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Abstract

We consider randomly obtained observations from an infinite binary code (scenery). We provide a test
that, with high probability, allows us from a finite string of observations determine the localization
of the observed data. The main result of the paper is used to solve the following problem asked by
Kesten: is it possible to reconstruct a 2-color scenery along the path of a recurrent random walk with
jumps. In the subsequent paper the present result will be used to show the existence of the asked
algorithm. Furthermore, the result of the paper directly implies that almost all independent sceneries
can be distinguished when they are red along a random walk.

Contents

1

Introduction and Result

1.1 Imtroduction. . .. ... ... ...

1.2 Main assumptions . . .. ... ..

1.3 The theorem . ... .. ......

1.4 3 colorsexample . .. ... ....
141 Setup ... .........
1.4.2  g-algorithm . .. ... ...

1.4.3 Real scenery reconstruction algorithm . . . . ... .. .. ... .. .. ...

Whole truth about signal probabilities

2.1 Definitions . . . . ... ... ...
2.2  Auxiliary results . . . . ... ...
2.3 Proof of Lemma 2.2 .. ... ...
2.4 Corollaries . . . . ... ... ...

Scenery-dependent events
3.1 Signal points . .. ... ... ...
3.2 Scenery-dependent events . . . . .

3.3 Proof of P(E}) — 1 and P(E}) —

3.3.1 Some preliminaries . . . . .
3.3.2  Proof that P(E}) — 1 . . .
3.4 What is the signal carrier? . . . . .

Events depending on random walk
4.1 Some preliminaries . . . . . . . ..
4.2 Random walk-dependent events . .
43 Proofs . . ... ... ... .....

Combinatorics of g and g

5.1 Definitionofg. . . ... ... ...
5.2 Definitionof g. . . ... ... ...
5.3 Mainresult . . ... .. ... ...

1o

N UU A WM N

14
16
21

24
24
26
29
29
32
34

36
36
37
38



A LOCALIZATION TEST FOR OBSERVATIONS 2

1 Introduction and Result

1.1 Introduction

A (one dimensional) scenery £ is a coloring of the integers Z with Cy colors {1,...,Cy}. Two sceneries
&, & are called equivalent, £ =~ £, if one of them is obtained from the other by a translation or reflection.
Let (S(t))i>0 be a recurrent random walk on the integers. Observing the scenery £ along the path of this
random walk, one sees the color £(S(t)) at time ¢t. The scenery reconstruction problem is concerned with
trying to retrieve the scenery &, given only the sequence of observations x := (£(S(t))):>0. Quite obviously
retrieving a scenery can only work up to equivalence. For an overview about scenery reconstruction we
refer the reader to an excellent survey in [13].

In the present paper we consider the following problem: can a 2-color scenery be reconstructed, if it
is observed along a random walk with jumps. Among others, this question was asked by H. Kesten in
[13]. The main result of this paper, Theorem 5.3, is an important ingredient for solving the above-stated
problem. Furthermore, it has another direct implication: it shows that we can distinguish 2 independent
i.i.d. sequences observed along a path of a recurrent random walk with jumps.

Before explaining the main result, let us briefly mention a few people as well as some of their work in
this area: Benjamini [1], Burdzy, Harris [5], Heicklen [6], [2], den Hollander [4], [3], Hoffman [6], Howard
[9], [8], [7], Kalikow [10], Keane [5], [11], Kesten [12], [1], [14], Levin [16], Lindenstauss [17], Rudolph [6],
Pemantle [16], Peres [16], Spitzer [14], Steif [4].

Furthermore, the following people have been working on scenery reconstruction: Loewe[18], Merkl [19],
Rolles [23], Le Ny[15], Redig [15].

The research in scenery reconstruction was first motivated by the general problem of studying the prop-
erties of the color record . In particular, the research on scenery reconstruction started with the scenery
distinguishing problem. The question was raised independently by Benjamini and by den Hollander and
Keane. Later Kesten asked, whether one can recognize a single defect in a random scenery.

In order to provide an answer to Kesten’s question, Matzinger in his Ph.D. thesis [20] proved a somewhat
stronger result: typical sceneries can be reconstructed a.s. up to equivalence. The sceneries in Matzinger’s
setup are independent uniformly distributed random variables. He showed that almost every scenery can
be almost surely reconstructed. In [13], Kesten noticed that Matzinger’s proof in [20] heavily relies on
the skip-free property of the random walk. He asked whether the result might still hold in the case of a
random walk with jumps. Merkl, Matzinger and Loewe in [19] gave a positive answer to Kesten’s question
under a particular assumption: there are strictly more colors than possible single steps for the random
walk.

The two color case, (Cy = 2) is more difficult than the case investigated by Merkl, Matzinger and Loewe in
[19]. Although several arguments in [19] do not use the fact that there are more than 2 colors, the central
idea hopelessly fails in the 2-color case. To overcome the problem, the existence of a certain localization
test becomes crucial. To provide such a test is the objective of the present paper. In a follow-up paper
we will present the other ideas necessary for the 2-color scenery reconstruction with jumps.

1.2 Main assumptions

We define the main concepts of the paper: scenery, random walk and observations. Also, some notations
will be introduced.

* Scenery ¢ = {£(2)}.ez is a family of i.i.d. Bernoulli random variables with parameter 1/2. We often
use 1) for a non-random scenery, i.e. ¢ € {0,1}% is a value of random element &.

* In this paper, S = {S(t)}ien is a recurrent random walk, that visits every integer z with positive
probability. We assume S starts at origin, i.e. S(0) = 0. Another important assumption is that S
has only a finite number of steps ("bounded jumps”). More precisely, we assume that the set {z :
P(S(1) — S(0) = z) > 0} is finite. Throughout this paper we denote

L :=max{z: P(S(1) — S(0) = z) > 0}.
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Thus L stands for length of the maximum jump.

To simplify some proofs we also assume that S is symmetric (however, we do not believe that the
symmetricity is necessary).

The random walk S and scenery ¢ are independent.

* We denote by x the observations :

x:=£(5(0)),6(5(1)),£(5(2)),...
and we interpret x as a random function from N to {0, 1}, so that x(k) := £ (S (k)) for all k € N.

* Let f: D — I be a map. For a subset F C D we shall write f|E for the restriction of f to the set E.
Thus, when [a,b] € Z is an integer interval and ¢ is scenery (resp. ¢ is a non-random scenery), then
&|[a,b] (resp. 9|[a,b]) stands for the random vector ({(a),...,&(D)) (resp. for vector (¢ (a),...,1¥(D))).
We also denote £[[0,b] = &5. Similarly, we often denote x|[0,b] = xJ.

* Let a = (a1,...,an), b = (b1,...,bn+1) be two vectors with lengths N and N + 1, respectively. We
denote a < b, if
a € {(bl, . ,bN), (bg, R le)}.

Thus, a < b if @ can be obtained from b by "removing the first or the last element”.

1.3 The theorem
The main result of the paper is the following theorem:

Theorem 1.1 There exists constants ¢ > 0 (not depending on n), N < oo, m(n) > n, the maps

g:{0,1}™ 1 {0, 1)+

g {0, e o,
and the sequence of events E) ok € 0(£(2)|z € [—cm, em]) such that:
1) P(Egnok) — 1

2) For alln > N and 1, € E7), ok we have:

P (9067) < 9| S(m?) = m. & = ¥,) > 3/4.

3) g(&F) is an i.i.d. binary vector where the components are Bernoulli with parameter 1/2.

Theorem says that there exists functions g and § as well as a set of typical sceneries, E, ok, such that
1) 2) and 3) hold. The function g, applied to the (piece of) underlying scenery, £*, will be referred as
g-information vector. It contains enough information about & : the vectors g(£') and g(£21?) are
equal with probability (1/2)™, only. The latter follows from the statement 3) of the theorem. On the
other hand, the information g(£J*) can be successfully estimated by § function: the statement 3) ensures
that, conditioning on the event {S(m?) = m}, the probability of §(x") < g(¥) is bigger than 1/2,
provided that ¥ is typical. Thus, in this case Q(Xg”z) is a good estimator of g(¢§*). The construction of
¢ will be referred as g-information reconstruction algorithm. The statement 1) of theorem concerns
the set of typical sceneries, E”. ox. These are the sceneries, for which the reconstruction algorithm
successfully works. The statement 3) says that, by increasing n, one can make the set El.; ok as large
as one wants.

As mentioned, the g-information and g-estimators are the main issues for reconstructing the 2-color
scenery observed along a recurrent random walk with jumps.
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The paper is organized as follows. In order to explain the main ideas of the g-information reconstruction
algorithm, in the following section we consider an simplified example. We hope that this example helps
to understand the main structure of the algorithm.

In Chapter 2 we prove many auxiliary results needed for the following. In particular, the chapter 2 deals
with the signal probabilities.

In Chapter 3 we consider the set of typical sceneries: El.; 5. We prove that P(E%; ox) — 1.
Chapter 4 is devoted to the random walk - we investigate the typical behavior of the random walk (and
observations) under the condition {S(m?) = m}.

Finally, in Chapter 4 we formally define the functions g and § and we prove that the g-reconstruction
algorithm works, i.e. we prove the main theorem.

1.4 3 colors example
1.4.1 Setup

The main goal of this paper is to define the g- information reconstruction algorithm as well as to
prove that this 2yvorks. Before starting it, in this section we present a simplified case.
Let &* and x{" denote the piece of scenery £|[0,m] and the first m observations x|[0, m], respectively.

Recall that we want to construct two functions g : {0,1}™+ — {0,1}""*+! and 3 : {0,1}™"+! — {0,1}"
such that

1) with high probability
~ mZ m
P(30a") < g&)| Sm?) =m) .

2) ¢(&F) is an i.i.d. binary vector where the components are Bernoulli with parameter %

In other words, 1) states that, with high probability, we can reconstruct g(£(") from the observations,
provided that random walk S goes in m? steps from 0 to m. (Remember that §(x7*") < g(£7") means that
g(xgﬂ) and g(&J") are equal up to one bit.) Thus the function § represents a ”reconstruction algorithm”
which tries to reconstruct the information g(&J").

Since this is not yet the real case in which we are interested in this paper, during the present subsection
we will not be very formal. For this subsection only, let us assume that the scenery ¢ has three colors
instead of two. This is our simplifying assumptions introduced for tutorial reasons. Thus, we assume
that {£(z)} satisfies all of the following three conditions:

a) {&(z): z € Z} are i.i.d. variables with state space {0, 1,2},
b) exp(n/Inn) <1/P(£(0) = 2) < exp(n)),

c) P(§(0) =0) = P(£(0) =1).
We define m = n??(1/P(£(0) = 2)). Because of b) this means

n?%exp(n/Inn) < m(n) < n?5exp(n).

The thus defined scenery distribution is very similar to our usual scenery except that sometimes (quite
rarely) there appear also 2’s in this scenery.
We now introduce some necessary definitions.

Let z; denote the i-th place in [0,00) where we have a 2 in {. Thus z; := min{z > 0[{(z) = 2},
Zi+1 = min{z > z|¢(z) = 2}. We make the convention that Z, is the last location before zero where we
have a 2 in £. For a negative integer i < 0, Z; designates the ¢ + 1-th point before 0 where we have a
2 in . The random variables Z;-s are called signal carriers. For each signal carrier, Z;, we define the
frequency of ones at z;. By this we mean the (conditional on &) probability to see 1 exactly after en””
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observations having been at z;. We denote that conditional probability by h(z;) and will also write h(7)
for it. Formally:

h(i) == h(z) = p(g(S(e”‘“) tz) = 1‘§).

It is easy to see that the frequency of ones is equal to a weighted average of the scenery in a neighborhood
of radius Le™  of the point Z;. That is h(7) is equal to:

h(i) = 3 E(2)P(S(e") + 2 = 2) (1.1)
ze[—Lem” ™t Len®

)
2#Z;

(Of course this formula to hold assumes that there are no other two’s in [Z; — Le”o'l,ii + Le"o'l] except
the two at z;. This is very likely to hold, see event Eg , below).
Let

Qi(fg)n) = 1[0,0.5)(h(i))-
We now define some events that describe the typical behavior of &.

* Let B , denote the event that in [0, m] all the signal carriers are further apart than exp(n/(21nn)) from
each other as well as from the points 0 and m. By the definition of P(£(i) = 2), the event P(Ef,) — 1
as n — o0o.

* Let E7, be the event that in [0,m] there are more than n? + 1 signal carrier points. Because of the
definition of m, P(E},) — 1 as n — oo.

When E7', and E¥ 5 both hold, we define g(£*) in the following way:

9(&") = (91(£") 92 (§6") 193 (§6") - > In241 (€07))

Conditional on E}, N Ef, we get that g (£™) is an i.i.d. random vector with the components being
Bernoulli variables with parameter 1/2. Here the parameter 1/2 follows simply by symmetry of our
definition [to be precise, P(g; (§/*) = 1) = 1/2 — P(h(i) = 1/2), but we disregard this small error term
in this example] and the independence follows from the fact that the scenery is i.i.d. [indeed, g;(&")
depends only on the scenery in a radius Lem"" of the point Z; and, due to Fg_o, the points Z; are further
apart than exp(31%—) > Lexp(n®!)].

Hence, with almost no effort we get that when E}', and Ef 5 both hold, then condition 2) is satisfied.
To be complete, we have to define the function g such that 2) holds also outside E}', N E§ 5. We actually
are not interested in g outside ET'5 N Ef 5 - it would be enough that we reconstruct g on E7 5 N Ef 5.

Therefore, extend g in any possible way, so that g (£") depends only on &J* and its component are i.i.d.

1.4.2 g-algorithm

We show, how to construct a map § : {0,1}" — {0,1}" and an event Eox € o(£) such that P(Eok) is
close to 1 and for each scenery belonging to Fog the probability

P(50¢7) < 9(&")1S(m?) = m) (12)

is also high. Note, when the scenery ¢ is fixed, then the probability (1.2) depends on S.

The construction of § consists of several steps. The first step is the estimation of the frequency of one’s
h(i). Note: due to Fg o we have that in the region of our interest we can assume that all the signal carriers
are further apart form each other than exp(n/(2lnn)). In this case we have that all the 2’s observed in
a time interval of length e"”” must come from the same signal carrier. We will thus take time intervals
T of length e"”” to estimate the frequency of one’s.

Let T = [t1,t2] be a (non-random) time interval such that to —t; = e"””. Assume that during time T
the random walk is close to the signal carrier z;. Then every time we see a 2 during 7' this gives us a
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stopping time which stops the random walk at Z;. We can now use these stopping times to get a very
precise estimate of k(7). In order to obtain the independence (which makes proofs easier), we do not take
all the 2’s which we observe during T'. Instead we take the 2’s apart by at least e’ from each other.
To be more formal, let us now give a few definitions:

* Let vy, (1) denote the first time ¢ > t; that we observe a 2 in the observations x after time ¢;. Let
vt (k 4+ 1) be the first time after time v, (k) + e’ that we observe a 2 in the observations y. Thus
vy, (k+ 1) is equal to min{t|x(¢) = 2,t > v, (k) + 6"0'1}. We say that T is such that we can significantly
estimate the frequency of one’s for T, if there are more than en’”? stopping times 14, (k) during 7. In other
words, we say that we can significantly estimate the frequency of one’s for T, iff vy, (e"”) <ty—en.

