 | byyse 8 | s | -8 | drsasere
HE S HIE
14 1 S T 40 i) 7/

-0 | boagn || -8 | braee

B by || B | binsss

B | baagr || -8 | brees

B | byasa || 8 | bysare

B lyagr || 8 [ basres

B | e || B | bussas

-M NH- 8 | husver

13
18 | busry

Note that.

- the smallest order of non-null coefficients is 3
- the coefficients bsgra, bss7a and byrigsgrs equal
to by

- the “smallest” {lexicographically) index of non-
null coefficlents is 156

Statistical properties of the previous fraction
found by the indicator function:

e the simple factors are contrast and they are
mutuaily orthogonal (there are no coefficients
of order 1 and 2)

e the interaction terms Cjp, Cy3 and C)4 are
orthogonal w.r.t. the simple terms and they
are mutually orthegeonal (the "smallest” index
of non-null coefficients is 156)

the fraction Is not regular

¢ 1=C)234 = Cgers = C12345678
that is: the smallest regular fraction contain-
ing it is defined by these relations

e the fraction has resolution at Jfeast 3

2. Estg(F): a basis of the vector
space Q[Xy,...,Xm] / I(F)

Let F be a fraction, I(F) be its Ideal, o be a term
ordering and ¢ be a o-Grbner basis of [(F). We
denote by Ests(F) the set of terms which are
not divisible by any of the leading terms of the
Grébner basis G.

Ests(F) is a basis of the vector space

Qlzy,... ,2m]) [ I(F)

Ests({F) and statistical properties:

Let F be a fraction with n points, ¢ a term or-
dering and Esty = {C; s.t. 7 € Bs} (#B; =n).

« For any o and the corresponding B, the sat-
urated model

Ya= Y 0r Ci(A}
IeB
is identifiable

» Maximal resolution
Let ¢ be the DegRevlLex ordering (DRL).
Let § the maximal order of interaction terms
such that all the terms of that order belong
to Estpr),. Then the fraction has resolution
at least 25+ 1.
Moreover, if the DRL-Normal Form of all the
nteraction terms of order §+41 does not con-
tain any term of lower order, the fraction F
has maximal resolution 28 4 2, otherwise Its
maximal resolution Is 25 4 1.
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4. Let Fy4 be the fraction whose indicator func-
tion is

1.1 1 1 1
=4I C =(e] -
m... w+a Sm+a .u&+a Eum Hu..m

4
We have:
EstprL(Fa) = {1,£1,C2,83,C1,Cs,
€13, C14,C15,C23, Caa,
Cas,Ca4, Cas,Cas5, C3a5}

Resolution: it is equal 1o 3: all the terms of
order 1 are In Estpry(Fa) and there exist
confounding relations between Interactions
of order 2 and simple terms.

Orthogonality a maximal subset of Estpry (F4)
with mutually orthogonal terms has 12 el-
ements:

CprL{Fa) = {1,01,0,C3,C4.Cs,
C15,C28, C34, Cag, Cas. Caas}
A set of 16 mutually orthogonal terms is:

O(F4) = OprL{Fa)U{C124, Ca3a, C1345,C2345}

5. Let F5 be the fraction whose indicator func-

tion is
3 1
Fy = stz (Ci123 — C124 +Cr25 + C134
~C135 — Cras — €234 — Ca3s
+C245 + Csas + C1234 + Cr235
+C12a5 + Cr3as + Cazas)
We have:

EstorL(Fs) = {1,01,C2,C5,C4,Cs,
€15, C24,C28, C1a, C15, Cys}

Resolution: It |s equat to 3: all the tarms of
order 1 are in Estpr (F4) and there exist
confounding relations between Interactions
of order 2 and simple terms.

Orthogonality: a maximal subset of Estpr (F5)
with mutually orthogonal terms has 6 ele-
ments:

OprL(Fs) = {1,C1,C2,C5,€4,C5}

and this I1s a maximal set of orthogonal
terms.

Summary of these examples:

Indices of &y rese A terms
by b0 Estpr lu [0 ESt [ total
I#d tion | O.(F) | O{F)
Fi 172 123 all #<1| 3 16 16
Fa | 1/2] 123,1233, [al ¢ £2 5 13 I
1235,12345
F 1727 123124, |[eN#<2| 5 [ 16
125,12345
Fa12 123,124, all S 1 3 12 16
1235,1245
Fs[3/B8|all##=34all ##<1 3 ] [

In the first four examples the maximal set of or-
thogonal terms has cardinality equal to the num-
ber of points, Le. it is 2 basis of the vector space
Q/I(F).

We notice that the sets@(F3) and O(F,) are not
“hierarchic sets”, that is not all the terms dividing
the terms of O are in ©. In other words there exist
no term ordering r whose Esty contalns either
O(F3) or O(F,).

A last example: a Plackett-Burman
fraction of a 2% design (b; = 3/16)

BN N N N S S
A 1|-r|-1|1] 2
1f-if-1f-1| 1|12
Aaf-af-1f 1| 1]
Aal-1f 1)1 1
af 1| 1| 1f-1f1
1| 1] 11| 1fa
1| 1]-1] 1]-1f
1] 19-1]-1f 1
i 1lala] 1la
1l-1]-1] 1|-1{
1]1]1]1{1]

EstprL(Fpe) = {1,C1,C2,C3.C4,Cs,Ce.
C26,C36, Cas5,Cag, C23,Cs6}

Resolution: it Is equal to 3 (all the terms of or-
der 1 are In Estgr(Fpg) and there exist con-
founding relations between interactlons of or-
der 2 and simple terms),

Orthogonality: a maximal subset of Estpr (Fpg)
with mutually orthogonal terms has 7 elements:

OprL{Fre) = {1,01,C2,C3,C4, Cs.Cs}
and this is a maximal set of orthogonal terms,

An open problem
for non regular fractions

Let G{F) be the subgroup of (P, i) generated by
the set of the non-null coefficlents of the Indlcator
function.

e what about §(F) and lts cardinality?
o which relation between #G(F) and #O(F)?

In the previous examples, in the fractions:
- Fs of a 2% design

- Fpp of a 26 deslgn

the set G(F) is P.

These are fractions where;
- by is not of the form 27P
- #O{(F)isnotn
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Geometric aliasing, Generalized defining
relations, and Grbbner basis: A New Lock at
Multi-level Factorial Designs
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Alias structure of regular two-level fractional
factorial design can be described by its gener-
ating relations.

A 25-2 fractional factorial design

A B C D E F
i -1 -1 1 -1 1
1 1 -1 -1 1 -1
1 1 1 -1 -1 1
-1 1 1 1 -1 -1
1 -1 1 1 1 -1
-1 1 -1 1 1 1
-1 -1 1 -1 1 1
-1 -1 -1 -1 -1 -1

Generating relation: D=-AB, E=BC, F=ABC

i

Three level fractional factorial design can also
be generated by a set of generating relations.
However, those generating relations reveal lit-
tle about alias structure of the design.

342 fractional factorial design

NNNFREPR,RL,ROOOR
NEON=ONROD
HONONKENREON
O NNORFR =N OIQ

Generating relation: € = A 4+ B(med3), D =
A+ 2B(mod3)




The L18 orthogonal design

T Y1 Y2 Y3 Y4 Us Y6 Ut
11 1 1 1 1 1 1
11 2 2 2 2 2 2
11 3 3 3 3 3 3
i 21 1 2 2 3 3
Popular mixed-level design such as L18 can 12 2 2 3 3 11
not be generated by generating relations and i g ? 3 i ; g g
its a.lias structure are complex and was hardly 13 2 3 2 1 3 1
studied. 13 2 1 3 2 1 2
21 1 3 3 2 2 1
21 2 1 1 3 3 2
21 3 2 2 1 1 3
| 2 2 2 3 1 2 1 3
2 2 3 1 2 3 2 1
2 3 1 3 2 3 1 2
2 3 21 3 1 2 3
2 3 3 2 1 2 3 1
s 6
Contrasts matrix of the 3%~2 fractional facto-
Response surface method: Fit the model with rial design:

a polynomial of contrasts
-1 -1 -1 -1 -1 -1 -1 -1

Contrasts decomposition of three level Designs: -1 -1 0 2 0 2 1 -1
- -1 -1 1 -1 1 -1 0 2
Yo, Y1, ¥2: observation a level 0, 1 and 2. 0 21 -1 0 2 0 2
0 2 0 2 1 -1 -1 -1
. . 0 2 1 -1 -1 -1 1 -1
Linear efr'ect. Y2 — Y0 1 -1 -1 -1 1 -1 1 -1
Quadratic Effect: yg + yo2 — 217 1 -1 0 2 -1 -1 0o 2
1 -1 1 -1 0 2 -1 -1

T 3]




Solution: Grdbner basis of Contrast matrix

Two goals
A2+ Aq -2,
. S : AjAq — A,
¢ define the aliasing structure of such designs A2~ 1/34, — 2/3
and response surface method 35 + B, __qz ’
By Bq — By,
find a simpl tation for the aliasin Bf - 1/3By - 2/3,
e find a simple representation for iasing Cq + 3/4B|A; + 3/4B) Aq + 3/4Bg A — 1/4Bq Aq
structure C; +3/4BjA; —1/4B;Aq — 1/4BgA; — 1/4Bg Ay,

Dg —3/4BjA; +3/4B)Aq —3/4Bg A — 1/4B4 Aq.
Dy +3/4B1 A +1/4BjAq — 1/4Bg A +1/4B4 Ay

Find a base for generalized defining relations

Predictors X1, X>5,---,Xp are said to be geo-
metrically aliased if they are linearly dependent.
Particularly, contrasts associated with an ex-
perimental design are said to be geometrically
aliased if they are linearly dependent.

Theorem: Consider a full factorial design
OA(n,s1sd---sk), where n =[P, s;, s; is the
number of levels of factor X;.

Let {Xz'.chi,cw"'=Xi.cs,--1} be s; — 1 contrasts
of factor X; and X; ., = 1. The vectors

All the geometric aliasing relations of the con- {){1,,:0,1X2,,._Ur2 o Xmycamr 0 S o < 83— 1}
trasts consists an ideal. consists an orthogonal basis in R®. All but
X1,c0X2,cp" "+ Xm,co = 1 are contrasts.

11 12




Corollary: Let D be a design with m factors.
Suppose the first [ columns is an orthogonal
array with strength [. The contrasts of next
m—1 factors are the linear combinations of the
main contrasts of the first { factors and their
interactions.

13

Are generatized defining relations sufficient for
describing the ideal of geometric aliasing?

Answer: yes. Under certain monomial order-
ing, they consists the Grobner basis of the con-
trast matrix.

14

Define U = A® B, where ® is the Kronecker
product.

1

o1 1
0 --0 0 -1]|- 8 :(1)(1)
A= 0..-0—1 0,B= f PR Y
0 0 0 0 100

15

Example: contrasts of 34=2 fractional factorial
design

0 o¢Cc 00 01 1

0 00 OO0 00 -1

0 00 01 10 O
y=|0 00 00 -10 0
“l0o o1 10 00 O
0O 00 -10 00 O

1 10 00 0G0 O

0 -10 00 00 O

Under this ordering, C,Dy = A4;A¢BDy, CiCyqDy -

16




Let D be the design as in Corollary and V
be its contrast matrix. Let monomial order-
ing as defined by U. Let G; be the reduced
Grébner basis of the contrast matrix of factor
X Vi = [X;1, X2+, Xi5,—1] under Graded

reverse lexicographic ordering, fori =1,2,..-,1.

Let g;; = Xij — fij, where f;; is the defining re-
lation of X;; fori=1+1,..-,m. Then

i—1
G = (Ui=1Go) U (U4 U] {oi])

is the reduced Grébner basis of I(V') under the

defined monomial ordering.

17

The reduce Grdbner basis contains two kind
of elements. One is the order-2 terms of con-
trasts of factor X; as linear combination of
main contrasts of X; for ¢ < . The other
is the defining relations of main contrasts of
X;,t > L4+ 1 as linear combinations of main
contrasts and interaction contrasts of factors
X3, -+, X;. The two kinds polynomials gener-
ates the ideal that contains all the geometric
aliasing.

8

Applications #1: model isomorphic of 33-1
fractional factorial design

Two designs, C= A+ B(mod3) and C = —-A—
B(meod3) are isomorphic in combinatorial sense.
But they are model non-iscmorphic. This is
recently discovered by examining their design
efficiency (S.W. Cheng, 1998). But I found it
independently using Grébner basis method.

19

Grobner basis of 33-1 with ¢ = — A— B(mod3):

A2+ Ag -2,

AlAq — Ay

Ai —1/3A4 —2/3,
BZ + Bq - 2,
BB, — By,

Bf —1/3Bg - 2/3,

Cq — 3/2A1B; + 1/2A4By,
Cr—1/24;B3 ~ 1/2A,B

20




Grobner basis of 331 with ¢ = 4 + B(mod3):

A7+ Ay -2,

A Ag — Ay,

Ai —1/344 — 2/3,

Bg + By - 2,

Bi Bq - Bl )

B? —1/3Bg - 2/3,

Cq +3/4B;A; +3/4B; Aq + 3/4Bq A; — 1/4By Ay,
Cy +3/4ByA; — 1/4Bj Aq — 1/4Bg A; — 1/4B4 Aq

21

Application #2: L18

An already known but not well known result:
Interactions between z and yy, are not in the
defining relations of factors y3 to y7, this means
that = and yy interaction is not confounded
with any of the main contrasts.

22

Grobner basis of the contrast matrix of L18:

z —1,
y ~y -2
yy +y .
y +1/3y -2/3,
¥y —y —2
vy +y .,
y +1/3y —2/3,
¥y _=3/8zy y +3/8y y +5/8zy v +3/8y y =-1/2zy
—3/Bzy v +3/8y p +1/8vry v —-1/8y v +1/2zy ,
v —3/8zy y +3/8y y +1/8zy y —1/8y y +1/2zy
+1/8zy y —-1/8y y —5/24zy y —-1/8y vy + 1l/6xy ,
y +3f4zy y +3/4y v —1/2xy y —1/2cy ~1jazy y
+1/4y y +1/2zy

—1fdzy y +1/dy y +1/2zy —1/azy y -1/dy y
+1/6zy y +1/6xy ,
¥y =3/8zy y —-9/8y y —3/8zy y +3/8y y -3/Bay y
+3/8y v —3/8xy y —1/8y y ,

-3f8ry y +3/By y —-3/8zy y ~1/8y v +1/Bzy y
+3/3y ¥ +1/819 y —1/8y y ,
y —3f4xy y -3/dy y —3fdxy v +1/4y y )
¥ —3fdzy y +1l/4y y +1l/dzy ¥y +1/4y
¥y +3/dey y +1/8zy y +axv +3/4y y +1/4
v +3/4y y +1/4y y —1/dzy y -1/12zy y —1/311

23

Current and future research:

» classify model isomorphic of 3*—2 and larger
design

e list of specified aliasing relations

e other mixed-level designs

24




Grostat talk on OpenMath Page 1 of 1

Cohen/Caprotti: GROSTAT III talk on
OpenMath

OpenMath is an ideal ingredient for an integrated environment combining systems for
computer algebra and for proof checking.

OpenMath consists of

¢ a formal grammar for mathematical (so-called) OpenMath objects,

their encodings (e.g., in XML),

Content Dictionaries (e.g., for fixing the context),

Phrasebooks (for interfacing with applications)

additional files (e.g., for signatures, for defining mathematical properties, for
display features), and

» other tools (e.g., LaTeX to OpenMath translators).

The OpenMath standard allows to integrate computational systems of different kind.
In the talk, we showed how OpenMath works and went into future applications.

