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Abstract

Let P be a random field over the two-dimensional lattice Z? with finite state space. We
introduce the notion of specific entropy h.(P) of the field along a curve ¢ as the limit of rescaled
entropies along the lattice approximations of the blowups of ¢. We prove a corresponding
Shannon-MacMillan theorem. This allows us to represent h.(P) as a mixture of specific
entropies along the tangent lines of c.

The proof is accomplished in three steps. A Shannon-MacMillan theorem along lines is
proved for stationarity P. In a second step, we assume a strong 0-1 law for P and extend the
result to polygons. Finally, the specific entropy along a curve is obtained by approximation.

As an application, we use the specific entropy along curves to refine Follmer and Ort’s lower

bound for the large deviations of attractive Gibbs measures in the phase-transition regime.

1 Introduction

Since the groundbreaking work of Shannon, entropy has played an important role in the analysis
of stochastic processes. In particular, entropy is a key concept in the theory of random fields, a
meeting point of ergodic theory and statistical mechanics. For example, the variational principle
of Lanfort and Ruelle [16] characterizes the Gibbs measures with a given interaction potential
as minimizing points of a functional defined in terms of energy and entropy. Alternatively, this
characterization can be formulated in strictly information-theoretic terms, by means of the concept
of relative entropy (see Follmer [7]). Such relative entropies are an essential tool in analyzing
large deviations of empirical fields from their ergodic behaviour. For this purpose, it is crucial to
establish a Shannon-MacMillan theorem, which says that there is an £'-convergence of suitable

rescaled information quantities behind the existence of a relative entropy.

Typically, the entropy of a stationary random field P indexed by a d-dimensional lattice is
defined as a limit of entropies on an increasing sequence of boxes, rescaled by the volume of
the boxes. In the context of large deviations, however, such volume-order quantities may not
provide enough information when a phase transition occurs. For this reason, Follmer and Ort [10]
introduced the concept of surface-order entropy on boxes. They proved corresponding versions of
the Shannon-MacMillan theorem and used them to estimate large-deviation probabilities. However,
the construction of the Wulff shape by Dobrushin, Kotecky, and Shlosman [5] suggests that such

estimates can be improved if boxes are replaced by more general shapes.

Hans Follmer suggested to investigating the problem of constructing entropies on general sur-

faces and of proving appropriate versions of the Shannon-MacMillan theorem. In this paper, we
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carry out this program in the two-dimensional case, where surfaces reduce to contour curves. In
this context, the existence of specific entropy does not simply follow from a subadditivity argument.
Instead, we consider directly the problem of proving an appropriate Shannon-MacMillan theorem.
Our construction of the specific entropy h(P) of a random field P along a curve ¢ involves lattice
approximations of the successive blowups of the given curve. We prove a corresponding Shannon-
MacMillan theorem, i.e., L!(P)-convergence of rescaled information quantities along these lattice
approximations. Qur proof relies on extending uniform convergence results in ergodic theory to
a suitable skew-product transformation. This leads to an explicit formula for the specific entropy
he(P) involving the conditional entropy of the random field restricted to the origin, given the o-
algebra of a suitable defined “past” along the curve. Under certain conditions, this construction
can be extended to relative entropies of one random field with respect to another. This will be
the key to our discussion of refined lower bounds for large deviations in the presence of a phase

transition.
We now explain our results in more detail.

Shannon-MacMillan theorems. Consider a random sequence w of letters from a finite alpha-
bet T, modelled by a probability measure P on the space Q := Y112} For any finite n, the
mformation provided by the first n letters can be described by the function

- logp[w{l,...,n}]a

where wyq 1 denotes the restriction of w to {1,...,n}, and P[(yl, e yn)] is the probability
that the pattern (y1,...,yn) appears in the first n trials. In the classical case, when the letters are
independent and identically distributed according to a measure p, the classical Shannon-MacMillan

theorem states that the rescaled information functions,

1
——log P a1,
n og Plwi,  ny]
converge in £(P) to the entropy

H(p) == ul(y)log u(y)

yeT

of the measure p. The theorem can be extended to a general ergodic sequence. In the bilateral

case, when P is an ergodic measure on YZ, the limiting quantity takes the form
h(P) = E[H(P[ | P))],

where Py[-|P] is the conditional distribution of wg, and P is the “past” o-algebra generated by
the projection of w to the set {—1,—2 .. .}.

These constructions can be extended to a spatial setting when the random field is given by a
stationary probability measure P on a configuration space T2, Thouvenot [28] and Féllmer [7]
proved spatial extensions of Shannon and MacMillan’s result. The specific entropy is introduced

as

where V}, is the set of all lattice sites in [—n,n]?, and Hy, (P) is the entropy of the measure P
restricted to V,,. The existence of the limit follows from the subadditivity of Hy with respect to V.



The corresponding Shannon-MacMillan theorem shows that there is an £!(P)-convergence of the
functions )

———log Plwy, ]
[Val

behind the existence of the specific entropy. If P is ergodic then we obtain the formula
h(P) = E[H(P[-|PY)],

where P? is a o-algebra representing a spatial version of the “past”. More precisely, P? is generated

by the projections of w to the sites preceding 0 in the lexicographical ordering of Z¢.

Surface entropy. Our goal is to derive refined versions of the Shannon-MacMillan theorem, where
the information functions are observed along surfaces. This was carried out in [10] for the surfaces
of boxes parallel to the axes. In this work we consider the two-dimesional case, and we develop a
construction of surface entropy where rectangles are replaced by general curves. More precisely,
guided by a suggestion of Hans Follmer, we introduce the specific entropy along sets generated by
lattice approximations to blowups of lines, and then extend this to polygons and piecewise smooth

curves.

Our first result is a Shannon-MacMillan theorem for the specific entropy hy(P) of a stationary
random field P along a line with slope A (see Theorem 3.6 for rational and Theorem 3.7 for
irrational slopes). We prove the £!(P)-convergence of the rescaled information functions along

increasing segments of the line’s lattice approzimation
(z,[Az + a]) (z € Z), (1)

where [2] denotes the integer part of «. If P fulfills a 0-1 law on the tail field, we obtain the formula

m(p)= [ BLH(REIPD] (2)

where P, ; is the o-algebra generated by those approximating sites which precede 0 in the lexico-

graphical ordering of Z2.

If X is rational, the mixing condition can be replaced by an ergodicity assumption. Furthermore,

the formula (2) can be written as

g—1

Y E[H(R- P 2])],

=0

where 2—’ is the unique representation of A by integers p € N and ¢ € Z having no common divisor.

The past o-algebras Pr »» correspond to the ¢ diffferent possibilities to start the g-periodic pattern
9’ g

of the lattice approximation (1).

The extension to polygons requires a strong form of the 0-1 law on the tail field, which was
introduced in [10]. It says that, for any subset J of Z?, the os-algebra generated by the sites in
J does not increase if we add information about the tail behaviour outside of J; see Definition
2.2. Under this condition, we prove a Shannon-MacMillan theorem along polygons (see Theorem
4.5). In particular, we obtain a representation of the specific entropy of P along a polygon as a
mixture of entropies along lines corresponding to its edges. Finally, we prove in Theorem 4.8 that

the specific entropy along a curve ¢ : [0,T] — R? is a mixture

helP) = [ oo (P) 3)



of entropies along the tangent lines. Here, h.i(;(P) denotes the specific entropy along a line having

the same slope as the tangent of ¢ in ¢; see (69) for the exact definition.

With a view toward different types of Markov fields, we could use an alternative lattice ap-
proximation of a given line. Instead of approximating the line by the set of sites (1), we can
use the sites corresponding to a contour, i.e., a chain of bonds. Corresponding versions of the

Shannon-MacMillan theorem are developed in Section 3.

About the proof. On an interval I C R, we define the lattice approximation of a line with slope
A € [0,1] and y-intercept a by

Ly o(I) = (2, [Az + d]) (zeINZ) (4)

We want to prove the convergence of the rescaled informations

1
n+1

IOgP[WLA,a([O,n])] (n € N)

along sucessively larger segments of the line. To make this problem accessible to ergodic theory, we
have to find a transformation which captures the stair climbing pattern along the lattice approxi-
mation of the line. If the slope is rational, the steps become periodic, and we proceed by combining
a finite number of different transformations. In the case of an irrational slope, this method fails.
Here, we need to keep track not only of the integer part but also of the fractional part {\z 4 a} in

each step. This suggests the skew-product transformation
Sy: TxQ —TxQ
(t,w) — (TA(t)aﬁ(l,[Az-I—a])w)a (5)

where T is the one-dimensional torus, equipped with the Borel o-algebra and the Haar measure,
and 7 is the translation by A. Using appropriate ergodic theorems for skew products developed in

[2] we obtain a Shannon-MacMillan theorem along the lattice approximation of the line.

The second step toward a specific entropy along general contours is a Shannon-MacMillan

theorem along polygons. Given a polygon =, parametrized on [0, 7], we study the sequence

—(logP[wL;])

of rescaled informations of P restricted to the lattice approximations LT of the blowups

neN

Byr(l) = m(%) (t € [0, nTY))

of 7. Conditioning site by site, the problem can be reduced to the Shannon-MacMillan theorem
along the edges, which is essentially covered by the first step. The difficulty of getting around the
corners remains, but it can be overcome by the technique which Follmer and Ort used in the case
of boxes. Here that we need the strong form of a 0-1 law (Definition 2.2). Under this condition,

the entropy along a polygon is represented as a mixture of the entropies of its edges.

Our last step 1s the entropy along a piecewise smooth curve. By approximation with polygons,
we obtain our main result (see Theorem 4.8), i.e., the formula (3) which represents the specific

entropy along a curve as a mixture of the surface entropies of its tangent vectors.

Relative entropy and large deviations. Shannon-MacMillan theorems for the specific relative

entropy h(Q, P) of two probability measures () and P on the sequence space Y12} are based



on the functions
d@
—log P [wi1,..n1]

describing the relative information gained from the first n trials of an experiment. They are a key

tool in the search for estimates in the theory of large deviations.

By a large deviation we mean a rare event, or an untypical behavior occuring in a random

sequence. Consider the empeirical distributions

Zéwl (n €N)

of a stationary random sequence w; (i € N). If the measure P is ergodic then g, converges to
the marginal distribution p of P, P-almost surely and in £!(P). Large deviations are events like

[1tn € A], A being a set in the space of probability measures on Y whose closure does not contain
1.