* Let X, (k) designate the Bernoulli variable which is equal to one iff (14, (k) + ") = 1. When
l/tl(eno'z) <ty — ¢! we define hr the estimated frequency of one’s during 7" in the following obvious
way:
0.2
. 1 .
hT = enﬁ Z th (k)
k=1
Suppose we can significantly estimate the frequency of one’s for 7. Assume Eg, N E; 2 hold. Then all
the stopping times vy, (6”0'2) stop the random walk S at one signal carrier, say Z;. Because of the strong
Markov property of S we get then that, conditional on &, the variables Xy, (k) are i.i.d. with expectations
h;. Now use Hoffding inequality to see

P(lhy = h(i)] > e /) < exp(—(2¢""/2)).

Hence, with high probability, hr is a precise estimate for h(z).

The obtained preciseness of hr is of the great importance. Namely, it is of smaller order than the
typical variation of h(7). In other words, with high probability |h(i) — h(j)| is of much bigger order than
exp(—n2/4), i # j. To see this, consider (1.1). Note that, for each z, p;(z) := P(S(e™) + z = z) is
constant, and, conditional under the event that in the radius of L exp(n®!) are no more 2’s in the scenery
than z;, we have that £(z; + z) are iid Bernoulli variables with parameter % Hence

varh@) < Y 1(ma)

[_LenOAl’LenO.l]

Since our random walk is symmetric we get that Eze[iLenO.l Len®1] 3 (110.2(2))? is equal to 1/4 times the

probability that the random walk is back at the origin after 2¢"”" time. By the central local theorem that
probability is of order e="""/2. This is much bigger than the order of the precision of the estimation of
the frequencies of one’s, e~n"?/4 Since h(i) is approximately normal, it is possible to show that with high
probability all frequencies (0), h(1), ..., h(n?+1) are more than exp(—n’!!) apart from 5. Moreover, by
the similar argument it is possible to show: if {Z; };cr is the set of signal carriers that S encounters during
the time [0,m?], then for each pair i,j € I, the frequencies of ones satisfy |h(i) — h(j)| > exp(—n®11).
Let EF, be the set on which both statements holds.

Define Eox = ET9 N Ef 4 N Ef,. From now on we assume that Eox hold and we describe the g-
construction algorithm in this case :

Phase I) Determine the intervals T C [0,m2] containing more than ™~ two’s (in the observations.) Let
T} designate the j-th such interval. Recall that these are the intervals where we can significantly estimate
the frequency of one’s. Let K designate the total number of such time-intervals in [0, m?].

Let m(j) designate the index of the signal carrier z; the random walk visits during time 7j (due to Eg 5,
the visited signal carriers are further apart than Le™"” from each other and, hence, there is only one
signal carrier that can get visited during time 7). Thus the definition of 7(j) is correct.)
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Phase II) Estimate the frequency of one’s for each interval T, j = 1,..., K. Obtain thus, based on the
observations Xglz only, the vector (A, ..., hr,) = (ﬁ(w(l)),ﬁ(w@)), e iL(ﬂ'(K))) Here, h(i) denotes
the estimate of h(7), obtained by time interval Tj, with 7 (j) = i.

The further construction of the g-reconstruction algorithm bases on an important property of the mapping
m:{l,..., K} — Z - with high probability 7 is a skip free walk, i.e. |7(j) — 7(j +1)| < 1. Hence, the
random walk during time [0, m?] is unlikely to go from one signal carrier to another without signaling
all those in-between. By signaling those in-between, we mean producing in the observations for each
signal carrier z; a time intervals of length e"”” for which one can significantly estimate the frequency of
one’s h(i). In particular, the skip-freeness implies that (1) € {0,1}. The skip-freeness of 7 is proved in
Theorem 5.2.

Let 7 := min{m(j) : j =1,...,K}. Now m, < 1. Let 7* := max{n(j) : j = 1,..., K}. If S(m?) =m,
then, by E7',, 7 > n?.

Phase III) Apply clustering to the vector (hr,, hry, ..., hry), ie. define
~ A ~ A 1 ~
Cy = {h, : |hr, — hr,| < 2exp(—n®12)}, f;:= e > by, i=1,...,K
“iec

By EZ,, we have 5exp(—n’12) < exp(—n®11) < |h(i) — h(j)|, if n is big enough. Hence, iLTj e C; iff
7(i) = m(j). Thus, for each different i, j either C; = C; or C; N C; = (. Hence, fj is the average of all
estimates of h(mw(j)) and, therefore, fj is a good estimate of h(7w(j)). Obviously,

fi=f; it (i) =x(5). (1.3)
Thus, we can denote f(Z;) := f;, if 7(j) =i and (1.3) implies f(Z;)) # f(%;), if i # .
After phrase I1I we, therefore, end up with a sequence of estimators f(zx(1)),- - -, f(Zﬂ(K)) that correspond

to the sequence of frequencies h(w(1)), ..., h(n(1)). Or, equivalently, j — f; is a path of a skip-free random
walk 7 on the set of different reals {f(Zx.), ..., f(Zx+)}.

The problem is that the estimates, f(Zxx1)),..., f(Zx(k)) are in the wrong order, i.e. we are not aware
of the values 7(j), 7 = 1,..., K. But having some information about the values 7 (j) is necessary for
estimating the frequencies h(1),...,h(n? + 1). So the question is: How can get from the sequence

f(,f(,r(l))7 R f(ZW(K)) the elements f(Zl), ce f(2n2+1)? Or, equivalently: after observing the path of 7
on {f(zx.), ..., f(Zz=)}, how can we deduce f(z1),..., f(Zn241)?

1.4.3 Real scenery reconstruction algorithm

We now present the so-called real scenery reconstruction algorithm - AX. This algorithm is able to
answer to the stated questions up to the (swift by) one element.
The algorithm works due to the particular properties of © and {f(Zx.), ..., f(Zz=)}. These properties
are:
A1) 7(1) € {0,1}, i.e. the first estimated frequency of one’s, f; must be either an estimate of h(1)
or of h(0). Unfortunately there is no way to find out which one of the two signal carriers Zy or z; was
visited first. This is why our algorithm can reconstruct the real scenery up to the first or last bit, only;

A2) m(K) > n?. This is true, because we condition on S(m?) = m and we assume that there are at
least n? + 1 2-s in [0,m] (event ET,);

A3) 7 is skip-free;

A4) f(ii)#f(gj) Vi # 1, i,jE{W*,...,W*}.

Algorithm 1.2 Let 3 = (521, 53, ..., %K) be the vector of real numbers such that the number of different
reals in » is at least n? + 1. The vector s constitutes the input for AX.
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Define Ry := s21. From here on we proceed by induction on j : once R; is defined, we define R;i1 : s,
with s := 1+ max{j : »; = R;}. Proceed until j =n?+ 1 and put

AB(30) i= (Roy Ry, Rz g1).

The idea of the algorithm is very simple: take the first element s¢; of s and consider all elements of the
input vector s that are equal to s and find the one with the biggest index (the last ). Let j; be this
index. Then take s, 41 as the first output and look for the last s, 11. Let the corresponding index be
Jjo and take scj, .1 as the second output. Proceed so n? + 1 times.

Let us proof that the algorithm A% works. In our case the input vector is fi= (fl, ey fK)-

Proposition 1.1 Let {f(zx.),..., f(Z=)} and 7 satisfy A1), A2), A3), A4). Then

AR e {(F s f ), (f(Z2), o fEzi))} Lo ARH) < (F(21)s-- o f(Ze)-

Proof. By A1) we have that the first element of the input vector, fi, is either f(21) or f(Z). Consider
the first case. Thus Ry = f(z1). Proceed by induction: suppose that R; = f(Zj), j < n?+1. Let i(j)
be the index of the last f(zj) in vector f. By A2),i(j) < K. Since 7 is skip-free and ends to the right of
n?, we have that after the last visits of f(éj), the next observation must be f(EjH). Hence, in this case,

(Rl, R ,Rn2+1) = (f(21)7 cey fA(anJrAl)) aAnd Aﬂs(f) = (f(?g), ceey f(2n2+1))- R
Similarly, if the first element of the f is f(Z), then (R1,...,Rp241) = (f(Z0),---, f(2a2)) and AR(f) =

(f(zl)a ey f(zrﬂ)) u
Phase IV) Apply A% to f. Denote the output AR(f) by (f1,..., fn2). By Propositionl.1 we know
(froen fn) S (F(20)s o F(Zn2ga)- (1.4)

Now recall that we are interested in reconstructing the g;(£3") := Ijo5)(h(i)) rather than h(i). Thus,
having estimates for h(z;), namely f(z), we use the obvious estimator for g;: Ij0.5)(f:)-

Phase V) Define the final output of §

ﬁ(xa”z) = (I[O.S,l] (f1), - -1[0.5,1](fn2))~

Recall that because of EY ,, with high probability all random variables h(1),...,h(n%+ 1) are more than
exp(—n%11) apart from % Since exp(—n!1) is much bigger than the preciseness of our estimate, with

high probability we have f(2;) < 0.5 iff k(%) < 0.5. By (1.4) this means

ﬁ(X(T)nZ)) = (1[0.5,1](f1)7~~-I[0.5,1](f5)> < (1[0.5,1](}1‘(21))7‘"I[O.S,l](h(ZnQ—Q—l))) =9(&")-

Hence, when Epg holds, then § is properly defined and the probability (1.2) is high. Since we are not
interested in § when Epg does not hold, we extend the definition of § arbitrary to Ef, .
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2 Whole truth about signal probabilities

In the previous section we considered the case where the scenery has three colors {0, 1,2}. The places of
the 2’s where called the signal carriers. The i-th such place was denoted by z;. In reality we have only
two colors 0 and 1. Thus, we need to show that with 2 colors we also manage to define signal carriers Zz;
in such a way that the following holds:

a) Whenever the random walk passes close to a signal carrier, we can recognize that the random walk is
close to a signal carrier point by looking at the observations ( with high probability).

b) The probability to think that one recognizes a signal carrier when one is actually not close to one is

so small that this type of mistake never happens up to time m?.

c) When we pass a signal carrier we are able to estimate its frequency of one’s with high enough precision
(with high probability).

In the present section we define and investigate an important concept related to the signal carriers -
Markov signal probability.

2.1 Definitions

In this subsection we will define the main notions of the section: delayed signal probability, strong
signal probability and Markov signal probability. We also give a few equivalent characterizations of these
concepts, and we try to explain their meaning. In the end of the subsection we give a formal definition
of the frequency of ones.
At first, some definitions.

* Let D C Z and let ¢ : D — {0,1}. For example, ¢ can be the original scenery, £ or the observations,

X-
Let T = [t1,t2] C D be an integer interval of length at least 3. Then we say that T is a block of ¢ iff we
have that

C(t) = C(t2) # (), Vt €]ts, ta]
We call to — t; the length of the block T'. The point t; is called the beginning of the block. For example,
T is a block of ¢ with length 4, if ¢|T = 01110.

* Let T = T(x) C N be a time interval, possible depending from observations. For example, T' can be a
block of x or T' = [t,t+n?] can be a time interval of length n?+1 such that x(t) = x(t+1) = - -+, x(t+n?).
Let I C Z be an integral interval (a location set). We say that T was generated (by S) on I, iff
VteT,S(t) el

* We now define the delayed signal probability. To simplify the notations afterwards, define
M = M(n) :=n'% —p2 M :=nt0%0 _ 2,2,

Fix an z € Z and let S, denote the random walk translated by z, i.e. for all t € N, S, (¢) := S (¢) + =.
We define the random variable §¢ in the following way:

oL i= P (€S- (M) =+ = € (8. (00 = 1)) = £ (S. (1)) [¢) . (2.1)

In other words, §¢ is the conditional probability (conditional on ¢) to observe only one color in time
interval [n19%0 —n2 n?] if the random walk starts at z. We shall call §¢ delayed signal probability at
z.

During time n'%% the random walk can not move more than Ln
scenery & in the interval [z — Lnt0%0 > 4 Lnlooo]. Let, for each z € Z

1000 Thus, ¢ depends only on the

I :=[z — Ln'"% 2 + Ln'0%]. (2.2)
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We have that §¢ is a random variable which is measurable with respect to o(£(s)[s € I.). Since the
distribution of ¢ is translation invariant, the distribution of 6¢ does not depend on z.

* For some technical reason only, we need a stronger version of the delayed signal probability. Again, let
z € Z. We define the strong signal probability at z, ¢, as follows

6 i= P£(S.(M)) = -+ = £(S.(0""™)),  S.(M +1),5.(2),...., S2(n'*") € [z = LA, 2 + LA][¢ ).
Note that §¢ is measurable with respect to the sigma algebra o (&(s)|s € [z — LM, z + LM]).

Also note that, obviously, 65 > 52. However, the difference is not too big. Indeed, by Hoffding’s inequality
(see below), we have that, for some constant d > 0

6181 = P(E(S.00) = - =680, B s - > L)
< P(IS(M)] > LM —n?)) < exp(—dn®™®). '

* We now define the Markov signal probability at z.

Let z € Z. Roughly speaking, the Markov signal probability at z, denoted by 6}, is the conditional (on
€) probability to have (at least) n? + 1 times the same color generated on I, exactly n'% — n? after
we observe n? + 1 times the same color generated on I,. In this formulation the part ”after we observe
a string of n? 4 1 times the same color generated on I,” needs to be clarified. The explanation is the
following: every time there is in the observations n?+1 times the same color generated on I, we introduce
a stopping time v, (7). The position of the random walk at these stopping times defines a Markov chain
with state space I.. As we will prove later, this Markov chain {S(v.(k))},~, converges very quickly to
a stationary measure, say u.. So, by M after we observe n? + 1 times the same color generated on I,”
we actually mean: "M after starting the random walk from an initial position distributed according to
u.”. Since the distribution of S(v, (7)) converges quickly to p, 3 is close to the probability of observing
n? 4+ 1 times the same color generated on I, exactly M after time v,(i). In other words, 6™ is close
to the conditional (on &) probability of the event that we observe only one color in the time interval
[V, (i) + nt0% —n2 v (i) + n'%9] and that during that time interval the random walk S is in I,. Thus
(for k big enough) §M is close to:

P(X(z/z(i) FM) = = y(v(6) + ) and  S(v.(i) + M),...,S(v.(i) +n'%0) IZ|§> (2.4)

The ergodic theorem then implies that on the long run the proportion of stopping times v, (i) which are
followed after M by the n? + 1 observations of the same color generated on I, converges a.s. to 6M.
Actually, to make some subsequent proofs easier, we do not take a stopping time v, (i) after each n? + 1
observations of the same color generated on I,. Rather we also ask that the stopping times be apart by
at least e’

In order to prove how quickly we converge to the stationary measure, we also view the explained notions
in terms of a regenerative process. The renewal times will be defined as the stopping times, denoted by
9, (k), which stop the random walk at the point z — 2Le"”" . To simplify some proofs, we also require
that there is at least one stopping v, (i) between 9, (k) and 9,(k + 1). Thus 9,(0) denotes the first visit
by the random walk S to the point z — 2Le"’ . We define v.(1) to be the first time after 1,(0) where
there happens to be n? + 1 times the same color generated on I,. Then, 9,(1) is the first return of S to
z—2Le""" after v.(1) and so on. Let us give the formal definitions of all introduced notions.