See

http://www.win.tue.nl/~amc/oz/om/index.html

for further information on OpenMath.

file://TAGROSTAT3\Slides\cohen.htm 09/12/99



0'¢ Yoo i payamiajdun 13aq aaw] Jadud snpy m paqusep sunpuofipe o) 1y from
1IN0 Jo simantasatow eonoend amos sas 03 syuem Aqemnsaxd sapear sy viod sup wy
(01 M0 T, 338) $|O0Y [CLIOYLI IO MO $3L3T
Houpa ol uy Fuddols paavijaq [as e axnpon as te(onaed nf ased asnaefoad apy
2ELP AN 0] PAI0AIP A[NNS 81 ¢ HOIPAG NG (4°¢ apduexg aas “F-3) sa(dimexa
0 sytTape pue pasatfp s1adwd sy ne g v £ay A1) A[B1RUN1OJNT (UOLIBIWD
Furdddols juatye e Jo poMt ¢ ST AIN|) YR} 0F ‘LUOKIENND A0 Adu spuod jo sjrapt ased
aanaafond sy up ‘ased angyy argy 10§ Aun pesp S| AEoYIp wenr ag g, payseiidng sum
A LOT- O [RASSR a1) JO JueTIeA € NS (SGG]) 9P 17 LIVHMTLY 1] BEA{HI] S U100
jo m,.n-_:..._.. L spuoae s speoadde 1a0p ¢ aog unjoo) 1539908 SUONLA IS0 S| T,

‘malA
Jo wirod entoneidetos s utoyy Swphetap arom £avags stoipeoadde supy, c 57 0) yoeq
U100 wA|y pue ‘U 0rl(n) oW ojrom f 3 plRy aseq a1y jo (0)y uosualxa play v
13500 0) 3 PINOD I[ILINO ST|3 pPUnciy Lum ¥ “oLL) S} O 0} J|qe|reAe I SA1LNIPIO0d
Jo afletyy teany ou ey os ‘suejdiad i L1343 jasm ued spujod Jo j9s Aty ¥ e aeagd
SI 31 A5e SN{) N “PRY MY ¢ 1aa0 $1 20wds aanaloxd sy Jr papaan st atwd I3ty
((£661) 17 72 ueuLIepy 11 PAPTYS suas ovoxlde sy, (x)]
10) SISEq 1ANGOIN) () 1INNSH0IAL Lj[etty pree ‘S1rod PRULIOJSHEL) 31| JO A0 PaqLIISIp
s s1seq Jauqousy e apduod nai ], Apadond yen)y asan|ae o) saeitIpLood Jo amea avany
apqenns e nnecjad o) s1wonsaddng pensn an ], ;¥ speam g = o ji suacddeny s ng
“Hupepio uay pausap a) 0) 12adsar )M SIseq IPUGOLN BN) BRI 01 UNEOT-TO]
a1 JO IELIEA ¥ 3SN O] SLI| JUC MON] "2)RNNILIBIPIT Jsafjems se 0x Fuiae Funopio was)y
adfy-xeqaeudeq v oF adsar m (X} Jo siseq xenqoan ¥ 189 01 O Jo s)uAN )
Femaionion uaipy puw ‘Fuirapio uey apqneduiod asafap auros 0y yadsar qum X jo afemr
autjpe a1y 03 Smpuodsa1102 (eapt 213 Jo ) siseq anqoin e andaios agy (| = 9r A waard
aouds auye a1) Buuspisuod £ psasoad Leur am Jery) UMONY-|[@M S| ) UL "X 199W
yon saop g = 0 anvychiad Ay aiy yup asoddns pue [Made - t0x] 3y st St eimondpod s
JeN) HINSSY IR SANNOLYIP AN) 214 33S SN 12T paredt|diucy alonn st (X O stseq
Jauqoany v Supndmos Apualayge jo ysel a1y ) sdeds aanosfoxd wr sepisal ‘syuod jo jas
Ay “x JE -sowds 3anaafoxd ur syurod jo pey st ssaappe am Jenvnn yepodng aajony
"22U3PLAA pramLIadxd 131w saarBe pue ‘suohyesado piay jo 1500 Furkiea a1y Moo oNy
sayey p no1)dag e meard Ayrepdmod jo sisApene anQ Maoid jasor jo majqond iy
aure) o anbiIP) IRNPOI ¥ 35h 3a 3131|M ‘N0 (RIUSSL[D N|) JO NIELINA © ‘wineolin- g
aopou: ¢ staadwd sup) jo s 151y A} 05 ") St (Y aseq 313 usgA aaueisI 10j
‘ayendorddet st snpy ye) naons seif sonatiadxa 1 “yueisnos st Play aseq ay) ul suotye
-12d0 JO 1502 1)) AMA[M [2pOUE ¥ 0} partaan sasdeme Kyxajdmod snotaaad ‘(e Jo 181
‘mata Jo sy easaas urog) mapqoxd ey spwdnsaanr 0y sn pansnd ‘Sansnes ul aemon
-1t 'sjoo) jenoctndmod Siuons 1g) pretiap nseaiont a1y, ;o 03 1J9] 51 M OF
(8661) WD wt naard waaq suiy asud aandafond sy ut
stop1aua Jo jox e v FummiL1ap Jof Meea ¥ osuouNpuos [ennaiayip Lq pequas
S sintod jo pue ‘Atogdninn yua sunoed jo saser a3 o) aaueisul 10§ pasodoud usaq
ot 10asg ((E66T) 7 37 PenpRTy 2oneIst A0) 3s) sanumaopad
pood s unppuodpe sup) aaacarom H{FeeT) Ja(toiy Ppur tofaquang w patussand sem Ky
=xapdimos sop jo (oS- g pagped) wnptiefe ne supy Apatuas 0] pue mata Jo yuod
[enetenditos argy thory padge jou st yovoxdde sup) ‘asamol] “uonesiann a1y andwod
o) ol y sasfioqpng jo npordiq uaouy-[aa € asn o} a1ssod st 11 LIamsHE sno1A
-0 e st sy sauary ‘() T = (X)1 e sasasqo am ‘nonsanh puodss a) o) sy

¥

TURIEo Y SRy ey Cpedggy 4

PRI S R RY G661 (3 n/o0Ens o0 + 000000/06/ 1412 LELD

sp-Banqeuse - fun- yp1ruayIvmgaezne N 1iRE 17 #FTun - enTpgourTqges’ 1118819 12008
(MND) Mpssy D[{dp DU oS8O A paptoddus £)enavg

“({g661) ovenqoy #0s) suonoaea) pue sufsap pajpes are spnod
JO S158 )Y 3t “SISHLIS JO HIjear a1y oL pasnponur A[juear udaq avt| L, (¢
((8661) wrmyug 2as) Axoa1) Suipod m pasn axe LI (¢
((s661)
18|[Aofy 2as) steA[rne [exInmL jo simajnoxt uonodaa)nt 10) siseq gy s AL (g
“(Aaamy paeapr saonaagaa A1) puR (EGGT) 19 17 RHNILIDY) ANIR)EIL 10f 53%) SHO1)IAS
Jeattlf aqe A2y (PN]a Jo satjativa detqafife jo ssupaadoxd penamvpuny apoana L1 (1

“SHILTHIN LI JO SPI2Y NEaIaIp ny PIsn 134 aaei] sjurod

1O S[eapt 213114 JO MOty an sapduzexs mag v snl Funsy £q uonsonb 1s1y 213 1amsie
L anddios am o]y moi| prty ;(X)F (eapt Sumysp s ur paysatag an
am Ap\ T3 PRY A1) ut sajeinprood Fuaw symod st fsintod (euoner £ jo jas ayuny
waq {7t rtig} =X 1w, 3 240 saoeds aanaaload puv anye [eroISTAIIR-1 1))
£pansadsar ajonap g puv Yy 19 pue ‘pRyg v aq Y 127 simod Jo 1as 3y ¥ jo [eapl
Sungstrea a1y jo uondusssp oreaqafje o) Juea am JI paedldimno) 310w sa1003q Jayeul
A3 AISnOIAf0 Ing "0 # ' e wans @ Aue 10) ('T¥p = Vatntccctzin — izm) = ¢ @1
vapt snoanaTouion Furpuodsariod a3 (n 1 0p) saywmprood pa ywiod sanssford ¢
10) s H{Un — Mzt — IE) = d st [eapt Sngpuodseiics sy {Ue¢ e fln) sapenipaoos
s uiod anye we ao0f ‘Apmey taquasap 01 pruaopdrens st ‘pnod ) g ysimua
ym spermondjod aiy [[¢ Jo 198 )y ‘91 ‘[eaptl Bunyap sy aepnorred ur ‘s1a109s ou s

1] “wod renones afdurs e st 2ouds aanasloxd 10 anyge w1 1afno ancad jsatsve sy

uoPnpoIy |

sHunun pruowrtadxe owos todot om puv *yoyu) w prjuswopdung e
siyode poyuasep oy |, “uottrius Suiddos sou v pue favotdde qo0tp v sosm
yarym syutod sansoford po speept 10 dotpiduios oyt (0] JuRIIEs € aqLISIP M
oyt Srxopdiuos 11 Lps pue T toao uopepndiuos s o) poaths sey ‘Wiptodu
e -odoguong aempow ¢ doppasp om seponaed ot waied Joojos oy v
% Qsiues yatym spenuoufed jo seopr Bunndwos jo wojgoad oYy sseappe op

{6661 fivy i poaroouyy)

fruvunog ‘Gamgsupboyp fo fipyasarug ‘sonuuoypy fo guomitaedag |
fippyp ‘vnouany fo finvasaug ‘yonowoyioy fo quoucavdagg |
LONYIEE0Y T ANV *LUAZNTUN 'K ILIYDIE Y 'LLLogay T

1} Sutod jo speap] Surpndwio))

000-1 ‘11 (6661) uonvmndwes) voguiy



atntad aee moay nopEnLIoL Butpnjoun 1935 S|enorel at) 1940234 Kjaanemaads 10 ‘asn o)
samtil Auem MOl QJUPA) WH|) PIT SIOIEUITHOUSP [MIR SIOVEIAtIN H1f) 2O SPUNOG ol
D ANMMBIAP SAEM OM) N PDAIOSAL 3q ted asn 0} satutud Luemr mot Jo uonsanb ai g
(spsixo
[eNOTRL AeeIINS Of Jer|) Hava ¥ 10) Laquant [enotet ssajdnmeasu, amos axnpoxd
1)3noua S jou st snupoin 2y uam sarproxdde asay Jo 2an s Jnkddy -(6oe1) nowen
-IEOUT PHE SUIOD UL AUy a3je] sea TNIM (ZZ61) P 12 Suuwgy jo unpiuoffe £iva03al
[RUOTIEL B1)) 5T HLD AM NS UMON ST aojenpinouap ) jo apduymm {(ajqeuosear) o
ASTMIN[Y() "G S LOJIANING [eaFauT M) PUY PUT IOJCUTHONA AT} ILID LD am UIY)
Jopeutnouap )1 Jo apdnnnt v 31ndmod wes am J| *suji o] 03 SLea OAL) 31 1Y T, SNpRPOE
sty Apuswayyus ¢ onpom afennn s31 WOoA) PAIGA0IAT B OS[¥ L) IHmNN [Euonel
ge <l
papraoad 3p mioa) Lj[etaly panniialap aq uvd anfea 1adann ) way g Aq anpea apnfosqe
ur papunoq 12321y 2108 Jo SINPSAA B[} 20 0} Naouy aw 2 ) g1 ‘renonyed up 4 U]
ofnpotn Lpnbinn pautiiagap sty -anixdos aspmared sav *d npown a1y papraoad 1 e lof
(" pom) 4=y yp sy sequine ofms v oy {270 tgfy = ¢ pom ) sned
SNINPONI-3APISAT JO UOLDA[OI ¥ SHAAUDD (VYD) UNuoRy Japunimay assun[) al
"§)28] [NJASTL MOS |23 am un| 1038 31)) RUMLLISH]P A0)ag “|oms uossandxa
apetpatntann Aniproar a0p mAgpuavd pasn Anotwnuod ¢ s ode 2t Jo Hosiaa empom ¥
wasaad am osear sp|) 10 "wia[qord ¥ SatN0IBq Jy JO SALING 9N JO IpMoaT atam T =
SFLI M) O} PINNS-{[BM 553 §1 INQ MY St 37 P]RY N[ WAL []aM SI0M D) I[ILoH[Y
uaqadpe
Ty &g (9) L7 moy o Bapndwed wayy pre ‘((9)LT Amadun pre) P siseq uen
-onh aip) Sumpminap syse) pedutd omy o s 3q ner ) wmofy ‘Arenydasnoy

D ‘s1opeaedas 01Ul § JO SIS SI[Y 1124103 Os[¢
Apeagdy xunem Aypuapt a1} Fuippid Jy Jo SMOT 1) JO SUONIRIIGINOD Jeanll] (], "Xtijen
F X F mnAug-mon v sp py patae st sk g da)s g 1Su] ay) ‘1940210 S IS A}
Jo wmauIa[d ¢ Ay st dmanpm ({T)E B (1)) snl st py Jo & MmOl smof|o)
Se paje[al 21 ¢ IS[ PuR Y Xujem ayy o uijuod|y noq@Enong) jep) aA1esq0 L00UJ

‘0 sng aouqoen oy) o) padsad yam poonpad ain siopnundas s g spood oy cof
sdopamlas fo gas n samnduios fpouctpppn s1q 70 dage yaun 5 Oty £z AHVTIONO)D)

i wieaf 12 ogapap pun () = 3 gonpoud sainod 2y asoonn ‘asimayio
dogs pun {5'H 9] Mduy oy wamaai wayg pun * g fo spuamag ) o suoymaado mos
asay Furgane suoyniado mos fq s fpguaps wo o py ampaa ‘|| =7 1 819 20

Hmoriof s Aq g dars asepdaa
supop o "f # & deeuats g = ()Y pue 1 = (W)Y e nons sjermonkjod oty
sptiod ayy jo 'f saoperedes any praif os[e ues O impuoR[y st pygs v Lo

o (£661) 17 17 LeNUB 335 “400MJ
SJf|vet ) yp fo siepg- 3 B oussof Rasena anprsas asonn ) sjanpeid aanod fo iy

pun {5y iy} = X uo fuysiung sporonfjod yn fo 1 mopr o fo 0 sisng souqern
-0 pampas g swangad g sdage funue gy aef sdegs o wUONLY (g7 WAMOMIEL

ouerquy ‘oznaey] ey poggy ¥

"z dms qpn onnnuny -(D) 17

Jo aow 7 fo qunmapy un fo sndypa apypon ado yomm [pUxete s} fo spuauap

asowy 77 of ppe pun ‘8 o3 ¢ pnposd aanod oy pusddy 9 o) potay man n s
0 T{—y pun 'y opmormane vosn (“atc o tla) ppeuayg (0t '0) # (et ta) J 60

'z dags

Pun muzgnog ) fo sopdtypue g o woeaf saoway g fo e 1 0y 81 'R DR
‘D ey o oy ‘w0 = prmmondifod ayy pusdde wayy (040 = (%ot ta) f vD

R An.zh....__.-z.v_._ow — (e () = (et a)

wno of g fo anos

My pstanlin oo g oy 3 (Mgt () 40 uonnmyoaa 2y mndiney D
V7 wodf 3 mapyg 0 fusopeo My o uypaoxn gsapeue ayy (T = g

1onpeud samod mp asoonn ‘asunanpg cdogs pue [Pf0)] amd g wemgae [ ) = 7 f1 2D
‘Smed 0u4nz Aoy pun sunmpor s ypm * 3F oo () = gy

srgma o pun ] =7y e [l = g '[] = @ (] = o sy fdua ypm umg 1D

“suopangsut fo aauanbhas
funapof ayy waprenoy ce oty = paof Ly 3 (M) = iy g pun U3ty
Jo L sonpoud sanod sy uo Furiapio wea) v oag o gy ‘1 u oy ‘e Boag 927

mi oty Iaojy-1edraquang [esissen) iy o[y

'$a1| Anjua
CUAZ-IGN JSAY N[ ILA I NIINOD [} 10} Jy UL JRIUPAL Ol ST 2IMN[) UM 10 G137 SIMI0IAN
101034 BN[) NAIM SPH2 535044 31 L, "10103A 1]} NI IS OUIL-HONL JSIUY AN} {[1Y OF Jy ML
stanpaz ) jo sapdiun apqenng fagoenqgns Aparesdar 4q Jy jsurefv paonpal aq waipy
AN 101234 MO1 Y C13INPAT PAILIIOSSE IO URN) IIOUL SV WINN{OS O PHE “IAMpal ¢ si
MOL L1943 Y]} O PAINNISTIO S1 FY XKLIUNE 31) MOJN 1) UINLIORY N[ ‘MN[0 Lite 10)
JA30A1 ¥ J0N ST A01 013% ¥ 12 NUINJ0D 10] JOONPAT ¥ §| 3 HIUN[OI U] SINID0 NP3 0137
=IO 151y 3SOTM MOA B JU1]) £BS am By XLHjuur ¥ U] “TILIapIo 1as0nd an) paapur st s e
angse Lemn am sunnjos 3y Funnmiad Aq pue ‘pBn-01-1a] SL eI JSOW )] XpIRNL
311 Jo sumnoy M) 1o pasoduiy an 1snun Fnapio we napy st adse yuepodu 1sour 2T,
XL ¢ Nt NoHonpas mot, Aq uwstm am jeia K@swaad mepdxs am a1af] T'Z MUVIREY]