The aim of large deviation theory is to find lower and upper bounds which describe the asymp-
totic decay of the probabilities of such large deviations. In the classical case of a sequence of
independent and identically distributed random variables, the decay of large deviations of the
empirical distribution is described by Sanov’s theorem. Cramér’s theorem addresses similar ques-
tions for the empirical averages. As a third level for investigating large deviations, Donsker and

Varadhan [6] initiated the investigation of large deviations of empirical processes.

In this paper we replace the random sequence by a random field, and the empirical processes

by the empirical fields
Ry (w) := 09w
P>
where ¥; (i € Z%) denotes the group the shift transformations.

Comets [3], Follmer and Orey [9], and Olla [19] found the following large deviation principle
for the empirical fields of a stationary Gibbs measure: For any open subset A of the space M (),

of probability measures on €2 = Tzd,

li f—1log P(R, € A inf h P 6
lnn—1>£ |Vn| 0g P(ftn € 4) 2 QeAlnan(Q) (@, P), (6)

and for any closed set C' € My (),

h;ri}sip |V | log P(R, € C) < QEClﬂnﬂgl(Q) h(Q, P), (7)

where the rate function is given in terms of the specific relative entropy

h(Q,P) := lim L ——Hy, (Q, P).

n—oo | |

Phase transition. In the case of phase transition, there exists more than one Gibbs measure
with respect to the same potential. We are then faced with the following problem. Due to the
variational principle for Gibbs measures (see Follmer [7] and Lanford and Ruelle [16]), the specific

relative entropy of P to another stationary Gibbs measure ) with the same interaction potential



vanishes. Thus, the relative entropy h(Q, P) appearing in (6) and (7) may be zero even though @
is not contained in the closure of A. This suggests we need a refined analysis of large deviations
in terms of surface-order rather than volume-order entropies. Assume in fact that the interaction

satisfies the local Markov property. Then
Hy(Q,P) = Hov(Q, P)

for any finite subset V of Z?, where 9V is the boundary of V, that is, the set of all sites outside
of V' which have distance 1 to V' (see the end of Section 2 in [10]). Consequently, this relative
entropy is in fact a surface-order term, and so it should be rescaled not by the size of the volume
|[V| but by the size of its surface |0V]. This observation was the main motivation for introducing

the concept of surface entropy, and for proving the corresponding Shannon-MacMillan theorem.

In the context of the two-dimensional Ising model, Schonmann [25] showed the existence of
surface-order upper and lower bounds for the large deviations of the emperical means. For attrac-
tive models with a totally ordered state space, Follmer and Ort found a lower bound for the large
deviations of the empirical field in terms of the relative surface entropies along boxes (see [10] or
Theorem 6.1).

In their detailed analysis of the two-dimensional Ising model, Dobrushin, Kotecky, and Shlos-
man [5] justified on the basis of local interactions, that the phase-separating curve has the form of
a Wulff shape. They proved a large deviation principle with a rate function in terms of the surface
tension along the Wulff shape. Using different methods, Toffe (see [12] and [13]) was able to extend
their result up to the critical temperature. The appearance of such shapes suggests to extend the

large deviation bounds of Follmer and Ort from rectangles to general shapes.

This extension is carried out in the last section of this work, where we consider Gibbs measures
with attractive interactions on a two-dimensional lattice. We use the generalized surface entropies
introduced in Section 4 to refine the lower bound obtained by Follmer and Ort [10]. Theorem 6.2
gives a lower bound in terms of the specific relative entropies along curves. The probabilistic part
of the proof is similar to [10], but we need additional geometrical arguments. In particular, the
asymptotic ratio of the length of a line segment and its lattice approximation comes into play. In
the lower bound (Theorem 6.2) these quantities merge into a factor involving the derivative of the

curve.

As an alternative to the lattice approximation, we can use the contour approximation, which
corresponds to a different definition of the boundary of a subset of Z2. If the Markov property
holds only for the contour boundary, we can again prove a lower bound (Theorem 6.5), where the

surface entropy 1s constructed in terms of the contour approximation.

The role of Shannon-MacMillan theorems in the refined analysis of large deviations provided
the original motivation for this work. It seems, however, that the study of entropies along surfaces
may hold independent interest. This paper lays some of the groundwork for such a general theory

of specific entropies along shapes.

Outline of the paper. The first section reviews the notions of a two-dimensional discrete random
field, the boundary of a lattice set, the local and the global Markov property, tail-triviality, short-
range correlations, and Follmer and Ort’s 0-1 law. We further recall the definitions of information

and entropy, and the Shannon-MacMillan theorem for stationary random fields.



In the next section, we introduce a specific entropy of a random field P along a line. The idea
to investigate such an object has two precursors. The first is a volume-order directional entropy,
which Milnor (see [17] and [18]) introduced in the context of cellular automata. The second is
specific entropy along hyperplanes perpendicular to an axis. Foéllmer and Ort [10] defined this as
a step toward their surface entropy along boxes. We combine these ideas for a two-dimensional
random field P. We prove a Shannon-MacMillan theorem and an explicit representation for the

specific entropy hy(P) of P along a line with slope A.

The key to our proof is a careful description of the line’s lattice approximation. If the slope A
is rational the steps in the lattice approximation become periodic. We can then prove a Shannon-
MacMillan theorem by combining a finite number of different transformations. In the case of an
irrational slope, no such simplification is possible. Instead, we must use a skew-product transfor-
mation, whose second component keeps track of the irrational remainder at each step. It may be
noted that a technical distinction between rational and irrational slopes was also made by Sinai in
his work [26] on Milnor’s directional entropy for cellular automata. This construction was further
developed by Park (see [20], [21], and [22]) and Sinai [27]). The original problem of continuity with
respect to the direction was finally solved in Park [23].

In Section 4 we construct the specific entropy h.(P) of a random field P along a curve c. Tt will
be obtained as the limit of renormalized entropies along lattice approximations of the blowups of ¢.
We prove an underlying Shannon-MacMillan theorem, which states that there is an £'-convergence
of suitable rescaled information quantities behind the existence of the specific entropie. We further
prove a formula which represents h.(P) as a mixture of the specific entropies along its tangent

lines.

The proof is divided into three parts. Inspired by the construction of the specific entropy along
a line, we start again with a linear shape. Since the blowup procedure moves the shape in space, we
cannot immediately apply our result for the entropy along a line, but we will imitate that proof in
Section 3. In the second part, we prove a Shannon-MacMillan theorem along polygons. In the last
part, we extend the result to curves, approximating them by polygons. Assuming that P fulfills
Follmer and Ort’s 0-1 law we can extend the result to polygons. We can then pass by polygonal
approximation to general piecewise smooth curves. We conclude by deriving a scaling property of

he(P).

The last two sections focus on lower bounds for large deviations of Gibbs measures with attrac-
tive interactions in the case of a phase transition. The proofs depend upon the surface entropies
which we constructed in Chapter 4, and on the corresponding Shannon-MacMillan theorems. We
begin by recalling the notions of interaction potential, energy, Gibbs measure, and phase transition.
We then turn our attention to attractive potentials, and to the extremal random fields Pt and

P~ . In this context, we introduce the specific relative entropy h.(P~, PT) along a curve c.

The main result (Theorem 6.2) of this part appears in the final section. It is a lower bound
for the large deviations under a Markov assumption. The proof uses the well known strategy
of switching to a measure under which the large deviation becomes normal behavior, and then
applying a Shannon-McMillan theorem. Making use of the global Markov property, we pass from
densities restricted to the lattice points inside of a polygon to densities on the lattice approximations
of its boundary. In this context, we prove an appropriate relative version of the Shannon-MacMillan

theorem, in analogy to the results in Section 4. The second ingredient in the proof are geometrical



observations resulting from replacing line segments parallel to the axes by general line segments.
For example, Lemma 6.3 computes that the asymptotic contribution of the fraction between a
lattice approximation of a line segment and its length equals (\/1—1——/\2)_1, where A is the slope of
the line segment. As an alternative, we prove a similar bound (Theorem 6.5) in the case when the

Markov property is only satisfied with respect to contour bound.

2 Random fields

Consider €2 := TZ2, where T is a finite set. For any subset V' of Z? define Qy := TV Let wy be the
projection of w to V, Py the distribution of wy with respect to P, and Fy := o(wy ) the o-algebra
generated by this projection. A probability measure P on (2, F) is called a two-dimensional
discrete random field. The transformations (0, ),¢z> defined by 0,w(u) = w(u +v) (v € Z?) form
the group of transformations on 2, called shift transformations. We assume P is stationary, that
18, invariant with respect to the shift transformations. The classical case of a random field is a

collection (wy)yez2 of independent random variables.

There are different levels of Markov properties for random fields: when the subset of the lattice
which generates the condition has to be finite, and when it can be any type of subset of the lattice.

They both involve the boundary
OV :={j e z*\ V|distv(j) = 1}. (8)
of a subset V of the lattice ZZ.

Definition 2.1. A random field P has the local Markov property if, for any finite V.C Z¢ and

for any nonnegative Fy -measurable ¢,
El¢ | Fpav] = El¢ | Fav]. 9)
A random field P which fulfills the local Markov property is called a Markov field. If (9) holds for

all any V C Z% then P has the global Markov property.

In Section 5, we will introduce the class of Gibbs measures in terms of interaction potentials.
Any Gibbs measure belonging to a nearest-neighbor potential is a Markov field. Examples of
random fields which have the local Markov property but not the global Markov property were
given by Weizsicker [29] and Israel [14].

Note that the boundary (8) is not necessarily a contour in the sense of statistical mechanics,

that is, a chain of bonds. Closing the gaps, we obtain the contour boundary, defined as
AV = {j € Z*\V |disty (j) = 1 or disty (j) = V2}. (10)

Replacing 0 by 8 in Definition 2.1 leads to slightly different Markov properties.

P is called tail-trivial if 1t fulfills a 0-1 law on the tail field

T = ﬂ .7:22\‘/ = ﬂ fz2\vn, (11)

V CZ?2 finite neN



where V,, := {v €72 | |v]| < n}, with the maximum norm || - ||. Due to the spatial structure of a
random field, tail-triviality is equivalent (cf. Proposition 7.9 from [11]) to a mixing condition called
short-range correlations:

sup | P(ANB) — P(AP(B)| 50 forall B € F. (12)

AEF 7o\,

The following condition was introduced by Follmer and Ort in [10].
Definition 2.2. P satisfies the strong 0-1 law if for any subset J of 7 the o-algebra F; coincides
modulo P with the o-algebra

Fr= () Fraav- (13)
V CZ? finite

For J = 0 it reduces to the classical 0-1 law on F. Remark 3.2.3 from [10] shows that the strong
0-1 law implies the global Markov property for P provided P has the local Markov property.