* Let 1, (0) denote the first visit of S to the point z — 2Le™" . Thus

9.(0) = min{t > 0| S(t) = z — 2Le™ " }.

* Let v, (1) designate the first time after 9, (0) where we observe n? 41 zero’s or one’s in a row, generated
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on I,. More precisely:

v,(1) := min {t > 19,(0)

X)) =x{t-1)=..=x(t-n? }
and S(t —n?),S(t—n?+1),...,5() € L,

Once v,(i) is well defined, define v, (i + 1) in the following manner:

X(t)=x({t—1)=..=x(t—n? }
and S(t —n?),S(t —n?+1),...,5(t) € I,

0.1

v,(i + 1) := min {t > v, (i) +e”

* Let ¢, (k) denote the consecutive visits of S to the point z — 2Le™"" provided that between two visits
random walk S generates (at least once) n + 1 consequtive 0-s or 1-s on I,. More precisely,

O.(k+1) = min{t > 0, (k)|SEt) = 2 — 2Le™"" , Fj : 0.(k) < v.(j) <t}, k=1,2....

Basically, the definition above says: if 9J.(k) is defined, we wait until we observe n? 4+ 1 same colors
generated on I,. Since S(9,(k)) = z — 2Le™"" | then the first n2 + 1 same colors generated on I, can
not happen earlier than e times after 9. (k). This means, the first n? + 1 same colors generated on I,
can not happen earlier than e times after last stopping time v, say v, (i) (this happens before 9, (k)).
Thus, the first n2 + 1 same colors generated on I, is actually v, (i + 1). Observing v, (i + 1), we just wait
for the next visit of S to the z — 2Le™"" . This defines 9. (k+1).

*Let X, ,,¢=1,2,... designate the Bernoulli variable which is equal to one if exactly after time M the
stopping time v, (i) is followed by a sequence of n? + 1 one’s or zero’s generated on I,. More precisely,
X.i=1iff
X(v: (i) + M) = x(v: (i) + M +1) =+ = x(v2(i) + n')
and
SGHY el Vj=v.(i)+M,...,v.(i)+n'%

* Define k,(0) := 0. Let x.(k) designate the number of stopping times v, (k) occurring during the time
from 9,(0) to 9,(k). Thus k. (k) is defined by the inequalities:

vy (ko (k) <9,(k) < vy(ko(k)+1).

For all k, S(9.(k)) = z — 2Ln'%%. Hence, for all i, ¥,(k) # v, (i) and the inequalities above are strict.
* Define the following variables:

k(k)

X(k)y= Y X Zu(k)=x(k)—r(k-1), k=12,
i=k(k)+1

Thus, Z,(k) is the number of stopping times occurring during the time interval from time ¢,(k — 1) to
time 9, (k). Note that Z,(k) > 1, Vk. The random variable X (k) designates the number of such stopping
times which, during the same time interval, have been followed exactly after time M by a sequence of
n?+1 0’s or 1’s generated on I,. Note that conditional on £ the variables X, (1), X,(2),... are i.i.d. and
the same holds for Z,(1), Z.(2),....
* We define:

B[O
gt = ELEWIY (2.5)

Z.(1)[¢]
We call 6 Markov signal probability at z.

In the following we give some equivalent forms of (2.5).
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Note that conditional on &, X, ; is a regenerative process with respect to the renewal (k). Hence,
conditioning on £, we have

r K (k) k .
. X . X D Xe(i) B[]
lim — = lim ~ = lim =172 = ’ . a.s. 2.6
r—00 ; r k—oo ; Ii(k) k—oo Z?:l Zz (Z) E [Zz,1| &] ( )

We count (up to time 7) all sequences of length n? + 1 of one’s or zero’s, generated on the interval I,
according to stopping times v, (i), k = 1,2,.... Among such sequences, the proportion of those sequences
which are followed after exactly time M by another sequence of n? 4 1 zero’s or one’s generated on the
interval I, converges a.s. to 6, as r goes to infinity.

On the other hand, the limit in (2.6 ) can be represented as follows. Fix £ and z. Let Y; := S(v. (7)),
1=1,2,... denote the Markov chain obtained by stopping the random walk S by v, (7). The state space
of Y; is I,. Because of the nature of S, Y; is finite, irreducible aperiodic and, therefore, ergodic Markov
chain.

Let p, denote the stationary distribution of {Y;}. In the present section the z is fixed, so we skip this from
the notations and write p. The measure p is an discrete probability measure on I, so u = (u(j))jer. -
For each state, j € I, define the hitting times 7;(l), I =1,2,3,.... Formally,

7;(1) :==min{i > 1:Y; =4}, 7;(1):=min{i >7;(I-1):Y; =4}, [=2,3....

Hence,
N;(r)

1o N; 1
;;Xz,z - zj: JT(T) N(’I“) Z Xz,Tj(l)v

J =1

where N;(r) := max{l : 7;(I) <r},r=1,2,3,.... Since 7;(1), 1 =1,2,3,...is a (delayed) renewal process
with the corresponding renewal numbers N;(r) and with the expected renewal time —~ we get

n(d)
N;(r )
Nylr) — u(j) as.
r
On the other hand, X, ; is a regenerative process with respect to each 7;(1), I =1,2,3,.... Hence
1 N;(r)
N lzzl Xomy = EIX.r2)), as r—o00 as.
Since E[X. - (2)] = P(X. r,;2) = 1). The latter equals
P(S5(M), S5(M + 1), -+, ;') € I and  €(S5(M)) = §(S;(M +1)) = -+ = £(S;(n'")).
This can be rewritten as
> P(j.1)6.(1),
lel,
where P(j,1) :== P(S(M) =j —1) and
5.(1) == P( 51(0), Si(1),..., Si(n”) € I and  £(S,(0)) = &(Si(1)) = ... = E(Sz(nz))> (2.7)
Hence
5 = 37 n()P(S(M). S, (M 4 1), S, € L. E(S,(M)) = = £(S,(n))  (2.8)
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or

87 =" )P, 1)5-(1). (2.9)

Jlel,

Using the same notation, we have an equivalent form of delayed signal probability

00 =" P(z,1)8.(1). (2.10)
l=I

The formula (2.9) can be interpreted as follows: let U be a random variable with distribution p, and
let S be a random walk, independent of U. Let Sy denote the translation of S by U, i.e., for each ¢,
Sy (t) =U + S(t). Then (2.9) states

§M = p(g(sU(M)) = . = £(Sy(n')) and Sy (M),---, Sy (') e 1z|g). (2.11)

Thus, §M is a limit-version of (2.4).

* We now define the frequency of ones. To obtain the consistency with the Markov signal probability,
we formally define the frequency of ones in terms of regenerative processes. However, we also derive the
analogue of (2.11), which explains the meaning of the notion.

Let U, ; = £(S(v.(i) + €™")) and define

r(k)
U.k)y= > U..
i=k(k)+1
Now, let Wl
 BU.(1)¢
" Bzl

The random variable h(z) is o(£(i) : i € [z — L(n'9%0 4 ¢n*") 2 4 L(n!00 4 ¢n®")]- measurable; h(z) is
called as frequency of ones at z. As in (2.6), conditioning on £, we have

lim E Usi _ h(z) as..
r—00 r
i=1

With the same argument as above, we get

r N;(r)
: 1 . Nj(’l’) 1 -
rli{l(}o;;UZ’i - rll{go; r Nj(’l‘)

Uz,‘rj = Z :u‘(j)E(UZ,Tj (2))
J

1=

=

Now,
i:j—&-Le"O'l
E(U.ry2) = Y. &0)P(S;(i))

i=j—Len®!

and, therefore

j+Le"O‘1 z+L(n1000+e”O'1) N
h(z) =Y uli) Y E@P(S;3) = Yo D) D pG)PSiE) =), (2.12)
Jj=I. i=j—Len®! i=z—L(n10004¢n0- 1y j=I.

Now, it is easy to see that in terms of U and S as in (2.11), i.e. U and S are independent, U has law .,
we have

h(z) = P(E(U +S(e™)) = 1) = BIEU + S(e™ )€, (2.13)
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2.2  Auxiliary results

In the present section we investigate the relations between 6 and §¢. Note that they only depend on
the scenery ¢ in the interval [z — Ln'%%° » + Ln!90]. In other words,

z 'Yz

M 5 U(f(j)|j €lz— Lnlooo,z—l—LnlOOO]).

The distribution of both 6 and 6¢ does not depend on particular choice of z. Hence, w.l.o.g., in the
following we consider the point z = 0, only.

Define pys := max{P(S(M) = z)|z € Z}.
We call a block big, if its length is bigger than *-.

Proposition 2.1 For any ¢s € [pa, 2pm] we have that the following holds:

a P(6¢ > c5) < exp(—an/Inn), where o := In(1.5)

b P (62> cs) > (0.5)" > exp (—n)

c If all blocks of &|[z — Ln1%% > + Ln'%%9] are shorter than n/Inn + 1, then 67 < cs. Formally:

{55 >cs} C{ [z— Ln'"% z + Ln'0%] contains a big block of £ }

d Conditional on {5? > 05} it is likely that [z — Ln1%% > 4 Ln109] contains at most 0.51nn big blocks
of £&. More precisely:
P (E5,|6¢> c5) < (2Ln'0%) """ (0.5)-05n

where
Es. = { [z — Ln'° z 4+ Ln'%%] has less than 0.5Inn big blocks of £ }

In order to prove the Proposition 2.1, we use the following lemma. The proof of it can be found in [18]

Lemma 2.1 There exists a constant a > 0 such that for each t,r € N, for each subset I C Z, and for
each j € I and for every mapping ¢ : Z — {0,1} we have the following implication:

if all blocks of ¢ in I are shorter or equal to r, then

C(S;(0))=¢(S; (1) =---=¢(S; (1) at
P( and S;(0),5;(1),...,8; (t) € I )SGXP( >

Proof that c holds: W.l.o.g. assume z = 0. Suppose that the length of all blocks of £|[—Ln'0%0 Lnt000]
is at most n/Inn. Let I := [—Ln'%%0 Lnl%0] Denote 6(I) = §o(I), where do(l) is as in (2.7). If the all
the blocks in I are not longer than n/Inn we get by Lemma2.1 that for all j € T

2

8(j) < exp(—ﬁ) — palnn

By (2.10) we get that

LnlOOU LnlOOO

5= Y _P0,))6() < D PO, j)n M <pmann (2.14)

j=—Ln1000 j=—L7L1000
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The expression on the right side of the last inequality is of smaller order than any negative polynomial
. M .
order in n. By the local central limit theorem pj; is of order n~2 . Thus, for n big enough

88 < par < cs.

Proof that a holds: W.l.o.g. assume z = 0. Define the event

E.={() =€¢E+1) = =E(+ —)}

Part c states that
{68 >¢5) C U E..

2E[—Ln1000 [,,1000]

Thus,

LnlOOO

P@i>e)< > PE).

2—— [,n1000

P(E.) = exp <_1n<2>n>

Now, clearly

Inn
So,
In(2
P(6d > ¢5) < 2Ln'% exp (— B )n> . (2.15)
Inn
The dominating term in the product on the right side (2.15) is exp (—In(2) n/Inn). Hence, for n big
enough, the expression on the right side of (2.15) is smaller than exp(—%)
Proof that b holds: It is suffices to prove that
P(6% > 2ppr) > (0.5)™.

W.lo.g assume z = 0. Define F := {£(0) = &(1) = --- = &(n)}. We are going to show that

E C {(53 >2py} and  P(FE) > exp(—n).
Recall the definition of §(j). If E holds, then for any j € [0,n] we have
5(j) > P(sj(o € [0,n],Vt € [o,nQ})

Now, because of the central limit theorem, there is a constant b > 0 not depending on n, such that for
all j € [n/3,2n/3] we have:
P(Sj(t) € [0,n],Vt € [0,n2}) > b.

By the local central limit theorem, again, for all j € [n/3,2n/3] we have, for n big enough, that

P(0,5) > ”TM. (2.16)

Using (2.10) and (2.16) we find that when E holds, then

(2.17)
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For n big enough, obviously the right side of (2.17) is bigger than 2py;. This proves E C {3¢ > 2pas}.
Furthermore, we have that P(E) = 0.5". The inequality 0.5 > exp(—n) finishes the proof.

Proof that d holds: W..0.g. assume z = 0. For a block T, the point inf 7" is called the beginning
of the block. Let t1,ts,... denote the beginnings of the consecutive big blocks in [—Ln!'%% o0). Define
to := —Ln'%% and ¢; :=t; —t;_1, 3 = 1,2,.... So, g; measures the distances between consecutive big
blocks. Clearly, g;-s are iid. Note,

0.5Inn
Bso © { Z 9i < 2Ln1000} - m?f1lnn{gi < 2Ln1000}.

i=1
Note

Ln000_q

P(g1 < 2Ln'"%%) < Z P(a big block begins at z) < 2Ln!%%°(0.5)m7 .
z=tg

Hence,

P(E§)) < P(g;i < 92[n1000)0-5Inn (2Ln1000)0-51n"<0.5)0.5n.
Combining this with b, we get

P(ES
P(E§ |08 > ¢s5) < (E5o)

9 [, 1000 0.5Inn 0.5)0-5n 0.
= Pod > o) (LA 08) 7

IN

Lemma 2.2 1
P (52 2 ¢5) (2Ln'"0) """ < 2P (52062 = 51— O(M ).

2.3 Proof of Lemma 2.2

In the present subsection we prove Lemma 2.2. During the rest of the section we assume z = 0.
At first we define fences.

Fences

* An interval [t,t + 4L — 1] C D is called a fence of , if

0=((t)=¢t+1)---=Ct+L-1)#Ct+L)=---=C(t+2L-1) #
Ct+2L)=--=Ct+3L—-1)#((t+3L)=---=((t+4L—1)

The point t 4+ 2L is the breakpoint of the fence. So, T is a fence of ( corresponding to the L = 3, iff
¢|T =000111000111.