X Jo symod [ ye ystiea qougm [ME< o tx]y w
sfetmoudyod [v jo ; prapt a1y aytedmod 03 st o anQ 37 3 (Vi) = Yy sapdy
FAAUI] am (21 'SaIRIII00D 13} V1A 3 PRY ¥ 12A0 ¢ 2duds auye [YuOSuamp-ic we 1
{5 ¢t} = X sintod Jo )as ¢ uaatd aae oy (ZGL) 0[O Pt wsRIaqang sadud ay
Ut pasnporut se upuoi Y B)pE-1e319qI[ang S1]1 JO NO1SIIA [RIISSE[D J[) [[¥dal ST 18]

uniod[y Jef[o-1231aqiang Teaisse|) At} JO Ulolsiop TRMPORN V T
“Arleadornq
Ay w payiasit wRRqng Lq seded pmduo a3 U panoy aq NEd sasuq 1SN0 jO
Aoy a1y Jo ynode] ], wrqadry euoneInduwio) N1 syBIPARM uiRw Bt1 jJo A0 MON
91 sty Aus 0] SSI[PAdYN ‘sisUq 1anqoIn Jo wonou ay Apajuadal asn am sadud ) uf
G M010es Wy pajiodan aae suonvnanajdim
MO U0 pager] epep [ematnuadxs awog ‘(a1 eFtun-vwrp-eosos//:daay moyy apqeyies)

f sjuig jo wprap) Sunnduiosy



o Paadans s LIy (a1s m nonudytiaa

aipy nood 1onga ety praad [irm ATaa0)sd Tenone sy e 3dav) A[uaryggns 1o os pie ‘o

JO He o[npou1 HCNONPAL A} | (|t G d3)S UL W Ay f LA = ¢ daer am 200 sauIY

-d pom ..U = D aARI| OS[¢ )SIHU 3 ' VINAT A * P = Y8 eI} OS[R Stnsse 05 LpIN
do1s A papawasip ae (i @) # P o ao) suned Auy t {3 = 73 181) Ansse Moy

0 =48 i d aund e yod Afleninaas [im am og

"[rey [ras nonwIYLIAA 1) A{tanhasuod pue t 5y Lq pajeisusd [eapl ai) apis)ne saj Jasy

a0 (,O) LT APSINe 11 Juipea) Yus F Juatuaga we suepNIod 5wl 8 # L4 yum
LI das ovar 09 aBeuem am asoddns a0 * 3 # L{H a wimian youued iy unpuody

1)) 1248 ) = f) aaer (its am I nopnody wuay & = U4

YA 1) PNy wadaq sy dmpad ¢ souo ‘azousgung C(, hep sapagp 4 ey saqdun
1 gz wmmaT Aq aonts somyy Awent SRy Ao A £ 98 aawy ued am gy des uf

“(pauimiBa 100 1Nq) BAA[) pasn XUenr ) Jo anjea

ey a1y aq £y 9] pue ‘andiy awes sy uaar® paonpoad aaw] pmos 2 tnpeoBpy nsal

aiy ajonap [ 235,90 1w 1911e¥0) $5313300100 PUY LONRMIILR) 3A0ad [[WI[S Apy “AOOH]

SHf[MEteiE)ap fo sisog- 3 v uunf easspp anmeas asoym Q
sponpud emnoed foqey v pun {57000 tig) =X fo | papt huysiuna g fo £ s1sp) aongo.tn
-0 paonpai mpy swangas g csdne fumn fapny sagfe sdoge 0 upPLORY LT WHHOANL,

u] 45y Jo MBUIAE MR 1[IIA SAPIINIOD SI[) pie ‘anhum s nopemasadal a1} os
‘d ompownt a[quasam s1 Y7 nq ‘(siseq wsnonh a1 Jo d o[RpONE 5101384 NOITENEAD 1))
21v sm01 3soi{m XM 1) Y7 Jo smoa ay Jo nonwInquIed fvaui ¥ s (D)7 Jo MauRfR
BNIOS JO 101224 UONEN|LAD 31)) JO d opnpotu norynasaadar ¢ saAld sup L, o ojnpom pasnpal
a0 MEd D o MINI3 HIwd ) waas snl saer am moy 'Asnofopeie pawieyo st 4 g
JO SMOX 31|} JO HOLLIINIIoD Jvanl] ¥ SB (D) LT JO MAUA]E I JO S101054 HOLILN[LAS )
Fupuassadas Aq (D) L7 woa) panrqo s1 o pue HYEH = @ Auessaden walL (U017
= (9)L7 v ssoddns og A st nonedtdun as1aass a3 ‘ot axe 9 pue H jo
SRR A} g “d pom I = 5 pAme pue i (YD) 07 = (D)LT eI MOIS am MON
A POUL (= (7 Lt py JO SMOL )
ysuome Luapuadap teawn| v st a0 @ onpour juy) safpding snpy e ‘T 1940 paueiqe
Sum I0108A OL34-1OI € 319l m 4 ofnpot 103034 ooz ¥ seonpoxl gy dags m nononpay
P Ao sagp [a Y3y pue @ ‘moN "estaA ada pue (D)7 somusyp Lsnhun @
aous saseq yenonb aapjdadsar aify are 4y ate @) amam YY) = @ gt Ao pue p ()17
= (9} mox dpow g # @ )1 Ao pue ;1 (“9)LT = (9)LT 1M1 mons am ps1g
J{acpeaedas Lue jo Jou) o jo mawmsa Ane jo 10)eNTIONAD
ONHLUI0Y J5ua] Ak} Ap1AaIp Jou saop A ey satpdon sy, -l &g speqisialp 1ou 81 § jo topen
-ILIONAN MO0 J5Lal ) f3AduMM i Aq BIHYISIAID JOI 1OIUHIMIOUSP HOUNIOS JSea] SBI|
T =Ty wasks reant) fiv 03 F UOIINOS 31} J1]] 39S 3 (NI S, aM1eLy £q ‘Srounialang
“Z I e an Z 3 aaatpa ased eads an)
1t yeyy a0y w3y Aupaoxd smpy ‘{F)iep jo rojennnousp (feunumue) aij) aplatp jou
saop 4 1Ny aa% am G JO $mMO1 ) UL ojeunitousp fureapd dq puv *(F)18p F = (4 )ep
OF “XUNAN IRRPOIMN ¥ WA PIASHISR ST NLIO) Ye[n Uity 0) 1HONIIPaL 31} 19A02IONI Ss15eq
WANOND H[) 0 KI01I9A TONUNRAS 3]} U8 SMOL 3SONM 5 XLIJRIL 3} JO NotuwngnSnen
vgsal st oy onpuodyy Suonp dooang gy xujem gy, f) 10 uoneinduios sy sopis
WOUAP ([mnmnn) Ay PIATP j10uned d e WP B U IO

OuURREIOY Aeziadyy fguiy oy y 0

dpontg E g ffipo pun i dpom i = 5
wayy, speeed oy fo suoyompas aompom sy op g prey Ay sace o wmuoSyy Susfpdde fg
prnpoid ststg couqoen 2 g 10 1 pun ‘spood g Suasaddy iogrunnouap fun apap
1ot gpop yoryn aviead o g d g paprumLay vapaolm oy aofag sel py rgms g fo
Tunneriap 2y 2 (F 13 pun ‘spwod 3wy or §p may ayp aaae O unuoBy Gurfydde f)
paonpad stsng 4nqoan g aq 5 307 speod punem g Jy 3 T 9T YR

QN RENNsT ul
vapp s Apnsnl agy - ¢y mioay Fmssun st 7 jonpoad temod Fupuodsariod awy aseds sop) w

ptie “putod Jer) ¢ 101084 0157 B pUNO) AAW] JOR PO §) = I 1240 Uonnnduiod smus
a1f) watpm £y (9)s ur nonINPaL M) J3e 101234 M8y B Mo o} w1 fucsm off 0y d onpor
noneyndioy aify 10} Aem LU0 yj yei) S| NONYAP SN pUnjen eIPL AL .? o fh
pe [ = £t =1 a0) G = 'h daun am £ xapu anios 1oj i 7 ey J3339q St )
iy Aus am ‘[ fEh D] = 2 puw [2hh] = f) S8t ans 0a) sAuT am J] “TmIjLIORe
31 Jo pua ay)y e spnpoad temod 5 Apovxas supgnos sAempz pnv ‘o oy padsar um
Japio Amisearsut ur payesatad st 2 uupnofy Lq parannsuca ) IS AL (97 MUVIKIY

“dogs pun [y’ 5] winga aennaanior T dxs o yonq ofi Gou op B ff (vt}
s ayy fo spiod o g0 ysne 0 w spoaonfjod pmoampoym yoxyn cn = 9 noy LA
‘T dins ypm onunues pun o g o omda ey o # 0 ff 9N

- ..—0 Hmed

Y7 pun fw smmpous ypm @0 ne Kanodae muonm ukiofeag vy hase 9o
Y g Bumusqion fig U0 aynpdp) ~dus R e onydayy - ) = 48 aany am paod s 1Y SN

ZIX 4338 yrm anunguod uryg (W u

40 gnud oy ponba e gas S4fy Rg § sompdos wayr ¢ umy aneq s 9Y f1 g dos
Hikr anupuor w4 unyy N3G 82 & f (o yaovoy 08) ¢y ypm 49 aodmn) P

‘[fer90] g ymsas ayp monuag

S0 o uonpmpas gy s Sg 3 (vdte Yy =t g {F e g ) spaed fo gas
ap pun g = 3y o) (nopuoliy .__uz_..uE.....:...__...ﬂ._m_m frnssnp o) o ﬂ.:._.SSt fddy ¢
(Fg oy aas) d oquenn pwned more » Y017 2N
‘U=t gop pun ‘s fpdwa g || =5 pun [j=9 '] =9 197 1IN

‘sumponsiur fo auambas funoyof sy sopsion RS =1
anf @y 3 (Mdtetvdy = Yy ogap pun f 1 uo Buniopio uway o ag o g3 ‘1 T n ja

unpuofy J9[jory-193aqipng M) Jo NCISIaN teNPOLY (] MNA03[ Y

"symrod yannstp asimated aq poys g 3 Yol 1t snonaapar ey (g
saopennnonap a1 jo Luv aplatp jou s o auiprd
ay @t 'd ompotiL snon PR sxny pIROIS YF iy stwed ai) Jo sajenipacod s (2
Hef 05 uakol[> Satilkd a1} uroay yaRyIp aq s d ([
are AJsnyus
01 st d snonipuoa AL, a[qeins ag 0 svi ampd Ay g uoneded Tepnpont aty 10)
d mupd man v 3pes o Ajpajeadar sen wnpuofe sy jo doop wvw L ¢ MUV

a8t am
POIIaNI B1]) 51 SN ISSMNIZUN0D 10] PAYIAND 3 A[ISL8 WL INSAA ) PUE J|<|R[IVAR ST PN
pood on uana nyasn st 1pvorddu PUEdIs ST, 19BN ST NS A} IN[IONA YIS Pue

[ WM Jo spuapy Sutmiuroy



JUYT yINS B S P SIS0 223yg g asoding
.OR—.oﬁ = —n- .E.u uur.um._— m!—:na?—a-E ™ .J-u N. h.dq
(vmmaT noyaenoIsiq) 6'g VINIIT

‘W3 ¢ Kaoad aof v\ ~+n.u. =: vy pun "

"J[asHl 0} Ao
papsamos st A opanpord samod ), <227 2,24 F st aouenbas v 2 01 pajsannod
Sl o JU) Aawy am ) uy c{ At At erir,at a) = @) g [ R Ty un tapdmexe a0y
'O A1 1 LHdas st 7 1onpoad damod e jo penodimo)

P3N0 Y “PIofsip Ajtes] aae pnja @ w sjuavedutod pajoaunod jo yeads med sy
JUC IAI10NE Af 3pennnI)apm
ano Rupepdar A 1xan a1y 03 axmanbas aify ur 1onpord tamod ano woy ssed Ny auo eyt
S| U0RON S| Jo Bt aanmn AL, ._.|.~.. =4 papapns {xtoo'g) 3 gio gspe
BI3I) 47t = 2 J0F Y INS g =7 pue 3 = 03 qpa & 3 4t 10y sponpoad tamod
Joaomanbas v st atany 1L BL S @ 1 pagaauued pajua are 7% sponposd 1amod om],
*p 3aaRap o [“zt e ox]y w spanposd samod jo jas sy aq | BE 99T 'gg NoLINIARG

notad Anrddois A 1 IN1)SH0D 01 JAPIC U] [00) 1)) AHOS PIIN am OF
il gz T — 2for = AT 'orag 42w 2,Tg - T f2fg
+ 2, M= 2 fig— £} Aq panuisua® Apumniar st p peapt aiy f10e) uJ g ad1Fap ut [wap 8 jo
10persnad aapoue sy atat) g (¢ nesuaunp aansafoxd) | wosuaup jo eapt te awasuad
¢ > a1l Jo sroyerauail ony pue ‘g sasdap m (f) 11 Jo aojesansd on st aza) ‘o1
= (S)H yeny aaey oy o 'GEIGT'ET 00O 'S E A48 MONINNY LS S JO SIN[EA AN, .w._
u {(1'g'g)}\ lEroi=wenl(hn ‘u)} =y spnod gy jo as 213 @Psuoy 2 AIIKVXE

“BLI0N S {GGT) TP 13 LIy, Jo
gl ennnaT Aoy any 3w smos t aepnonawd wf (ajp)dnod Lpveu 10) serdurod sy siseq
13uqoasy 8ty yap) Ly 1ou 530p 33133p 1108 WI ININIXVUL $)T SUNE NONAMINY oI
MY IR 1o 3Ny Lo 21y Jo uonnIAxa atf) Junap )y smols mopaq apdutexs ang

"aetd) xeaeydeq-0 Jo Jon st o e 1Y
aipy no spuadap aanjtey st L, "¢ 338 JoO [ Jo s15Rq JAGOIN- L PIJOPAT AY) NT IMAMA[D 1L
stata) i (' AT zet ) = (F)2 1T Moty spnppnes am xe1ded = £ Fmsn nq ‘e
[ = X0 s, " 'giig ' T aa SHONIINY L[ $1 JO Sanjea [T .wm w {(1'91'60CF)
r=gleok) (1 fag) (1 ‘g ') (1 '1'v)} = X sintod ¢ Jo jas sy tapisuo) "o¢ Kvx3g

‘0 = 0z 3| ) Mo a1 SR 0a) PAOPI] * F O[RPOM QIRZ SHHAIP OF Jui[) ov) A}
1o spriadap sy N, '¢ + X0 < p 32Fa] 1L SHIBMI[D SISV LHUGOIT) U0 §] 1Y) SN T
ofxt ozt 2R 2z 2RT) s1 1 jo peap uiia) Sipeap a1} ‘xeasydsgq = £ )t deasmoy '€ S
saa1fap i pajesandfl st § pue ‘g < poyaes 10§ p 3aafep w synod g (v tof s1opesedss o
AN} 1 = Xp adoudy ‘9 ' g L B MoNIIN) LT S JO San[eA AT .w.m wt {(p'F'1)
Hr'e'e) (r o) (T 112 1100 (5 "2 ‘0l = X snntod 9 Jo 305 91 JPISHOY) “O'g HTa VX T

feaana® m s|ie) notaiy Fuiddoys sppy ye) mons sapdinexe 1xau Ingy

o w2 31y sanoad SHTU(F) A WY 3 f eeloyy et ()P 3 W 0TI
a1030a1]) pue “EHU(p) gy 3 5 0T o sapduny tptm 0TI 4 W 05T 0x = £ ey,
TEE(ALT D Y pue tHE 3 W a4 02 = 1 aaum e oM ‘e jsni am
v &g cEtp g el e 20T = f squm e an PER([)epT B f g
K [unsn a1y w spaasont norusodoad ary Jo Joord oy moy aaoqu payivuial aawn

DURHGY S ey ey ]

aM SE ()Y LT OnPON JOSIAID-0137 ¥ 0N S1 OX PIE TIOISUSMIP AUS A1) davl saxuds
401334 OM) A3 JEY) 10¥) A3 W0AY smofio} SHLY, 0 Aq wonestrplunur ayy Aq panyap
N LT/F)Y = Ve )T /) msnpdiomost e s1 21913 1) MOYS am 41T OO ]

T+ T S saauip w popnannl
st (JYUL71 pmapr uiaay apey oty wagg cadfy xeqaeyfeq- 0x fo s o furopio way mp
mify pun ‘X fo purod ow sumuoy (Ox)z = pp aunpliadfiy oy g asoddng {vxt-- -ox} 3y
= V¥ 3 [ poape funysame snoruabowery ypm spuzod meonna- 31 fo s v g Mg S X 197

(nouau) Furddoyg ajdung) ¢ NOLLISOMOU]