Let V and W be subsets of Z2 The information in w restricted to V, with respect to P, is given

by the random variable
I(Py)(w) := —log Pluov], (14)
and the information conditioned on Fy 1s defined as
Z(Py[-|Fwl(w)) = —log Plwy|wi].
The entropy of P restricted to V' is

Hy(P):=—-E[Z(Pv)(w)] =— Z Plwy]log Plwv], (15)
weYTL?

and the conditional entropy of P to Fw 1is

Hy (P[-|Fw]) = —E[log Plov|ww]] = H(Pv[-|Fw]).

The specific entropy of P is defined by

h(P) := lim LH(Pvn).

n—00 |Vn|

Tts existence can be proved by a subadditivity property (for instance cf. Theorem 15.12 in [11]),
but it also follows from a Shannon-MacMillan theorem. Follmer [7] and Thouvenot [28] proved

that the specific entropy for ergodic P is
E[H (Po[- [P)(w))],

where Py[-|P] is the conditional distribution of w with respect to the o-algebra P generated by all
sites which are smaller than 0 with respect to the lexicographical ordering on Z2. Moreover, they
showed that the sequence of rescaled information quantities provided by a stationary P, restricted
to the lattice sets V;, (n € N), converges in £L1(P) :

|71H|I<Pvn> L2 BlH (Pl 1P )|, (16)

where J is the o-algebra of all sets which are invariant with respect to the transformations 6, (v €

77).
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3 A Shannon-MacMillan theorem along lines

The function
hhalz)=Ar+a (x €R) (17)

describes the line with slope A and y-intercept a. Using [#] and {x} for the integer and the fractional

part of x, respectively, the two-sided sequences

(a(2)]), e and ({ha(2)}), ¢y

are the line’s integer and fractional parts at the integer points z € Z. In the case when 0 < A <1,

the lattice approzimation of [) 4 on an interval I C Z is defined as
Lyal) ={(z,[e(2)]) |2 € INZ]. (18)

In the case when —1 < X < 0, we use the lattice approximation Ly o(I) := —L_x o(I). If || > 1,
we represent the line as a function of the y-axis with the new slope % (or 0 in the case of the y-axis

itself) and proceed as before.

We want to identify the specific directional surface entropy hy(P) of P as the limit of the
rescaled entropies along successively increased parts of the lattice approximation to the line, that

18, as the limit of the sequence

mh’(&w[w)) (n € ).

The convergence of this sequence will follow from a stronger result, the £!(P)-convergence of the
corresponding sequence of rescaled information, that is,
1
[Lx,a([0,n])]

This will be the main result of this section (see Theorem 3.6 for rational A, and Theorem 3.7 for

I<PLA,G([0,n])) (n € N).

irrational A).

In order to make our problem accessible to ergodic theory, we need to create a transformation
that follows the stair climbing pattern along the lattice approximation of the line. This will be
achieved by keeping track at each step not only of the integer part, but also of the fractional part.
Let

n(t) = {t+ A} (teT)
be the translation by A on the torus T := [0, 1] with its ends identified. Consider the product
space T x Q, equipped with the product o-algebra F, and the product measure P = yu ® P. The

transformation
Sy: TxQ —TxQ
(t,w) = (1), 0 [raape)
follows the desired path, as we shall see in Lemma 3.2.

We first develop several technical tools, that assist in constructing specific entropy along lines.
The same tools will find application again when we come to defining specific entropy along nonlinear

shapes.
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Lemma 3.1. For A€ R,z,z€ Z,a€ T and I C Z we have the following:

(1) (@) = {a+ Az} = {lxa(2)}-

(i) The function 75 has a unique zero, at t = {—zA}. More explicitly, we get: If z and so X are
both positive or both negative, then 7§ has a unique zero, at t = 1 — {zA}. If one is negative
and the other is positive, then 15 has a unique zero, at t = —{zA}. If one of them is zero

then 75 has a unique zero, at t = 0.
(ii1) ba(z+3) =la(z) £ AF and Iy a42(2) = boa(z) + %
(1v) nalz+ 2] = [a()] + [z ()] and  [bags(2)] = [a(2)] + 7
(v) Dxa(l+2) = Ly sz @) (D) + (2, [1n,a(2)])-

(0i) DnaseD) = Lall) + (0, 2).
Proof.

(i) The first equality can be seen easily by induction, and the second follows from (17).

(ii) The case z = 0 and the case A = 0 are trivial. Let z € Z\ {0}. By (i), 7§ has a zero at ¢ if
and only if {t + zA} = 0. The latter is equivalent to ¢ + zA € Z, which means

t+{zA\} €7Z. (19)

If z€ Nand A > 0 then 0 < ¢t + {zA} < 2, since 0 < ¢t < 1. Therefore, condition (19) is
equivalent to ¢ + {zA} = 1, that is t = 1 — {zA}. If z and X are both negative, {zA} is again
positive and the argument works as well. If one is negative and the other positive, then
—1 <t+{zA} <1, and (19) is equivalent to t + {zA} = 0, so t = —{zA}.

(iii)
Da(z+2) =Mz +2) +a=10q2)+ A7,
and Iy g4:(2) = Az +a+72=104(2)+ 7

(iv) Using (iii) we get

[xa(z+ D] = [[Iaa(2)] + {la(2)} + AZ]
= [a(2)] +[3(a) + A2 = (o (D)) + [z (0) ()]

The second equation follows from the second equation in (iii), because z is an integer.
(v) By (18) and (iv), we obtain

LA,a(I + Z)

[Elha®)]ZTEeT+2)
= {E+abG+)|7el}

[E s () ) + (2. aa(2)])| Z € 1}
= L)+ Lra(z).

A
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(vi) By (18) and (iv), we get

Lx,a+t- (I) =

{E has:(2)) 17 € 1}
{(Z 1004:(3) +(0,2) [T € T} = L all) + (0, 2).

O
Lemma 3.2. The iterates of the transformation Sx(t,w) = (TA(t), 01 p4rpw) (t € M,w € Q) are
given by ST (a,w) = ( Y(a), 01, (n ) for all n € Ny.

Proof. With k(a) := (1, [a + A]), we have Sy(a,w) = (ma(a), Ox(a)w), and we obtain

Si(a,w) = (17 (a), 0, (0)w) where Kp = Znorf\.

It remains to show that &, (a) = (n, [{x o(n)]) for all « € T. For the first component this is obvious.
For the second component it follows by induction: Tt is trivial for n = 0, and by definition (17),

and by Lemma 3.1(iv) we have

k()1 (a) = k@ (@) + £ (@) = [aa(n)] + [72(a) + A
[ZA a(n)] + [ZA,T;‘(G)] = [ZA,a(n + 1)]

O

The next lemma plays a key role in proving Shannon-MacMillan theorems by means of the
ergodic theorem from [2]. To avoid double indices we skip A in the notation, and write L(a, I) in

place of Ly o(I). Define the functions

Fit,w) :=T(Pol- |Fri-i—1p))(w) (t,w) € TxQ, (20)
for i € N, and

Fitw) = TPl [Faeomo ) () (hi2) €T % 0. (21)

Lemma 3.3. Foralae T,weQ, and n € N,

Z(Pr(a, ZF oSlaw

Proof. Conditioning of the measure of the left-hand side leads to

Plwraon)] = HP[ a,{i})|WL(a,0,i=17)]-

i=1
By definition of L and shifting we obtain that the latter expression equals

n

HP[ 0,0 WL (a,0,i=11)=L(a,{i})] © OL(a,{i})-

i=1
Lemma 3.1(iii), with T = [—i, —1], yields

n

H Plwoowiiita)i-i-1p] © Ora i),

i=1
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and by the previous lemma we obtain

n

Z(Prao,....n) (W) = ZI(Po[' |Fr(ritay =1, -p)) (Ora,1ipw)

i=1
for all ¢« € T and n € N. O

To apply ergodic theorems to the right-hand side in 3.3, we need to study the asymptotic
behavior of the functions I(P0[~ |}"L(Tl(a)7[_17_i])]) as ¢ goes to infinity as well as their dependence

on the parameter a.

Lemma 3.4. Assume that, for all A € 7:22\{(0,0)},
P[w(o,o)|A] >0 for P-almost all w € Q2. (22)
Then for any t € T, F;(t,-) converges to F(t,-) P-almost surely and in L'(P) as i goes to infinity.

For any w € Q, the functions F;(-,w) (i € N) are piecewise constant in t, and the number of

discontinuities is finite. If A is rational then F(-,w) is of this type as well.

Let X\ be irrational. Assume that P fulfills the strong 0-1 law and that there is a constant ¢ > 0,
such that, for all A € Fz2\{(0,0)},

P[w(o,o)|A] >c for P-almost all w (23)
Then F(-,w) is Riemann-integrable in t.

Remark 3.5. As can be seen in the proof, the set of points where the function Fi(-,w) may be
discontinuous s given by {{1//\}| v=-—1,.. —i}. When X is rational the set of potential points of
discontinuities of F;(-,w) and F(-,w) is

{{y§}|y =1, —(gAD)},

where f]—’ 15 the unique representation of A with integers p € ZZ and ¢ € N having no common divisor.

Proof of the Lemma. Fix any ¢t € T. Since the o-algebras (}"LM([_L_Z»]))%N form an increasing

family, (P [w(o,o) | ka’t([_l’_i])])ieN is a martingale, so that we obtain by the convergence theorem
for martingales,
71— 00

Plwo) | Wi -1,-i)] — Plwo,0) | WLy (=1,-00)]; (24)

P-almost surely and in £!(P). By (22) this remains true when we take logarithms on both sides,

and this proves the first assertion of the lemma.