Let zp := —Ln'%% and let 2z, k = 1,2,... be defined inductively: z; denotes the breakpoint of the first
fence of scenery ¢ in [z + 4L, 00). We call the points z; the breakpoints of consecutive fences (of scenery
€). Define l; := z; — z;_1,1=1,2,... and N := max{k : z;,_1 < Ln'%°} < Ln'%%% The random variables
I; measure the distances between the breakpoints of consecutive fences, they are iid. Let [ := Ln'%% — 2,
I <ln41. The moment generating function of I1, say M ()), does not depend on n and it is finite, if A > 0
is small enough. Let M := exp(Al;) < oo and choose C' > 1 such that A\C' > 1. Now define the event

Ey,:={,l; <Cn, i=1,2,...,N}

and apply the large deviation inequality to see P(l; > Cn) = P(Al; > ACn) < Me=*¢". Now,

LnlOOO

P(E§) < Y P(li > Cn) = Ln'""P(l; > Cn) < Ln'"Me 2",
=1
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Applying b, we get
P(E)

P(E¢|5¢ > <(7
( b| 0705)7P(56[205)

< Ln'0%0pfe(1-A0m (2.18)

Mapping

Let O denote the all possible pieces of sceneries in I := [—Ln!0% Ln!0%] je O :={0,1}!. The random
variables 6¢, )7 as well as the events {d¢ > ¢s}, Es0, Ey depend on the restriction of the scenery in I,
only. Hence they can be defined on the probability space (O, 29, P), where P stands for the normalized
counting measure.
Define

C:= {(55 > 05} NEsoNEy C 0.

Hence C consists of all pieces of sceneries, 7, with the following properties: 63(n) is bigger than cs, number
or big blocks is less than 0.5Inn and the gaps between the breakpoints of the consecutive fences in [ is
at most Cn.

Let n € C and let zp,z21,...,2Nn be the breakpoints of consecutive fences (restricted to I) of 7. Since
n C Ey, we have N > 2Ln%°. Now partition the interval I as follows:

I=LULU---UlyUlIny1, (2.19)

where Iy, := [zp_1, 2k — 1, k=1,..., N, Iny1 := [In, Ln'9%]. Let [(I}) := 2z — kx_1 denote the length of
Ii.. We shall call the partition (2.19) the fence-partition corresponding to 7. The fences guarantee that
any block of 7, that is longer than L is a proper subset of one interval Ij,. Since n € {d¢ > c5} N Es,
there is at least one and at most 0.5Inn big blocks. Let I}, £ = 1,...N*, N* < 0.5Inn denote the
k — th interval containing at least one big block. Similarly, let I, ¥ = 1,...,N +1 — N* denote the
k — th interval with no big blocks. Clearly, most of the intervals [} are without big blocks, in particular
S 1(I2) > Ln'%%. Define

J
4% =min{j : Y I(I{) > Ln'%}.
k=1
To summarize - to each 1 € C corresponds an unique fence-partition, an unique labelling of the interval
according to the blocks, and, therefore, unique j°. We now define a mapping B : C — O as follows:

B(n) == (7, (13, .. on| Lo, nlIT, o0 Tl o gy ooy Rgp - e )
We also define the corresponding permutation

Oy : I — 1, T,(I)= 715, Lo, Iy I Loy oo s IR e )-

Thus, B(n) =noll,.

Since all big blocks of 7 are contained in the intervals, Iy, the mapping B keeps all big blocks unchanged,
it just removes them closer to the origin.

The mapping B is clearly not injective. However, B(rn;) = B(n2) implies that the fence-partitions
corresponding to 11 and 1y consists of the same intervals, with possibly different order. Also the intervals
with big blocks (marked with star) are the same, but possibly differently located. Moreover, the ordering
of the similarly marked blocks corresponding to 77 and 7y are the same (i.e. if the 8-th interval, Ig, of
the partition corresponding to 7y is the 20-th interval, I5y, of the partition corresponding to 72, then
their marks are the same. If Ig in its partition is the seventh interval with o (Ig = I¢ in the partition
corresponding to the 7)), then the same block in the second partition must be also the seventh interval
with o (I3p = I? in the partition corresponding to 72). Therefore, the partition corresponding to n; and
7y differ on the location of the star-intervals, only. Since the number of intervals is smaller than 2Ln'0%0
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and the number of star-intervals is at most 0.5Inn, the number of different partitions with the properties
described above, is less than (2Ln!000)0-5n"  This means

|B(C)|(2Ln!000)0-5Inn ¢, (2.20)

Proof of Lemma 2.2: Because of the counting measure and (2.20) we get

P(B(C)) _ |B(C)
P(C) €|

> (2Ln1000)—0.5 lnn.

By Propositions 2.2 and 2.3,
P(B(C)) < P((Sg ASM > es(1 — O(M—%))).

By (2.18) and d, of Proposition 2.1, we get

P(C)

— = P(Es5o N Ey|6d > ¢s5) > 0.5,
P(6d > co) (Es.0 N Ebj0p = c3)

provided n is big enough. These relations yield
P(ag ASM > cs(1— O(M*%)))Z (2Ln1000)=05Inn o 5. p(sd > ¢).
The lemma is proved.
Proposition 2.2 For any ¢ € B(C) we have
53(<) = csll = O(M~3)).

Proof. Let ¢ € B(C). Choose n € B71(s). Let {I;} be the fence-partition corresponding to 7. Let
87(1), 65(1) denote the probabilities defined in (2.7), with £ replaced by 1 and ¢, respectively. As already
noted, because of the fencing-structure, any sequence of consecutive one’s or zero’s can be generated on
the one interval Iy, only. More precisely, if [ € Iy, then

5g(1) = P(S1(0),..., Si(n?) € I, n(Si(0)) = ... = n(Si(n?))). (2.21)

By the argument of the proof of ¢ of Proposition 2.1, we get that each interval without big blocks, I7,
has the property: the probability of generating n? + 1 consecutive zeros or ones is smaller than n=%"",
In other words 47 (l) < n=*n" V] € I°, where I° := UgI2. Denote I* := UiI}. Now, by (2.10) and
(2.21) we have

51 = > PO, = (D + D) PO.050)

lel lere  ler
<> PO+ 3P0, 1)6] (1)
lcle lel*
< pmolnn Z P(0,1)30(1) <n=™m" 4 pyy Z dg (1)-
ler leI*

Since n € C, §4(n) > c5s > pur, we have

__ ,—alnn —alnn \/M
iy > 9" >1-" —1- 2.22
P O(emn)- (222)

lel*

Clearly O(HKK) = o(n™%), for all « > 0.
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Now consider ¢ = M(n). Let Jy,Ja,...Jn41 denote the new location of intervals I; after applying
mapping II, to I. Fix an j € I and let j € J,. The equation ¢|J; = n|I; and (2.21) imply

35(4) = P(8;(0),...,5;(n?) € 1,(S;(0)) = -+ = <(S;(n?)))
> P(8;(0), ..., 8;(n?) € Jk,s(8;(0)) = -~ <(5;(n?)))
= P(Sl(0)7...,sz<n ) € I, n(S1(0)) = - - - = n(Si(n?))) = 63 (1),
where | = II(j) € I. This means 6§(j) > 67 (IL,(j)), Vj € I. In particular,
> E6) =Y 60) (2:23)
JETk lET,

If I = J; and Iyy1 = Jny41, i.e. the first and last intervals do not contain big blocks, then, obviously,
(2.23) is an equation.

Let J* = II,,(I*), i.e. J* is the union of all intervals with big blocks in the new location. The length
of I'* (and, therefore, that of J*) is at most 0.5CnlInn. Thus, J* is at most Cn + 0.5CnlInn from the
origin. Let n be so big, that Cn + 0.5Cnlnn < n?. Then, j < n? for each for each j € J*. Denote

po = min{P(S(M) =1) : |i| < n?}.
Now from (2.22) and (2.23) we get
=" P(0,7)d5(1) = > P0,5)55(5) = > P(0,5)80(
J

JjeT* =g

—alnn

>p025n 6_n—alnn)p70206(1_pkf_po_n po)
el Pm M CsPM

VM

nalnn)

= c5[1— O(M~2)] - O( = cs[1— O(M~32)].

Proposition 2.3 For any ¢ € B(C) we have

1

55" (<) 2 es[L = O(M ™).
Proof. We use the notation and the results of the previous proof. By the representation (2.8) we have
8" (s) = D u@)P(i,5)56() = > u(i)Pi, 5)55(5) (2.24)
i,jel ijed
where = {u(7)}ies is the stationary measure of Y, = S(vp(k)), k=1,2,....
Use LCLT to estimate

Jin P(j,1) 2 min{ P, ) : i = | < n*} 2 — exp(= ) = O(M ) |
, (2.25
= = (1-0(3p) ~ 001 = (1 - O(\/LM)).
with d, ¢ being constants not depending on n.
Hence, because of (2.24), (2.22) and (2.25)
o ) 1 cs — n—alnn
85" () Zu(J")[par (1 = O(\/M))] o 026)
=) (1 = O =) g = n~") = u(7") (1= O(Z=))es.
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We now estimate p(J*). We shall show that
PYpp1 €J | Ye=4)>1—0o(M™) Vjel
Then pu(J*) =32, P(Yi1 € J*|Yy, = j)u(j) > 1 —o(M~") and, by (2.26)

51(6) 2 p(7) = (1= oM )es[1 — O(M4)] = es[1 — O(M )]

Estimation of p(.J*)

Fix an j € I and define v as the first time after ¢"”" when n2 + 1 consecutive 0-s or 1-s are generated on

1. Formally,
x@t)=x@t-1)=.. zx(t—nQ) }

.— i > n0t =
v mln{t_e and S;(i) € [,Yi=t—n2, ...t

where x =¢o0.5;. Clearly
P(Sj(v) € J*) = P(Ypq1 € J*|Yi = j).

Thus, it suffices to estimate P(S;(v) € J*).

At first note, by (2.22) and (2.23) we get >_ . ;. dg(j) — 1. Since [J*] < n? (and n is big enough), we
deduce the existence of j* € J* such that

1
56" > . (2.27)

Then, note that because of the fences we have
{S;() & J*} ={S;(v —n?),...,8;(v) € \J*, x(v—n?)=---=x(v)}

Now, let 7, be the k-th visit after time e — n? to the interval I. Let T, be the k-th visit after time
e"”" — n? to the point j*. Define the events

Fio o= {8;(me = n2),...,S;(m) € \J*, x(m, —n2) = --- = x(m)}, k=1,2...
F=UZ " HSi(m+i) =%}, k=1.2,...

Fr={x()="=x(r7 +n*)}, k=1,2,...
We consider the events

By = {v > 7200} U{S;(v) € J*}, Eo:={7)10 < Tp2020 — n?}, E3:= UZ:lF,:

The event E; ensures that within first n2°2° visits of S; to I no consecutive 0’s or 1’s were generating
on I\J*. The event Ej ensures that before time 7,2020 — n? the random walk visits at least n'® times
the point j*. Finally, the event F3 ensures that during these n'® visits of j*, at least one of them is a

beginning of n? consecutive 0’s or 1’s. If these events hold, then v < 7,2020 and S;(v) € J*. Thus
EiNEsNEsC {Sj(l/) S J*}
We now give the upper bounds to the probabilities P(E4), P(Es), P(E3).

1) Note, E¢ € Up™"" F, implying that P(ES) < S0, P(F}). For each k,

P(Fy)= Y P[Si(0),...,8(n?) € I\J*,¢(Si(0)) = - = ¢(Si(n?))] x

lel\J*
x P(S;(tp —n?) =1).
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There is no big blocks in I\ J*, hence by the argument of ¢
P[Si(0),...,Si(n?) € I\J*,s(81(0)) = - - = <(Sy(n?))] < n ™",

implying that
PLyIme P(Ef) < n20207a1nn.

2) To estimate P(FEs) we use Hoffding’s inequality. Let By CLT there exists a constant p > 0 not
depending on n such that P(F}) > p. Also note that F} and F] are independent if |k — | > n?°%°. Hence,
the set {F}}, k=1,...,1n%%%" contains a subset {Fy } i =1,...n% consisting of independent events. Let
Xi = Ip; . Now, 72018 + 12900 < 7 2010 < 72020 — n2, if m is big enough. This means

{nf:)g > nw} C BE».
1=1

Now, when n is big enough, we have

n's nls nl8
P(Eg) < P(Y X, <) = P(Y(X - EX) < 0 = Y BX))
< P(Y_(Xi - BX) < ~(n'"p—n')) < P(Y_(X; — EX) < —n'T) <
=1 i=1
< CXp(_2n34) — exp(—2n1%).

nis

3) Note Fy*, Fy; are independent, if [k — 1| > n? Let {F}; }, i =1,2,...,n" be a subset of {F}'} consisting
on independent events, only. By (2.27), P(F}) > %, Vk. Now

w

PEs) < PO ) = [0 - P <(1- )" (228)

i=1

The right side of (2.28) is smaller than (0.5)”4 if n is big enough.
Thus,

4

P(Sj(v) € J*) > 1 — [n?92070 1" 4 exp(—2n'%) + (0.5)" ]
=1 O(n72020+a1nn) =1— O(Mil).

2.4 Corollaries

We now determine an important figure - the critical value c¢,.. Since we choose it within the interval
[par, 2par], it has all properties stated in Proposition 2.1 and Lemma 2.2. However, we also have to
ensure that with high probability the signal probabilities 6¢ and 6™ are significantly away from c,. By
7significantly” we mean that the difference between these probabilities and ¢, is bigger a polynomially
small quantity in n. This polynomially small quantity will be denoted by A. Thus, ¢, must be properly
chosen and that will be done with the help of Corollary 2.2.

At first, some preliminary observations.

Proposition 2.4 For any j > 2, there exists an interval [a,b] C [par,2par] of length par/ (n?72) such
that ]

P(8§ < b|d§ > a) < =

(2.29)
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Proof. We do the proof by contradiction. Assume on the contrary that that there exists no interval
[a,b] C [par,2par] of length [ := pys/nI+? such that (2.29) is satisfied. Let a; := py +il, i =0,...,n/+2.
Since [a;, a;1+1] C [par, 2par] is an interval of length [, by assumption

1 )
P(8§ > aia]0§ = par + ai) < (1— 7), i=1,...,n' — L
T
Now, by b) of Proposition 2.1
nit?_1 1 \ni*?
e <P =2 = [ POE = amlfl > a;) < (1 - E) . (2.30)

=0

Since (1 — n—lj)”J < e ! we have (1 — %)”jﬂ < e . Thus, (2.30) implies e~ ™ < e~ - a contradiction.
|

Corollary 2.1 Let [z,y] C [par, 2Py] be an interval of length I. Then there exists an subinterval [u,v] C
[,y] of length 62% such that
1
P(53 < 0|68 > u) < —. (2.31)
en
Proof. The proof of the corollary follows the same argument that the proof of Proposition 2.4: (2.31)
together with the statement b) of Proposition 2.1 yield the contradiction: exp(—n) < P(6¢ > 2pas) <

P(§d >v) < [(1 - e%)en]e < exp(—e”). m

The next proposition proves the similar result for 637 A §d. Since we do not have the analogue of b) of
Proposition 2.1, we use Lemma 2.2, instead.

