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Abstract
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of random variables with regularly varying distribution tails of index
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1 Introduction and main results

In this paper we study the asymptotic behaviour of the large deviations
probabilities for the following random walks. Let X;, X5,... be independent,
identically distributed random variables with distribution function F'(-) and
with zero mean. In the sequel we shall assume one or more of the following
conditions to hold.

Condition [R):

1-F(ty=V({t):=tPL{t), t>0, 1<B<2, (1)

where L(t) is a slowly varying function as t — oo, cf. [1].
Condition [R*]:
1-F() <V(t), t>0. (2)

Condition [R™):

F(—t) SW({t) = t°Ly(t), t>0, a>1, (3)

where Ly (t) is a slowly varying function at infinity.
Let $p:=0and, forn=1,2,...

Sn = X1+...+Xn,

Sn = maXg<nSk,
Sp(a) = maxg<,(Skp —ak), a>0. 4)
The main subject of study will be asymptotics of
Valz) = P(S, > =z),
Va(z) = P(5, > z),
Vaelz) = P(Sa(a) > z). (5)
In the case of EX; = 0, the quantity S,(a) has the same distribution as the
maximum of a random walk with drift EX; = —a < 0.
We shall also obtain some asymptotic results for more general boundary

crossing probabilities. For z > 0 and integer n > 1, denote by G, ,, the class
of all boundaries g(k) = g(k; z), k = 0,1,...,n, such that

minls,{csn g(}i}) 2 xz.
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For a given boundary g, introduce the event
Gn = Galg) = {maxiga (Sk — g(k)) > 0}, (6)

that the random walk S, crosses the boundary at or before time n. It is evi-
dent that in this general setting of the problem, the assumptions concerning
EX; are not essential.

The choice g{k) = o0, k < n, and g(n) = z results in

P(Gn) = Va(z) = P(Ss > 2), (7)
and the choice g(k) =z, k=0,1,...,n results in
P(G,) = I?n(x) = P(S, > x). (8)

The choice of g depends on the application one may have in mind. Examples
of such applications are statistical sequential ratio tests, and queueing or risk
theory; notice that in queueing theory, S,(a) has the same distribution as
the waiting time of the n~th customer in a single server queue with the First-
Come-First-Served service discipline, with X — a representing the difference
between the k-th service time and the preceding interarrival time, the first

customer arriving in an empty system.

Related literature. This paper is in a sense a continuation of the paper [7]
(see also [5]), where refinements of asymptotics for the distributions of the
quantities in (4) and (6) were found for the case of regularly varying distri-
bution tails of index # > 2. See Nagaev [20] and Rozovskii [26] for references
regarding first-order asymptotics for that case. First-order approximations
for P(S, > z) in the case § < 2 were obtained by Heyde (13, 14], under the
condition that the scaled sums converge in distribution to a stable law, and
by Nagaev [22] under broader conditions for negative tails but only for devi-
ations z > ¢n, ¢ > 0. Godovanchuk [12] presented asymptotics of P(S, > 7)
and P(G,) for 8 < 2 in the special case where L(t) and Ly (t) approach
constants when ¢ — oo, and where o < . A first-order approximation of
P(S, > z) follows from estimates in Borovkov [6] (see Corollary 6.2 in [6]).
First-order asymptotics of P(S,(a) > ) in the case 8 > 1 were derived by
Korshunov [18]. For n = oo these were earlier obtained by Borovkov [4],
Cohen [8} and Veraverbeke [27]. Concerning exponentially decreasing tails,
see for instance [2, 3, 16, 20, 24].



Goal and motivation of the paper. Our goals are to find refinements of
the above-mentioned asymptotics, and to obtain first-order asymptotics for
P(S, > z) and P(G,) under more general conditions than in [12]. In the
present study the distribution tails of the random variables X; are regularly
varying of index —3, 8 € (1,2), and hence the X; have infinite variance.
This case is not only scientifically interesting, but also highly relevant in
understanding newly observed phenomena in, e.g., modern communication
networks. Several studies have indicated that the traffic in such networks
often exhibits features like burstiness, self-similarity and long-range depen-
dence (see, e.g., [19] for Ethernet traffic, [15, 17] for MPEG video streams
and [9] for Internet traffic). One of the key explanations of these phenomena
is that file sizes often have a regularly varying distribution tail of index — g
with 8 € (1,2). This has triggered theoretical developments in the modeling
and queueing analysis of regularly varying traffic phenomena. The influ-
ence of regularly varying (and subexponential) service time distributions on
waiting time and workload distributions of the single-server queue has been
investigated in considerable detail; many recent results are gathered in the
book [23].