To prove the second part of the lemma, fix w € Q. Chose any ¢, € T, and find a (sufficient)
condition under which F;(t,w) = FZ(%V, w). The only influence that the variable ¢ actually has
on Fj, is its effect on the set Ly ¢([—1, —7]) of sites we condition on. By (18), Ly, ([-1,—i]) =
Ly ; ([=1,=1]) if and only if

()] =[x e (V)] forall v=-1,...,—1. (25)
Fix v € {1,...,i}. By Lemma 3.1 (i),

[ e@)] = Doe(w) = {le (W)} = =dv = 7(1),
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so that, the equality in (25) is equivalent to
t—t=70) — 7). (26)

We know from Lemma 3.1(ii) that 7} has a unique zero in ¢, := {rA}. The equality (26) is
fulfilled if and only if ¢ and ¢ are both either smaller than tx, or larger than t) ,. Applying this
argument to all v € {—1, ..., —i}, we see that the function F;(-,w) is piecewise constant, and the

set of possible jumps is given by

D; = {{vA}|v = -1, ..., —i}.

If A is rational, these sets are actually independent of i, for ¢ large enough. Use the unique
representation A = f]—’ given in Remark 3.5. We obtain by periodicity of the sequence ({—1/2—’})1,61\;
that

DZ»:{{—y§}|y:—1,...,—(in)}.

It remains to prove that, in the case when A is irrational, F'(-,w) is still Riemann-integrable in ¢.
It suffices to show that the set of points where the function is discontinuous has Lebesgue measure
zero. We will prove that F'(-,w) is continuous on T\ Dy, where Do, := {{1//\}| v=-1-2 }
Fix tg € T\ De and let be ¢ > 0. We apply a Lemma from [10] (see Lemma 4.7), with By =
Lai([—k,—1]), and By = Ly (([—k, —1]) U (Z*\ Vi), where Vi, = [k, k]?. This gives us a kg € N
such that for all £ > ko and ¢ € T with

Lo ([=k, —1]) = Lx o ([—k, —1]), (27)

we obtain
| PLlowo] @iy tr-] = Plown] @i r-n] | <= (28)
By definition of g, 6 := min{|t0 —t>\71,|| v=—1,.., —k} is larger than 0. But by Lemma 3.1(i),

(27) is true for all t € T for which [t—ty| < d, which proves the continuity ofP[w(oyo) | WLA,t([—k,—l])]
in ¢ = tp. Finally, by taking logarithms and using (23), we obtain that the continuity in ¢ yields
as well for Fj (-, w). O

Our Shannon-MacMillan theorems will now follow by the ergodic theorems which we proved in
Section 4 of [2]. We use the abreviation

PA,t = fL;)t((—oo,—l]) (29)

for the past o-algebra occuring in the limits. In the case of a rational slope we apply Corollary 4.1
in [2], and Maker’s version of Birkhoff’s ergodic theorem (cf. Theorem 7.4 in Chapter 1 of [15] for
Maker’s theorem, or see Corollary 2.3.1 in [1] for an explicit version of Corollary 4.1 in [2] in the
spirit of Maker). The assumptions on the functions F, ; in these theorems a fulfilled by Lemma

3.4.

Theorem 3.6. Let A be rational, and 2—’ its unique representation with integers p € 7 and ¢ € N
having no common divisor. Assume that P fulfills condition (22). Then for all a € R,

1 noo 1 &

1
T Pratepa) — Z_; E[H(P[ - [Py 2] (@)|7]
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P-almost surely and in L'(P), where J is the o-algebra of all sets which are invariant with respect

to the transformation 0, ;).
In particular, of P is ergodic with respect to 0, ;) then the limit simplifies to

1]

SN B[P - Py ] @)

q i=0

In the case of an irrational slope we need stronger assumptions to guarantee the Riemann
integrability of the functions (20) and (21).

Theorem 3.7. Let A be irrational. Assume that P fulfills (22) and the strong 0-1 law. Then for
all a € R,
1 n—00 1

n+11(PLA(a,[0,n])) — . E[H (Po[-|Pa)(w))] dt

in L1(P).

Proof. Set x(t) := (1,[t + A]). Since ||&n(t)]| > n, the sequence tends to infinity as n goes to
infinity. As a special case of the strong 0-1 law, P fulfills a 0-1 law on the tail field. Since A is
irrational, 7y is ergodic. Corollary 2.6 in [2] with v; = (1,0) and vy = (0, 1) implies the ergodicity
of the skew product S from Lemma 3.2. By Lemma 3.3,

1
n+1

I(PLA(G,[O,TL])) = Z Fz o SZ (a’w).
i=1

We are going to apply Corollary 4.14 in [2], Maker’s version of Birkhoff’s ergodic theorem (cf.
Theorem 7.4 in Chapter 1 of [15] for Maker’s theorem, or see Corollary 2.3.15 in [1] for an explicit
version of Corollary 4.14 in [2] in the spirit of Maker). By Lemma 3.4, the Riemann integrability
assumptions on the function F, F; (i € N) are fulfilled. We have ||x;(t) — ; (t)|| > ||¢ — j||, and

lim iz|{1§i,j§n||i—j|gm}|:0

n—o00 1N

for all m € N. This implies condition the condition on & we needed for Corollary 4.14in [2]. O

4 A Shannon-MacMillan theorem along general shapes

Let P be a stationary random field that satiesfies the strong 0-1 law and the condition (23).
The goal of this section is a Shannon-MacMillan theorem for a stochastic field along the lattice
approximations of the blowups of a curve ¢, and a nice formula for the limit A (P), the specific

entropy of P along c.

In the first subsection, we considered the linear case, that is, when ¢ is a line segment. The
proof of the corresponding Shannon-MacMillan theorem (see Theorems 4.3 and Theorem 4.3)
is based on the same ideas as the proofs of Theorem 3.6 and Theorem 3.7. The sequence of
blowups of a line segment is moving in space, requiring more careful attention than a single line

being progressively revealed. The second subsection proves a Shannon-MacMillan theorem along
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polygons (see Theorem 4.5), and the third subsection develops the result for curves (see Theorem

48).

Another purpose of this section i1s to introduce an alternative way of approximating a line
by a subset of the lattice. A contour in statistical mechanics is a set of sites corresponding
unambiguously to a chain of bonds. The lattice approximation we used so far is not a contour
in this sense. As an alternative, we introduce the contour approrimation. It is a contour, and it
corresponds to the contour boundary defined in (10). Tt creates a slightly different formula for the
specific entropy along a line. Since the specific entropy along a line is the foundation of the specific
entropy along polygons and curves, we obtain alternative formulas for those entropies as well. We

will call them specific contour entropies, and denote them by EA, ﬁﬂ, and ﬁc.

Let ¢ = (c(l), c(z)) be a piecewise differentiable planar curve parametrized by ¢ € [0, T]. Suppose
that ¢ does not go through the origin, and that it hits the y-axis in ¢ = 0. The blowups of the curve

¢ are given by

Bpe:[0,nT) — R? Bpe(t) =n c(%) (n € N). (30)

In particular, Bic = c.

As will be shown later, it is enough to consider a curve ¢ given by the graph of a function ¢ on
a segment of one of the axes. Suppose that ¢ is a function on the interval [, Z] of the z-axis. The
case of the y-axis can be treated analogously. More precisely, © = ¢ (0) and & = ¢)(T). The
interval [z, Z] contains a finite number u of integers z,z + 1, ..., 2+ u. More precisely, u = [¢ — Z]
or u = [ — ] — 1. In the same way, the blowups B, ¢ can be represented as graphs of functions ¢,

of intervals [z, Z,]. More explicitly, we obtain by (30)

T, = Bnc(l)(O) =nr= nc(l)(O)
T, = Bnc(l)(nT) =nI= nc(l)(T).

Again, the interval [, Z,] contains a finite number u,, of integers z,, z, + 1, ..., 2, + uy,, where
up = [n(Z — )] or up = [n(Z —2)] — 1. (31)

In particular, the sequence (up)new goes to infinity.

4.1 Line segments

As a first step, we consider the linear case, that is, when ¢ is a line segment. Then we have for the

corresponding functions ¢,

én(x) =Ae+a, for z€ [nc(l)(O), nc(l)(T)],

(T = ¢2)(0)
cW(T) = ¢1)(0)

where A=

and a, = n(c(z)(O) — /\c(l)(O)).

Assume 0 < A < 1. As explained at the beginning of Section 3, the other cases can be reduced
to this case. At first sight it seems we could just apply the results for the specific entropy along
a line from the last section. But the blowups of the line segments move in space, which has the

following consequences.
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(i) There is a sequence (an)ner instead of a constant a;
1) the sequence is real-valued, as opposed to the constant having values in T;
g

(iii) the positions of the lattice points in each step, as well as their number, are more difficult
to control. In the case of the line we simply looked at approximating points with z-values
between 0 and n. Now, we have to deal with lattice points whose z-values lie in the interval

Zny -y Zn T Up.

The last problem forces us to apply, at each step n, an additional shift to w which brings the line
segment close to the origin. These shifts do not affect the £!(P)-convergence since the limit is
shift invariant. The number of points in the nth step is given by (un)nen, instead of simply n + 1
as in the last section, but this is irrelevant as long as the sequence goes to infinity. The second
problem requires another shift in each step n. The first point is the most delicate. It is here that

we really need the convergence of the ergodic averages in all t, which was discussed in Section 4 of
[2].

We begin with a precise description of the contour approximation. Unless A = 0, the lattice
approximation Ly 4 used in the last section does not define a unique contour. The last site before
a new step is catercornered from the first site of the step, so not connected by a bond. The contour
approrimation is obtained by adding, at each new step, the site which is one unit below it. A new

step begins in ¢ + 1 if
and the site we will add in this case is Ly 4(I) — (0,1). For I C Z let

Lya(l) ={Lyra()|i €T} U (33)
{Lra(i) = (0,1)|i €l A {A(E) +at+A>1}

be the contour approzimation of the line segment I o(I). Lemma 3.1 and Lemma 3.4 translate

immediately to L.

Unfortunately, the new sites are not in the orbit of the skew product, and are therefore over-
looked by the ergodic averages we want to use to prove the convergence. We will get around this
difficulty by taking ergodic averages of two functions: one function is evaluated along the orbit of
the skewproduct; the other one is taken at all sites which are one unit to the left of the orbit, but

vanishes as long as no new step is reached.

Set @ := a;. Using the notation for [z, #] described above (31), define for n € N|
Lo(a) :=Laa,(zn, %0+ 1,. .., 20 + Up), (34)

and

~

En(a) = Laa, (znyzn+ 1,00 20 + uy). (35)

)

The total number of sites in Ly (a) is u, + 1, and in En(a) it is

[Ln(a)| = wn + 1+ [{i € Mo [0 < i < up, 777 ({ad) > 1= 2. (36)
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We will study the renormalized information functions

1 1
—7 PLn a (w) and —TI(P a ((.J) (37)
|Ln(a)] ( ( )) 1T (a)] ( Lo ))
along the lattice approximation and the contour approximation of the line segment at w € Q. Our

goal is to prove their £L1(P) convergence.