Proposition 2.5 Let [a,b] C [par, 2par] be such that 2ppr — b > pyrO(M™2). For any i > 2 there exists
an interval [x,y] C [a,b] with length (b — a) /n'™2 such that, for n big enough
1
P <yl A 6§ > ) < P(6) A 6§ < ylod! Aod > 2) < —. (2.32)
nl
Proof. Suppose that such a (sub)interval does not exists. Then follow the argument of the previous
proof to get

, 1y\n'"
p((sy ASd > 2ppr(1— O(M‘?))) <P(M AL >b) < (1 - E) < exp(—n?). (2.33)
By Lemma 2.2 and b) of Proposition 2.1
P(éé” ASE > 2pp (1 — O(M*%))) > 0.5(2Ln1000) =05 m i ). (2.34)

For n big enough, the right side of (2.34) is bigger than e~2". This contradicts (2.33). =

The following corollary specifies ¢, and A.

Corollary 2.2 Let A := (pM/8)n’10054, A = Ae=2". Then there exists ¢, € [par + A, 2ppy — A] such
that, for n big enough, simultaneously,

P (63 >cp — A) < exp((Inn)3)P (53 A > e — A) ; (2.35)

POY < cp + Al AT > ¢, — A) < 10000 (2.36)

and

P63 < e, — A+ A6 > ¢, — A) < exp(—n). (2.37)
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Proof. By Proposition 2.4 there exists an interval [a,b] C [pr, 2par] of length pps/n®? such that

P >0 1
Pl5=b) _ P& > b0 >a) >1— —5 > 05. (2.38)

We now consider the interval [a, %F2]. Note that

a+b b+a b—a P _1
2pm 5 b 5 5 5752 > pyO(M™2)

Now use Proposition 2.5 with ¢ = 10000 to find a subset [z,y] € [a, “+%] with length [ := 25%n 10002 =
BAM p=10054 guch that (2.32) holds.

Let us now take z = = + i. By Corollary 2.1, there exists an subinterval [u, u 4+ A] € [z, z] with length
ﬁ such that

P(6¢ < u+ Ald? > u) < exp(—n). (2.39)
Now take A := L = (pps/8)n=10%% ¢, :=u+ A. Since [¢, — A, ¢, + A] C [2,y], we have that

P& <er +AISY ANSE > ¢ —A) < POY AT < cp + A ASE > e, — A) <
P(A —c, <8 N3E < y)
P ASE>A—¢,)
Py > AN6d>a)— Plx <) Aot < e — A) <P(y>(5é\/1/\(53>x) B
P NSE>a)—Pl@<dd Aéd<c.—A) — PO NS> x)

P(5Y A 6§ < ylodt AoE > x) <

P ASE < ylodt ASE > ¢, — A) =

110000 °

Hence, (2.36) holds.

Since u = ¢, — A, we also have that (2.37) holds.

It only remains to show that the chosen ¢, also satisfies (2.35).
Clearly A > 2py;O(M~2) > ¢,O(M~2). That implies

P(ag ASM > e(1 - O(M*%))g PEASM > ¢, — A).
Combine this with Lemma 2.2to get

P(63 > ¢,)0.5(2Ln1090)=05mn < p(5d A M > ¢, — A) (2.40)
Since [¢; — A, ¢ + A] C [a, b] we have

P(§ > a) > P > c, — A

\Y
~
S

\Y
&

\Y
3

>
[=}-9

\Y
=

Now, by (2.38)
P(5§ > cr)
P(d > c. — A)

The latter together with (2.40) implies

>

P(0¢ > ¢, — A) £0.25(2Lnt000)05mn p(sd A gM > ¢, — A) (2.41)

Now, the relation
0.25(2Ln1090)05mn < oxp((Inn)?)

together with (2.41) establishes (2.35). m
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3 Scenery-dependent events

In the present section we define and investigate the signal points and Markov signal points. We show that
with big probability the location of the signal points follows certain clustering structure. This structure
gives us the desired signal carriers in 2 colors case.

3.1 Signal points

We are now going to define the Markov signal points, strong signal points and signal points - these are the
location points, where the corresponding signal probabilities are above the critical value ¢,.. The Markov
signal points form the core of the signal carriers, the (strong) signal points will be used in our proofs. In
an oversimplified way, we could say that the Markov signal points are places in the scenery £ where the
conditional probability to see in the observations some rare unusual pattern is above ¢,.. The unusual
pattern is basically a string of n? same colors.

In the present subsection, with the help of the signal points, we define many other important notions,
and we also investigate their properties.

In the following, A and ¢, are as in Corollary 2.2. In particular, A = B3y ~10054,

* A (location) point z € Z is called signal point, if §¢ > ¢, — A.
* A (location) point z € Z is called strong signal point, if 6¢ > ¢, — A.

* A (location) point z € Z is called Markov signal point, if

6¢>c.—A and M >c. — A

* We call a Markov signal point z regular, if 6M > ¢, + A.

* Let z; be the first Markov signal point in [0, 00). Let zj be defined inductively: zj is the first Markov
signal point in [Zx_1 + 2Ln'%%% 00). Let Zy be the first (smallest) Markov signal point in (—o00,0]. And
let z_; be defined inductively: z_j is the first Markov signal point in (—o00,z_ ;1) — 2Ln'%"°]. Thus
ee.yZ_9,Z_1,%0, 21, 22, ... 18 a sequence of ordered random variables which we shall call as signal carriers
points.

* For given z, the set

n(J.S

N, =]z —L(n'" +e" ") 2 — L(n'Y U (2 + Ln'" 2z + L(n'% + 6”0'3)]

is called the neighborhood of z.

* We say that the neighborhood of z is empty, if A, does not contain any block of ¢ longer than n%3° .

Thus, {N, is empty } C o(&;,i € N,).

* We say that z has empty border, if the set I, — [z — Z\;L z+ M] does not contain any block of £ longer
than n%3%. Thus, {N, is empty } C o(&,i € I, — [z — M, 2z + M]).

* Let p, p and p? be the probability, that a fixed point is Markov signal point, strong signal point or
signal point, respectively.
From (2.3), part a) of Proposition 2.1 and by (2.35) of Corollary 2.2 we know

pd — exp(—dn®?) < p < p: (3.1)
<pl< _on,. 3.2
p < p” < exp( lnn)’ (3.2)

d
% < exp((Inn)?). (3.3)
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* We now define a construction, which we are going to use later.
For each j = 0,1,2,...,2Ln'%0 partition the set Z N [~Ln!%° + j oo) into adjacent integer intervals of
length 2Ln'00, Let I, k,; denote the k-th interval of the partition who’s first interval starts at —Lnt000 4 4,
Thus,

Il,j — [] _ Ln10007j + LnlOOOL Ig)j — [] + LnlOOO + ]-,j + 3Ln1000 + 1},

I3 ;= [j+3Ln'"% +2 5 +5Lp'%00 4 2],

Inj = [j+kLn'® + k — 1,5+ (k+2)Ln'%0 + k — 1].
Let z; denote the midpoints of I}, ;. Hence
zi1 =7, zjo=7+2In"% 1, . 2=+ 2kLn'%% + (k- 1).
For, each j, the intervals Iy, ;, k = 1,2,... are disjoint. Thus, the events
{zr,; is a Markov signal point}, k=1,2,...

are independent with the same probability p.

Let k' denote the integer valued random variable that shows the index of the first interval Iy ¢ which
has its midpoint being a Markov signal point. By such a counting we disregard the first interval. Thus,
k' > 1 and, formally, k' is defined by the relations

Sogo NOM <, —A, ... M A &4 <ecr—A M AL > —A

Z2,0 22,0 ZK'—1,0 Zp'_1,0 — 2k o 2K’ 0
Clearly, k' — 1 is a geometrical random variable with parameter p and, hence, Ek’ = % + 1.

* Let Z be the location of the first Markov signal point after 2Ln'9%0. Recall Z; is the location of the
first Markov signal point after 0 Note, that for each ¢ > 0, we have

Pz <i) < P(U;-:O{i is a Markov signal point}) < pi (3.4)
and
P(Z <) <p(i —2Ln'"), i >2Ln'%. (3.5)
From (3.4) and (3.2) we get

P(z < 2Ln'%%%) < p2Ln!%00 < 21p1000 exp(—la—n) — 0. (3.6)
nn

* We now estimate EZ. For this note: Z < 2y o = 2k'Ln'%% + k' — 1 and

1 1
EZ < (= +1)2Ln'%% 4 - < 3 000, (3.7)
p p p
From (3.3) we get
d
EZp? < 32 1000 < 37,1000 exp((Inn)?).. (3.8)
p

On the other hand by (3.5) we have, for each #, EZ > xP(Z > x) > x(1 — px). Now, take x = (2p)~!

and use (3.2) to get
EZ > exp(—). (3.9)

* Take m(n) = "n>°EZ".
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By (3.3) and b) of Proposition 2.1 we get

3Ln1002:5 , ,
n?**EZ < . exp((Inn)3) < 3Ln'%%5 exp((Inn)® + n) < exp(2n),
implying .
an
z 2y < )
1 eXp(lnn) <m < exp(2n), (3.10)

provided n is big enough.

* We now define the random variables we are going to use later
Xz = I{[g(zi>cr7A) 57{”>CT~7A}7 Z:O,1,2,....

Thus, X, indicates, whether z is a Markov signal point or not. The random variables X, are identically
distributed with mean p.
We now estimate the number of Markov signal points in [0,cm], where ¢ > 1 is a fixed integer, not

depending on n . For this define
Ey = {ZXZ < nloooo}
z=0

Thus, when Ey holds, then the interval [0, cm] contains at most n!%9%° Markov signal points.
To estimate P(Ey) we use Markov inequality and (3.7)

N w000 _ (em+1)p _ c(n®*°EZ+1)p+1
P(Ep) = P(Z Xi>n ) < 000 S 110000
=0

< c3Ln1002‘5710000 + (C+ 1)71710000 _ 0(1)

* Finally, define Zy < Z; < -+- < Zj < --- as follows:
Zy =0, Z1 := Z, and, then, let Zx,1 be the first Markov signal point that is greater than 2Lnt0%0 4 7, .
Note: the differences: Z, Zo — Z1, Z3s — Zs, ..., Zg+1 — Zy, ... are iid. Also note:

{No Markov signal points in [0,2Ln'"|} = {Z; = % for all i} := E". (3.11)

From (3.6) we know that
P(E") — 1. (3.12)

3.2 Scenery-dependent events

We are now going describe the typical behavior of the signal points in the interval [0,cm]. Here ¢ > 1
is a fixed integer, not depending on n. Among others we show that, with high probability, for all signal
carrier points Z; in [0, cm| the corresponding frequencies of ones, h(Zz;), vary more than e (events
E% and E} below). We also show that, with high probability, all signal points in [0,cm] have empty
neighborhood.

All the properties listed below depend on the scenery, £, only. Therefore we refer to them as the scenery
dependent events.

We now define all scenery dependent events, E7, ..., B} and prove the convergence of their probabilities.
All the events will be defined on interval [0, cm| where ¢ > 1is a fixed integer. Thus, if a point z is such that
N & [0,cm], then by the neighborhood of z we mean A, N [0,em]. This means EP € o(&, : z € [0, cm)).
The exact value of ¢ will be defined in the next chapter (in connection with the event £y ¢). During this
chapter, ¢ is assumed to be any fixed integer bigger than 1.
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At first, we list the events of interest:

E{l = {ZnQ-H < m};
E7 = {every signal point in [0,cm] has an empty neighborhood};

ED := {every pair 71,7 of signal carrier points in [0, cm] satisfies : [h(2) — h(z')| > e """ if 2 #£ 2'};

E} := {every signal carrier point z, in [0, cm] satisfies : |h(2) — 1| > e

E? := {every signal point z € [0, cm] satisfies 6 ¢ [c, — A, ¢, + A]};

ER := {for all signal carrier points z; in [0, cm] we have EZn!''0% > |z, — 2, 1| > EZn 11001},
E? := {no signal carrier points in [m — EZn =100 ;m 4+ EZn=11001 A em) U [0, EZn 11001},
E? := {every strong signal point in [0, cm] has empty border};

E} := {every signal point in [0, cm] is a strong signal point}.

Proof that P(E}) — 1
If E? holds, then in [0,m] we have more than n? signal carrier points .

Define random variables Zy < Z; < -+ < Zj < --- as in (3.11). Let E}, := {Z,241 < m}. Since
E;NE}, C EY, it suffices to show that P(ET,) — 1. To see this, we use Markov inequality:

EZ 241
P(EI) = P(Zyoyy > m) < Z2mt1 o ("4 1)

— 0.

m — n2-5

Proof that P(E}) — 1
E3¢ = { there exists a signal point in [0, ¢m] with non — empty neighborhood}.
Clearly,
Ey© = U Eq(2), where FEs(z):= {z is a signal point and N, is not empty}.
For each z, the events {N, is empty} and {d, > ¢, — A} are independent. Thus, for each z,
P(Ey(z)) = P(8, > ¢, — A)P(N, is empty) = p?P(N, is not empty).
We obviously have P(N, is empty) = P(N, is empty) and

P(N, is not empty) =

0.35

P(N, contains at least one block longer than n%3) < 2L exp(n®3)2™"

Hence, from (3.8)

_ 1, o :
P(ED©) < emp®2L exp(nO'S)(i)”o * < 6en? P L2100 exp((Inn)® + 710'3)27"0 .

= 6¢L*n'%%%% exp(n®? + (In 71)3)2_"0'35 — 0,
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if n — oo.

Proof that P(E}) — 1

For each z, the events {§¢ > ¢, — A} and {z has empty border } are independent. Now use the same
argument as in the previous proof.

Proof that P(E?) — 1

Note
E?°¢ = {there exists a non — regular Markov signal point z € [0, cm]}.

As in the previous proof, write
E? = U E5(z), where FEs(z):= {z isanon — regular Markov signal point}.
For each z,

P(ES(2)) = P(OM A 6% > ¢p — AYP(6M < ¢, + AISM A S > ¢, — A)
=pP(8M < + AISY NG > e - D).

From (2.36) of Corollary 2.2 we have:
P(6M <ep + AISMAGY > ¢, — A) <710

Thus, from (3.7) P(E2°) < empn=10" < ¢(n25EZ + 1)pn=10" = ¢3Ln1002:5-100000 4 0, =10° _, () ag
n — oo.

Proof that P(E}) — 1
We use the same argument as in the previous proof. Note
EJ© = {there exists a signal point z € [0, cm] that is not strong signal point}.
As in the previous proof, write
E§¢ =US" Eg(2), where FEo(z):= {2 isanon — strong signal point}.