0wy H{ )11 ) O gt taeih) xeaeyBeg-ox
Jo Buriapio nuiay v so) Apuenhasuoy < 3 “< 7wyt 7 SIPIAIP OF puE ‘7 APLAI] 10U S0P
O t{(NFap = (7)%ep * 4ul, 2 ' 3R gons o Funapio uuay apqueduiod sarfap v
Bupean ‘wld) xejaeyfeg- U7 jo o Inueplo ULIY v 3sh am norysodond Fnmoriof gy ny

) ‘Zg oM T, Jo m 1aFam an) an 0}
Xu angap am ‘1 g ug wutod jenones-3 jojes v [Vt iy} = X 104 ©0 NOLLINIANG

NN YRy = HYp oy am y un o funiopin uiag fun 0 (g
- R p gy anf £ = (p)IYE samp oy Cp = (00 Y 2oms ampmonand uf
L p e anf s
= (p)!/Vi puv o 5 p o] (T4p)YH > (P)!YH joyr yons 1= 2 v spsw g, (1
X fo poapy Lurystune snoauaticuny ayy ag
Sx)3p = S p ey pun g e spusod pruonma- 3 foqasoog (St ) = X g
{wonsung paqi) ‘g'g WANGINL

P(pfE)Map = ()Y e N — N g se panyap st 1/ Jo worjonng
RQITE AL W (et snosnaBotoy v aq 7 ja] f[Yxt - 0]y = |19 T°E NOLLINIIQ

{{RGGI) P 19 viMIRILD pUe

(£661) OMRIqqOY PUT CIO[Y 235) SI{NSBI PUE SUOT)TIYI] SHIOS [[LI04 344 * .4 Wi S1m0t Jo 5185
Jo suonxmy jaq(t]f jo £10at) 213 103 sa1102 MottLe Surddoys v spresoy dags ysay oy,

‘parapdinod st siseq 1aNqean) Mg

Jo nonumdwos a1y naa dUPap o) LM SNOJAGO, ME JABI[ JOT OP 3M 08 ‘TRNOISUII]

-1 st siutod jo ja8 v Jo eapr iy ‘ased aanaeford s ny spnpoud semod jo j1es aymy ¢

N0 ${A0M WIUOTRL 311 AINBN| puR *[enOlSHAtIP-( St spod Jo 195 v Jo [eapt ANy ‘ased
augje ary uj ‘uonuponn iy ut pastnoxd se ‘yoeordde 19ty a1} 3LosAP am Y

sasedg aanpaforg uy sjured jo fespy a1y Surnduiesy ¢

o 47 W01, Jo Jooud a1} pnajxa o) Asua St )1 A0y
‘stser Wanonh 1) Jo 5101594 HGLIEN[EAR 31 JO SUOLEILQNUIOS Juat] s “392 (10401 '0)
Yoot f1) simpvan sy Fuinesardax Aq pamviqo are stoesedss oy i) (39
‘si0jeledas a1} pue SPIRISLR SIS 1auqoLn a1} 1109 Jo
1od ua ¢ SaN[vA 1} YIRS ISTUL LI 1S ML HORIYLIBA PR T} JUT) 210N "A00U ]

‘(0 woproB| Y fo unma oy Husse)
xR sp Riognedas iy dmduiod o3 padnpn 5q fpens wo W OMPLORY 9z AHVEIONOD

¢ wpug go speapp Jupnditory



‘emndo sfempe jon st uowdy Swiddors sy yetpy smotjs apdurexs Fumoyjop mqJ,

[n} OR[N0 patisap any spRIL ()41 3 (92T yna Japafio)
fma ;::._.._.__t.wﬁ = o~ :..—.{m e sandun snpy, .:_-...T.. = Q.Gu-._..:__.c»»r_. ELIETELR
“(P)HY g sul st p asaliap sutos Twissacoxd o pis Ay e ¢ 15y A1 w sprpord wmod jo
WquIng A3 i) payaeinag Apeaige aaey o ()4 S (DML ) F T 9 aael| am
LY N0 ISIINA O JO SRS [U nonannsnod A aang ()41 £q pereisuad peapt aiy
uy o are s poaaatap jo sianpotd damod ([ sunnos g st san Ay, g0 4915 jo
oy sy aptsnog)y (D)1 A pareaana® st (J)43T ey asoad am $5511)091100 MOIfS OF,
satpdee noutmny Fnddeng
Aty o[y u spnporl amod [+ 5 15ea) e qfnonp s feoc-fg = £ £1aad 10§ T
A papratp &povxa pupoad tamed ano 1svap e yinoay) ssed prnos 7 puv T usamiag
NOTEISNIOY AR SSTAIIJO 30U 7 | ' davl] am ' {3 L o7 O) PaI2000D St 1onpoad amod
¥ 3] 1pagsties 1 {g) uoTHpuos 0s]y HoLd Bnuldo)s any jo (1) uohpuod sioe 'y m
& amflap Jo spoupond samod = Ljasiard 21w 21811 1|} UIAS AR I\ 'S = P SR A
J3PISHCI S0 12 "1 — 7 < P saaaBap (e to} # = (p)I/VE 1w aAeN) oM (g L TR0 T, O]
{(P)! Y gr ysul st p saafap anos Amsssoond Jo pua 2y e @ s 31w spanpoad aamod
1O 3quunn ) Jui) JeAD S NonINIsIg) AN 1104 8 avumv_u pHoLaq $a08 tanau unpye
-0f[e 211y iy saotd am Jvpnondud 1 anodpe Ay Jo SSauMINY MOIS Ja 1S 400N ]

gt} =X fo | omopy fawsiuna seoouaboutoy oy fo 0 sienq aanqeun- o
paonpas mpp sl pun sdas Rune Bapmyf asgfe sdoye B0 wnpuodpy CZ1°¢ WHNGWILL

“(mofadq) Jiv mipuodiy Jo uonwanmnad sy Appduns 0y Luo i wmaa
an WONIm 31| jo Afunion st [0 WOy L1 pananiat @ sujua g, 1°C MUVIKHY

‘€D A ypun anuzpuagy ¢y 03 ) ponpacd axnod 2y puaddy - © 07 JuUNI MU D S

0 L~ pun py of mos e v sp (Yatccctla) ppouayy (000000} # (et ) 1 94D
‘§dD) dms ypum anuiuos) © g oy fo yuamma 2 ayp S

‘0 sy M op 'sin .H — 7 promonfipod 3y pusdde uayg (' 'p) = (Yoo -tle} fT 8dD

L}
M3 n A-..:n. aool _..:.u.._q H - :-n.:u [ .ﬁ_«hu; = Ana. Pt _a.w
e 0t gy fo smoe
any yeusnlin 1 osonpad pun N 3 (PNt (W) wopana vonoamay oy mndio) pAD
o anoef 91 deouie pun
(7)yeupn = 3 ponpoed tamod g asooyy aswniaye g g0 dags o3 of w87 f1 2dD
' 0 fo mawman uv fo
(o pam) pmpoud aamod fuprn o fo sypdgmne qon am yuym pooadiap fo spmpoed
aomod Jo fo 15t ayp o T 1) pun [ ] = @ 1asar SSumnon B pHD SNad amz yae N
SIG0 T T DG OF I 1S au0 BY P oaspaudry asunaoyl doys prn _Q _Uw it
o e wayy) FAYL Sprask saoqn pangfap (jetaestanBurddoag noyounf wp f1 240

0= P OER PUD RMOL 00T RN PUD SUNRI0T § YR 5] A0
()= gy mpnmen *[] =7y (V=g (] =0 '] = 9 siey duwid ypm 1ngg 14D

supyangsu fo uanbas Mmool npp sapsuos

et = el ()d 3 (M0 s O} = i gap pun (U2t Oa]y fo spnpesd
anmod fo L1 provous oy wo Fugopes im0 oaq o 3 ‘1 < w g 'pray o aq 3p 127

mnpuofy saqe)y-1apqung [waIsse|D ) Jo UoISIay aANIA0L] (JD Wijjtiedy

ouelgquoy s ity oy 01

(g} wotupnos fsoes # wy hu. K10A3 JO sp1an
oo Pa1dse) a1l puy p aSap [IXVI [0 SPLHNID & SUIRIoY &) )1 AHo AL,
snngar pupa (HuorzertasBurddorg noding ) aNyap s M0 si) 10 paseq

0 ()T =p Adun ()YLT S5 £ e vy e pue gy, NS ¢ 11 tof (o) vy
= (g)" /¥y noypue p < g e o (9)1VE = & = (9} /¥ aney as 'g'g vt Aq ‘aonsl
Pg o) = (@) = (e)nivy 2 (ghrivy

aAul] am ‘sisapiod A 1o o) 2'g masoa ], BnLddy
(L1 =r aacxd oy em apy p S

Bardlap Jo § Jo SISE JANGOID- £ PAIRPAI H[) JO SB[ MY Jo s1npoxd amod Burpea
i) &q pajessnad peapt a3 aq ¢ 18] pue X 11 sputod Jo aaquint 2y 3q £ 13T “AOOHJ

‘p S saaibop aemyy [ fo SIS GDUNOA5)- 0 PINPAL Y} o SN AN UYL
"tr fig ppqaerasp st

(1“11\, +n L 12 r.u.. Jo manocdon paroanaes oyy wa gonpoud eamod Kiana ‘r v aof (7

“x w spod fo soqunn oy spomba (p)lmantvg o
my
HONE P SISEED DADYE HOE FHNSSY _..u_... wet _P,_._v_.q = | Uo HuLDpe D) 0 X 0 3] pun ‘X
Jo yapm Buryswunn snoialotsor a3 aq § Ay U Q M spiod puoynd- 3 fo s 0 0 X 19
(nouaya Fuiddoyg) Q¢ WANOANTL

w] ~aaonud o)
pajem am qua £ouxs s1 M P € ¢ (e Jof 8 = @] Apdmr (g) sisaipjod &y pae sy

PRI D, = NS 0 s pZ g e a0y 0L = I wep prie

e = 3 s 0T = P sondun yoma tx = '] "I saoppaapy pue 5 ¢
< |7 o._._w smo|(o) ¥ (g) ssapodly pue paaocrd aavi am Juim oA p € @ 197
ip 2 g (e 10y 5 = |9 1en3 aa0ud am mop

P& AR A0 D, i ') vy paunenod | stV jo emajdmos

Ay YR ey suean s cp < 9 (e J0f A.Drl,ﬂu.. M e ¥ = Y ey sasopop Apses 11
nononpmy £q pue {15 )0 e senba (ofvxt o) n i +ee = i anogeran,

oEnpspE=gtr

QALY dm §1) HIOL] P Wi 7 0) parenmod Fureq ‘'Y M a0 Ny a3 St .#h._ =7 na)
Y37 phpey totEn L S - {UEt 0z} aae) am 1 1ows 10) i) 2a0ad am MmO

{p(1 +n) < ¢ 11 10 remoted wi} p < g e 20p L S0 = i aouay
T [ smwuos o ASNOIAqQ YO i-e 1 0D Pe A peneaana® apl 213 8q L 197
PG e tD, hﬂo N 5 Ay () pue (1) e aaoad am ys1g

¢ 5 '] 95 srojpseny Yualsip sanan ounsip are spranodmos asay) (g) stsanioddn

Ag - p 2 7 Ao Hduta sy P it b o wsnoduiod papeunod ) aq ' 197 4008 ]

P unaof 6= (9)FVY uayy
PRy aof sT(DVH (g
Hhr fg ypsap st PG
ut g fo proruodicos prpmaunos 0w pamposd ganod Aapar {uc 10} 31 e aof (7
ez |y o e = (pMIVY (1

'] s o spep) Sugndses



(£} + 4 = 190t = ()i tonennxowdde Jyopdutise 58 ARSI M) am
SI) PUY it $PadIxd ALy sominaed e 3say a1t Jo pupoud afy 2 aafaut aatysod Lue 10,
“(# Bopr + Y F0[ ;¥ 1§ ased J10M Ay
[PUnOe s, At puE Jo tuppavio] ai) N S101 s 31SH “TNBTHALI FISRG 1ANGOAT) ¥ JO sarTap
warfiy ) 51 p A a ps = (@ Jo euodxa sapems onm v aai@ Speard£) e Sugapio
xerpaayaq 1) ia sHutod Hanad sennod it tInuepio xaq ) e spmod dnans? ps
pasipeal st ased 1sIoM SIIL /(I + F)F =8+ + 4+ 1 S (7 10} adupap am ‘siseq s1))
JO WRuaa L1342 JO 10}0U] A13A2 SUMEINOD sisvq wanonb o awg P+ .+ Ip = g
MM FA L 4T PAIIXD 10N SI0]F [RINGA S, PURNIRPE]] 1R[] 398 am CKLIJUNL INO UL SMOA 1))
10} spanpoud 1amod atg) Jo saaatap ) 2pousp 0 “p'- - iptip Buss anpea anjosqe ug »X
paaoxs wed A1ua ou p aatiap w10} jo npotd tamod e o) Buiproddalios mol Lue iuf -smnol
31[) MO punoe s, preepei] Fuisn JMeNILSIAP SNYY 10§ anfea dfqsyoil 1sauaIR ar) Aaunsa
am MoN C(pyhep seprap it i Ao pue j1 peq,, s1osund e g R Aq ‘aaacaiom
Lenduis-on st xueur sH)) vonyap Ag miod 3y e anpoxd aancd 9y Jo anea aip)
Bmaq sautms ey rfyr wenonhb s jo siseq a1y w sponpord tamad gy £q poxapur an
SM01 350NM pie Y ut spmod an) A paxapul 81w SHIINOD asona ' fy 'XLICUT £ X R H[)
12psuo) “nodus pned am sauid peq fuwim morp Sunennss Aq 1awis s "A00W,]

‘pfe fo aopmf

 fif Bjpapduton asuy ysiem ay) umyg dopaq st 16 48 = (| Ny} Tpons st p aam

“...+=u

(g1pgF + (% Foi)(= + f)p )0
fpemduias
ng soy Iy o[y ‘fuaopie xeqaeydeq ayr pun spaod ook, sof ‘aioncingring

Auz_‘a + nn_..wo_:a + B) envO

fprapduenn g 3800 J8s0m soy [ ANPILOTY uayp ‘v 1 Jmeondjod swmos
fig papunog st x a1 (s Fo)o 3 (X )Fo| sayfsyes X agmupiond geafism sup ymyy Butimssn
pup snwapeod pufirpta ey spaod yn oauonm Yy = 3y s oy ang 1 F KHUOANT

U210y Anao)o) apy m paremsdeona 51 )usa ang {,(d Jof))e) st Uy
ut nopetado JAM{UL He Jo 1500 A} aRIM (1,8 + (dTo[) (5 + 6},#)0 st g = i nm
o unpofpy fnddde jo Huxapduios a1)) jey) pamorfs qamm sisLpeue KB Jo Jnssa oy
[1eaad 3y ~taded yip jo ¢ uonas nt panasard 1 anpoTe sv ames o) 810 WpPIeTY D

"SISEq ANOLD) A3 N SNIBNIRE JO taqmnm aify §
!(eouds auypu AIUIE 31 JO NHOISUBTIP A} '3°1) SA[NELILA JO Jaqquiny av)
symad jo saquini 1) ®

g Lytxapdmo)
oy ssandxa o) asn s an sijameaed 8y (€661) ¢ 1 Lemavly taded sy ur sy
-synod duensd 3017 Jo NI Se S INoIAR A Asora sntod moepiw
weann aa Juanal, Lq txeqasySeq AnLiapio w1ay o) m spmtod  usnad) 10§ Ayxardniod
21} ANMNNLIAP OS[L B4 "[UAP 1131} 10 SIS 121010 a1} pue syod ai)) Jo sioperedas an)
1oq andriod 0y ¢ nnpuod[y 10y Lixerduiod ases js10m ¥ UL Jap aM NO1IAS ST 1]

sanss] Auxspduio p

ouEKqOY ‘dezboa] iy ey Al

o ‘peaysul pasn 3q ue) speoadde
[NJ2Isum SS3] 1[0 CAmtad JUALIng G WOL} ML LIS PUE sanjea P [[¢ Ppaedsip uagy
1opeavdas payiy Rurpuodsaiios sy nwein 1 8np safap sey d oupow 1operedss anios Ju
aspaaaie sund e moday volenIopul e preasip waq) aojeawdas payy Furpuodsatiod
Ay map 1ano] aadap su d opom aoeredss auos Jr sAnaepuienisy asaup) &q du
1t sroyeaedas sy Jo seardap sy pa Bond pigaang,, a1} 10] sioyeredas sy jo saaadap
aly arneduiod o) st pucadde )apses auy ) 4840 swojrrvdas sy Jo L3038 Naqnpm
BSIMIANIO PINOM )L e papaedsip an jsni  oFewt renpott as|e), a1y ased ¢ aPns uf
1240 Jojeavclas (enminn an)y weny 3aadap aamo] seip ywod swos jo d onpom rojeaudas
[enmaimm 10y yen)y apquesod st 4] 'siopeaedss  prq, FTmsmTosan jo ye) stIsen 10 AT,
spnjod umo 1A 18 1 0} amenjead As1)) ey os siopeiudes
aipy Butpeas £q supy op am Omiqme supy 3jenpngs 1snm am safenn WApou AR o)
Pe1aa0sal aq ued sioyriudas ) Je) 05 AR PlaY clax-uon ¢ £q nonesdnnm 0y
«n Aquo pauysp aav sioywaudoes aanpaloud a1y, resed auyje 1) UL as1E 0N Op MM
snuntod om) a0j ydaoxa Iy un|e0d[y tof sv ‘premropdiens st noneydepe L "A00MU ]