The proof for the lattice approximation is easier version of the proof for the contour approxi-
mation. We will carry out the details of the proof only in the latter case. To transform (37) into
some sort of ergodic average we first condition on sucessively smaller parts of En(a). A new step

begins at i if 77" 1 ({a}) > 1 — . In this case, E;Ha(zn + @) consists of two sites,
Ly a(zn +14) — (0,1) and Ly o(zn +1). (38)

For conditioning, we have to treat these two sites separately. For the first one, the set we have
to condition on is just Ly q,(zn +i—1,...,2,), but for the second one we need to add the site
L4, (zn +1) — (0,1). For 2,7 € Z with Z > z define the sets

L5 L(E .. 2) = (39)
LnaG=1,...,2)U(Lra(3) = (0,1)) if 77 ({a}) > 1= A,
E;Ha(fzv— 1,...,2) otherwise.

We will need the following equalities:

Lemma 4.1. Forn,i €N, z € Z, and a € R we have

(1) Lxa(z +1) = Laa(2) = Lx 72({a}) (7).
(i) Dna(z4i—1,..0,2) = Laa(z 41) = Ly oty (=1, —i).

(i) TA (2 4+i—1,...,2) = Laalz4+0) =L . (=1,...,—0).
: At {ad)

Proof.

(i) Applying the second equation in Lemma 3.1(v), with ¢ = {a} and z = [a], and then the first
equation, with Z = ¢, and finally the definition (34), we obtain
Laa(z +1) = (2414, [Ix {ay (2 +9)]) + (0, [a])
= (2 4+ 4, [Ix a1 ()] + [Ix 72 (1a)) (9)]) + (0, [a])
(2, 0 (2)]) + (@ [ 7 (fap) (D))
Lxa(2) + L vz (a1 (0)-

(i1) Using Lemma 3.1(vi), with a = {a} and z = [a], and then Lemma (v), with I = {—1, ... — 4}
and z = z + ¢, and finally the first equation in (iv) with « = {a} and z = [a], we see that

Lna(z4i—=1,..,2) =Ly (z +i—1,...,2) 4 (0,[a])
=Ly o4 rapy (=1 =) + Do gay (2 +1) + (0, [a])
= EA,T;MHG})(—L o =i+ Lya(z+19).



19
(i) If T§+i_1 <1-—2A E& Jz+i—1,...,2) coincides with EAya(z +i¢—1,...,2). Otherwise we
obtain by (i) and (ii),

LS J(z+i=1,...,2) = Laalz +1)
= (Laalz+i—=1,...,2)U(Lralz 44 = (0,1))) = L a(z +4)

= EM;M({G})(—L =) U (Laa(z +1) = (0,1) = Ly a(z 4 9))
= L)\,T;+l({a})(_1’ A _Z) U {_(0’ 1)}a
and applying Definition 39, with z = 0, leads to the desired result. |

We calculate the information in (37) by conditioning site by site along En(a). To make reading

easier we use w(¢) instead of w;. We see that

(P, () () (40)
= Z (logP [w(L;Man(zn + z)) ‘w(f&yan(zn +i—1,..., zn)}
i=0

it a 1m0}
log P[t(Lxa, (20 + ) = (0,1)) ‘w(EA,an(zn +i=1 o))

Shifting w to the origin leads to
ZlogP [w(O, 0) ‘w(f&yan(zn +i—1,..,2,) — Laa,(2n + z))} 0 0L, o, (20+i)

+ ;1{7;”1—1({%})214} % (41)
log P[(0,0) ‘w(f;van(zn +i= T z) = (Baa (o +) = (0,1)))]

0L, u (2nti)=(0,1)-

We examine the two sums separately. Lemma 4.1(iii) transforms the summands of the first

sum to

1ogP[w(o,0)‘ N Lo =) 000, ety (42)

By Lemma 4.1(i), this equals

logP[w(0,0)‘w( B v - 1,...,—1'))}oaLM;n({an})(i)oeLW(Zn). (43)

ATy
Defining the family of functions
Fy(t, ) = —log P[w(0,0) ‘w(iﬁxyt(_L =) (e eTxQ) (44)

allows us to rewrite this as

Fu (A {anh)s 0, 0y © O (e @), (15)
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which is, by Lemma 3.2, the same as
F; oSi(rf"({an}),ﬁh)an(zn)w). (46)

For the second sum in (41) we can proceed similarly. By Lemma4.1(ii), we get for their addends
L=t @npz1-0) %
logP{w(O, 0) ‘W(LM;”,({%})(—l, o —i) + (0, 1))} O OL, . (rti)—(01):
Using Lemma 4.1(i) again leads to
Lzt (anyp1oay 108 P [w(0,0) [@(Iy rutignpy (=1, =) + (0,1)) ]
© ng,rin (fanp () © OLxan (2)=(0,1)- (47)
Defining the family of functions
Git,w) = _1ogp[w(o,0) ‘M(EM(_L =)+ (0, 1))} ((t,w) €T x Q) (48)
allows us to write the second addend in (41) in the form
Lirim1y>1-0y Gi (Ti (Tfn({an}))’HLA,T;n({an})(i) O 0Lx a (za)=(0,1) “)’ (49)

which is, by Lemma 3.2, the same as
Lt z1-ay Gio ST ({an}), Ons a, (2)—(0,1) @) - (50)

Putting (45) and (49) in (40), and renormalizing,

(P, )(e) = —

—— > FioS (" ({an}), Or, .0, (o) @) (51)
Ly(a) im

1 — i K
> L=t 1-x Gi 0 S ({an}) Or, o, (o) - (0,1) @)
Ln(a) i=0 -

Finally, we have to divide by the number u, + 1 + %y, of summands, in place of the original
rescaling factor Lj,(a). The next lemma computes the asymptotic contribution of the fraction

resulting from the change of renormalization.

Lemma 4.2. Foralte T,
Up +1 n—eo 1

|La(8)] L+

Proof. Let
ku, = |{i €No| 1 <i<up, "' ({an}) > 1= A}

denote the number of steps between 0 and wy,. Since (36) implies

u, +1 _ U, + 1 _ 1
T o o Fuy (t)’
L] un 1t ke, () 14 Al
1t remains to show that
— A



21

We have the estimate ky,, < [Lx o(2n+un)—Lx q(2n)]+1 = [Aun]+1, and, analogously, ky,, > [Auy].

The convergence follows from

[/\un]—i—l_/\ Un, {Aun, } 1
Uy +1 Tup+1l o u,+1 w, +1

and

[Auy,] _ Up, {Aun, }
up+1  Tup+ 1w, + 17

O

Now, the sums are in the form required by our ergodic theorems for skew products. To prove the
convergence, we have to distinguish the case when A is rational from the cases when it is irrational,
because this determines whether 7 is periodic or uniquely ergodic. However, since Lemma 3.4 can
be carried over from L to f, the assumptions on the functions F; and (; were already proven in

the last section. In particular,

Fi{t,w) — ~log P[(0,0) |w(E4 (-10)] (52)
and
Gilt,w) 2 —log P[w(0,0) ‘w(ix,t(—N) +(0,1))]. (53)

For rational A, Theorem 4.3 follows from Corollary 4.1 in [2], in the way we explained it in the proof
of Theorem 3.6. In the case when A is irrational we need the ergodicity of the skew product (see
Theorem 2.5 in [2]), and we apply Corollary 4.14 from [2] as it was done in the proof of Theorem
3.7.

Before we state our theorem, we introduce a shorter notation for past o-algebras arising from
the conditionings in (52) and (53).

PLei=F(L] (1) (54
corresponds to the condition used for upper sites, and
Py = F(Loe(~N) + (0, 1)) (55)

correspond to the conditioning needed for the lower sites. Note that there is a step between E(—l)

and E(O) if and only if t < A, and that, by (39),
o ]-"({(—i, [t—/\i])|i€N}U{(0,—1)}) i 1< A,
MO F(i =2 ey it 1> .

Theorem 4.3. As n goes to infinity,

1
|Ln(a)]

converges in L1(P) and uniformly in @ € R to the specific contour entropy along a line with slope
A

WPy i= ([ ELEEEP J)]ar [ Bl(REIR Je)] ).

A
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Replacing the contour approximation by a lattice approximation, we obtain a similar theorem.
The proof is an easier version of the proof of Theorem 4.3. We simply set G; = 0, for all : € N,
and switch to the lattice approximation in the conditionings. The limit is just the entropy hy(P)
of P along a line with slope A. Recall that

1
ha(P) = / E[H(Po[- | Px ()] dt.
0
Theorem 4.4. As n goes to infinity,

1
lim ——Z(P = h\(P
S @) L) = I (P)

in LY(P), and uniformly in a € R.

4.2 Polygons

The next step is to define the entropy along a polygon, that is a piecewise linear curve 7 : [0, T] —
R? without self-intersections. Without loss of generality, we can assume that 7([0,7]) does not
contain the origin. Now, the blowups of 7 are well-defined. We want to track the construction
back to entropies along the lines corresponding to the edges of the polygon. To make use of the
construction given above we describe the polygons in the same notation. Let R be the number of
edges of m. We can find slopes A\(") € (=1, 1], constants 1) € B and intervals I(") of the - or the

y-axis such that

R
F([O,T]) = U lA(T),t(r)(I(T))a (56)

with [y + as defined in (17) as a function of the z- of the y-axis.

Proceeding the same way for the blowups B,7 (n € N) (see 30), we choose t7 ¢ B and

IT(LT) C R, such that

R
Bur([0,71) = | Ly o0 (1),

r=1

The contour approximations (33) of the edges of B, 7 combine to a contour approximation

R
Ly=J Ly 0 (57)
r=1

of B, m. And analogously, the lattice approximations of the edges combine to a lattice approximation

R
5= by o (58)

r=1

of B, 7.
Theorem 4.5. For the lattice approrimation we have

length LT L

R
————> length (") h, (¢ (P) (59)
length 7 !
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in LY(P), and for the contour approrimation we obtain

1 n—+co 1 Lij

e I(P ) length ©") h; () (P 60
length L7 (Ln) lengthﬂ-; g Ao (P) (60)

in L1(P).
Remark 4.6. The limits in (59) and (60) can be written as

1

T T
, 1 -
m /0 heiry(P) dt, respectively /0 heiey(P) dt,

length 7
where 7' (1) denotes the right derivative of .