For B > 2, the usefulness of refined asymptotics was demonstrated in
[7]. If # > 2, EX? < oo, then we have in the large deviations region,

z > cy/nlogn, where ¢ > /B — 2 (cf. [20, 26, 7]):

Valz) = P(Sy > z) ~nV(z), z— oo. (9)
In this case we also have [7, 25]: for z > cy/nlogn, where ¢ > /B — 2,

Valz) = P(S, >2) ~nV(z), z— oo, (10)

Introducing X, := maxy<,Xx, one obviously has P(X, > z) = nV(z) —
2= y2(z) + O((nV (2))?), so

P(X, > z) ~nV(z)+0O((nV(2))?), 1z — oo, (11)

and we have the same first-order approximation as in (9) and (10). But in (11)
apparently nV (z) is a rather good first-order approximation of P(X, > x)
when nV (z) is small. For the case 8 > 2, EX? < oo, it has turned out [7]
that nV () is a much worse approximation for V,(z) and for V,,(z); the use of
asymptotic expansions for V,,(z) and V,(z) there proved to be very efficient
in improving approximations for P(S, > z) and P(S, > z). Just like in [7],
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one of our goals is to derive more precise asymptotic representations of V()
and V,(z). Interestingly, we shall see that, for 8 < 2, the approximation
nV (x) for V;(z) (not for V,(z)) sometimes becomes in a sense as good as it
is for P(X, > ). For B € (1,2) the usefulness of the refined asymptotics for
P(S, > z) will be illustrated by a numerical example (see the end of Section
2).

Organization of the paper. Section 2 contains our main results, viz., refined
asymptotics of V;(z), Va(z), Vae(z) and of the general P(G,). Proofs are
presented in Section 3. The present section is closed with some notational
conventions.

Throughout the paper, the symbol ¢ (with and without indices) will denote
a constant. It may take different values at different places.

fi(@) ~ fa(w) denotes lim, .o f1(z)/ fo(z) = 1.

2 Main results

In order to obtain refined representations for V,(z) and V,(z) we shall need
an additional smoothness condition:

Condition [R4]. In addition to Condition [R], there exists a function U(t)
~ —f3, t — 00, such that, for the function V() given in (1) and for t — oc:

VE1+4) = VEOL+UBA+O(AY)], 1<d<2
V(H1+4)) = VOL+0(AP)], d<1. (12)

If L(t) is differentiable and %ﬂ = o(ﬂtﬂ), then in (12) for d > 1 we can
identify U(t) with tV'(¢)/V (¢) where V'(¢) is the derivative of V'(¢).

Our main results for P(S, > ) and P(S, > z) are contained in Theorems 2.1
and 2.2 below. Proofs are presented in Section 3. In order to write the
statements of the theorems we need to introduce two more functions. Let
t = N(n) be the solution of the equation nV (t) = 1: ¢ = N(n) = VI=1)(3),
where V(1 is the inverse function of V. Using the definition of a slowly
varying function, one can write N(n) = n'/?L;(n), n — oo, where L,(n) is
a slowly varying function at infinity. Ny (n) is introduced in a similar way,



as solution of the equation nW(t) = 1. For the sake of simplicity we assume
that V(t) is continuous for ¢ > ¢, and some t, > 0. Then one can write
V(N(n)) =1 forn> m
Theorem 2.1 (i) If Conditions [R] and [R™] hold and W(t) < a1V (t),
nV(z) — 0, then

P(S, > z) = nV(z)[1+ o(1)]. (13)

If W(t) < c1V(t) does not hold, then (18) is still true if nW (—%— n“;,{x) )—0
as T — 0o.

(i) If Conditions [Ra] and [R™] hold, then

P(S, >z) = naV(@){l 4+ 7he), 2z — o0, (14)
where
Taz =0V (z)+nW(z)) ifd > B,
= O((2irydy ifd < B, W(t) =0(V(2)),
=0(nW(z) + (X)) ifa<d< g,
= O(("y9) ifd<a<p;

the O(-) behaviour being uniform in n and x in the domain nV(z) < ¢,
nW(z) < ¢, for any fized € > 0.

Remark 2.1 The last assertion of the theorem means that, e.g., under the
conditions d > B, nV(z) < ¢, nW(z) < ¢, we can write 7, < c¢(nV(z) +
nW(z)). It should be noted that N(n)/z — 0 if nV(z) — 0. Indeed,
if N(n) = z/s, with s fixed and large, then nV(Z) = 1, hence nV(z) ~
s7? = (28 from which the statement follows. Similarly, Ny (n)/z — 0 if
nW(z) — 0.

It is easy to see that, instead of the above four representations of r,, ;, we
can write
Nw(n)

)+ (—)9), (15)

N(n)

e = O(nV(z) + nW(z) + (
to capture all four cases. For d = 2 the last three cases disappear, as well

as the last two summands in (15). We refrain from a discussion of the more
delicate boundary cases (like d = 8, d = a); they require more complicated



considerations.

Remark 2.2 If W(z) = O(V(z)) and d > B, then according to Theorem 2.1
one has for P(S, > z) the approximation nV(z)[1 + O(nV(z))], which has
the same form as an approximation for P(X,, > x), cf. (11). This is different
from the case § > 2, where (cf. [7]) we have P(S, > ) =nV(2)[1+5+.. ]

Theorem 2.2 (i) If Conditions R} and [R™] hold and W(t) < aV (),
nV(z) — 0, then
P(S, > z) = nV(2)[1 +o(1)]. (16)

If W(t) < 1V (t) does not hold, then (16} is still true if nW(m) —0
as £ — 00.
(ii) If Conditions [Rqa], with 1 < d < 2, and [R~] hold, then

P(S,>z) = nV(z)[l - %E ES; + T 2]
i=1
= W@+ (40 TS s 7 05 (17)
i=1

Tnz 15 a8 specified in Theorem 2.1, and the convergence is uniform in n and
z in the domain nV (z) < e, nW(z) < ¢, for any fized € > 0.
(#1) If Condition [Rq/, with d <1, and [R™] hold, then