(RF L JAMUIY UL PSP 10 0|y fo qunnene ayy Hus
-sn) ppan so samandas iy agndwiod o paydnpn ag uer JIOMPUOAY LT AUVITIONOD)

u] '4"g WA, Jo joord 211 01 snofo[eue L2113 SIS0, 4001

gt} = X fo §omapr Burysiuoe 2y fo 1) sisng g0 o
poanpar Myt swingas g sdme fuma Bppuy aogfn sdogs Q18 unpuiofly 9L wHNOHNT

I dage ue paymo pom O tnpnody
asaym @)% daps w0 wppolpy syne gy gdaoza Y UNRoATY of monapt st stLL

oAy Wy -atiaqtang aanselong sy Jo nosiay awmpoy [ JJA unpued|y

sropeaedas pernunm jo¥ am fem
St]) N[ -23uT9p 15AM0] JO H10 A)) aye) am ‘ptod anies oY) 10) sto)eivdas (Riaass are s}
J0 5 wod sy aop sopeiudas v st 'R aai) ‘Aes £ uninpos u1 'ANTe oaas-on Mo AN
SHIRWIOY Jy W1 T M0d )18 )S1 1) JO )asqs v s s1opeaedas 1)) unnqo as pajjy|ny nasn seiy
uota) Hurddors a1y 820 g [0 4315 Wy UBI|T, “W10J NOEII8 MON paINpal oL fy Suug 03
MO1 pappe A[adi atf) asn A{feuotpppe jsnue as 9 02 dais uf ywod jndn a(fms € isul jo
NI A A[11100 A|IeN 0} = &) PINONS 1) daIs UL P 10) anjea jerpg L, siopeaedas
anduiod 0 g7 nnpiof|y wdupe Afises Aent o O UNUIOR]Y 1O] 1AL SY "G MUV RN

“40jeaedas TewaryuL v pafjed osqe st 3adsp jeurpr jo
tonuedas y o # Fao) o= (U pue g # () Nty Jodogeredas e paua st v 3 f
retmonifod snoausomon v synod enonet-y o s e s (Ofld 3 (I U =X
18] pav tp oy Juapt snosuafiomion) v aq 7 1a] ‘[Yrtcc 02|y = ¢ 1 BTE NOLUNIAEQ

33459 1Y) N1 JUBIISPE SIFRN ANGQAD-F MIN O S
2010} Inep ‘pagsipes st uolaye Suiddoys aipy b aaaflap up .?...ﬂ.ny..nnu el Az 0) pajennoy
S .z asnudaq ‘paystjus jon st notayud Judders ay ‘g saaTap vy (,r2h) = (1)1 9
I [2ap1 Bumsmea snoanaomoy )1 jo xeTaeyfag = o -yum [eapt nua fupes) ag, ._w._
m{{o' T Do o) (1M o) (171" 1)} = X smiod jo je8 By 1apISNOD EIT WIKVKT

1t S Jo gpapy dietadnioy



apna2 00} st satmpd pra, Jo JAqUIn )y Jo s
N0 Jei) aq qnea 1t pue Spuapuadapant wroap ey s Jooxd sy ur gy sedLR a1 ], ¢, peq,
Fuzaq samnid [[2 Jo W07 s© AR SU PIAISSNC Akl am Fulapao xe73eq S11 114 1Nq ‘SO
Do, Jo Taquinn sy papaadxe palapinorus samud | peq, Jo 1squinn sif; a1sim ajdurexa
U 1378 Z3Aa1l SAUT] am suoTIeIndmod fen1de snosatnn uf samiid peq,, Tupeninois sy
noneyndines jo noipodoxd afse] v aisem pinos aa ey 515aFAns Joord ang g MUVIKEY

O CTINg oW $1 E5Pry 3O et 8y '] L ETFIY [0 SMOT A1) JO OHUUHUIOD TRAL| [RIALL-HON
® 5] 2431) adudl| ‘g — p aadap Jo sponpoud 1amod (v Aq paxapur aae Z-Ppy Jo smol A
g X o pod L334 e (d onponr) sastuea fprvap pre g —p saSapsepsu tfo L T
jentonAjod 2113 1apisuod moy "X Jo nod L1349 12 (4 ojnpom) satsiea UM L datdap
Jo f [emnonfjod v st sty yeny sarpdon supg, g = p o> 4 AUI0S N0 YHEL [|U] AARY jOU
La0p Sy Xunenn ) qags rof amnad  peq,, o d e CPEy pie 1-Ppy TPy sadneur
0] M3 AN IDPISIOD ©) saans 11 s | puq,, 343D 0) Ju1)) aaoad am moy]
{(F1)B0L g f + (F 0 F + AN + u)e)0 o1
(10 oy o) (e ¢ Jo fuxardined aiy saury psoysal 51 ased snpy e Hyxsplmios a)
smpy pue ‘(pslg st pan) 3q o) ssmpad Jo Jaquinm [)0) ) ) BIUPIP MOI NTI B
Ty maao21)], Jo jooad a) up su id ompon yues [n) Jo jou st Ppy w0 Py ‘3P o
auo jsea| e j Ao pue ppeq,, sid sund v pnpy sons [eys apy ({(n)%of /(R)Folp o p
AINM) P 10 [—p 33333) 3ALI| SI5Rq 13UGGID) 31]) JO SPUAUB[R [| Y "SISATENE A[qrANOAE] IO
ot ¥ syt m.-_hv_.._c xajavydeq Ay Ntw symod 9_._0._5& JO aEe) ) Jui)) Ajon I

“JdO w0y o3 e 2y jo Luxoplmod sy sautly & gsnl
st fyapihmod Jeisao avy samn (£)¢) © dn doo] uew o173 aynaaxa o) aavy Luim aa axnug
“ased S|} 0 P smietad separmop dool utua 21y Jo 1503 3Ny Juamndie sy,

‘25w 1s10M A1) uy (v fopw 4 Y Fo| #)0) Pasaxa toaan
paau sauned pood sy jo janpoad aiy jo unpaufiop iy jer)) saoxd punoq s paenepeyy
pre apny] s.taurer)y Lsnotadud su Fundae pue Py Tpy gy saaupe sy oy Shyypuods
-aL10) 511)s4s 1eaumt] Futajos 30D 0} aavt) am :F aaudap puofaq oF o peon s
am 228 (,F)( SUIEUIRL PaaN I2Ad Pnod am sad  pood, Jo asquIni mauLxum L,
‘santad Py F ISONE IR S wred 313t a3y 4 ~(# Fo 2 + ¥ R0 £)0 D ?ls\,"rﬁ Y71l Sor
Fipasdxa JoU 9218 JO JACUIMT ¢ aPIALp Jsnur saunad pue e suiy, - 2P X saald 4y
Jo louinn peutrxent ¢ Jo JHRIINLIZIBPR SN) IOf RO S PACUINPRH ‘T ato jsua) je jo
Jon [ennxein 1343 Jo etiuntaiap ayy saptaip 4 ca't 'l omnpous yued oy jo 158n0]
o St gy AM0 Isua| ¢ p Ao pue ju peq, st amud e pue yuer jmy jo ‘uonunysp Aq
‘st saauent asa|) Jo movd s T P nap 2Awi| am & 2213ap puodaq 0F 01 paan feasu
am aomg .t a31Fap Jo sponpoxd temod asoi) £q paxapun e Ly JO SMOL M[} ALM[M
PRy iy iy SOORINNE [RIDABS 13PISUOY SN 3m Jooad Jer[) Ut PaispIsu0d py XUl
s any Jo advd up g watoA(y, o ) oy snoforeny Ladre[ 51 joosd su|L "A00H]

.__.{_na noqm fa uopanf
o g fptegidanon asud oo DY) UBE 933 StseR L6 48 = A. “...I.v 10y YN St P auaym

2.:£mc_ MPE nnu wo:?:., + _...,Zn + ...vv...avc

liprraplnios

QURHIQOY “IZIAY] LY oy ¥l

129 soy J1% unpuod|y ‘furapio xeqasyfeq ayr ypm spued | oumal, cof ‘maounonpang
{(r1e)do| hft n?mo_:nn + H)(F + 1) _.ic

Aprapduiod g 2500 Jei0m ooy QI8 UDUORLY uay ‘5 ur maioufijod nues
fq papunog sty 21 (#S01)0 3 (X )F0] soyfsyns x apmurpaons jeafisng sty gy fhuninssn
R ‘sarmipeond hﬁ..__muﬁ: anny spod 1P maym .9 = 3 9sm Ny} S04 TR HOHIL,

‘watoa]) Fuiaofo] 1 11 pajensdeana st Jp U0y
10) yusad anQ paysyqnd Lsiy ano a3 woap pamp swadde gnoo) snp Lreoysadng
(A o)) 51502 “f Wy woneaado anannIe Iva JuT) patInssY aavi] am urefe M

{{s)Foq 22 8 + {5 F00)(# + B)(s + 2)#)0

a0 01 Y = 3y Pay an) 1aao Funmina Jo vnpnody jo Anxajduiod ased 1810m a1
puy as (§G6T) P 92 Lentely w Sunoseas a1 Buimoyo reseds aanaload juamure any)
JO UOISHSNLD B M) 13)wald AU0 S1 U MO JRY} BAISGO N siajaureted aurs ai) asn
o0y anunnos apy (B PRy o Jof) JIN mpLod|y 10) Auxapdines a1 NP am MON

o 3w ued|y o) sjrus
ANy Jo s auns ) st Anxapdmiod [uisa0 any ‘Hupapio xeqaeydag sy yum snnod
OUANST Jo a5y ) 1 pery umons 3 Lprepms ued 1 ({5 Fo[) £)0 amn uy pareneas 3
e PHY SHLISY | 4 # UVI) 21010 0N $RI| SIS 120qQ15) 1) a1 (ennottdjod jovs natyy pre
‘{# 301 *)O Jo 1502 (2107 ¥ I Ao 300 sjuod £ A} Je PARNTLAS A 1)ova wed spnpold
tamod & 3y (= Fo[}f £} wery ot ou 51502 wonen[esd Aq 1amsue A} Fodjusy
(o= + 5),#)0 10 1500 |03 v FuialR ‘spustoypa00 (F + #)5 10§ snpy op ST A pie
(g7 To}gF)O s1500 Buuapureiusy] asann|D) aarjesay Futsn anjea ffus v oyur ((# Jop)o
718 Jo 1]pea) sanfea renpont ( #)Q Fumquioy ‘pauIIIo HohHRIYLAA e Suaputenay
asanu|D Jo Jo 1R} ISe 1 §1 D) UNRLONRTY 01 S[MED B3 JO 150D Ay} JRI[) PIDNIMICD g
“(gup s + 45015 + E)pye)0)
s1 o MUY 01 S[[E A} Jo 1502 2303 A1) Futtapao xejaeyTeq Suisn syujod onieusd g
Jeny aonpap ose nex am Fumosear jo ang| autes any Furmorag * ((# Fo1))0) $1500 amud yq
=¥ ne o[upot nenesado dNIUNIIY e Je) 19¥) 313 10 sao|(e (= o[} Jo 10108 a1y BtaNA
(217 + ¢ (7 Bo1){7 + £),£}0 10 1500 (9101 ¢ e samny (#}0 01 dn O LAY |[Ld am g
(PRl Amo st papaan saniud Jo 12N (21307 S} 1)) SAONS TuInoseal s i)
‘Buuapio xajaeyfaq iy synod owawad 1o) apqrInoar] aton fyf st worenys a g, Kyxald
-moy sy aranpe (57 ,fz—] aFwea 2y w satenIpIod \pa Ly w1 spmod mepues
sating spravadxs (%) 81 Laessadan aq pnoo atgm ‘peq pue pood o ‘samd
Jo IqquInn oy 2y s, -ased jsaom a3 m (FHo|F + x Fo[ F)0 s afie| se awodaq
o) aswy| Letu saunad pood ayy Jo janpord aiy Jo unpyeBor Ay ety 2as am SIY) MGAY

(A )IOP 4, X7 S]PA20X@ 10JRIANITN Q11 JRM[) SMON[S I[NI S 18RI & uaAlT siopelmNn M)y
0) porplde puned s premepey SRMA[ S1SUq 1GOLN pue siopadas 130q 10) 10w
=MIONAP HOTTIOD ¥ §1 jy JO FIRNUNISIAP 21) e[} JRIPSUIINL ST }] suIa)sAs svanif Auiapos

oY) 3=e APANIAYD SHIIYS0D The 30U IsAs aeam| v 0) suonynjos a1y Funnnno 1o
apna s ganeay Apdde [eqs pre ‘2008 WO By XLIRM A1) ash am utelty uaaa sisvg
Aatqoany pue aojeaedas L1243 Jo JuLIDYJ00 L1943 JO SIS A1) B)UNLSH ) am snp) op o,
B 1) JHLISIOIB OF Y ] 0} p3du aw saunud pood Arenn moif Jno puy as yxay
rottniosun Lpovy Kuowd £y aag sampad
peq yeyy sweadde y aanoesd ne i ( F)G stsamtd puq Jo saquIn 3} 1) 395 A AT W

£1 Pl Puandoe)




5 2z fronpudin gy atragofity 1== uguygiAg uo dnarn g

s Wovl wpmy

2 TROL)H [ BUUH RS B RCUUATY
D) COTE 07 il vattag vadepy gt Spatoeg Tty gy
uopuEy o |z el fo vnnd g fueg e fo umgl seepragddy pue somug
LPUGOLEY CCHPPD WAL 1 NG g N A, Binpen e sasey o Y (RGGI) 'S euoeg
ufy sHpuquey w07 641 e riag op Nl BERseg i
-agingy wepant o (g, w Cvengy aougean) fo samed gp fnen oy fo ool enongeogpddy pus
LR TR e A G WY U CDUNITRG [HER SRRy L “{2661) 1 OO
1] &1 WpLepRE]) RAT 651 S Yordeg wajon wnpaw) Blatog jrennuayinp
HUPUST JU |GF M| ?..::__m aanguany fo vavag pp cfuen oy fo voag ) sueipegddy pus roeng
APUQLLTY Rt MAULAY g Saruang g w) CsA RN Y [ELIMITE U sy Leoan) (RGG L) Y etloly
Mg Kyssaoampy adpragquiey gg) 90 wdud vapmwoyey eeddg o

b T B =) ikl oatyzal i wwg C(R6611 ] ‘oneggqoy <, ‘waipy
bl €0 g afond o speapt m _..c.._...:_._g_..