Recall (2.3): 6¢ > 09 — exp(—dn?%?). Since, for n big enough, exp(—dn®?) < A = Aexp(—2n), we get
51> 50— A.

Now, for each z,

P(Ey(2)) = P(62 > ¢, — A)P(6? < ¢, — A|6? > ¢, — A)
=p?P(6? < e, — A0 > ¢, — A) <p?P(0 — A < ¢, — A|6? > ¢, — A)
<p?P(¢ <e¢, — A+ A > ¢, — A).

By (2.37) of Corollary 2.2 we now have
P(Ey(2)) < p exp(—n).
Hence, by (3.8)

P(Eg°) < empexp(—n) < ple(EZn*® + 1) exp(—n) < e3Ln'"% exp (Inn)3 exp(—n) + o(1) = o(1).
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Proof that P(E}) — 1

Consider random variables Zy < Z; < --- < Zj < --- asin (3.11). Let N = max{i : Z; < em}. Define

Ep ={Zi— Zi_y < EZn'', i=1,2,... 0" (3.13)
Bl ={Z;— Z;_y > EZn "0 i =12,... n'0%0} (3.14)
and note -
E,NEZNEL N{N <n'%0% c gz,

Since E C {N < nt0000} "we get P(N < nt%09) — 1. We also know that P(E,) — 1. Thus, it suffices to
show that P(Egy), P(E§S) — 0 as n — oco. Now, by Markov inequality and (3.5) and (3.7):

P(EFE) = P(31 < i < n'%9% guch that : Z; — Z;_1 > EZn'0%01)

10000

<30, P(Zi—Zi—y > EZn'0%1) = pl000p(7 > pZptto0l) <

n 10000 ___EZ — 1.
EZnioo0l — 3

P(ERS) = P(31<i<nl%% guch that : Z; — Z;_; < EZn~11001)

10000

<Y P(Zi— Zioy < EZn~11001) < pl0000p(7 < BZn~11001) <

—1001 1000—1001 _ 3L
pEZn <3Ln ==

Proof that P(E?) — 1

Consider the event
{no signal carrier points in [0, EZn'1%°1]}.

Every signal carrier point is a Markov signal point. Hence, for the proof suffices to show, that with high
probability there is no Markov signal points in the interval [0, EZn!1901].
Now, by (3.4) and (3.7)

P(No Markov signal points in [0, EZn!1%01]) =
P(ZO > EZTLfllOOl) < pEannom < 3Ln711001+1000 — 0(1)

Thus P(No Markov signal points in [0, EZn~11001] — 1.
Now repeat the same argument for intervals [m, m — EZn=11%1] and [m, m + EZn~11001],

3.3 Proof of P(E}) — 1 and P(E}) — 1

The proof relies on the rate of convergence in local central limit theorem (LCLT). In the next subsection
we present some technical preliminaries related to the proof.

3.3.1 Some preliminaries

Let S be symmetric random walk with span 1. Denote py (k) = P(S(N) = k). The random walk S has

lattice +\ — z,z € Z; its variance is o2.
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Local CLT (Petrov, 75, Thm 6 p.197):

2
sup |/ Now (k) = = exp{— )| = O()
or
1 k2
SI;P ‘pN(k?) - W eXP{—m}‘ =
Denote

gn (k) = xp{— N} k| < LN.

1
/NI

Let tx = (InN)®, b > 1.
We estimate

pA (k) = ax (k)] < (pnv (k) + an (k ))St;p lpn (k) — an (k)|

1 1 1
<2 — —)=0
and
LVN 1 1
2. (k) = ¢% (k)] < (LVN)O(——) = O(=), j=—tn, - ,tn.
kz'[pN() an (k)] < ( ) (\/NN) (N) J N N
c>tN+7
Estimate
P (k) < p?v(k) < gx (k) + O(%)
2
Lioon+s PNK) TSIV R (k) T RN R (R) — gk (B)] + R ¢k (k)
O(w)
Zk>t1\r+] 2(k) ( )
forall kand j = —tny ..., tN.
Now,
LVN 1 LVN k2
2 _ _
Z qN(k>_ 2627 N Z lexp( O,QN)
k>tn+j k>tn+j
and
LVN kz LVN k2 LVN L2
> .exp(fUQN)Z > exp(——=) > > exp(— )= M(LVN —2ty).
k>tn+j k>2ty k>2ty

Thus, for each j = —tn ..., tnN,

% (k) < O(w) — Ky = O(i)
Dkstnti PR(k) ~ E(LVN —2ty) - O(%)  EKiVN — Koty — K3 VN

where K, K1, Ky, K3, K4 are constants.

sup

Let p be a probability distribution on {—ty,—tnx +1,...,0,...,txy — 1,t5}. Consider the convolutions

tn
un(k)= Y pn(k—jp;, k=—(LN—ty),...,LN +ty. (3.16)

Jj=—tn
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If py(k) > py(k+1) for all k£ > 0, then for each k > tx, we have bounds

pn(k+1in) <un(k) <pn(k—tn). (3.17)

In this case,
tN+LN

N
Z UN(]{J)Z Z pN(l).

k>tn 1>2tN

And from (3.15), taking j = ¢ty we may deduce that

(k) ) _ o

1
Sup =%~ < sup <O(—=). (3.18)
tn<k Zk>tN u?\,(k‘) 0<k Zk>2tN p%\,(k’) VN
Generally, choose an atom A := p; > 0. Then
un (k) > Apn (k+37),  uie(k) > Np(k + j)
and
tn+LN N
SoouwR) =N YT (k). (3.19)
k>tn k>tn+j
Since supy, ui (k) < supgsq P (k), we get from (3.15)
2 2
up (k) Py (k) 1
SUp =5~ < sup =0(—). 3.20
567 ST (o R b C) ST A O B e (3:20)
In particular, from (3.20) follows
> uy (k) > ug (k) un (k) 1
< maxuy (k) <max ———== <0(—). (3.21)
Sui (k) un (k) K Yun (k) un(k) Tk ui (k) (Nz)

Suppose that arrays uy := un(k) and v = vn(k), ty < k < LN 4ty both satisfy (3.21). Then

34 .3 2 .2
2 2(21% . Uk)2 P} < max{ug, vy} 2 Z(2Uk h Uk)Z 2 (3.22)
2o (ui +vi) v/ 2o (ug + o) 2o(u +vi) v/ 2o (ug + o)
UL Vg _1
< max{max ,max }=0(N"1%) (3.23)
N ST VT
Let us make one more observation. Since exp(%) — 1, there exists a ¢ > 0 such that
_9t?\7 /
exp(202N) > ¢

for each NV big enough. Thus, there exists a constant ¢ > 0 such that

C

Take A as previously. Then

un (k) > plk+ )M > fﬁ

Hence there exists C > 0: u(l) > \/% VI such that |l + j| < 3tn.
In particular
C
’U,N(]f) —QtN Z k S 2tN. (324)

>77
- VN
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3.3.2 Proof that P(E}) — 1

Define the random variables z1, 29, ... as follows: z; is the first Markov signal point in [0, 00), 2 is the
first Markov signal point in [z;_1 + 6”0‘3, 00). Note that a.s. there are infinitely many such points.
From the signal carrier part we know that, if each Markov signal point in [0, ¢m] has empty neighbor-
hood,i.e. E¥ holds, then they form clusters which have the radius at most 2Ln'%%° and lie at least e” ?
apart from each other. In this case all signal carrier points in [0,c¢m]| coincide with z;-s defined above.
We define the event

E3, = {for each i,j <n'%%% i £ j we have |h(z;) — h(z;)| > exp(—no‘ll)}
and note - -
E3, NEYNECEY.
Since P(ES¥ N E) — 1, it suffices to show that P(E},) — 1 as n — oo.
Consider z;, z;, i # j. For simplicity denote them as z and 2" Let

en = exp(—n21h).

Consider the event
En(i,j) = {Ih(2) = h(z')| = €n}.
For each y € Z, define the random vector:

0.1 0.1

), £y — Lpt000 _ n

€nly) = (é(y — Ln'%% — " +1).. L Ely + anoo)).

Now, let &, := &,(2) and &, := £, (). They are independent.

z+L(n100°+e"0‘1) z’+L(n1000+e"0’1)
For= Y wRER), fh= > up(k)E(R),
k=2z+4Ln100041 k=z'+Ln1000 1
where
z-‘anlOOO Z/_,’_LnlUUO
0.1 0.1
u(k) = Y P(Si(e" ) =R, up (k)= Y P(Si(e") = k)uj
i—~— [,p1000 i=2/— [,;n,1000

and g, i =z — Lnt%%0 ... 2 4+ In'%0 and uf, i = 2/ — Lnt0%0 ... 2/ 4 Ln'%% denote the atoms of the

stationary measure corresponding to z and 2z, respectively.

Recall that by (2.13)

z+L(n1000+e"U'1) z’+L(n1000+e"0'1)
h(z) = > un(k)E(K),  fr = > up (k)& (k).
k=z—L(n10004¢n01) k=2z'—L(n10004¢n01)

Note that conditioning on &,, the coefficients w, (k) become constants.
[More precisely, f, has the same distribution as

L(n1000+en0‘1)

k> Ln1000

with
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with o = {i;} = {p24;}, —Ln'%% < j < Lp'%% being random probability measure independent of
§Ln100041, ... &, 01, In this setup the conditioning on &, means the conditioning on f.]

Hence
L(en +N100 )

v~ Ef, S " k) k) - 1)
P(f\/Dilf?j l’|€n) - P( k>i/2;€(e£0 14 N1000) (2 (k) : < xl&n),
< I,n1000 Uy,

where (u,(k)) are the fixed coefficients of type (3.16) (with N = e b= 10000). Now Berry-Esseen
inequality for independent random variables (see, e.g., Petrov, Thm 3, p.111) states
> un(k)(E(K) — 3) > up (k)
3V 2 (k) > ud (k) v/ ud (k)
with some constant A not depending on n and u, (k)-s. By (3.21) (with N ="', b = 10000), the right
_n01
side of (3.25) is bounded by O(e— 4 ). Here ® stands for the standard normal distribution function.

Slip ‘P( < x|§n> - @(x)‘ <A (3.25)

By similar argument, conditioning on (&,,£/,) and using (3.22) instead of (3.21) we have

P(w < x|, &) — @(x)‘ =0(e™7 ), (3.26)

n

with o, := E(fn — f1), 0n :=+/Dfn + Df! (fn and f] are independent.)

Denote now g, := hy, — fn, g, := hl, — f/. The event E,(i,j) can now be rewritten

ETCL(ZM]) = {fn - .frlz € gn — g;’L + [_enafn]}'

Given &, and &, the random variable g, — g/, is a constant. By (3.26) we have

P(E5 (i, )| §) = P( Bl ¢ it Cencaloinie ) <

2sup,

P(5=bt < alg, ) = (@) + sup {@(a) — @)a b= 2o} <

Ole=7 )+ %;—"

n

Next, we estimate the standard deviation on. For that note: because of (3.24) u2(z + Ln'%%0 + 1) >
C2e " W2(2 4+ Ln'0% + 1) > C2¢="" if n is big enough. Thus,

0.1

= /Df, + Dfl, = %\/Z ud (k) + > u (k) > %\/202671“ =V20e 7

Hence, for n big enough there exists a constant Cs < oo such that

26 exp(—n’1t + ﬂ) < Cyexp(—n®0%). (3.27)
\/> 2 —
Thus, (3.27), (3.26) give
e - n0-11 0.05 _p0-05
P(E"(i,5)) O(e™ 7 )+ 0(e™ ) =0(e )
Now, by definition
n 10000 n
ESa: 1]1;6]E (Z ])

and
nlOOOO

P(Efg) < Y P(E"(i,5)) <n*0(e™"") = o(1).
4,14
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Outline of the proof that P(E}) is close to one
Denote the Use (3.25) to get

P(E;“[6n)

P(|fn+gn —0.5] < €uln) = P(fn + gn € [0.5 — €,,0.5 + €,]|&n)
(fn € [(0.5 = gn) — €0, 0.5 — g5 + €,][€n)

fm—Efn 105—FEf,—gy—€, 05—FEf, —gn+e€n
( VDf, [ Df, ’ Df, :||£n)

< 2SIipP(fn_D\/7?fn < :B|§n> —l—sup{CI)(a) — ¢(b)‘a— b= \/z\/gif}

< 0 f‘>+\/f;Lf=0(e—"‘ )

nO,l

because /D f, > Cexp(—"5-). The rest of the proof goes as previously.

P
P

* In the following we consider the scenery dependent events defined on [—cm, cm]. Do do that, we define
the events E~Zn, i=1,...,9, where EZ" is defined exactly as EP, with [—em, 0] instead of [0, em).
Finally, we define the events

EM:= E'NE".

The results of the present section show that Vi=1,...,9,

P(E!) — 0, n— oo.

3.4 What is the signal carrier?

Let us briefly summarize the main ideas of the previous sections.