P(S, > x) = nV(z)[1+ O(N—“;(—Ti)-)d], T — 00. (18)

Corollary 2.1 Under the conditions of Part (ii) of Theorem 2.2, and either
W(t) = o(V(t)) or W(t) ~cV(t), ¢ >0,
-~ _ B* N(n) .- N(n)

P(S, > z) =nV(z)[1 + Pl TEC(I) + O(T)], z — 00, (19)
where {(1) := maxy<1{(u), with {(u) the stable law limit process for Sy, /N(n).
The o(-) behaviour is untform inn and z in the domain nV(z) < e, nW(z) <
€, for any fixed sequence € — 0.
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In the statement of the corollary, N(n)/z — 0 if nV (z) < € — 0; cf. Remark
2.1.

Consider now the asymptotics of V,, .(z) = P(S.(a) > ), with a > 0.
Theorem 2.3 (i) If Condition [R] holds then

n

P(S,.(a Z z +ja)][l +0(1)], =z — oo. (20)

(1) If Conditions [Ra] with d =1 and [R™] hold, then for z — oo,

: V), | omnmW )y

P(Sn(a) > 2) =3 V(z+ja)+0( .

=1
with m := min(n, z).

For the general boundary crossing probability P(Gy), see (6), we have the
following result;

Theorem 2.4 (i} If Conditions R] and [R™] hold and W(t) < ¢V (i),
nV(z) — 0, then for g € Gy,

P(G,) = [z: V(g1 +o(1)], (22)

where
G+(7) = minjcz<ng(k).
If W(t) < e,V (t) does not hold, then (22) is still true if nI/V(——Iln nV(x)|) — 0

as T - 0.
(i1) If Conditions [Rq], with d =1, and [R™] hold, then

PG = V(a0 + O + o), soos (2

the O(:) estimates are uniform in g € G, for n and v in the domain nV (z) <
e, nW{x) <e, for any fized ¢ > 0.



The case d # 1 can also be considered in Theorems 2.3 and 2.4, but the
results won’t be much better.

Below we present a numerical illustration of Theorem 2.2. We consider the
case of symmetrically distributed X, with

4
P(X;>s) = 05, 0<z<g,

P(X,>z) = 24—71_‘”2, z> g
Hence 8 = 3/2, EX, = 0. Conditions [R] and [Rq] (with d = 2) are satisfied.
Figures 1 and 2 depict P(S, > z) (the highest curve), the first-order approxi-
mation nV (z) (the lowest curve) as well as the refined two-term expansion of
Theorem 2.2, viz., nV (z)(1 + 5 7= ES;] (the middle curve). The values
of P(S, > z) and ES; have been obtained via Monte Carlo simulation. We
have generated 107 vectors (X,,...,X,) for n = 10 (Figure 1) and n = 25
(Figure 2). In both figures, x has been chosen in the range (10, 40); this is a
range in which nV (z) is still not a very accurate approximation of P(3, > x).
The figures show that the two-term expansion of Theorem 2.2 may give a

substantial improvement w.r.t. nV(z) in this range.

0.07 |

L L
L5 20 25 L1 A% 40

Figure 1: Figure with n = 10



Figure 2: Figure with n = 25

3 Proofs

3.1. We start with the proof of Theorem 2.1.
Introduce B; := {X; <y}, B:= ) By, and
j=1
B, :=P(8, > z; B).

We shall choose ¥ < x in such a way that the ratio r := z/y is bounded.
The following lemma gives bounds for P, and P(S, > ) that will prove to
be very useful.

Lemma 3.1 Let Conditions [R*] and [R™] be fulfilled, and
W(t) < aV(). (24)
Then for any sequence € | 0,
P < YRRV (L +0(1)), (25)
uniformly in n and y such that nV (y) < e. Besides,

P(S, > z) < nV(z}(1 + o(1)), (26)
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uniformly in n and z such that nV(z) <€ | 0.
If (24) does not hold, then (25), (26) still hold if

Yy

"W

)—0, asy— oo (27)

The latter convergence will always take place if

nW(%) —0, asy— oo. (28)

This lemma follows from Theorem 3.1 and Corollary 3.1 in [6].

Corollary 3.1 If n < z7, 1 < v < min{e, ), then (25), (26) are true
without Conditions (24) or (28).

The corollary is evident since y*V(y) — 0, y“'W(Ey—y) — 0 as y — o0, and
(28) is fulfilled.

We now turn to the proof of Theorems 2.1-2.4. The main ideas of the proofs
are similar to ideas in [7].