LR T2 ] } .._.. oy Y

MOPWOY “pR7 L27 wedud fyrvpy un rexefouf o

B o g foppouoenlinend } Qg-vHg N T TEasARL) T RGP 1) | _e._i.: i

41 Hunnchintes jo Susojdicon gy o punee oo spfue v 61 A Y

‘GR1 £ uog Yy urmy 3::& el

preautavy -Ayded  {R661) .z...:__:az I ey YA Y
RGZ- L8Z(£)07

o el [Le}
1] -.v:nm:-wwd -—u

HEY (661 4 1o

[EHUOIE N[y e W
Cpndue) qmlig Cr HOND R

MY ey awong B

:_E:..— PRy g .._.m_ avog z N Nu..ﬂ PRI woled

‘0 sapeheny ‘Aamay g quapy pormoupo g up pogisg stomneeby uy oy avegoay (CR61) g “wdawg)

FRE BLERNE Cungy senormulay

SRl JO SIppsAY SRl o AIqealos a1 Jo) HOLAIMS | (A {0LG1) g “dnmeny
“{uenmany w) c{uagsny ) spogsing jo L W) (Ul pepl juitousfed

pruossunnnp-oaz o fo Fure sewps onprad sy sof wieng v Buspusf cof wigpelpe wy (eofl) g ¥Ry

sasualalay

“NOlARan pardadxs ai) mops smea afreenxa,

AL “(ssee A1) Jo smaa) Fmpea) ) Jo 2a13p (RN 1IM0] PUL SN0 J3[TuNIS)

L[EULION eI} 3] [UIns,, 10 $at02 Sisu X8 33 08 ‘shnod Juanal wiy aar e sBues e

Apaneal v wod) symod topiet pasn am ssnesan st ‘saqduiexa sajens ayy 1o xe pue
xojaeydeq sTuuapao oty Tuwedinod uaas anojaer + Apmatudde any ajo0y;

Spos g 18 parilined st (g00Z¢)/Z 1940 xe'jasyBag 1m (o4 i syntod Og Jo [uapt

Ay olunexa a0) tatn ajqifigRoun ny wostiwduiod Aq patmaogisd s splay 2y Laao saqdure
-%3 9591} Jo wonenuiod ay, - 19ac suoneindmod o] uaaid an: s8uyoyy ssayy [y

.mm:.__::os A Jo av1s ay o puadap ) vac sBunmn ay) Moy £[2ea)d L19A smoOs ST
"4 i spod jo siseq 91) u1 SMBRER0D 1) Jo 1S aFelaat g ST INN[O) 58| AL

“(aarpaload 10 anyye) soeds jo i) pue voisnannp a1

I3 SUNN[OD B0 ML, ‘6666 PN GGGG— Meamaq Mnpmpra pue ' P Go= Maamian

Cltelcgoy agnad] ey Hogqy a1

alany “G pu G— USAMID AT wnyoue T PUR [— ueam]AN SIaTINIL AL SHIRNIPIOOD B}
yet]) sueam ppmas spnod s1)) Jo aus 91) pie [QUINN A1) SARPI HINDEY 1Sy AT,

SO0E4 | 5 0FD6% | S 0°0GE || sHrepenxa g

S09¢ | SOLZ | S0#T e ]

L $9°C vt S wutpa Og

S60 | 590 | 8590 [[ewrs gg

S06G | SE8C | S A6% || dFepunxe gp

spg | s0r | s¢gE adse oy

560 $9°0 -5 1] mngpati of

S€0 [SE0 [ S10 fjems of

oV oV nV Xar]
AP ore || s0008] S 0081] 50961 || s005z| so0i1| soorn||edngenxs o8
. SO0SL| S00Z1| 068 || so6o1] sosy | sogs aftie] 03
s ot so96 | s0or [ so2k || 5090 | sove | soTE nnepane gy
sudip g SOLL | 800 | s2E SOFl [ S0g | s2'e I¥vs g
=ppog]| sotk | s0gg [ sg11 || so9z | seer | son adre[enxa O
sudp gzt || soge | so0gt [s2e SOVl | S2% | SEE ade] OF
sHBp oF sogl | sg% | 86T SR |s9% |s2l wmipai gf
s H S1e | %90 | sto SOE | S20 | 5¢€0 s g
aed sod sid od oV ¥ _| oV xa742) 8]

"g0- 293 1A papdinos g g0k VY UNZ6T tendry 1endi v o paywnduod ‘sytiod
uropnes LS jo [eapi aif) Jo uotyerndinos auy 10§ sTuputy) a1)) 2413 sajqe) Fumofio) L

‘pandmos are sioyeredas it nam uaas apqepdde urenar sjawANYaT a8 ],

‘(18 $Ya0M 31 3a130uad 1L {PARIINS 0) BN S| 1 BI0JAC ‘PUNOY N

FOI] IBMSIE atn0d i) 129)u “doo| utenn 1)) Jo suopeIRN BN (f)0 annbar Kew 183}

tonesyusa deary sup Y, -(asap Sumnnns pue fayeredss 1y pes fpunon Aq *83) Asee

prie Appamb auop aq nes sopy poe Yy amod yaes 10f 1w > [(\g)f] np KJuea o) sayns

108 “ut ompot 3153110 3¢ semion£jod sy mouy am sialyeo) ey sey [ pie

“IOTRNLIION3] NOUINIOD JSea] ) ST (F M (/S 5 SJIAIYD05 [BuoT Rl 1)t (etitionL[od
v yasaadan am sspermonsjod Lue spenjeas A(enyav jou pasu Ly 4318 N1 HONUIYLIBA NG,

*S20p notpaadmy ano yenm st sip) Lamsie

Aquis v spPRIA ML) Jo ano [N sanfiijaa) £1940291 [enolpee 110q £13 03 2fissod st os[e

I Cpapastt e saamsue g ) A[reninaas Inot) ‘anny M) Jo jsout JuRnyaod affuis
B I)IOm A0 paatt g pre g1y sdals 1 S Lqers pue £1240331 [enolyel g,

Tariaed fung 1 &

asiom v J1 Apanjvmiaxd ayeutanz) ose ned o nnpuoliy fpaetanad s1 sty sy se 5w

081y apisul papays o ued 4P pue @ sist a1 Jo wosueduios o) FJy 4915 e ‘eamwis
-1 10 SjuStIBIYaL votestisKinIL Jo faquIng © SPIIpY paquasap se Ty muofy

sBujuiry, pue sanss] wopejuawardwiy g

¢l g o speapg Furdn




‘Joupoad @ st f nanm fjaefnon
-ted ‘aoredymudis taiameied jo s9599 ur yasn st 6 jo f vuao) eution atg,

pm.nﬂ...m_.ﬂ
f—— w =6
_:U... ._.V

ﬂ.-. .:.

e ssod 1aaaayam viqadie sarpeininuod Jo Afojonda) Sursn f(sarennineg
-apmt pr up) 4 norsonng Sutyerauad perpuanodxa ajertearun a1y agepncdyme]y
suotjounyg Juijerouss) ajelIRAINI T

"(BGGT S[aJanag pue smodely) # nonnrLusp Areuone)s eyt

ue 133 03 pasn 9 ned unpLode sijodorjspy AL ANfLQILNPLL ) J0f

[Past St STSRC TRUCOAD) ¥ TG U0 THRTD AOYARJA, B[CIONPALIl Ue FALISIO.)
o[ae) U0 AOHJBIAL [

ISPOIIAT SISRC INQI) ast Jer[] satjoeoadde omg sua] e 218 A,

3[ritssod 101t 10 A5Ea 101 A[[RNsn ST NOMRIDUMNNS 3210] dNLI

§9%

O (x)f = ()7

#f wonmLsip Afogeqoad
v 07 9020531 LA & W0 snoTiouny Jo suorieydadxa Surnduiod wr pagsatagnr are ap

ALY ST § BT[] SUINSSE AN
¥ xuent el p x 4 sanefsuuon e prue Y7 3 v aoan wianu aargeSsunon v of

fe=xy:fzox}=:g

ueiof a1py jo synod aoryyep wiano aarefauuou jo 195 Ay 3q (M'Vg =) § 19T

III 218015y ‘GG 1 Jequualog
poomuid ‘[ I

saseg 19UqOIr) pue
©je(] 1939jU] UO SUOIINGLIISK(] [BUOIIPUO))



(9961} FUILAL NI ST $953) [RHOIIPUOD 10] AJOAT[) SNOIO
-8ty Caepnos st sanqreneg (erpnatiodxa Joy wajqoad 1y-Jo-ssyipood [eianad oy,

(2661
oaazze] pue afueg a98) wniqinba Sraqiuags -Apaey se 1ans wmuqiba 2119193
Jo s1sa1 ut Jwadkdly sapqes 1ong “sporpiant ajqissod [RI1aAds JO 9110 A[TI0 ST TR AOYIETY
a3 pue ‘Liessadsn Afojopoijant jouxa e sa[qey asteds [euorstaMLp-1 I

"EIINS THIN0D AR A0 3A19sa1d AL1Ra( yon[an SOOMAII] [ENIONONL 0)
+ =
- +
313 10] wiely aoyIely AL cojdutexs sn[} 10f ajuandde LA SI PUR UOTINGLIISID
2V A UMD g - ol = (dduds majameaed Jo woETAIMD) - [-G1 O WOPIAY Jo s933Fap
sasn nonerxoxdde [enon enoripeny si g, ‘g0 A[rernuxoudde 51 anpea-f arpL,

g 01 o
U STINS MN[0 PUR MOX 3 1ITM SH[(L) JO JAQUINI SN[], ‘SHINS WMN[OI PUE MOT
) WAALF A[rueg [ a3 ur nonnqrusp Aug Jo MoMNGLYSIP [BUOIEPI0D 217 ST SIL

urpuodsawion ¢ sootment Aq PaqLIIsep sytatiarour Jyseq sey woreinduiod

xz

S inpalp {x)ed

TI

aAoqe
10 AT] SB SUINS WIMJOI PUIY MOI SIS [ 1[I SR JO 198 A1[) °§ 1O UOLNGLUISP
stgswoadadAy ayy sarenpin i wo1yelon AL SHINS UNM[0D pUR Mol sayndinod
1Rl XLIRIN O] X @ UR 3 P[UOM | PUE ‘p + F = 4 P ‘9] = p 23| -eep [en1ow
313 JO 3SOM} 03 [enha SIS SUIN[0d PHE MOT PIXY ITM SI[qET JO 198 1) §1 § 2I3M
fip 1=£'

{8682'8c1 < : 7L 53 (")}t = enten —d
4

NA n.-.wu — ﬁnﬂ.v

Aq
waald (Tro1anny 09PN TIE fO Tto1yesdadxa) Aficeqoad a1y sy anfead (feTiorpiod)
128X3 AT, “STCIINCILNSIP JO A[NUBIQUS [RUOISUINILD-G B TIT $1 NOMINCOLISI] [RRILGH [T
AP WBINYM JO 9537 1-JO-55APO0T € 81 $1019%) Jo souapuadapuy 10§ 1593-,X 1|,

L ganpea pany a11 surepioo ()

(eret)or (802)#1 (eo08) 6z (s9°11) ¢ userp
{e6'61) 01 (er'tr) I (e6°%F) B (26°91) 1 ToZeH
{Zrory v (6rce) 21 (Lseor) #8  {2z'6¢) 0z eonig
(0z°2k) L (6£'92) 92 {(82°00T) 611 (¥1°0F) 80 wsoxg
wﬁﬁo._”m Py NPHU._._H_HN Muﬁ.ﬂm

'5[2A3] MOJ
e Toes 10[od afs plie LO[0) IR e BIRP [RIMOUNNN SUIMO[[O] ot} JBPISU0))

s1032e] jo sduapuadepu] Jo] Sunysa], :1 sjdwexy

p=i
(XM m = (17

{=n

.......N/\.—AW..Q#\
= oxr uerp Snmsal ) Jeao aReldae smul ) S UOEIdNIXS BN AT

“#f 207 a[qisIaaal st "y q0uy my pue 9 = Yl oeg e

“BAQUT N[} NNt 0 jou 1o
J31[3M 4 BPLFP 09 dIf WD © T SN[eA ST 38N ‘T URY) S$I] S[ ORI A J] "IAON B[
op pue peae off ‘1 1se3[ 9 ST orjet a1y J] (X)77/ (K)o aujea ey oA ‘g D L 61
aye)s matt a[qussodd atfy J1 -uTeYd JLMMMAS 9Y1 1[HM 3A0ML € 3xeur 0 £13 ‘spaoa U]

Lt f(fpt i (£ x) iy = (£x)yf

PACAE THOI] M [DILIY] HSTNTIAR D13 1M THI[ILL
-of[e siodonjapy a3 asn ted a0 o MolnqLISIP aarusod Lweiyqre we 198 of,

(*86GT s[apuLMIg pue stuooulq
T ST MOTOIIISUOD L) “ILULTNNUAS 81 Y XLIJeur UoSuery i3 aouis *HLIojum s
UOLMALIISIP ATRUOITRIS BT, *I5E] PIOV 8SIMIA1IQ) "dAlIETatiion s [nsat a) Ji X 01
jusar Aty ppe pue {™fF - IfE) 8109994 wig B3 WOY AQioyn ICOIP § DX
2IBIE TUOTJ ISAO[[0] S& & 0L THRID AONIBJY [CIONPALIL PUR JL1IITUIIAS @ TILT US| T,

(seryradoad quazagip aaer wed
SUMRID AOYACLY Bupj[usal ai[3 mq MO §1 19pio sy A0e PUE 19PI0 3LUNLIIRPL
iy c{o'f Fjxem = 4 813YM ‘ULIO] SI[Y JO 3¢ [[Ia SISeQ ISTOIT) Padupal 2y L)

T<EZ ARy = XY ) = I >=t ¥y

Teapt 33 10 slseq| IUGQID € 3 {wpd — wpd oot ) — Eu_ 19

+

O[1e7) PO AONICJ



CoOo O Q™
[ e - B T I )
oo ~0OC
COoO =000
[ I — i — I =
- o 00 oOo
COoOmO=o
C O oe—-O O
(=R R R o B e R
(= — I — ]
-0 00 o -
— O OO~ O

AIM 3 WD P XLIRIU ZL X § = P X 4 9}
wa L C(£'p) (2 %) (1°F) (P '¢) (b "2) (¥ 1} Arreowderdoorxa) sefipa a1y a3 1aplo
pre f(g'p) (PR (Fe) (pie) (P D) (2ie) (1 e) (e g (1 'e) (e 1) (g 1) Aes
‘gse] amod sued adpa g 9y os sued Xa318A g A1 PO ‘P = a4 YuUM

(1=n)xg = J NOISUIMIP 111 ST vYep [ pue ([ —a) X2 = 2 UOTSTIANII]> UI 1 SANT0IIN0
L {1-atgir=Lo{fa)n{r—atgtr = (at)} = F sa9ps 998 pue
133D A1) 1 & PO dae[d am ‘4 T —a ' ig [ PRIFQUIN I8 SILIBA ) J[ PIINGT ST
JLgey (v IPU[A [Anom): apon 1982 ' st atd[) “pderd supg up jlomgsu Jelg

suecl apon pue sadpa jo Anuepio ajuuidosdde e yLa xrryem
Anapt 4 x o ue St § azam Y Oy ) = p uoj 811 ot panoirred aq ued pue
‘saflpa SROINE DIfJRIY SNNOI P X L UOISHANUP Jo ¥ X1yent [ — 0 ¥ °|7| = + uotsuam
~IP JO 2ICJRIN[] SL pUE ‘sefpa PIYIAlp $5010T SN0 JO TLIO] M) Tl ST £ ejep A,

f#2
itm

T [=(u

fip

YV 3 Y Jo] uAl], ‘seoLnenr jo deds Jajaureted [enowsnantp-p o1l aq v 197 P
wowsmanup jo wrele * |ty 3 ¢ sogel U0SSIO Jo X1 [etofielp-Ho te £q paxapu st
PR ‘p uoisuanup jo os[e §T suonnqusip Anpqeqoad jo Aruiey vy, -se8pa Jo Iaqrunu
A gl = 4997 Al — ¢A] =2 p a1eym doeds 203004 [ETIOISUNUIP-P € JO JASNS ©
Afeanyen ‘enoFerp 213 to sotdz A ¢, F 7 sadrent safloyy aarzeBarion Jo sveds
a1 uatp 1 25 dveds apdutes a1 ], 5301949 JRINISTP JO sited Palapio [[e 550198 5385a00x]
TEOSSIO ] ApuAdapuy s1 SaPOT NI eIy 10] [dpoul ANjqeqoxd a1[], ' 4 SadIllaA
patacuur wo 7 198 adpa patzaap yua 1ded pasenp v aq (F°A) = O 191

uornjelUISy deL], IomjeN g ejduwrexyg

]

250 st sgaoons

19y e jo Auquaond ary ‘s[el1) 1 ul sassadons v 1ajje :oejde] Jo Tolss3dons
Jo a[na umouy [[oa a1y st (1) = e(['0) = ¥ 2 = P Ia ased jepads o

'
{u= ..H“W,m =Xy .H_“N 3x)=:g
O UOVNLIISIP TTLIOJTN 1)) 03 93adsal 1[31a nolye)dadxs ne

§3%

+u
ST o (e = 1oy

1+'z

sautodaq Aiqeqord notssadons 213 ‘vaqaiije a1108 Lw UB T,

Pg---ir
st ldeee R ={d|t=1+2yix = up)eg

4 re
* ] :

'S IOULITLIN]

. A_lq....v..u =
:2 — ._..H._.N_.W = Xy : q.N 3 un*_

{e=("Dv}d

os pre ‘{Ayqrqeqoad aotud ang

MO LM TIOFNALISIP [enuoniyunt oty o3 pasoddo se) “f sajqey Areunnns o 1mom
-LUSIP ULIOJTIN A1) UT SNSA 7 WO k JOLId ULIOJHIn J1[3 1Rt WMOUW-{[3m ST 1]