The proof of the theorem requires a lemma from [10], which we recall for the reader’s conve-
nience.

Lemma 4.7. (Follmer and Ort) Consider o-algebras B; C B} (i € N) increasing to Beo, respectively

decreasing to B, and assume thatl

Be = B, mod P. (61)
Then for any ¢ € LY(P),

Y, sup NELO1G] = Bl | Bl rip) = O (62

Proof. Let || - || denote the £}(P)-norm. Put ¢; = E[¢|B;] and ¢F = E[¢ | Bf] for i =1,... 00.
If B; CC; C Bf then, by projection and contraction,

| 6eo = E[o|Ci] |= || d0o — Elo7 [C] ||
< oo = 0i |l + 1| 6 = Elol, [C] || + || El9% |Gi] = Elg7 [Cil ||
< boo = @il + 11 i = 67 [ + 1] 6 — 67 I,

and this converges to 0 by forward and backward martingale convergence, since ¢, = ¢, by

assumption. [l

Proof of the theorem. The proof i1s carried out for the contour approximation. The result for
the lattice approximation then follows as Theorem 4.4 from Theorem 4.3. To make the reading

easier we use w(¢) for w; and we define the sets

B =T, ,0)  (re{l,... R} (63)

R
I(Prr)(w) = 3 log P[w(ES)) ‘W(Eﬁf—lk L EWY. (64)
r=1
Fix r € {1, ..., R}. To simplify notation we omit the index r when there is no risk of confusion,

for example A := A") ¢, = tg),f = L) and I} := L(’")u. We also use the short form E, :=
Er(f_l) u---u Er(Ll) for the contour approximations of the edges of the polygon which come before
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(r)

Er(f) in our enumeration. We will condition sucessively on the elements of Ejp’. Denoting the
integers in Ir(f) by zn,zn +1,...,2n + 4y as in (31), and using the modification L' as defined in

(39), yields for the rth addend in (64)

log Pw(B) [w(B0)]
= ilogP{w(f&ytn(zn + z)) ‘w(EAytn(zn +i—1,...,2n), En)}
=0

Tzt 21o0)
logP{w(LNtn(zn +i) = (0, 1) ‘w(EA,tn(zn b1, ), En)}

Now, we use the same type of calculation as in the last section, when we proved a Shannon-

MacMillan theorem along a line. Define
vni(t) = Lag, (20 +1)  and (1) = Ly, (20 + ) — (0,1). (65)

Shifting by vn;(t), and v’ () respectively, yields
ZlogP [w(O, 0)‘(.0(3;\7%(,2” +i—1,...,20) — Uni, B, — vm(t))}
i=0

+1{T§"+’_1({tn})21—>\} X
logP{w(O, 0) ‘w(f;vtn(zn +i—1,...,2) — vﬁ”»(t), B, — vﬁ”(t))} o, (t)-

We know from Lemma 4.1(iii) that

~

Ly, (n+i—1,. . 2) — vni(t) = LﬁAyT;”,({tn})(—l, ;)

from Lemma 4.1(ii) that
L, (snti—1,... 2) —uli(t)
_ Tt _ s
= LAVT;”,({%})( 1,...,=9)+ (0, 1),

and from Lemma 4.1(i) that

Uni(t) = Lat, (2n) + L 720 (2,1 (4),

and that
i) = Lot (2n) + Lo szn (e (1) = (0, 1),
We obtain
log P 0,0‘ A =), By — ot
ZZ—; og P |(0.0) | sz e 0 oni(t)

0L, o g @ @ OLac o)

T zioa)
log P[(0,0) ‘W(EW”,({M)(_L =) (0,1), By = (1)

© ng,rin({tn})(i)—(Ovl) © ng,tn(Zn)'
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These are the same addends as in (43) and (47) except that there are the additional conditionings
on the sites B, — vpni(t), and E, — vfn»(t), respectively. We want to show that these conditions
disappear asymptotically. The argument will be given in detail for the first summand; the second

proof is similar.

Let a be the minimum angle between any neighboring edges of the polygon 7 and let d,, be
the minimum distance between an edge of the nth blowup B,7 of the polygon and any of its
nonneighboring edges. Also, let H, be the hexagon defined as follows: H, is symmetric around
(r)

ET(LT), two sides are parallel to Ep, "’ at a distance d,, /2. The other sides reach from the endpoint of

the first two to the endpoints of ET(LT), and they intersect at an angle o. Observe that
E, C Z*\ H,, (67)
and therefore E,, — vni () C 22\ (Hn — vm(t)).

Define the o-algebras

() :f(ih (=1L, ..., =)
t :f<i>\y7_ {t} , 2,))
B:(t) = F(L ari g (=1 =) UZ2\ (Hy = vni(1)))

For any t € R, the sequence (BZ( ))zeN is increasing to Be (), and the sequence (BZ* (t))ieN is

decreasing to
— B

€N
By the strong 0-1 law, B, (t) = Beo () mod P. By Lemma 4.7, for any t € T,
lim | 10g P |w(0,0) ‘w(LAyT;(t)(—l, =) B = vni(1)]
_ logP{w(0,0) ‘]—"(LAVT;(M)(—L . ..,—i))] (w)‘ iy =0
Proceeding with (66) as in (44) to (51), and using that
. length Er(f) length 7(")

lim = =

n—oo length L7 length
for all » € {1,..., R} concludes the proof. O

4.3 Curves

The last step is to pass from polygons to curves. Assume that ¢ : [0,7] — R? is piecewise
differentiable and parametrized by arc length. If ambiguous, ¢’ denotes the right derivative of c.
First of all, we need to relate the derivatives of the curve with a slope of a line. Let v € ST = {w €
R?| || w ||= 1}, and o the angle from the positive z-axis to the vector v. If |a| < Z or |a| > 2F
then describe the line in the direction of v by a function of the x-axis; otherwise describe it as a
function of the y-axis. Let A(v) be the slope of that line, that is,

A(v) := min(|tg af, |et «f). (68)
By this correspondence, we can assign any v € S! a specific entropy. We will write

hy(P) = hag(P). (69)



26

Theorem 4.8. Let ¢ : [0,T] — R? be a piecewise continuously differentiable curve, and ¢’ its
derivative, and let m, : [0,nT] — R? (n € IN) be a sequence of polygons such that

1

n—od

Tongtimy (20, |87 ) () = ¢ (0] === 0. (70)
Then we have in LY(P),
T
mz (Pr) — 1eng1thc /0 hey (P) dt, (1)
and
7(p,) /T hery(P) d. (72)
length m, n lengthe J

Proof. We carry out the proof of (71). The proof of (72) is similar. We have to show that

1 1 T
li ——T(Pp~) — hery (P) dt =0.
nroo length m, (Pry) lengthc/o e (P) £1(P) 0 (73)
As can be seen by the construction of the entropy for polygons,
1
e T(Pry) — hs, (P)]
length m, (Pry) P) £1(P)
converges to 0. By the representation formula in Remark 4.6 and since
7 (t) = (Bamn) 1) (t/n) forall t € [0,nT],
we obtain
1 nT n T
hy (P)= —— hpr (m(P)dr = ——— hiB. = -1y () (P) dt,
-(P) length m, /0 Lo (P dr length m, /0 (Bama) 1) (P)
and by (70) and Lemma 3.4, the integral converges to
T
/ hc’(t) dt.
0
Use || - || for the euclidian norm in RZ. Since
1 T / T —1y/
—lengthm, = [ |[m,(nt)[[dt = [ |I(B; ") (t)]| dt,
n 0 0
we obtain by (70)
1 T
lim —length 7, = / ||c'(t)]] dt = length c.
n—oo N 0
This implies that
1 T
ho (P)— By (P dt‘
‘ (P) lengthc/o 0(F) £1(P)
converges to 0, too, and (73) follows by the triangle inequality. O

Note that the limits do not depend on the sequence of polygons we used to approximate the
curve. Observe, further, that any appropriate approximation of the curve by lattice points can be

described by a lattice approximation of a suitable polygon. This justifies
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Definition 4.9. Let P and be as in Theorem 4.8. Then

T
ho(P) = mﬁ/o heey(P) di
15 called specific entropy of P along ¢, and
~ 1 T _
he(P) = lengthc/o hergry(P) dt

15 called specific contour entropy of P along c.

Note that the following property for the entropies of the blowups of a curve.

Corollary 4.10. Let ¢: [0,T] — R? be a piecewise differentiable curve, and let Byc: [0,n1] —
R? Bye(t) == nc(%) (n > 0) be the family of its blowups. Then

hp,c(P) = he(P) for all n > 0.

Proof.

1 T 1 T
hg (P)= ———— hig ey (P)dt = —— hes P)dt
Bye(P) length Bnc/o (Ba )(t)( ) nlengthc/o ( )( )

[l

=
o
P

v
—

3|

5 Gibbs measures

We will define Gibbs measures in terms of interaction potentials. A collection (Uy)y cz2 finite Of
functions on €2 is called stationary summable interaction potential if the following three conditions

are fulfilled:
(i) Uy is measurable with respect to Fy for all V C Z2

(ii) For all i € N and all finite V C Z2, Uy 4; = Uy 0 6;.

(iii)
Z || Uv ||oo< 00

V CZ? finite: 0€V

Let £, € Q. The conditional energy of £ on V given the environment n on Z2\ V is defined as

By (&ln) = > Ua((&mv), (74)

ACTZ?2 finite: ANV £0

where (£, n)v is the element of €2 given by

o Jew e
emvin=q 00 (75)

P is called Gibbs measure with respect to U if for any finite subset V of Z? the conditional
distribution of wy under P with respect to Fz2\y is given by

1

Sp——C N U 76
Zy (n) (76)

Plwy, = &v | Fuav](n)
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where
Zy () = / e~ EvEn p(dg) (77)
Q

is called partition function. We say that there is a phase transition if there is more than one Gibbs
measure with respect to the same interaction potential. Gibbs measure with respect to nearest

neighbor potentials are Markov fields.

Assume that T is furnished with a total order <, and denote by — the minimal and by + the
maximal element in Y. Suppose that U is attractive with respect to the order on T, in the sense
of (9.7) in [24]. Let P~ and P* denote the minimal and the maximal Gibbs measure with respect
to U, and let P* = aP~ + (1 — a)P* (0 < a < 1) be their mixtures. Both P~ and P% are
ergodic and, as follows from [8], they fulfill the global Markov property and the strong 0-1 law,
and we can define relative surface entropies. Using the past o-algebras (29), (54) and (55), and

the correspondance (68) between directions and slopes, they have the following form.