Proof of Theorem 2.1. Denote G, := {S, > z}. In the beginning of this
section we have introduced v = z/y. In the proof we take r = 2. It follows
from Lemma 3.1 and Corollary 3.1 for y = z/2 that

Va(z) = P(Gn) = P(GnB) + P(GrB)

= P(GnB) +O((nV(2))?). (29)
Here
SSP(GuB)) > P(GaB) = Y.P(G.B;) -~ Y.P(G.B:B) (30)
- i_lP(GnBj) + O((nV(2))?)
So .
Va(z) = 3 P(G.B;) + O((nV(2))?). (31)



Consider now, for y = z/2,

P(G,B;) = P(GnB,)=P(Sy>z,Xn>y)

= P(Sas1 + X, > 1, X, > y)

= P(X > ya 122 — y)

+ P( n—-1<ZT—1, Sp_1+ X, > :12) (32)
Since X, and S,_, are independent, the first summand in the r.h.s. is seen

to be bounded by enV?%(z) (use Lemma 3.1). The second summand can be
written in the form

PEE[V(.’E—Sn 1);Sn 1 <$/2]=P1+P2, (33)
where
P :=E[V(z = Sp-1); Sn-1 < —2/2), (34)
Py :=E[V(z — Saz1); 1Sn-1] < z/2). (35)
Using Lemma 3.1 for negative tails,
3z z
=E[V(z — Sa-1); Sn1 € —2/2) < V(?)nW(E) = O(nV (z)W(x)).

(36)

Let us now first prove Part (i). For this it suffices to show that, under the
conditions of (i), it holds that P, = V{z)(1 + o(1)).

Since nV(z) — 0 we can always find M = o(x) such that still nV (M) —

0, nW(m) — 0. Then by Lemma 3.1
P(|Sp-1]| > M) — 0, (37)
and
P, = E[V(z — Sn-1); |Sn-1]| < M] + oV (z)). (38)

But V(z — 8) ~ V(x) for all S, |S| < M. Hence
P, = V(z)(1 + o(1)),

and statement (i) follows.
If smoothness condition [Rq4] holds, then we are able to obtain more than
these first-order asymptotics for P(S, > z). Again consider P». First take
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d > B. By Condition [Rgq] we have for d > § (without loss of generality we
can take a < g):

P, =V(z)E[l U(:C)S';_

L o(E sl <o/2 (39

The following inequalities, to be proven below, will play a key role in the
sequel - in fact, very similar inequalities are used in the proofs of each of the
Theorems 2.1 - 2.4. For k =0,1:

T+ .= B[Sk, S, > 1/2] < cxfnV (2); (40)
T5™ = E[|Sn)"; Sn € —2/2] < ca*nW (z); (41)
and for d > §:
I&* = E[S%0 < S, < /2] € ex®nV (z); (42)
I%~ .= E[|Sa]%0 > Sp > —2/2] < cx¥nW(z). (43)

To prove (40) and (41), first do one partial integration (this is not needed
for k = 0); e.g., in (40),

E[S* 1;Sn 1 > /2] = — f , uk dP(S,_y > u)

= GFPSw1 >3+ [ : kb 1P (S, > w)du, (44)

Subsequently use S,_; < S,_; and Lemma 3.1 in both resulting terms. It is
then readily seen that both terms in the righthand side of {44) are bounded
by a constant times z¥nV (). To obtain the bounds (42) and (43), first do
one partial integration yielding I#* <[5/ du®'P(S, > u)du; similarly for
I&=. In the above integral, distinguish between the cases /2 < N(n) and
z/2 > N(n). In the former case, bounding P(S,, > u) by 1,

N(n)
1%+ < [0 dud1P(S, 1 > u)du < Né(n). (45)

As it follows from Remark 2.1, if nV (z) — 0,

N(n)

)¢ = O((nV (2))¥?), (46)
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and (42) follows since d > . In the case z/2 > N(n),

N(n) z/2

It < .[o du®'P(Sp_1 > u)du + e )dud“lP(Sn_l >u)du.  {(47)
The first integral is bounded as above. Using Lemma 3.1, the second integral
is seen to be bounded by c*n(z/2)¢#. Finally (42) follows again. The
inequality in (43) is proved in a similar way, replacing N(n} by Ny (n) and

V(z) by W(x).
Using ES,,_; = 0 and combining (39) and the four bounds (40)-(43) yields

for d > f:

P, = V(z)[1 + O(nV(z)) + O(nW(z))]. (48)

Combining this with (31) ~ (36) proves Theorem 2.1 for d > £.

If d < B, then we still define /% and I%~ as in (42) and (43), but at
least one of the two inequalities in (42) or (43) is no longer true. In this case
we consider three subcases:

(1) W(t) = O(V (1)}

(2) a<d< B

3)d<a<p.

If d <1 then only subcase {3) holds.

Subcase (1). Now z%V(z) — 0 and z?W (z) — 0, and indeed both (42) and
(43) are not true. However, we can to a large extent proceed as above for
the case d > 8. E.g., (45) still holds for z/2 < N(n); for /2 > N(n),
the only change in (47) is that the second integral is bounded from above
by ¢**n(N(n)}¢=#. Observing that N{(n) > ¢;n'/#=% ¥§ > 0, it is seen that
7¢I < ¢(N(n))¢. Using W(t) = O(V(t)), the same bound holds for
z74I%~. Hence

P, = V(@)1 + o) (49)
Combining this with (31) - (36), and using that nV(z) and nW(z) are
o((ﬂmﬂl)d) if d < @, it is seen that r,, = O((%ﬂ)d) in Subcase (1).

Subcase (2). Now (43) is true, leading to a term O(nW(z)) in r, .. Instead
of (42) we again have I3+ < ¢(N(n))?, leading to a term O((Z2)) in r,,.