" Y 10 s1seq prepuess a3 st {p L =11 A} awanm

,.k“w w - q_nh
: &q pauyep

eIRp Lremung [vi09 A3 S FZ 2 UL PHe Xigei 18an0 sarefannon v §7 ¢ aIatm

{e=("Ilr="+"x)"y
Arpqeqoad notssanons
a1y ul pajgalagl 1w apy x (A d Bured seyw w3 4 notmquusip [RIOUpT
ayy s Apuapuadapur p wioyy Sutaeap Aq pauee Y 3t tiy ey Ly ssaooad
Ay WP Y oy suonnqrusp Lipiqeqotd a1y 1o dotad ttojitm s aq x 99
*AUBNUBAN0D 10} PRIaquinn ‘s30elqo Jo 995 sy e aq {p* - 'gf1} = ¥ @1

suoijeinduwio) ueisafeqg iz sjdwexy



8

3] JO NS 1YY §] MNS € JO WLIOJ [RULIOW ] 3DWS ‘PIUIIOD 218 SPIBS02 U3
pie ‘uuof [RIoN pjeatihe affuls B 09 pasupat axe s[enionotm Reamby ool

({1 =01
1§ 9 x})hlz = 1 sanypor pue 3 = (Mx)UH L o, s[eIonoN Jaunsp 10§

=1

ned? L = 1rah
17 apqeLeA 19 e 12.a0
s 9Ty ' Jo wuiof Ay sey 44 wary, (T4 cf)rremzou =: 1445 j97 ‘wiazoay],

-aoucls acinies dlseO 10U © JO J9sONS © 110 HOMNQLISI (LIOJIUN
3y Jo & no uolmquusip ademn )y se AjpeordLy sastre U nonmqusip Anpiqeqoad
AL -F ur sNLIYS0D NI Jo wns AN) s1 [ “UeISU0d FNAIRULION B SI T I9[M

Aq g uo il wopnguisip sLnemosliadi) ;i auysq 1apio xa] anul
pire T+4y 03 j0adsar a4 norouny Sureiaed [erymauodxa ai) Jo N0 [RILIOU 1|1
aq (1t ‘Hirremaou 197 < (K)UHy = () IH 0 oY — L) > = 1R [eapt o d0)
SIOMIYIP {BIIOTOUT JO SISR INCQID) paonpal e aq [%d ' -~ Id] =: 1+45 991

XS JLIISBP IM §B UOTIINPAT 1II0] [eULION Jatjjone

T[LM 310D 3 WD SHLIIY JO TIOMRUIIID ST, V¥ Jo Mol ' ayi] ‘siafagul aargedanuon

Jo 10323 ® 1m onpoxd j0pr v se paprasandalr aq ospe wes [y qerny suwmsse apy

*TH4y Torouny IBBUI M LN B IBPUN JN[EA IS A[F ALY sAuodxNs 109094
[ BI[Y BSUIS B[} UL N3[uAInhI 218 1AU[M § UL SULIDY W[OS 03 JUBM IAY

PE el =X oneIon [e11039R] A1) os[r pite ‘FH et 1y sajennn

Py Ly =2 5 woneyon [enmonont payydims arpy Sursn are an s1a1

-lagaput 1ytm 0

GHK—.:._...NWR

W”Wua.

wondtng Furyersuad [eruauoadxs sty Japisuo)

810308} ¢ YHm [apowt diystSof ul o1yed sppoy 1 o|dwexy

“JY-JO-55a1POOT TrRIY JMILYYTP I0UT 318 1INw ‘saf|itref [erpanodxa
ut adteayuSts 1aretieIed Jo $1531 [RUOIIPUOD 10] [Tyasn aq wed yoeoxdde snil,

SuoUN] FUNRIDUSL) YeLICA NI

{8G6T) 1poost] uE parpuls st munqipmba 04 sy,
WA $31 1830 §1 f S101M 3JLIS B UL SLNTRI[D A3 *A10T) WLIDYIs 19978 ey A2y
aumb &1 9] “3a19any 3 1amo[ ‘patpreoadide s1 frenoniels sy T nonnqLysp Lenone)s
s g nr ss300ad o1podie e unt 01 Aem € $2ALT TR AOHIURY DLMDIINIAS 31[) 1[IIA
nopyeoffe stjodorsiy a1 -f jo simod mo[ a3 wo sgenn aow synd B g T o7 sy

F =: (x}f
1(x)f -7

K¢ pauyap (f jo suod moT 811 0 PIJRIIBNIGI) § UC TN
-nqrusip Agigeqoad a1 aq B e[ g — & @ f norzoung aanafqo Lreqae Ay

w08y Suiesuuy pajenug § s{durexqg

‘(6661 atpoomul) £g streod yamm L xoq e moyy Furpdmes
wogtm quapuadapul negy WSRYP §$ tPuNL st eI sy s Augndinoy

{A 5 20y ‘g = Bz td~AXAIN(f12)) = Ao

198 [RUOISUSIIIP £ — P 31[3 UL J[ean opues Furyoapal
Krewipro any £[190X3 ST 15[ PAIIPI0 SHRUNILIFIGPUT YIB[S 1[ILM PIE 1310 111193 X3] 10}
SISRA| AL N[ 3L Pajonstiod {£ = mp : M} 198 311 10 WD AGjIv] AL
"PORIDNT SIT[Y T[ILM PIILATI DO OS[E 1RD STIOILAIIEA0 YI0mIau Juapiadapuy ‘pajeadal
I < M [3& uopenyls o1 T, A7 saxnnrxent pigm pod paxy e o safiaaued Ljpensn

(m}reg =: 1+3y
MBS TIOMEIN Y} 'y 3117 B1[3 09 3sO[2 0 < Oy ssand [erstue aavysod e Yz
"X = ()F g
uotyenba quiod paxy a1) $aYSIIES MIIHAIIXS [ed0] ANy
1 K=mpisam

Fim
e ™ _|,\ I X =w#*

f1m

K Aq paquesaxdal synod 29pa til ynsar ey saN0d
-I10 Jo Uor39([02 81y Jo Lrjquaoxd ay st Fz 3 £ viep ay jo pooayy AL



01

{092 ‘gz = VAt 4 O°W'ix suniag asoadd up 10 ‘0g ST XAS PR aSOD JO TOLBTIoD
1oR9 1B S[ELI) JO JAUIHIL [207 JH[1) SHHBMSUOY UJISIp Z[ aIe 21a1[) 0UIS ‘Qf = 4
WL, "299 ‘SSINIR] JO IC(IINT 313 10] 0N 'Er ‘[y XS pue & 950D 9 SY1esp JO Jaquunit
a1} 10j VIV'T sajqerieA 2IRUIPIOOD T[IIM wIRD )3 udseadal 09 JUIMAAT0D ST 9]

0 < ¢ susIaA g = ¢ 159 [[Im 3\

g+ 1

E.+_=U

= W'yd

:ajena ©) [ JO 1[1Eap JO SpPO 1[I jO Ol9el Y] §103)al
PIA O < ¢f Tojamered w1xa ue sey BRIy, [243] 10] Au[iqeqold ieap 1) seal[m

i + T
]

= o'

Yy

af} 01 1070¥] Xas 81[3 JO S[Ea], [9AS] PUE 1010€] IsOp [3 JO 7,
(2491 1e Aypeecqoxd wieap v sasoddns apom Lpqeqord sy fswmasy ssosad p

0z 81 ¢ 6 B 1 pesp
0z & L Il 91 6t sAT[®
¢ ¥ £ ¢ [ 0 :esopdor
oT Z1 01 9 Z O pesp
v 8 0L ¥E 8T 02 sATT®

¢ ¥ ¢ ¢ 1 ¢ :esopdoy

e[ents

«dot a1y ssode & B £ Z T 0, PI2qe] ST 1090€] Jsop AT L

“MO[3(] 3wy [PHOISHANIP-PZ = 2 X 9 X g = P 1) Ul PIZLIBININS Jq ULD vyep i)
PIE 'S10908] JO WONBILIN0D [JEd 18 U BHBPUN aIdm S[BIIL I[NOTIsg Ajuam],

*1070¢] Xa§

Ay aop dmeoyiudis Jo anfea-d a1 NP 01 Wesm apy .. PUe [N, S]2ad] om)

s21] 10998] xas 313 pue ‘(T 1w sesop [enjav Iy jo wpaedo) ayy 0 Srupnodsalied)

§]9A] O SBI| JONJB] ASOP AT XIS PUB ISOP SIGPE] Om1 YUA [apoint apsiio] e

BSN 37 THLIOMPILG 0DIUC(0F [} L0 Judite [NJULIET] 1Me1dd € Jo 51992 [R1[19] 211 1o

Juaturiadxa e Moy 3102 wIRp AL [RLI INOTLIA © U0 S53001S B SI I8 € 21alm

SSRNGD [IEIP JO MLIOJ AR 1L 81 wyep AL (1G6T) 19[[0D) WO wep ARt JHPISUes)

*SIL10]
[erion a3 jo 1anpoad ) Jo 1oy [eruzou atp s1 joupoxd B Jo W0y [BULION 313 -
SIILIOJ [RTILION 9T[] JO 1UNS T[} ST THIS © JO 1ILIO] [RIILION T[] o

sarptadoxd [njasn oamg serl [RULIOU BT

= ‘FUIIPIO MNRNNIIIRPI A[) no puadsp
Aewr 1+ wy quasard ate quiy spemmouont aemorred oy, U4y Jspin +7 3 7 anpea
2ART[ SIANOAXA 101994 JSOI[M S[ENIIGHUONE T[] [[@ JO WLIO] [BITLION BT[] S ,,7 3I3TM

0=
e ({3 = 1Yy e
1={xj 4y o=y

(e oremon T

w=xpi iz o%

x
(s premon =

(1+47 *F)zTRWIAOU

SITLIOY Jenrion



zl

“edyngg Sleuqgnal, yusymg ayasguuayny (9961) MNAL ‘H

ALE-COC T8 'WSYL ®IRp il 1104) S3IUSUL
ofpeay ttorjunnsap soanos Fupunugss Aderdomo) yromiay (9661) TPIRA A

‘pues] apoy
‘aduaprACL | ‘SINV sadoglijog Tanuey puv sasng touqoin (0G6T) SAIMIMG g

FOP-LTE TRL TO0SSY ISUMEG LAY unop ‘safqed AT 2L Ul 9899 10uXe
s st Sunniopied o) uupitiode yiomion ¥ -(£861) 11ed N DUe BpRy D

‘891-8E1
‘gz “isymig uny sepqe) LouaINod [euoisuRUIPIMUT T nmaqimbha aansd

10 $159) O[TR)) IMOIY 10] ST AOIRJy, "(LGGT) afueT ') pre molzye] ) ]

1eadde 01 ‘suapa7 Anpqoqorg puv soysynig
"UOIIBTIISA DIfel) J10MmIait 1t storyelsadxs puomyipuor) "(ge61) atpoomur] "H '

sduosnuey eyep Jefaur 1oy sanjea-d jo norendizod joexa
pue ‘stitiof [etwton ‘suonsuny Auipeasusd reruatiodxy (GG6T) Tpoomn] ‘Y T

19-ge ‘6 “wrdp f
HEDZE “$138 PRS0 1F2INT IO UCIR[NNIS JISR015 (RGG1) s1poomtti I ‘[

OTF-10F % “yjrowiag ‘uols
-590008 JO a1 puw unpLofe sppuIng-siodey ALY, (RGG1) dpooanii M [

IGE-EOE ‘9T 'Sansumig fo sppuny SUOIMULISIP [ENOIPIoD
woyy Suipdines 1of swupitof[e otetqeliy (86G1) stapTNS g pye sfodel(] (]

oA may ‘RAuLKlg w3 snoply ((q pe ‘sulrielly pun Bipangos Maisyg
uf smArenn paxy 1A sdeite renfuesosy (ca6r) iofnen v pre smoserq “J

ox may ‘[lel pree nendenny o g Saouyg Fupapopy (1681) 139000 A

S20UIRJOY

Tl

R

01

L]

—

1T

‘sronoumy fgeisns® s Aj10exa pajran
AC( LD 31eLILA0D 1aBa1m e 191 widfread uoissaifiat ayysi8o] anpy repuorgaed wup el
-ns Auop Je| wed sarpnuey eruaiodxe ur anresyds 1ajaureted jo £9531 IQ

‘saneqd [enidap 1) 0 E668GTOT00" Alerenixondde st pra

SBECOZTIGCLEEEFOFAGETTRIT
CTLTPEZCTLEBPRGEEBFBT

= (0129680°T < ¢) 4!

ST snjeA~d jouXx2 21[) UL

{zg' - 6z} 2 8l ofwer v smoys pue ‘yatodxes ai) woly peal

a0 nea 6ly HIsT9eIs A1 JO snfea ALY, *S3[QRI Q9L ‘1ZZ JO wIep [ewonpuod s ssyupd
-uus A[peald [oa s1eniad pe jo UASE ar penuoudjod e st 615 nnio] punuon s

“I098] Xa§ A1 JO N, [2A3] A[) 1B SISSIIINS JO LU [L10) 3Y)
UG 4o LWL 4 IOy = ﬁunvn_q

Aq waard st g 191amInt
-ed oper sppo 3y Jo soneaymidis 3899 03 papastt 617 H1ISITRIS TR RIIXD AT

*ULIOY [RULION S1[3 JO to1eIncliiiod fiim HOMRIIGIIOd 1T N0 PALLIRD 3 PIoYs
oA [enge sy KMmaypp oy A1oexs passaudxa aq wed F os pue
“10JOR] 950 A} JO [IA] 10V 10} A0 ‘OF S31T3p Jo yoea sjernotfjod snoausionioy g
Jo anpoxd e st # noponny Friwiaad [ermanodxa iy ey sarpdmn oA aIngonals
janpoad apchinig v qwasad s1 st -suorgenha Jesur| 07 SUCINGOS 1T AU 10f
srorduny Fugyetousd spqeriva-auo Susn 199 Ued A0 YPUM © X TT X BT X 9T X L X Z
= (9L ‘Tgz §t § vorpuny Surieiausil [erpenodxa a1 Ul SULIDY JO ISqUE ST

+0x 109234 217 A PIIOTIAD 3 BIBP PAAIISO [BNIOR 3] 19T

of = 'Sy 4 1'4'sy
0f = V'i'br 4 Ud've
£z = UW'ET 4 'd'Ep
el = U'w'er | V'd'Tr
9= Wiy + Ud'ly
I =VA'or 4 Ud'ox

[BPONIQNS BI[} 10] SIISIIRIS SIS 1O SISO JedN] XIS pliv



Probability Computations
on finite sample spaces
and applications

Giovanni Pistone & Henry P. Wynn
(with Eva Riccomagno)

References:
e Mongraph in progress Ch. 5

e Paper presented at Helsinki 18-8-99

Basic probability theory

Image: Given (£2, A,P) and a random vari-
able X, compute

PX =POX—1

Product: Given (£2;, .4;,P;), i = 1,2, com-
pute

(§21 X §22, A1 ® A2, P; @ P3)

Conditioning: Given (£2,.4,P) and an event
A and random variables X, Y7 .- - Yy, com-
pute

e Ep(X |11---Yy)

e P(A| YY)

Basic probability

Q2 is a finite set, A is a g-algebra on £,
P: A [0,1]

is a probability, £ = £(2,.A4) is a Ring of real
random variables, and

A~{XecL : X2=X} with Ax~1y

As the state space is finite, the expectation
is
Ep : LY(Q,A=L—R

» The algebraic setting for 2, A, L is the
same setting as in the "design” case.

e The algebraic setting for P and Ep is
llnewl'-

Basic Statistical Models

The set of probability measures on a (finite)
set has various (parametric) descriptions, each
of them pointing to a different geometry of
the statistical model.

Mixture geometry if
P & density P

Hilbert geometry if

PoQand Q=+Por P=Q2

Exponential geometry if

P o U and P = eV-KW)



Steps

Level 1: © is described as a O-dimensional
variety af k% (k= Q)

Level 2: L is descibed as
Klzy---z4)

L2, A) Ideal (D)

Level 3: P is described together with Ep in
the algebraic framework (various defini-
tions are possible).

Level 4: A further algebrisation is possible
in the lattice case.

Level co: Algebraic geometry of statistical
models, non commutative etc, come to
the next Grostat to see ... .

Sub-o-algebras(1)

Let
Yl"'Yk = K

be the observable random variables. Any
function of Y --- Yy, is a random variable, and
they form a sub-ring of L{D). This sub-ring
is computable as follows. Let us consider a
basis

Ideal (g1 --- g;) = Ideal (() D)

and let us consider the ideal

aclL
Klxy - zg,y1--w)

Ideal (91'-'91,?;1 -3 01a$50-") C

Elimination of z gives a basis of the ideal
in Kly; ---y] whose variety is the image of
Yy--Yy

The ring of random variables
Let be given D =, 7, Est; (D) as in design

theory. Then

Ideal (() D)
The ring £(D) has a basis as a vector space,
i.e,

X* . D— K

Est: (D)={z" : ec L}
Note that z® is @ monomial term, while X¢
is a random variavle (function) on D.