Definition 5.1. Let v € S'. Then
1
hy (P, PY) ::/0 /QH(PO—[~|7>A(U),t](w),P;r[~|7>A(U),t](w)) P~ (dw)dt

is the specific relative entropy of P~ with respect to Pt in along v, and

BT P = e [ [ (PR Pl ) P P, ) P a

+/1;(U) /Q H(PO_[ [Py (@) B[ |7’§<v>,t](w)) P (dw) dt]

is the specific relative contour entropy of P, with respect to Pif along v.

Let ¢ : [0, T) — R? a piccewise differentiable curve parametrized by arc length and ¢ its right

dertvative. Then .
1
h.(P~, PT) = herpy(P~, PT) dt
(P, P7) lengthc/o 0 (P7, P7)

is the specific relative entropy of P~ with respect to Pt along ¢, and

~ 1 T _
ho(P~. Pt) = hoy (P~ P) di
(P, P7) lengthc/o 0 (P7, P7)

is the specific relative contour entropy of P~ with respect to PT along c.

The order on T induces an order on the set M1 (T) of probability measures on T : We say that
1 18 larger then v if the density % is an increasing function with respect to the order on T, and

in this case we write ¢ > v. In particular, v is absolutely continuous with respect to p.

The following inverse triangle inequality for relative entropies was shown in the proof of Theo-

rem 4.2 in [10]. For the reader’s convenience we state it in the following form.

Lemma 5.2. Let A > u > v, and assume that p is bounded below by a positive constant. Then

H(v,A) > H(v, p) + H(p, ).
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To prove it, they use Theorem 9.4 from [24]:

Theorem 5.3. (Preston) Let A be a finite subset of Z2 and my the product measure on Q. Let

f1 and f2 be nonnegative measurable functions on (Qp, Fa) with

fidmy = fadmy =1
QA QA

Suppose that

filw V@) falw AD) > fi(w) f2(D) forall w,& €y (78)

Then for any bounded measurable increasing function g on (Qa, Fa) we have

/ gfidmy Z/ gf2dmy.

QA QA

Proof of the lemma. By p > v, f1 := 1 and fo := d—Z fulfill condition (78), and by A > p and
the boundedness of u, ¢ := —log Z—; is increasing and bounded. By Preston’s theorem we obtain

dy dv du
/lgd/\d du>/logd/\dﬂ,

and this yields

H(v,\)= H(v,u) + /log;l/\du>H(1/u)—|—H(u,/\).

6 Lower bounds

Assume that P~ and P7T have the local Markov property (Definition 2.1). Then the strong 0-1
law implies that they have the global Makov property as well. Follmer and Ort [10] introduced

the specific relative surface entropy

(PP = Z [ (P L1, P F0) ) ) (19

where F() is the g-algebra generated by those coordinates in {(i™V,i(?) € Z?|i) = 0} which
precede 0 in the lexicographical order on Z2 Then they proved the following lower bound for the
large deviations of the empirical field of PT,

= e

1€V,

Theorem 6.1. (Féllmer and Ort) For any open A € M1 (),

1
liminf ——P +[Rn EA] > — inf as(P™,PT).

n—o00 |6 n| a:P,€eA
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Recall that the boundary of a subset V of Z? is defined as

oV ={ieZ*\V|dist(i,V) = 1}. (80)

The aim of this section is to improve the lower bound by replacing the boxes by more general
shapes and using the corresponding Shannon-MacMillan theorems of Section 4. For a closed curve
¢ let int ¢ be the subset of R? surrounded by ¢. Define the set

Co = {e]e:[0,T] — R? closed piecewise C'-curve parametrized by arc (81)

length, without self-intersections, and with areaint ¢ = a}.

Theorem 6.2. For any open A € M1(2),

1
lim inf Pt[R, € Al >~ inf inf

. - /T L h
n—oo |V | aPacAceCad Jy T+ N (1))2

(P™,PT).

Replacing the class C', by squares with area « this bound coincides with the bound in Theorem
6.1: Let m be a square parametrized by arc length and with areaint # = «. Then the length of
every edge is y/a. For the two horizontal edges of the square the slope A (c.f. (68)) is 0 with respect
to the z-axis, and for the horizontal edges 1t is 0 with respect to the y-axis. Therefore, the integral
equals 4\/a. The entropy hr(P~, PT) equals s(P~, PT), since the c-algebras Py, coincide with
F®) for the horizontal edges and with F(!) for the vertical edges.

The proof of Theorem 6.2 follows the lines of Follmer and Ort’s proof with some adaptations to
the different geometry. To begin with, we restate explicitly the global Markov property for random
fields in the case when the conditioning is concentrated on a set of sites surrounded by a closed
polygon. We use the notation I'(c) := int e N Z? to indicate the set of lattice points surrounded
by a closed curve ¢. Let m be a closed polygon without self-intersections. By (80) and Definition
57, 3(22 \ F(ﬂ')) = L™, and the global Markov property (see Definition 2.1), with V = Z2\ TI'(r),
yields for any F(Z?\ I'(r))-measurable nonnegative function @,

E[¢|Frm] = E[¢ | Frx]. (82)

We will further need two lemmata that compute the asymptotic fractions of the lengths of a line

segment, or a polygon, and the sizes of their lattice approximation.

Lemma 6.3. Let I be a real interval, [(x) = Az+a be a linear function with slope A, and By, (k € N)

be the sequence of its blowups restricted to I. If Ly is the lattice approximation of By then
, | Lk | 1
1 = . 83
hevoo length By /I F A2 (8

Proof. We consider only the case when 0 < A < 1, that is, when the lattice approximation is
given by L(z) = (2,[{(2)]) (z € INZ).In the other cases we use similar functions to describe the

lattice approximations, and the proof of (83) is analoguous.

For any k € N, |Lg| is either [length b;] or [lengthbx] + 1, where by, is the projection of By to
the z-axis. We can ignore the second case, since the additional point does not matter for the limit
n (83). Observe that (length By)? = (length by )? + (A length by )?. Consequently,
length By
VIHAZ

which proves the convergence in (83). O

length by, = (84)
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Lemma 6.4. Let w be a polygon with edges w1, ..., 7mr, Bym (k € N) its blowups, and Lym (k € N)

their lattice aproximations. Then

n | Lpm| ZR: 1 lengthx,
koo length By — /1+ X2 lengthr ’

where A, is the slope corresponding to ©l. as defined in (68).

(85)

Proof. We have

| Lym] Z | Lyw|  length B,
length By length Byn, length Bym’

and using length By m, = klength 7., we obtain

i | Lpym|  length =,
length By m, length
By the previous lemma applied to the individual sides, the first factors converge to (\/1 + /\g)_l,
which implies (85). O

Proof of the theorem. Let be 0 < a < 1, such that P, € A. Since A is open, we can choose
open neighorhoods A~ and At of P~ respectively PT in M (Q) such that

aA” + (1 —a)AtT C A

Without loss of generality we may assume that A~ and AT are in Fy, for some p € N. Define the

set
I, := {71' | 7 closed polygon without self-intersections, areaint m = a}.

Let m € Ty, with 0 € intmr, and let (B,7)nen be the sequence of blowups of 7. For o = 1 take
Cy := V,,. Otherwise, define

Cn = F(Bk(n)ﬂ-) and Dn = Vn \F(Bl(n)ﬂ-)a

n—od

where k(n) and [(n) are chosen such that k(n) <lI(n), {(n) — k(n) —— o,

lim [ Cn | and lim | Dn |

n—oo |V | n—oo |V |

=1—-«. (86)
To see that such sequences exist, we give explicit examples:

|Vl

areaint ()

and l(n) = [k(n) + \/ﬁ]

k(n) := l

Obviously, both the sequences and their difference tend to infinity as n goes to infinity. Using

areaint (Bgm) = kZareaint ,

|D(Brm)| koo
areaint By 7w

and
k(n)? n—oo o

|V, | areaint 7’
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we obtain for the expression in (86)

| C, | . areaint (Bg(n)7) . k(n)?areaint w
= m — = 1m — = .

For the second expression in (86) we note that

I(n)? _ k(n)?  2k(n)y/n+n
Vol [Vl Val

and that the second summand tends to 0 for n going to infinity. Now, doing the same type of

calculation as for k(n), we obtain

| Dn| _ _ATBiw) |
dm = i g = e
Define )
Z dg,w and R} = Z dg,w,
[l 2 Dol 2
where C, = Vi(n)—p and Dy, p := Vn_p \ Vitn)4p- Then
{R, € A"}eFe,, {RTeAT}YeTFp,, (87)

and for large enough n,

{Rn € A} D{R, € AT} N{R} € At} = A,.

Define the measures Q, = P © PZQ\C (n € N). @, coincides with P~ on F¢, and
with Pt on Fp

., and makes these o-fields independent. Thus, and by (87), we obtain Q,[A,] =
P7[R, € A7] Pt[R} € AT], and by the ergodic behaviour of P~ and PT we have

n—od

Qn[Ay] —— 1. (88)

Let ¢, denote the density of @, with respect to PT on Fe, up, . Then for v > 0, > 0, and for

large enough n,
PR, € A)] > P*[A]
-1
> /1Ann{ N log ¢n<y+e}@n d@n

> exp(=( 4 2) 0Val) @u A0 0 { o <9+ .

y (88), the lower bound

liminf —— log PT[R, € A] >

n—oo |6 n|

follows if 7 is chosen such that, for any ¢ > 0,

nll_}n;an{|av|log¢n<'y+6 =1 (89)

It remains to show that (89) holds with

1 length 7, _
7_2 g h?T(P aP+)'

V1+az 8
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Since Q, = Pt on D,,, and the fact that both P~ and Pt are Gibbs measures with respect to the

same potential we obtain

bn(w) = Plwe, | PHlwp,] _  Plwe,]
" P+[anU[)n] P_[an |an].
Let L, be the lattice approximation (see Definition 35) of B, 7. By (82),
P |w
P~luc, |wn,] = Plup, |we,] oolo2e)
Prlwe,]
_ P_[an] — P_[ka(n)]
=P |wp, |WLk(n)]m =P lwr,,, |an]ma
and thus
P_(ka(n)) o P_(ka(n))

Pn(w) = (90)

P=(wr,, lwp,) — PH(wr,, |wp,)

Going around the R sides of Ly (,), and conditioning site by site as in the proof of Theorem

4.5, we obtain

L logte) = S w0,
|Vn| |Vn|7.:1

where the (") corresponds to the r-th side of the polygon. Similar to the calculation between (64)
to (66) we obtain

Up
(r) — . :
v = ZZ”JJ © ng,rin (Ctan @ © ng,tn(Zn)’
=0

where A is the slope of the rth side of the polygon, ¢, and r, are as in Subsection 4.2, and
Zn,i,t = Xn,i,t - Yn,i,ta with

X0 =log Py ((0,0) ‘w(fﬁwiﬁ,({tn})(q, =) UAL)),
and Y, ;¢ =log Pyf (w(0,0) ‘“@ﬁA,T;w({tn})(_l’ =) UBaie)).