Subcase (3). As in Subcase (1), both (42) and (43) are not true. Derivations
similar to (45) and (47) yield I3~ < ¢(Nw(n))¢. In this subcase the left
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tail of F'(-) is heavier, and accordingly I¢* < ¢(Nw (n))?. Combining these
bounds with (31) — (36), and using that nW (x) and nV (z) are 0((N—’;@)d),
it is seen that r, ; = O((%ﬂ)d). This completes the proof of Subcase (3).

If Condition [Rg4] holds with d < 1, then Subcase (2) does not occur,
and the analysis and statements of Subcases (1) and (3) remain unchanged.
Theorem 2.1 is proved.

3.2 Proof of Theorem 2.2.
Write G, := P(S, > z). The proof begins just like the proof of Theorem 2.1,
leading to the counterpart of (31):

Va(@) = 3 P(GuBy) +O((nV (2))?). (50)

j=1
We can again choose r = 2, so that for y = z/2,
P(GnBJ) = P(Sn > .'L‘,Xj > y)
= P(Sn > $,X3‘ > y,S'j_l > :1:) +P(§n > QL',XJ' > y,gj 1< CE)
= P(S, > %, X; > y,51 < z) +0(V3(x)). (51)

The last step follows from Lemma 3.1. Note that {S, > z,X; >y, 5;1 < z}
; {Sj"f‘g,(lj_)j > .T,Xj > Y, Sj_l < :L‘}, where Sf(w,J)j = InaX()ngn_j(Sm.,.j“—Sj).
ence
P(G.B;) = P(S;+5%, > ,X;>y,5,1 < z)+ O(jV3())
= P(S;+ 89, > 2, X; > y) + O(jV*(z))

+ P(X;+ S0+ 89 > 2, X, > 4,851+ 59 > 2/2) + O(iV¥(z))

(
(
= P(X;+ 81+ 59, > 2,X; > 4,81+ 89, < x/2)
(
(

= P(X;+Sjo+ 89, > 2,8, + 59, < 2/2) + O(nV?(x)).

In the second equality we have used the independence of X; and 5'3-_1, and
Lemma 3.1. The last step follows since {X; > y} is redundant, while P(X; >
y, 81+ 89, > 2/2) < P(X; > y)P(Spy > 2/2) = O(nV2(z)). Denote

Zin =51+ 5,(13_)3 (53)
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Then

P(Xj + Sj 1+ gfﬂj > I, Sj..l + g,{,J_)j < z/2)
E[E[I(X; > & = Z;n)|Si-1, Xj41s -, Xnls Zjm < 2/2]
E[V(z — Zjn); Zjn < z/2]. (54)

It follows that

EE[V Zin); Zin < ©/2] + O((nV(2))?). (55)

Now note that .
Si-1 < Zjn <Snos.

Similar to (33), we divide the above summand into the terms P;; and P;,
where (use Lemma 3.1 for negative tails):

Piy = E[V(z — Z3n); Zin < —3/8 = OV (@W(z)).  (56)

The proof of Part (i) now proceeds similarly as the proof of Part (i) of
Theorem 2.1, and is here further omitted. Now consider Part (ii). We shall
prove that the first equality in the theorem holds; the second equality then
immediately follows from U(z)} ~ -8, z — oo. Consider

}Dj,g = E[V(Z — Zj,n); |Zj,n| S 2/2] (57)

We use ES; = 0 and Condition [Rq4] for 1 < d < 2, which allows us to
write (remember that U(z) ~ —f5):

Pra = VB[ - U232 + 01221 12,0 < /9]
ESY),
( ){1 - E[ Jm |Zj,n| > $/2] - U(:c)—}—“l

+ U()E[== Zin, 1 Zinl > -'c/2]+0(E[I 241 Z5nl < 2/2])}. (58)
First consider, for k = 0, 1:
Ty’f;’j— . E[ FE Zj,n > .'L'/2] (59)

and
T = E(|Zjal*; Zjn < —2/2): (60)
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Proceeding similarly as in (40) and (41), using Sp—y <¢ Z;n, = S;—1 + 5',(,323-
for T;f;_ and Z;, <% 5,_; for T, we find:

am o
I}%"‘ = O(z*nV (z)), (61)
T = O(zknW (x)). (62)
Finally consider
It = E[|Z;nl% 0 < Z; < 3/2], (63)
IJ“i,'n_ = E[|Z;|%0 > Zjn > —2/2]. (64)

Distinguish between the same cases as in the proof of Theorem 2.1. First
the case a> 8. Then the expectation of |Z;, 4 is not finite; however, using
Zin <4 8,_; it is easily seen as in (42) that

a:'dIJf‘,;;" = 37 %0(nzV (z)) = O(nV (z)), (65)
while (use Z;, >¢ S,_ and (43)):
:c_de‘f;: = O(nW(z)). (66)

This proves Theorem 2.2 for d > 8.

If d < B, then we consider the same three subcases as in the proof of
Theorem 2.1.
Subcase (1): W(t) = O(V(8)).
As with 7%+ in the proof of the previous theorem, do one partial integra-
tion to obtain I§; < f5/? du?"'P(Z;, > u)du. Now use that Z;, <* 5.,
bounding P(Z;, > u) by P(S,—1 > u). From here on we can treat the above
integral just like we handled I$* in the proof of Subcase (1) of the previous

theorem. And in handling I;-f ;. we use that Z;, >4 5, 1, so for Zin < 0

|Zjn| < |Sa-1|. Again, we can from here on treat I}, just like we handled
I~ in the proof of Subcase (1) of the previous theorem. This gives the result
for Subcase (1).