We have Va,3 € L
xexp = xoth

=Y rla+8,7)X7
~yelL

The array
[r(a + 6)7)]a,ﬂ,‘yEL
is the basic computational tool on £(D).

6

Sub-o-algebras(2)

The usual argument gives a list of monomials

{’18eL}
and the sub-ring of functions of Y3---Y; is
fully described by the formula

> dg¥?
Bel

The o algebra generated by ¥7-.-Y; is the
solution for dg, 8 € L of the system

( g1{z) =0
g(z)=0
y1 = Y €167 =0

acl

Yk — D Cka® =0
ack

2
(Z dﬂyﬁ) - Y dg’ =0

Bel gel




Uniform probability

If Py is the uniform probability on D, then
for all X € £(D)
1

Eg=——
°0=25

2. X(@)

aeD
AS

X = z caX®
acL
it is enough to know the uniform moments

m(a) = Eg(X*®)

The uniform moments depend on the “alge-
bra” through the following

Proposition
If R=[r(a+ 3, 7)]7,0:61,' then

1
m(8) = ﬁ Trace (R(B)

Conditional expectation

o L(D) ~ ﬁ:al'"g is the ring of random

variables.

s Y;--.Y;, are given observables.

L(Yy---Y) is the sub-ring generated by
the observables,

L

{'yﬁ : Be J'.',} is the list of estimable terms
in the image space.

Then the regression of X on Y8, BelL,isthe
conditional expectation of X givenYy-- Y.

Proof: L(Yjy---Y.) is a vector space (least
squares) and a ring (conditional expectation).

11

General probability, general
moments, image probability

It is easy now to introduce general probabil-
ities with densities represented as

P= Z Gaxa
ack

As a first example, we discuss the image un-
der the random variable(s) Y of the proba-
bility with density P. We need to compute
Ey(F) =Ep(F(Y))
We use
FY)= Y ag¥?
pel
so all we need is

Ep(¥?), pel

Il Py(A) is needed, use the indicator func-
tion.
10

Exponentials and exponential
models

The exponential representation of probabil-
ities falls into the algebraic framework be-
cause exponential function (as any other func-
tion on D have a polynomial representation,

By this polynomial representation, any expo-
nential model has the form

exp (Z 1//aXa) = Y ca9)Xx®

acl alphacL
where the coefficients of the right-end-side
of the equation is in the field

K=k : aeD,acL)

12
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Structural identifiability of
polynomial differential systems

Gabriella Margaria
Dipartimento di Matematica, Politecnico di
Torino, Italy.

Email: margaria@calvino.polito.it

GROSTAT III, 10 September 1999

Example:
y = pzi +pozizo
z, = p3z?+ pazizo
¥y =n
z1(0) = 1
z2(0) = 0O
The set of successive time derivatives:
-
¥ - P,

¥ — 2p% — pops,
¥(3} — 6p3 — 6p1pap3 — P3pap2,

y*) — 5p2p2 — 24p? — 36pTpops
~9p1P3P4P2 — P3PIP2,

¥ 5 120p3 — 72p3papap2 — 13p1p3pap2
—78p1p3p3 — 240p3pap3 — p3p3p2 — 17p3p3pa,

We consider differential polynomial model

£ (t,p) = f(z(t,p),u(t),p)
y(t,p) = gl=(t,p),ult),p) (1)
z(0,p) = wo(p)

with z(t,p) € R™ and y(¢,p) € R™, each com-
ponent of f and of g a polynomial in the indi-
cated variables. We assume that the parame-
ter vector p belongs to an open set €2 C R.

Taylor series problem The Taylor series ap-
proach for the structural identifiability of the
rmode! (1) is based on the calculation of suc-
cessive time derivatives of y(t,p) evaluated at
t = 0. Successive derivatives are measurable
and contain information about the parameters
to be identified. The parameter vector p is
unidentifiable if the set of solutions is uncount-
able, is locally identifiable if the set of solutions
is finite, and is globally identifiable if there is
a unique solution.

A few upper bounds have been published:
2n — 1 for linear systems,

22n _ 1 for bilinear systems,

q2n_ 1

g—1

for homogeneous polynomial systems.

Problem

Find a upper bound on the number of
successive derivatives of y(t,p) needed for the
identification analysis.

Solution

Use differential algebra.



A ranking of (zi,...,xn) is a total ordering of
the set of all derivatives z;’’ such that

ROPEOL)

i

a:l(m) < a:.g-l) = z(m+k) < a:gH—k}.

The leader v of a differential polynomial f is
the largest derivative with respect to the rank-
ing which appears in f.

Let f and g be two differential polynomials and
let v¢ be the rank of f.

f=Ipd4 ...

If no proper derivative of v appears in g then g
is partially reduced with respect to f .

If g is partially reduced with respect to f and
its degree in v is less than d then g is reduced
with respect to f

Let I be the differential ideal generated by the
following differential polynomials:

'Tf(t?p) - f(t: x, P, ‘U.), p” 'y(t;P) - g(t’ T, B u’)
in R{u, z,y,p}.

let L f be the generalized Lie-derivative oper-
ator with respect to f:

L, = n a OO0 (z) 8
1= L ge T L e

=1

Given ej,...,em, nNon-negative integers, let K
be the ring

Riu)u!!"',yli""ygel)?"')ym)‘",y'gfl)’m,p}

and let Ky be the ring

Ky =R[u,u',...,yl,...,ygel),...,ym,...,y,(,f’“)

Let v be the morphism from K to Kg which
maps z to z(0) and leaves the other variables
fixed.

,P).

A set of differential polynomials .4 is called au-
toreduced if each element of A is reduced with
respect to all the others.

A is a characteristic set of E if E does not
contain any non-zero element reduced with re-

spect to A.

An example:

)y = pi12] + poz172
xh = p3zi+ paziag
¥y = n

The set

) — p123 — paz1aa, Th — P3TF — PaT1T2
P1,P5, P3, P4, ¥ — T1
is a characteristic set with respect to the rank-
ing

y<... < <2< 1 <pr<p3<pg<...

Let J(ej,...,em) be the ideal generated by

vy = 61, (U — L), (2)
for i = 1,...,m. Thus one obtains the set of

equations in the parameters whose solution set
is to be found out.

Theorem 1 Let

{Al(us y)a v 1Am(u’1 y),
Bl(u,y,p),...,B[(u,y,p), (3)
C]_(u, TP :B), vy Cﬂ(u! wn .’I:)}
be a characteristic set of I with respect to the
ranking u << y << p < z and yi(e") the leader
of A;.

Let T be a characteristic set of J(ey1,...,em)
with respect to the ranking v << y << p, X

the set of ranks and Y the set of leaders of T.

Then three situations can arise:



i. If there exists an i such that the parameter
p; is not a leader of T, i.e. p; ¢ Y, then the
model is not structurally identifiable for any

P.

ii. If all parameters p; are ranks of T, i.e. p; €
X,i=1,...,1, then the model is globally
structurally identifiable at p.

iii. If all parameters p; are in Y, but p; is not
in X, for some i, then the model is locally
structurally identifiable at p;.

Theorem 2 For m = 1 the number of equa-
tions that need to be taken into consideration
for the Taylor series approach isn+1+1, ie.
it is sufficient to consider J(n+1).

A characteristic set is
y-= 1,

(=" + 24"y + 30"y — 124"/ +

3 2
5y — 16y° — 3yyy — 64y 447,
¥ -1,
2
~y" + p3p2 + 2¢/
and

2 3
(=" + 2¢/%)pa + 4D + 6y — 63"y

As we do not find a polynomial with leader
P2, thus we conclude, by Theorem 1 that the
model is unidentifiable.

The polynomial models don't cover the whole
range of models of real interest, e.g., models
where the coordinate function f are rational
functions have been discarded.

Example 1

o) = p1z§ +paz1z2
zh = pazi+pazizo
¥y = n

z1(0) = 1

x2(0) = 0

We know that e; = 4. We compute a charac-
teristic set with respect to the ranking

¥ < y' < y” < y(3) < y(4)
<p1<p2<p3<pa
of the ideal J(4) generated by:

v—1,9 —p1,
y" — 2pf — pops,

(3) _gp3—6 -
¥ 71 P1P2P3 P3apap2,
y(*) — 5p3p3 — 24p} — 36p3paps
—9p1p3pap2 — P3103,P2

Example 2 Now we consider the model of Fig-
ure 1

u(t)
_P1
Figure 1: ! * Pat+z
P2
T
f= P12 oz u()
pat+z

The experiment considered is © = 0, z(0) = a.

If - T(I?p; ’LL)
(t, p) Q(E:p; u)
y(t,p) = glz(t,p),u(t),p)

z(0,p) = zo(p)



We introduce the new state variable

1
Q(ﬂ:,P, u)
The state vector T = (z,v) satisfies a differen-
tial equation T = F¥(z, p, u) where each compo-
nent 7; is a polynomial in the variables =z, v, p, u.

v(t,p) =

1

Let 1 =z and a9 = ————
patz1

Ty = —p12122 — P27
zh = p1z173 + pozy73
z1(0) =a
z2(0) = p3

A characteristic set of

V(y(i) - i"ml)a 7:=0r---r3
is composed by

y© _q
(-2 V)*a + 202y (1) 2)p; — a2(y(2))2
+ M) (y®) - 2a(y@) (s™M)2 + 2(M)*

xp is the concentration of growth-limiting sub-
P172
ps + x2
tion, py is the maximum velocity, ps is the de-
cay rate coefficient, ps is the inverse of the
vield coefficient and pg is the Michaelis-Menten
constant, Both zy and zo are observed and
the identifiability analysis of the parameters
{pP1,p5,P3, P4} is required. We introduce the

strate, is overall velocity of the reac-

new state variable z3 = . The system
ps + a2
becomes:
x| = p1212223 — P37
TH = —P1Pax1Z2T3
xy = P1paT1T2T3
z1(0)=a
z2(0) =b
z3(0) = p2
where pp = Only 1 and z, are ob-

ps + b’
served and the parameter set is {p;,p2,p3,P4}-

(—yMa?y®) — 2(31)* + 24(y(2)(y(1)2
+a%(y$2)2)apy + a(—24D (y(1))3
+ 32 )%y - (1) %ay®)

((¥1)2a% (y(3)2 — 2Dty (3) (D)2
- 4(y(1))3a3y(3)y(2) + 4(y(1))5a2y(3)
~ 8ayD(y(1)8 4 a(y(10)8 4 443(y(D)3(y(1))2
+ a* (¥ @) M)p; + 1202 (yD)2(y(1)5
- 120y (y(1)7 — 463 (4D)3(y1)3 4 a(y V)"
The model is globally identifiable.

Example 3 The non linear differential equa-
tions

' P1E2
Ty = ———3T1 — P3T1
17 ps+ o
' P1I2
Ty = —pg—— x1
2 ps +x2
z1(0) =a
z2(0) =b

describe microbial growth in a batch reactor
where z is the concentration of micro-organisms,

We compute a characteristic set of the set
1 2
vy — I1),1/(y§ ) _ Lf$1),l/(y§ ) - L?-Tl):

1 2
v(yz — 22), (¥ — Lyz2), w(y$? - L?x2)
with respect to the ranking

1 1 2 2
v1 <y2 <y <oi <P <P <
P1 <p2 <p3 <ps
We find the following 6 differential polynomials

-n1+ta
-y>+b
(a2b(y57)? — 2abyPySVyD — a?(y5) %P
+a(@§)3M + 822
+ @5 %auf? - ()22
aby$? + apa (y$1)26 — a(u$P)? — y§Dby{Y

a(u§)2(ays® — y§DyP)ps
+ a5 2D — y§ )



(yél))e' (aygm - (ygl))z)m
+ (ygn)3(ay§2) = ygl)ygl) )
Then the model is globally identifiable.

Example 4 The following equations correspond

to a two-compartmental system with the flow
from compartment 1 into compartment 2 Michaelis-
Menten saturative

1
P2
. 14+ pszy
Model 2 1 5
P2 3
P2T1
e  pr—
zh = P2r1 .
2714 P5%1
3:1(0) =1
z2(0) =0

None of the differential polynomials contains
the parameters p3. This completes the identi-
fication. The model is not identifiable.

Example 5 Let us consider

Model 3:

P2

P3
pst+x2

£) = —p121 + pax2
! P3T2

Ty =P1Tf1—— — — — P2
2 ps @y 22
r1(0)=a
$2(0)=0

By introducing the new state variable z3 =

— . the system becomes:
1+ pszy
$:1 = —p1%] — P2T123
T3 = P2¥1%3 — P3T2
zh = p17123 — pra123

1(0) =1
z2(0) =0
z3(0) = ps

. Only compartment 1 is ob-

where pr =
1+ ps _
served and the set of parameters is {p1, 92,03, P4}

A characteristic set of
v(y(i) - }:1:1), i=0,...,7

gives a differential polynomial of degree 3 in
the parameter p1, one linear in the parameter
p2 and one linear in py

(~ P+ D)D) po+ ()3 42(3 (1) 2py +4Dp?

()% + 26" 2%p + vV p?)pa
+ 3@y 4 yPp; — ()2 - (3)2py.

We rewrite the system as:

x:1 = —p121 + pax2
Ty = P17 - 1;212 - P393223~‘3 5
T3 = —p17175 + p2x235 + pazoxl

z1(0) =a
z2(0) =0
z3(0) = pa

1
where pp = — and z3 = Only com-

Ps P5 T X2
partment 1 is observed and the set of param-
eters is {p1,p2,p3,p4}. A characteristic set of

v(y(i) - Lifa':l), i=0,...,5
contains
y(l) + pia

ay® + yMap,y — (V)2

yWa3(—(5(1)3y) — (4 2)34(1) 4 (5 (12)2,(3), (2
— yWay®)2 + ayPy(Vy D),
+ yWa3(—4yVay®) (y(2)2 4+ 2(y (D) 24(y(3))*
+ 2a(y?)*%)



y(Pa* (=203 *(53N2 4 24(3(12)2(y(3))2,(2)
+ 4013y (4(2)2 - 20y (D 3) (4 (23
~ 20y 24 § 24(y@)8)p, +
y(l)a4(y(4)(y(1))3y(3) - y(4)(y(1))2(y(2))2
= 233N 2P ()2 3 343 ({23,
+ yPa(y(3))3 — o (y(3)2(y(2))2
— yMay(2y(0),(3) 4 4(5(20)3,(4) _ (%(2)%)

The model is globally identifiable.

Now we suppose that compartment 2 is ob-
served.

It was possible to decide only local identifiabil-
ity with this method.
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amihurtnakla e slocliaslie
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0, is module (over ) and mg

Mulfigcaltms: B x 0, —» B,
dX, dY v d¥XdY

dwft: 5, — 9,
dx, = dwft(dX)

direcf (mplecien Falion of d%tﬁm'c
frocfuey U AXIOM .
--- WSK 'q9
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time MMh&ﬁh
dt := wtoduge! (E, dl‘);
camiead SD!  (dt);
Bowaian mastlon
dB:= éthwdaw! (B, dB);
bwntaa SD! (4B, dt);

taat detads of [ esp (M- - (M) d

Y:= exp(B+vst/2)s
ilbb\l'cdn! (48 — vadt 12.)
henie, usny (TS fowmnte, oty ¥
s X where X solwer an S.4d.-°:
dX:= dduwcsl (X dX);
itesde ! C
dX = X+ Cd@— vedt /2 +dt/a) dF);



Polynomial hté diffusion (X, Y):

BSD | dX dY  dt

e First-order or drift structure:
| Drift I —%dt —Ydt &t
e Second-order structure:
dx?2 =
(vr-2xv3+ (3x2-2)v2+ (—2x3+2x) Y+2X4—4X2+2)dt
dxdy = (-y*+ x v3 4 (~x2+2) 2+ (X3—2X) Y+x%-1)a
ay? = (v*+ (x2 -2) Y2+ 1) dt

Simple AXIOM computations, leading to vanishing normal forms.

v := [[coefficient(du*dv,dt) for du in [dX,dY]]
for dv in [dX,dY]]

VO := (determinant v)::POLY INT

V1 := coefficient(drift 4 VO0,dt)::POLY INT

V2 := coefficient((d V0)~2,dt)::POLY INT

H:= gcd(VO,gcd(V1,V2))
normalForm(coefficient(drift 4 H,dt)::POLY INT, [H])
normalForm(coefficient((d H)"2,dt)::POLY INT, [H]) 3

Hence H defines an invariant variety:

H = (X*-Yv?-1)?
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* Altemative A:  “Aluast suve
elermal (o |
Pl xo-= X6 for T« l':s.Tez_) 20
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