To simplify notation we have omitted the index r. For the sets in the conditional expectations we
have Ay, i C By C Z%\ (Hn — Ly (2n+ z)) Ay i ¢ 1s obtained by shifting a subset of L,, C C,,.
H, is constructed as in the paragraph above (67), but using the minimum of the diameter d,, and
the distance [(n) — k(n) in place of d,.

To prove convergence, we study the X and Y-parts separately. By construction of the sets
Ap s, the behavior of X,, ; ; under @), is the same as under P~. But the proof of Theorem 4.5
shows that

ZXn,i,t o HLA)Tin Ceny () © 0L 1, (20) (91)
=0
converges to —h.(P~) in £L*(P~). The convergence remains true when we replace X, ;; by
Xoi = 1og Py (w(0,0) [w(Ly pwts ) (=10 =0) 7))

where, for a subset L of Z?, the element w(L)_ equals w on L and assumes the minimal state in
T outside of H, — Ly ¢, (2n + 1).
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We still need to control the behavior of Y}, ; ; under Q. Put

2= X = Yuie,

n,1,t n,1,t

and use the law of large numbers for martingales with bounded increments in its £2-form in order

to replace
1 ek i )
| Li( )|Z it @ ULy o g,y (@) © Yl (2n)
7)1 i=o0
by

Z nzt );n({tn})() GLAt |-/4nzt

where A, ;; is the o-field generated by the sites in D, and those sites of Ly which precede i
in the canonical ordering of Lg(,). These conditional expectations can be written as the relative

entropy H (v, ), with the random measures

ﬂ(w) ':PO [ . |w<L>\7t§"+’({tn})(_1’""_i))_]
and  v(w) =R |w(Ly g,y (<1 =) U Baid) ]

)y

Our next step is to replace p by a measure 7 for which

1
[ Lyt (L=

Z) | ZH(% 77) OgLA,r;"({tn})(i) Ong,tn(zn) (92)

converges to hy(P~,PT), in LY(P~), as n goes to infinity. Define w(L)* in analogy to w(L)~
Since for all w,

o B PO ey T

)

we obtain (92) by taking

nw) =Py | ‘W(LW”,({M)(_L L

By Lemma 5.2 H(v(w), p(w)) < H(v(w),n(w)). Summing over » = 1,..., R, and passing from

convergence in £1(P~) to stochastic convergence with respect to @, yields

lim Qn[|L: @ > hs (P‘,P+)—|—6] —0 (93)

n—od
for any ¢ > 0.

To derive (89) with
R

1 lengthm,
= ML (P, P,

r=1 \/1—1_Ag 8

1t remains to show that

| Li(n u 1 length 7
lim . 94
n—00 | oV, | Z; 1+ /\% 8 ( )
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The fraction on the left-hand side can be written as
| Lin) | B | Lin) | k(n)length By(,)m area int By T
|0V, | length Bygpym  area int By, k(n)| 0V, |

Apply Lemma 6.4 to the first factor, and observe that
k(n) length By, (nym k(n)*lengthm  lengthr

= = 95
area int By ()™ k(n)? area int 4o (95)
Then using (86) to see that
area int By (,)m™ _ k(n)? area int w W k(n)? (96)
k(n) [V, | k(n)4\/| Vi, | |V |

converges to o, (94) follows.

Finally, we replace the polygon 7 by the polygon 7 = B%ﬂ'. Since length 7, = %length mr, and
since, by Corollary 4.10, h,(P~, PT) = h(P~, PT), 4 transforms into

i 1 length 7,

r=1 V1+A% 4

Finally, by Lemma 3.4, the infimum of that function over all polygons 7 € 11, equals the infimum
over all curves ¢ € Cy, and we obtain the bound (6.2). O

he(P~, P*).

If we have the Markov property only with respect to the contour boundary we can prove a
bound similar to Theorem 6.2 by replacing the lattice approximation by the contour aproximation.
Recall that, for any V' C Z2, the contour boundary is defined as IV = {z € Z2\V | dist(z, V) =
1 or dist(z, V) = \/5} Note that the two boundaries for a box differ only in the four corners. Thus
it does not matter whether we divide by 0V,, or by 5‘/” on the left-hand side.

Theorem 6.5. For any open A € M1 (),

T /
liminf ——P*[R, € A] > — inf inf ~ [ —F A0

n— 00 |8Vn| OCIPQEACECQZ 0 m

The proof is the same as for Theorem 6.2 except for the changes due to the weaker Markov

dt he(P~, PT).

property. First of all, we need a contour version of (82). For a closed polygon 7 without self-

intersections we obtain by Definition 57,
d(Z*\I(r) = L™ (97)

The global Markov property from Definition 2.1 with respect to the contour boundary, yields
V = Z*\ I'(r), yields for any F(Z?\ I'(r))-measurable nonnegative function ®,

El¢|Frm] = B¢ | Fr-]. (98)

As in the proof of Theorem 6.2 we need lemmata computing the asymptotic ratio of the length

of a line segment or a polygon, and its contour approximation.

Lemma 6.6. Let I be a real interval, let [(x) = Az 4+ a be a linear function with slope A, and
let By (k € N) be the sequence of its blowups restricted to I. Then we have for the contour
approrimation Ek of By,

i el L
k—oo length By, — /T A2

(99)
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Proof. This proof is similar to the proof of Lemma 6.3. As before, we consider only the case
when 0 < A < 1. For any k € N, the number of points in Li equals [lengthbg] + sg, where by
is the projection of Bj to the z-axis, and s; 1s the number of steps in Ek, that is, sp = |[{z €
b | Tf_l(tk) > 1—A}|. As in the proof of Lemma 6.3, Ls may contain one or two more points, but
they do not matter for the asymptotics in (99). By (84), we have
Ly Sk
len|gth |Bk ~ Jength B, [length b (1 * length bk)]

B 1 length By ( n Sk )
" length By | /T + A2 length by, / |’
and since
lim — % =
k—o0 length bk
we obtain the convergence in (99). O
Lemma 6.7. Let w be a polygon with edges w1, ..., mr, Brw (k € N) its blowups, and Lpm (k €M)

their contour aprorimations. Then

|Lkﬂ'| ZR: 1+ A lengthm,
koo length By length By /1 + A2 length ’

Proof. The proof is exactly like the proof of Lemma 6.4, but applying Lemma 6.6 in place of
Lemma 6.3. O

(100)

Proof of the theorem. We indicate only the changes compared to the proof of Theorem 6.2.
We want to show that (89) holds with
u 14+ A, lengthm, ~
v = Z & b (P, PT). (101)

V1+A2 o 8

y (97), we have in place of (90),

P_(ka(n))
P+(ka(n) lwp,)

Pn(w) = (102)

Again, conditioning site by site, we go around the R sides of Ek(n). Any time the contour approxi-

mation has a step, we have to consider the lower point - as well as the upper point . This leads

to
r) _ - T
v = ZZHM © ng,ri"({m})(i) 00150, (z) T+
;=0
1 ZJ [} HL 0.1 HL
{T;"'H_l({tn})zl—)\} n,i,t A rin ({tn })() (0,1) ©YLx 1, (0)>
with
* * 4 4 4
ant_ant Ynzt’ ant_ant Yn,i,t’
where
r i : s
X%, =log Py (w(0,0) ‘w(L)\ ety (L =) uAl ).

Yo =log Pf (“’(0 0) ‘“@i et (g 1""’_i)UBZM>)’
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and
Xk =log Py (w(0,0) [({Zy penegqupy (=1 =) = (0,1} U AY, ),
_$
n”_logP"‘( ‘w (L rontigp (=1 =) = (0, 1)}UBmt))

To simplify notation, we omit the index r. The sets A it and A ;¢ are obtained by shifting subsets
of L, C C,,, and they fulfill

AZ it CB:L_ it C Zz\ (H” - LAytn(Z” + Z))

Ad CBA CZ\ (Hy = La, (3 +1) + (0, 1))

H, is constructed as in the paragraph above (67) but using the minimum of d,, and {(n) — k(n) in
place of d,,. Without loss of generality we can assume that the H, for the lowstep case (—L) is the

same as in the upstep case (7).

Instead of (91) we have that
_ Nyt
B ZXn,i,t 0L, o ey © OLnener) +

4
oot rapzion} Srie 00 )@= 00 © Oy 20)

converges to —h,(P~) in £L}(P7), and, by the same argument as before, the convergence remains

true when we replace Xn i by
(XD i=1log Py [w(0,0) |w (L T -)7].
and Xn e by
(X ) :=log Py {w(O, 0) ‘w({iwiw({tn})(—l, co—i) = (0, 1)})‘]

The behaviour of Y and Y1 under @, can be controlled in the same way as before. Applying

the law of large numbers twice, that is; to
iy = (Xr;‘z t>_ - Yn,i,t and Zn iyt (XIL_Z t>_ - Yn,i,ta

n,1,t

and using the entropy estimate yields, for any ¢ > 0,

lim Q, [Aiqsn > he (P, PT) 42| = 0. (103)

To derive (89) with 4 as in (101) it remains to show that

. | Lk R 14+ A lengthx,
lim . 104
n;oomv =l it s (104)
The fraction on the left-hand side can be written as
| Ek(n) | B | Ek(n) | k(n)length By(,)m area int By T (105)

|OVn|  length By,)m  area int By(nym k(n)| 0V, |
Applying Lemma 6.7 to the first factor, and using (95) and (96) yields (104).
Finally, to obtain the lower bound Theorem 6.5, we replace the polygon = by the polygon

™= B%ﬂ' as in the conclusion of the proof of Theorem 6.2, and take the infimum over all polygons

7 with areaint™ = a. O
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