Subcase (2): @ < d < 8.
We have, as in (43), that

- da_ —
T de,n = O(nW (x)).

17



In handling I f’,;" again use Z;, <4 8, 1, and now proceed similar to Subcase
(1) to show that
N(n)

—dI'.i’-l_ =
z 7 O(( T

)%).
This gives the result of Subcase (2).

Subcase (3): d < a < 8.
The left tail of F'(-) now is the heavier one. Similar reasonings as in Subcase
(1) yield:

z

I+ IhT) = O(( )%), (67)

and accordingly ry, . = O((N—“;@)d).

Part (iii) of the theorem concerns the case d < 1. Condition [Rq] re-
duces to the last part of (12), resulting in small changes in (58) but not
in {65)-(57). Formula (67) remains valid. The latter order term dominates

O(nV (z) + nW (z)) for d < 1, resulting in (18). This completes the proof.

Proof of Corollary 2.1. Corollary 2.1 follows from Formula (17) in Theo-
rem 2.2. First observe that, under the conditions of Corollary 2.1, S;/N(j)
converges weakly in distribution as j — oo to the stable law Fj with param-
eter G, cf. [11]. Furthermore, (A%—)d is uniformly integrable. The uniform
integrability follows from Lemma 3.1:

S; , e LN ()
P(lN(j)| >v) <¢iV(UN(G) = cjv?N Jﬁ(J’P)J-r/(]‘f(}))m
= cv_ﬁM <v7P* 5> 0.(68)

L(N())

It follows that ES;/N(j) — E((1) for j — oo, see also Heyde [13]; here
¢(1) := maxy<1{(u), with ((u) the stable law limit process for Sjn.)/N(n).

Now write ©7-! ES; = Y72} ﬁ—%N(j), and remember that N (j) =512 L,(j),
J — oo. The corollary follows by writing, for n — oo:

j=1 B

n—1 n—1 n
> NG = L 3PLG) ~ [P L) ~ ot L) =
i=1

13



3.3. We now turn to the tail asymptotics of the distribution of S,(a) =
max<n(Sk — ak), a > 0. Put B;(v) := {X; <y + jv}, B(v) := N}, Bj(v).
To prove Theorem 2.3, we need the following lemma that takes the place of
Lemma 3.1.

Lemma 3.2 Let Condition R*] be fulfilled. Then for alln, x andv < a/2r,
P(5.(a) > z; B(v)) < c[mV (2)]™, (69)

P(S.(a) > z) < emV (x), (70)

where r = z/y, m = min(n, ), ry ==

T
1+ur”

The lemma follows from Theorem 3.2 and Corollary 3.3 in [6].
In order to prove Theorem 2.3, we need one more lemma. Put here
Grn = {Sa(a) >z}, m:=min(n,z).

Lemma 3.3 Let Condition [RY] be fulfilled. For all n and x such that

mV{(z) — 0 andforv<m1n(2“,’22) T > 2,

P(3n(a) > ©) = 3" P(GaB;(v)) + O((mV (2))?). (71)

j=1

Proof. Somewhat similar to (30), we can write

n n

> P(GnBj(v)) 2 P(GaB(v)) 2 3 P(GaB;(v))
— zP(GnB,-(v)Bj(v)) (72)
- z P(GnB;(v) + O((mV(2))?);

here we have used that ©;; P(GB;(v)B;(v)) < (£, P(B;(v)))? and that
i1 P(B;(v)) < cmV(xz). Hence, using Lemma 3.2 for v < min(£, %2) (in
this case r; > 2), the lemma is proven.
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We are now ready to prove Theorem 2.3. We shall choose r = z/y and v
such that r; = 2 (see Lemma 3.2).

Proof of Theorem 2.3. In view of the previous lemma, we start by studying
P(GnB;(v)):

P(G.B;(v))

g
T Lo

wla) >z, X; >y + jv)
a) >x,X; >y+jv,5-1(a) <z
) >z, X; >y +jv,Si.1(a) > 1)
P(S.(a) > z,X; >y + jv,Sj_1(a) < =
Prjzs (73)

(
P(
P(

+
(]

(a

(
n
(
(

+

where (use Lemma 3.2),
pn,j,a: S cV(y + jU)min(ja :L')V(ﬂ:)
It is evident that
{Su(a) >z, X,; >y + jv,S;-1(a) < z}
{S;(a) + Sﬁ,’fj(a) >z, X; >y + v, S'j_l(a) < z},
where S;(a) = S; — ja and .S',(ﬂj(a) = max(0, X;11 — a, X1 + Xj40 —
.8 = 85— (n — j)a). So putting Z;,(a) := S;—1 + 53;(a),
P(5.(a) > z,X; > y + jv, Sj_1(a) < z)
= P(S;(a) + 5P,(a) > 2, X; > y + ju, §;_1(a) < 2)
= P(S;.1+X; +S,(f) (@) >z +ja, X; > y+ jv) + pju

P(X; + Z;n{a) > z + ja, X; > y + ju,
Zj»n(a') <z+ja—y-— JU) + Pnja- (74)