Basically, a signal carrier is the place in the scenery, where the probability of generating at n? 4+ 1 same
colors is high. However, it is clear that such a place can not be too small. In the 3-color example the
signal carrier depends on the one bit of the scenery, only. Now, in 2-color case it takes many more bits
to make the scenery (locally) atypical. We saw in Proposition 2.1 that for z to be a signal point, it is
necessary that the interval I, has at least one big (longer than n/Inn) block of £. Thus, a point z being
a (Markov, strong) signal point, is actually the property of £|I, and it depends on at least n/Inn bits.
If z is a signal point, then the scenery ¢ is atypical in the interval I,: §¢ is high. Thus, signal points would
be the candidates for the signal carriers, if, for each z, we could estimate 6¢. The latter would be easy,
if we knew when the random walk visits z. Then just take all such visits and consider the proportion of
those visits that were followed by n? 4 1 same colors after M steps. Unfortunately, we do not know when
the random walk S visits z. But we do know (we observe) when S generates blocks with length at least
n?. Thus we can take these observations (times) as the visits of (the neighborhood of) z and estimate
the probability of generating n? + 1 same colors M step after previous n? + 1 same colors. This idea
yields the Markov signal probability. The problem now is to localize the area where the random walk
(during a given time period) can generate n? + 1 same colors in observations. If this area were too big,
we could neither estimate the Markov signal probability nor to understand where we are. To localize the
described area, we showed (event EY) that signal points have empty neighborhood. In the next section
we shall see that the probability to generate n? + 1 same colors on empty neighborhood is very small.
This means, if S is close to a signal point z, then, with high probability, (and during a certain time
period) all n? + 1 same colors in observations will be generated on I,. The fact that all signal points
have also empty borders (events EJ and E§) makes the latter statement precise. Thus, a Markov signal
point seems to be a reasonable signal carrier. But which one? Note, if z is a Markov signal point, i.e.
I, contains at least one big block, then, very likely the point z 4+ 1 is a Markov signal point, too. In
other words, Markov signal points come in clusters. However, when E3 holds, then each point in such a
cluster has empty neighborhood. On the other hand, for z to be a Markov signal point, it is necessary
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to have at least one big block of € in I,. This means that the diameter of every cluster of Markov signal
points is at most 2Ln%0. And the distances between the clusters are at least L(e" "~ —n'%%). Hence, in
2-color case one we should think of signal carriers as the clusters of Markov signal points (provided E¥
holds, but this holds with high probability). However, to make some statements more formal, for each
cluster we have one representant, namely the signal carrier point. Since the diameters of clusters is at
most 2Ln'%%9 our definition of signal carrier points ensures that different signal carrier points belong to
different cluster. If the cluster is located in [0, 00), then the signal carrier point is the most left (smallest)
Markov signal point in the cluster; if the cluster is located in (—o0,0), then signal carrier point is the
right most (biggest) Markov signal point in the cluster. The event E? ensures that there are no Markov
signal points in the 2Ln'%%-neighborhood of 0, so z; and Z; belong to the different clusters, too. The
exact choice of a signal carrier point is irrelevant. However, it is important to note that given a cluster,
everything that makes this cluster a signal carrier cluster (namely, the big blocks of scenery) are inside
the interval Iz, where Z is the signal carrier point corresponding to the cluster. In particular, all blocks
in observations that are longer than n? will be generated on I;. This means that signal carrier points, Z;
(or the corresponding intervals, I5, serve as the signal carriers as well. At least, if we are able to estimate
5% with great precision. This is the subject of the next section.
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4 Events depending on random walk

In the previous section we saw: if all scenery dependent events hold, then the signal carrier points are
good candidates for the signal carriers. In this case the signal is an untypically higher Markov signal
probability. Hence, to observe this signal, we must be able to estimate the Markov signal probability. In
the present section we define these estimators and in the next section we will see that they perform well,
if the random walk, S, behaves typically. We describe the typical behavior of .S in terms of several events
depending on S. The main objective of the present section is to show that the (conditional) probability
of such events tends to 1.

4.1 Some preliminaries

As argued in subsection 3.4, the main idea of the estimation of Markov signal probability is very simple -
given a time interval T', consider all blocks in the observations x|z that are bigger than n?. Among these
observations calculate the proportions of such blocks that after exactly M step were followed by another
such block. The time interval used by such estimation must be big enough to get precise estimate but,
on the other hand, it must be in the correspondence with the size of (empty) neighborhood. Recall that
the neig?borhood N, consisted of two intervals of length Len"”. Hence, the optimal size of the interval
Tise™ .

We now define the necessary concepts related to the described estimate - stopping times (that stop when
at least n2 +1 same colors were observed) and the Bernoulli variables that show the whether the stopping
times were followed (after M step) by another n? + 1 same colors or not. For technical reasons after
stopping the process, we wait at least en’! steps until we look for the next block.

* Let t > 0 and let 24(1) be the smallest s > ¢ such that
X(t) =x(t—1) = =x(t—n?. (4.1)

We define the stopping times 24(), i = 2,3, ... inductively: 2;(i) is the smallest ¢ > (i — 1) + € such
that (4.1) holds.

* Let X, be the Bernoulli random variable that is one iff
X(P(3) + M) = x(2(1) + M + 1) = ... = x(9(i) + M +n?).
Let T = T(t) := [t,t + ¢"]. Define

en®? PN 0.2 0.3 501
&M{%QZZ_I Xy (e 7)) <t4e” —e” (4.2)

en’
otherwise.

* We now define some analogues of 7, and X;.
Let z € Z and t € N.

2

Let v, (1) designate the first time after ¢ where we observe n® zero’s or one’s in a row, generated on the

interval I,. More precisely:

v.4(1) := min {s >0 ’ X (Sg;)xe(“}; gjz;fn{s ::2) } .

Once v, 4(i) is well defined, define v, ;(i 4+ 1) in the following manner:

x(s)=x(s—1)=..=x(s—n? }

0.1

i St s () e . )
vaalit1) mm{t = vaali) +e SG)EL, Vi=s—n%.. s




A LOCALIZATION TEST FOR OBSERVATIONS 37

*Let X, 14,9 =1,2,... designate the Bernoulli variable which is equal to one if exactly after time M the
stopping time v, (() is followed by a sequence of n? + 1 one’s or zero’s generated on I,. More precisely,
X.pi=1iff

X(vzp(i) + M) = x(v24()) + M +1) = -+ = x(v24(i) + n°) and
S(as(i) + M), ..., SW.e(i) +n') € L,.

Define
0.2
€
A 1
M . __ .
6z,t T 6"0'2 Z Xz,t,z-
i=1

As argued in subsection 2.1, {S(v,+,)} is an ergodic Markov process with state space I, and with the
stationary measure I,. Hence,

1 J
- Zsztai — 55/[, a.s.
)i

Now we can apply some large deviation inequality to see that if j > exp(n®?2), then 5% gives a very
precise estimate of 6.

The problem is that the random variables X, ;; and, hence, the estimate 3% is a priori not observable.
This is because we cannot observe whether n? 4 1 same colors in observations were generated on I, or
not. Thus, we can not observe neither v ,(i) nor X; . ;. However, the event Eg‘ g, stated below, ensures
that with high probability 5% is the same as SIM , provided that during the time interval T', the random
walk S is close to z (the sense of closeness will specified later).

* We now define the estimates for the frequency of ones. Again, we define a general, observable, estimate:
h: and its theoretical, a priori not-observable counterpart: h, ;.

Define
1 6"0'2 . 0.1 . ~ 0.2 0.3 0.1
ilt — ) oz Zi:1 X(ve(i) +em ) if, (e ) <t+et —e”
0 otherwise. ’
0.2
) 1 % 01
hep = —53 > x(aai) +em ).
i=1

* Finally, we define the stopping time that stop the walk, when a new signal carrier is visited.

Let ...,z_1, 20, Z1, . . . denote the signal carrier-points in R. Denote I; := I, and let p(k) denote the k-th
visit of S to the one of the intervals I; in the following manner: when an interval I; is visited, then the
next stop is on the different interval.

More precisely, let p(0) be the first time ¢ > 0 such that S(¢) € U;I;. Denote I(p(k)) the interval I
visited by p(k). Then define p(k) inductively:

plk+1) = minft > p(k)[S(t) € UL, S(t) ¢ I(p(k)}.

4.2 Random walk-dependent events

In this section we define the events that characterize the typical behavior of the random walk S on the
typical scenery on interval [—cm, cm]. The (piece of) scenery £|[—cm, cm] is typical if it belongs to the
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all scenery-dependent events E, i = 1,...,9. Recall, that the events EI are the same as E" defined in
Section 4.2 with [0, em] replaced by [—em, em]. Also recall that ¢ > 1 is an arbitrary fixed constant not
dependent on n, and m = "n?SEZ7.

Hence, throughout the section we consider the sceneries belonging to the set

FEeenl 0K := ﬂ?zlEf. (43)

Clearly, Econ_ox depends on n. We know that P(Eceok) — 1 if n — oo.

Let ¢ : Z — {0,1} be a (non random) scenery. Let Py(-) designate the measure obtained by conditioning
on {£ =} and as well as on {S(m?) =m}. Thus,

Py(-) := P(-|¢ = 9, S(m?) = m). (4.4)

Let P(-|¢)) denote P(-|€ = ).

We now list the events that describe the typical behavior of S. The objective of the section is to show:
if n is big and 9, :=: 9 € Ecan ok then all listed events have big conditional probabilities Py,.

The events depending on random walk are:

Elg = {S(mQ) = m};

E} g := {Vt € [0,m?] we have that S(t) € [-cm,cm]} ;

By :={vt € [0,m?), it holds : 6}/ < c,, if 62, <, — A Vs € T(1)}

Eus = {p(n?%) > m?2};

EP g := {Vk < n*% we have: if p(k) < m? then D) (e” n*y < pk) 4+ en” — e Y
for any ¢ € [0, m?] satisfying X( )= =x( t +n?

By = there exists s € [t,t + n?] such that S(s

is contained in a block of £ bigger thann

E7 s(z,t) = { M _ §M| < e_"o’lz} , z€Z,t>0;
n cm m2 mn
B g =" Mo BT 5(2,1);
Eg,S(Z,t) = { iLz,t - h(z)) < e_"o'm} , 2Z€Z,t>0;
2
Eng' = mz——cm ﬁ?:’o Eg,S(Zat)v

We now estimate the conditional probabilities of all listed events. In most cases prove statements like
Py(E}g) — 1. This means: for arbitrary sequence ¢, € Efy; ox we have

lim P(E}g|S(m?) =m, & =,) =1

4.3 Proofs
At first note that by LCLT, we have

3

P(Bs)= - +0(- ).
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Clearly, E; g does not depend on &, i.e. P(Ey g|y) = P(E1g). Using (3.10) we get
P(Ey s|) = exp(—2n) — O(exp(—4n)) > exp(—3n). (4.5)
From (4.5) follows that for any event E,

P(E,S(m?) = mlp) _ P(EW)
P(S(m2) =m|y) ~ exp(—3n)’

Py(E) =

Proposition 4.1 For each € > 0 there exists c(¢), independent of n, such that for each 1, Py(Ey g) >
1 — ¢, provided n is big enough.

Proof. At first note, that, for each n, the event EY g is independent of the scenery 1. Thus,
Py (B3 5) = P(B3 ¢|S(m?) = m).

Define
En(c) = {Vt € [0,m?] we have that S(t) < cm}

E}(c) = {Vt € [0,m?] we have that S(t) > —cm}

Clearly,
Ey s = Ey(c) N Ey(c).

We now find ¢, not depending on n such that Py(E7}¢(c)), Py(Ej(c)) < 5.
Let us define the stopping time
Y := min{t|S(t) > em}.

Let forall jel,...,L
Dj = P(S(mz) =m, 9 <m? and S(¥) = cm—i—j)
We have that
P (E!(c)NEYg) ij
Our random walk, S, is symmetric. By the reflection pr1nc1ple, for all j € 1,..., L we have
pj=P(S(m*) =cm+j+ (em+j—m)=2cm+2j—m, 9 <m? and S(¥) =cm + j).

Thus p; < P (S (mQ) =2cm —m+2j ) and
P (E;“(c)NE}g) <Y P(S(m?) =m(2c— 1) +2j). (4.7)

By LCLT, for big m, the right side of (4.7) can be made arbitrary small in comparison to P (S (mg) = m)
by taking ¢ big enough. In other words, there exists ¢ , not depending on n such that
Zf:l P (S (m?) =2cm+m—+2j)
P (S (m?)=m)

This means
P (Ep(e)NE} )

P (Eﬁ S)

= Py (B (c) <
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The similar argument gives Py (£;°(c)) < 5. m

* Note, that the choice of ¢ does not depend on n. From now on, we fix ¢ such that Proposition 4.1 holds
with € > %. This particular ¢ is used in the definition of all scenery-dependent events and, therefore, in
the definition of E . ok as well as in the definitions Els, EYs.

* In the following we use often the following versions of Hoffding’s inequality:

Let Xi,..., Xy be independent random variables with range in [a, b]. Denote their sum by Sy. Then
€2 d’'e
P(|Sy — ESn| > €) < Qexp(—Qm) < exp(— N );
1 ) (4.8)
P(N\SN —ESn|2€) < 2eXp(—2m) < exp(—d'é*N).
For our random walk, this is
€2 2
P(IS(N)[ 2 ¢) < 26XP(—m) < eXP(—W)
S(N) ) (4.9)
P(|T| > €) < 2exp(——75) < exp(—de’N),
for some d’,d > 0.
We also use the following results: let X, ..., Xy be iid random variables with mean 0 and finite variance
0'2. Let ]\4;r = maX;=1,.., N Si7 Mn = maxX;=1,... N |Sl| Then
My, My S(N)
= sup W, and ( , ):> sup |We|, W (1)), 4.10
p Wi TN o /N ((sup [Wy|, W (1)) (4.10)

oV N 0<t<1 0<t<1

where W; is standard Brownian motion. It is well-known that Va > 0, P(supg<;<; Wi < ) = 2®(x) — 1.

Proof that liminf, Py(Efg) > 1 — 1

For each n, fix an arbitrary ¢,, € E7, ok- Since ¢, € E7) ox C Eg, we have that every pair Z; # Z; of
signal carrier points in [—cm, cm] satisfies
|2j — 21" Z EZnillOOl.

During this proof, let p:= EZ.

Let
Eqa(k) = {lp(k +1) = p(k)| > (1)*n= 2}

25
nZoOOG

Eoa =N Eaua(k).

25006 v [L27’L_25000

Since m < n?Su + 1, we have n = 1?n% > m? and, therefore,

EouNEjg C Ejg. (4.11)

By Proposition 4.1, for n big enough, Py (E3 ) < é. Thus,

n22506

nc nc nc 1 nc
Pu(EL) < PolB3e) + PulB3%) < 5+ 3 PulBRS(K). (412)
k=0
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We now bound Py (Ey 4(k)).

Note that for each Tj, T}, ¢ # j, we have
inf{|t —s|: t € Tp,j € T} > pn~ 10 — 211000,

By (3.9), u? > n?%%%0 This means, p > n'?°%0 > 21012002 The latter implies, that

Mn—llOOl _ 2Ln11001 > /.I/I’L_11002.

Denote N (n) := pu?n =259, From (4.13) and (4.14):
{lp(k +1) = p(k)| < N} C {sup [S(1)] > pn~ 11" —2Ln"0%1}
ISN

C {sup [S()| > pn~ "%}
I<N

Now use the following maximal inequality to estimate

—11002) M _11002
Plmax [S(1)] > pm ™) < 3%%(P(|5(z)| > En )

By Hoffding’s inequality, for each | < N

4 11002 dp2n 22004 dp®n—22004
P(IS@)] < En=119%) < exp(= ) < exp(—
dn2500—22004 2996
< exp(— 9 = exp(—
Hence,
2996 2996
P(E,4(k)) < exp(—dn ), P(Eq4) < n22506 eXp(— dng
By (4.6), we get
2996
Py(BLS) < n? exp(an —

The right side of the last inequality tends to 0 if n — oo. Relation (4.11) now finish the proof.

Proof that Py (E3g) — 1

Let ¢ > 0 be an integer and define the stopping times 29 (1), 7(2),. .. as follows:
22(1) is the smallest time s > ¢ + e’ and

x(s—n?)=x(s —n?+1) == x(s) and(;g(s)gcr—A.

41

(4.13)

(4.14)

(4.15)

(4.16)

Once 79 (k) is well defined, define 7(k + 1) to be the smallest time s > 09(k) + e’ such that (4.16)

holds.
Let X7}, be the Bernoulli variable which is equal to one iff
NP () + M) = x(0 (k) + M + 1) = - = x5 (k) + M +n?).