Similar as before, observe that {X; > y + jv} is redundant, and rewrite the
last probability as an expectation, yielding:

P(GaB;(v)) = P(Sala) > 7, X; > y + jv)
= E[V(z+ja— Zj.(a)); Zin(a) <z + ja—y — jv]
+ Prjz (75)
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In the above expectation, y and v can be chosen such that z + ja—y — jv can
be replaced by z(j) := c(z+ja), with constant ¢ € (0, 1). Divide the resulting
expectation, as before, into terms P;; and P;z, where (use Sj_; < Z;(a)
and Lemma 3.1 for negative tails):

Py = E[V{(z+ja— Zjn(a)); Zjala) < —z(j)]
= O@(V(z+ ja)W(z + ja)). (76)

The proof of Part (i) proceeds similarly as the proof of Part (i) of Theorem
2.1. One can prove that

Pia = B[V (z+ja—Z;n(a));|1Z;n(a)| < 2(4)] = V(z+ja)(1+0(1)}, = — oo.

The details are here further omitted. Now consider Part (ii). Using Condition
[Rq] with d = 1, we can write:

Pi2 =E[V(z + ja ~ Z;x(a)); | Z;n(a)| < 2(3)]

. Z; .
= Ve+iaEi-0022 Dy 7, @I <aG). ()
ja
It should be noticed that if we had assumed Condition [Rq| to hold with
1 < d £ 2, then we would have had a contribution ES’,&J_)J-(G) /{z + ja) in
(77), but this expectation goes to infinity for n — j — co. To emphasize the

similarity with the proof of Theorem 2.2, let us define, similar to (59} — (60)
and (63) - (64):

Tiw = P(Zjala) > 2(5)), (78)
Tpw = P(Zjala) < —2(j)), (79)
I = E[Zia(a);0 < Zinla) < 5(5)], (80)
Iy = E)Zin(a);0> Ziala) = —2(5)] (81)
Since Z;,(a) > S;.1,
0 < ciW(a(j)). (82)

Since
P(Zjn(a) > 2(5)) < P(Sj-1 > 2(5)/2) + P(SD(a) > 2(j)/2),  (83)

we have
Tt < eV (x(5)) + com(z(5))V (a(3)), (84)
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with m{u) := min(n, u). It follows, with m = min(n, z), that:

II'M:

Ve +ja) (T +Tin ) < ¢ /;n tV3(z + at) dt

+ /ln m{z + at)V3(z + at) dt
+ s /1 "V (@ + at)W (2 + at) dt. (85)

If n < z, then the sum of the three integrals is bounded by csn?V?(x) +
eV (z)W(z). If n > z, then split each of these three integrals into
a part [’ and a part ['. The former parts, summed, are bounded by
ce2?V?(x) + c;22V (z)W (z). The latter parts are readily seen to be bounded
by [°cgt!=%#dt = coz® % < 1922V ?%(z). Hence, both for n < z and n > z,
T
Y V(z +3a)P(|1Zin(a)] > 2(5)) < em®Vi(z) + m?V(2)W (z).  (86)

=1

It remains to consider IJI,;" and IJ-I’;,,'. First assume that W(t) = O(V (¢)).

In Ijl,j , we do one partial integration and use (83) to obtain:

1
+ ja

LR 1 [P 5 " pEw 2)d
9:+.’ia_:t:+ja/(; (-1 > uf2) u+ / (5i=5(a) > u/2) u)
(87

D1st1ngu1sh the cases z(j) < N(j) and z(j) > N(j). If z(5) < N(j), then

clearly —-_'f_]—a < ﬁ;& If z(§) > N(j), then split the integral into a part f; NG _

that is bounded by N(j) — and a part |; x((J ). In a similar way as we bounded
the sums above (cf. also (84)), we bound the latter integral by cjz(7)V (z(4))
+em{z(7))z(7)V (z(7)). The analysis of IJ-I,'n_ is easier:

b 1 z(5)
jn_ < /P-_—d<'W'. 88
i< [TRS < ) < W) (8
It follows that

1+ I:!-,_

S V(o + ja)(n_ 4 L

=1 r+ja zT+3a

n N{t n
< clfl V(x—l—at)—a-:—_i_%—t c:1t+c2fl tV3(z + at) dt
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n (3
+ c3mf V3(z + at) dt + c4/ tV(z +at)W(z +at) dt
1 1

< ¢ VS:) min(nN(n), zN(z)) + cem?V2(z) + c;m?V (z)W(z). (89)

Since N(k) is a nondecreasing function of k, we can write min(nN(n),zN(z)) =
mN(m). Now notice that mV(z) = o(2™) and that mW(z) = o(2m),

T T

Finally use Lemma 3.3, (75), (76) and (77).

Now assume that d =1 < a < §, so that W(t) dominates V'(¢).
The analysis proceeds similarly as above, but now the term with IJ{;: is the

dominant one, resulting in a leading term that is O(Mgﬂ@) Part (ii)
of the theorem is proven.

3.4. Proof of Theorem 2.4.
Put here G, := {maxz<,(Sy — g(k)) > 0}, B; := {X; <y}, B:=N}-, B;
and P, := P(S, > z; B). Since ming<,g(k) > z, we have

P(G.B) < P,.
According to Lemma 3.1, P, < ¢(nV(y))". Hence
P(Gn) = P(GaB) + O((nV (y))").
We also have (cf. the proof of Theorem 2.2):

SSP(G.B;) > P(GaB) > S P(G.B,) — Y P(G.B:iB,) (90)

j=1 i=1 <3

j P(G.B;) + O((nV(2))?).

1

j
Taking r > 2, it follows that

P(Ga) = 32 P(Gm X; > 1) + O((nV (1))?). (o1)

7=1

Now consider P(Gn, X; > y), proceeding very similarly as in the proof of
Theorem 2.2. First write

P(Gn,Xj > y)
= P(Gn,Xj >, S’j 1 < 33) + P(Gn,Xj > y,S'j_l > IC)
— P(Gn, X, > y,5,1 <)+ O(V2()). (92)
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"The last step follows from the independence of X; and S'j_l and Lemma 3.1.
Note that, if G, holds and S;-;, < z (hence G;_; does not hold), then
maX;<k<n(Sk — g(k)) > 0. Now introduce
Mj,n = ma-XO{h,{n—j(Sh—j - SJ - g(h’ + .7)) + g*(])
= maXo<pen—j(Shay — glh + 7)) + 0.(3) — S5, (93)

and write:

P(Gn, X; >y) = P(maxj<x<a(Sk — g(k)) > 0,X; >y, 51 < z) + O V3(z))

Il
T

(max;<k<n(Sk — 9(k)) > 0, X; > y) + O(jV?*(z))
P(SJ + Mj,‘ﬂ- > g*(J)!XJ >, Sj—l + Mj,n < 1‘/2)

+ P(SJ + Mg,n > g*(j):Xj > Y, Sj—l + Mj,n > $/2) + O(]Vz(w))

= P(X; +Sj.1+ Mjn > 9.(4), Sjm1 + Mjn < 2/2)
+ OnV?i(2)).

In the second equality we have used that P(X; >y, S;_1 > z) = O(jV?%(%)),
cf. Lemma 3.1. In the last step we have used that the probability of the
simultaneous occurrence of {X; > y} and {S;_; + M, > z/2} is again
O(nV?(z)) (notice that M;, < maxochen—i{Sh+; —S;) and hence

S+ M, <% 8, 3; (95)

now apply Lemma 3.1 once more). Furthermore, since g.{(4) > z, one cannot
simultaneously have S; + M;, > g.(j) and also X; < y = z/2 and S;_; +
Mj,n S 3:/2
With a slight abuse of notation (but thus emphasizing the similarity with
the proofs of Theorems 2.2 and 2.3), we again introduce quantities Z, ,, now
defined as
Zj,n = Q51 +M',m j‘ = 1,...,7?,. (96)

Write
P(Xj + Zj,n > g*(j),Zj,n < :E/Q)

= E[EI(X; > g.(4) — Zjn)|Sj-1, Xjs1, . -, Xnl; Zjn < 2/2]
E[V(9.(5)} = Zjn); Zin < 2/2]. (97)

It follows that

P(Gn) = iE[V(g*(j) = Zjn)i Zin < 5/2] + O((nV (2))%).  (98)
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As in the proofs of the previous theorems, we divide the above expectation
into P;, and P;,, where

P =E[V(9.(J) — Zjn): Zjn < —2/2] = O(nV(z)W (2)).  (99)
Now consider
P2 == E[V{(9.(j) — Zjn);1Zjn| < 2/2). (100)

Use Condition [Rgq] with d = 1, which allows us to write:

E[V(94(5) = Zin); | Zjml < 2/2]

= V@U)EL - O24);| 230 < 5/, (101)

9+(7)
Under Condition [Rg] with d > 1 there would have been a term EM;,, but
for general boundaries g(k) it is difficult to make explicit statements about
this expectation. P({Z;,| < z/2) =1 -P(Z;, > z/2) —P(Z;, < —2z/2) in
the righthand side of (101) is handled by using (95) and Lemma 3.1:

P(Z;, > z/2) < P(Sp-1 > z/2) = O(nV(z)),
and similarly,
P(Zjn < =2/2) < P(Sh—1 < —2/2) = O(nW(z)).

Just like in Theorem 2.3, the case d > 3 does not occur since d = 1, and we

consider two cases ford =1 < §:
(1) W(t) = O(V();
(2)d=1<a<p.

Case (1): W(t) = O(V(2)).
Remembering that 5’,(3 )= maXg<i<pSi4; — S5 and also introducing

S = mingienSis; — S

we can write: ' -

SP; < My, < 8P, (102)
since min z, < max (Zn — Yn) + min y, < max z, for any sequences z,, ¥n.
Hence S,_; >* M;, >% mini<,—; Si. In handling the O(:) term in (101)
we can now proceed similarly as in Subcase (1) in the proof of Theorem 2.2,
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using the above stochastic ordering. There results an estimate of O(M}l)
(notice that g,(j) > z). The statement of the theorem for Case (1) now
follows from (98), (99) and the fact that nV(z) and nW (z) are o(NinJ) since
8> 1.

Case (2): d =1 < @ < . This case is handled by again using the above
stochastic ordering, and then proceeding similarly as in Subcase (3) of The-
orem 2.2. Since the left tail is now heavier, there results an estimate of
O(%ﬂ) The theorem is proved.
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