Finally define

n0-

2
1
o
Xt,k"
1

0.2

SM o, _
ES

e
677,
k=
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Let
Eps(t) = {83 < er}.
Clearly,
m
(| Eis(t) CEjs, imlpying P(Ef%|e) <> P( (4.17)
te0,...,m? t=0
where v is an arbitrary fixed scenery.
Note, for any fixed scenery 1, the random variables X7, X7,,... are clearly independent (but not

necessarily identically distributed). However, for each i, E(X?;[¢) < ¢, — A, implying that

n0-2

I )
Cr = o7 Z E(XPlh) = A

i=1

Recall A = —FMr. We know that A > n™7, where 3 is an integer bigger than 11000. Thus, by (4.8)

P(ES (D) = P8}, > er[) = (sz > ¢ [1)

on0-2

D (XD - EXPy) > AW)S exp(—d'A2%e™7)

i=1
< exp ( _ (d/n—ZﬂenO.z)).

1
< P
en

Now, use (4.6), (4.17) and (3.10) to get
P’L/J(E‘g,%') < m2 eXp(_d/n72B€no-2 + STL) < eXp(7TL _ (d/n72lgen0.2)) . 0’
as n — oo.

Proof that Py (Egg) — 1

if x(t) =x{t+1)=---=x(t+n?
Eg s(t) = then s € [t,t + n?] such that

S(s) is contained in a block of ¢ longer than n?-35

We have that
Egs= ﬂ Eg s(t)

te[0,m?]
and thus
77L2
) <Y Pu(Egs(t)
=0
Note
Vs € [t,t +n?] the random walk S(s)
Eg%(t) = is contained in a block of £ with length at most n®°
and x(t) = x(t+1)=--- = x(t + n?)

Now, fix a scenery 1. Let I = Z/ U B(¢), where B(1,,) is a block of ¥ bigger than n%3% and the union
is taken over all such blocks. Note I = U1, where I, are disjoint intervals, at least n%3° far from each
other. Thus, if S(t) € Iy, then S(t + s) & I; for each [ # k and for each s = 1,...,n?.
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Hence
PERS(019) = 3 P(S@), ... S(t+n2) € Tand x(t) =+ = x(t +12)|S(t) = ) P(S(t) = j)
Jerl
S P(S5(0), .. S(n) € i and x() =+ = x(t +n%) | P(S(t) = ).
k jeli

By Lemma 2.1 there exists a constant a > 0 not depending on n such that, for each j,

P(Sj(O), . 8(n?) € Iy and x(t) = - - = x(t +n2)> < exp(—%). (4.18)

Then
P(EgS(t)|¢) < exp(—an'?)
Thus, by (4.6) [
Pw(ngg(t)) < exp (fanl"3 +3n)—0
and by (3.10)

1.3
m2 eXp(_anl.Q + 31],) S e7n—an = 0.

Proof that Py(E7 ) — 1

Preliminaries

Recall the definitions of stopping times involved:

9,(k), k =0,1,... stands for consecutive visits of S to the point z — 2Le”0'1, provided that between 9, (k)
and 9, (k + 1) at least once n? + 1 same colors have been generated on I;

v.(1) (v.(i), i = 2,3,... ) is the first time after ¥.(0), (after v,(k — 1) + €™ ) observing n? + 1 same
colors generated on I,.

In Section 2.1 the stopping times 9, (k), v,(¢) as well as random variables X, ; were used to define the
random variables s (k), X, (k) and Z,(k). The latter were used to define 6.

We now fix an arbitrary time moment ¢ and we define the counterparts of all above-mentioned stopping
times and random variables starting from ¢.

In Section 4.1 we already defined the ¢ counterpart of v, (i) and X, ;, namely v, (i), and X, +,,4=1,2,....
Recall that in the definition of v, 4(1), the starting point ¥, (0) was replaced by ¢, the induction for v, ;(7)
is the same as the one for v, (i), i =2,3,....

The Bernoulli random variables X, ; ; were defined exactly as X, ; with sopping times v, (i) instead of
v, (7).

We now define the ¢-counterpart of ¥, (k), k =0,1,....

* Let ¥, 4(0) =t and let

0.0(k) == {mins > 0.4 (k—1): S(s) =2 —2Le"™ , Fj 15> 1.4(j) > 0-e(k — 1)}

We now use 9, ;(k) to define the ¢-analogues of ., Z, and X,.
* More precisely, let x,+(0) = 0 and let s, (k) be defined with the inequalities

Vz7t(liz_’t(k)) < ﬁz’t(k) < szt(liz’t(k) + ].)
Now, the definition of Z, ; and X, ; is straightforward:

Kz, (k)

Xoak)y= > Xewi, Zaa(k) =kos(k) —raa(k—1), k=1,2,...
i=ks 1 (k—1)+1
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Note that, if £ is fixed, then, for all ¢ > 0, the random variables X, (1), X (2), ... are independent and
the random variables X, 4(2), X, (3),... are i.i.d. with the same distribution as X (k). The same holds
for Z.,(1), Z.4(2),.... Also note, that Z, ,(k) > 1, k=1,2,....

Hence, for all ¢ > 0,

Mgty BXea@O) 3 X ()
6, =68 = e = lim. ST

We are now going to show that for each &, ¢, z, the first e’ observations of X+, are enough to estimate
6 (&) very precisely, i.e. 62 is close to §27.

Fix z,t,1 and denote
Zy=2Z4(k), X=X 0(k), X;:=Xkii, EX=EFEXY), EZ=E(2Z)|y), P()=P().

Thus Ex
M _ M _ =

Let a = 3" 7 and define
Z8 = Z Na, XP=XyANa, BEX®:=E(X8p), EZ:= E(ZL).

Finally, define

We consider the events

X0 4+ X0 A n?
E?,b_ | : k . _EXG|§§7 VkE[ea 76”02]}
ZE 4 ZE a A eno.z n0-2
Em:{y LTS pre|< T, ke[ ]}
First step
At first we show that
E77a n E7)b n E77c C E?S(Z, t). (419)

Let 7 be (random) number defined by the inequalities
Zid+ 2 < e <2 2oy (4.20)

Since Zi > 1, we have 7 < e Let k= Zi+ -+ Z;. Now,

77]0(2 _ "0.2 _ n(J.2
M _ Yo Xi Dbt X+ Dy X _ I e A+ 1 i X
z,t T e”0.2 - ]% + enO,Q _ I;; - é T 6"’0'f—/5 .
Denote

_ 0.2

1 1S

Ap=EBE@X —X)+-) (4 —EBx)+- > X,

v i=1 ! i=k+1

_ 0.2

1< 1S
Arr:=E(2" - Z) + - d(Zi-EZ2%)+ - >z
i=1 i=k+1
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Thus,
v EX+ A7

2T FZ 4 A

Suppose now, that Fr, holds. Then, for each i =1,..., 6”0'2, we have Z; = Z¢, X; = Xf. From (4.20)

then follows that e™ <7a,ie.

0.2
0.2 e

> > 4.21
e >71> . ( )
0.2 0.2 - 0.2 = 6"0'2 0.2 -
When 7=¢" ", then €™~ — k =0, otherwise e = — k < 2,7 < a. Since Zi:Hl X; <e™ —k, we get
1 enO.Z n0.2 E A
- X; < € Tl g2 = exp(6n’t —n%?) < 5 (4.22)
! i=k+1 !
provided n is big enough.
Hence, by (4.21) we have (recall that we assumed Ex ,)
. _ 0.2 .
1< wl oA 1=, 0 wl oA 1 " wl A
(It -] < §) = (- man| <5} = U {i30r-ew]< -1
k=1 k=1 jen®2 k=1
l 0.2
1 a a A e n0-2
D{‘ZZ(XIC_EX) Sg,l: a -5 € }:E7b
k=1
Similarly, )
1 3
{’: S (X - Ex)| < 7} S B,
e
Thus, by (4.22) on E7, N E7, N E7. we have
A A
A7 < |[EX® — EX|+ 2§ =E(X - X%+ 2§
A A
|Arf| < |EZ* - EZ| - 2§ =FEZ-2%)+ 23.
Fix kK = 1,2,.... Denote by ng,ni,ns,... integers that satisfy ng = 0, 2" 11 >n; —n;_1 > 62”0'1,
Vi. Let Yj, j = 0,1,... denote a Bernoulli random variable which is equal to 1 iff between the time

v(9(k) + 1+ n;) and v(9(k) + 1 + n;41) random walk does not visit the point z* := z — 2Le™"" . The
random variables Y; are independent.

By definition, v(i + 1) — v(i) > ™. Hence, v(9(k) + 1 + njy1) —v(O(k) +1+n,) > e’ At time
v(9(k) + 1), random walk is located on I, and, therefore, no more than 3¢™ from z*. By (4.10), the
probability to visit the point z* within the time e3n”! starting from the 36"0'1—neighborhood of z* goes
to 1if n — co. Hence, sup; P(Y; = 1) — 0. Let n be so big, that P(Y; = 1) < e~1, for all j. This means,
for each

P(Z,>te® )< P(Y;=1,j=0,...,t7—1) <exp(—"t7) < exp(—t), k=12,... (4.23)

Now,

E(Z-2%) = ZdP—aP(Z > a)=aP(Z > a)+/ P(Z > z)dr—aP(Z > a) = / P(Z > z)dx.
{Z>a} (a,00) (a,00)
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By (4.23)

0.1

/ P(Z > z)dx < / Cxp(—ccef%o'l)dx < 2™ exp(—ae™*"
(a,00) a

Thus, for n big enough

0.1 0.1

: A
B(Z - 2% <e®™ exp(—e" ) < 3

Since, X < Z, we get

EX—-Xx%) = /( )P(X > z)dr < / P(Z > x)dz

(a,00)

Thus, on E7, N E7, N E7. we have
|Arl, [Arr| <A

Now recall that we have
v BEX+ A7

=Bz AL
Hence, by (4.24)
Ex — A <M < EX—%—A.
EZ+A~ "7 EZ-A
By Taylor’s formula,
EX-A EX (EX+EZ
EZ+A EZ (EZ)?

Since 1 < EX < EZ, the latter means (for A small enough)

)A+0(A).

EX-A EX <(EX+EZ
EZ+A EZ|-\ (EZ)?

Similarly
ExX+A EX

Ez—A*Ek%'

Now, 5% = % implying that
.12

|6M — 5%| <3A<e™
Thus, (4.19) holds.

Second step
We now show that P(ES ), P(Es,) and P(E$ ) are o(exp(—n100)).

.1

By taking t = ™" (4.23) yields

0.1

P(Z,>a) <exp(—e" ), k=12,....

Thus

0.1 2 0.1

P(E%,) < exp(n®?)exp(—e™ ") = exp(n”? — ") < exp(

0.2

To estimate P(Er ;) and P(FE;.) we use Hoffding’s inequality. Fix | € [&-

a )

P(‘% zl:(xg —EXY)

> %) < exp(—2l(aé6)2).

46

A
< —.
-3

(4.24)

)A +o(A) < 2A + o(A) < 3A.

—nt000y, (4.25)

e"””]. By (4.8) we have
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On the other hand, since X}, k > 2 are iid, we have

!
1 1 2 . A
’7 N BAf - B = S|BXY - BAY| < F < 2% = 2exp(6n — n®?) < =
[ 2 z l 6
Thus,
! !
1 A 1 A A2 0.2 A2
P(’f X — EX° >f)<p(‘f X — EX° >7>< (f2zf )< K2,
l; k —_ 3 —_ lk;( k ) —_ 6 —eXp (a/6) _eXp( € a3)
where K = %. Now,
2 A? 1 1 0.2
et = exp(n®? — —n%2% —9n’1) = exp(=n®? — 9n1) > exp(L )
a? 2 4
and l
1 a “ A 0.2
- - >2) < _Ke"T).
P(‘l ;Xk Bxe| > 3) < exp(—Ke™ )
Finally

o2

!
1 A . n0-2 .
P(E7,) < E P(‘f E X — EXe| > —) < e exp(—Ke"T ) < exp(—e™ ) < exp(—n'?%).
k=1

0.2 3
|
(4.26)
The same bound holds for P(E% ).
Because of (4.19), (4.25) and (4.26) we now get
P(E?S(c,t)) < 3exp(—n'0). (4.27)

The bound in (4.27) do not depend on chosen z,¢ and . Note that on [—cm, em] x [0,m?] there are no

more than (cm)? values of (z,t). Hence

P (E’?,%') S Eze[fcm,cm],te[O,wﬁ]]D (E’?fs‘(zat)) .

From (4.27) it follows
P (Ep%) < (em)®3exp(—n'™). (4.28)

Recall, by (3.10) (cm)? < c3e®™. Hence, the right side of (4.28) is less than 3¢3 exp(6n — n'%%0). This is
of order o(exp(—3n)). By (4.6) we, therefore, have

Py (E7S) — 0.
Outline of the proof that Py (Egg) — 1

Note that in the previous proof the exact nature of X, ;, X, (k) as well as X, ;,, X, (k) were not used.
Hence, the proof holds, if they were replaced by U, ;, U.(k), x(v-+(¢) + e”o'l) and

r(k)
0.1

Yo Xy +em ),

r(k—1)+1

respectively. By (2.12) this proves that Py (Egg) — 1.
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Proof that Py(E7 ¢) — 1.

Fix ¢, € Bl ok-
For each k = 0,1,2,..., let 7(0) := p(k) and for each j = 1,2,..., let 7(j) be the smallest time
t>7(j — 1) + 2™ for which S(t) € I(p(k)).

Let X (4) be the Bernoulli random variable which is equal to one iff during time |74 (), 7% (5) 4+ (n3°°0 +n?)]
we observe n? + 1 consecutive 0’s or 1’s. That is Xx(j) = 1 iff It € [1x(j), 7(j) + n3°%°] such that

X(t) =x(t+1) == x(t+n?).
Clearly, for each k, the random variables X (j), j =0,1,2,... are independent

At first we show that there exists a constant a > 0, not depending on n, such that for each k and j,
P(Xk<]) — 1) > n—alnn — e—a1n2 n (429)

Fix k=0,1,... and let I := I(p(k)). Let Z be the signal carrier point such that Iz = I. Since Z is a signal
carrier point, then, by Corollary2.2 and c¢) of Proposition2.1, I contains at least one big block of v,,. Let

T = [a,b] C I be that block. Now, let a < a* < b* < b be such that a* — a,b* — a*,b — b* > @ > ?—n”
Denote T* = [a*, b*]. Now,

P(Xy(j) = 1) 2 P(S(7(j) +n°*) € T*)P(x(t) = x(t +1) = - = x(t +n?)|S(t) € T").
Now, by LCLT

. oo 1 1 _
P(S(mk(3) +n**) € T") > —5 = O(—55) = 0™,

provided that n is big enough.
Now, denote N = (2-)? (w.l.o.g we assume that this is an integer) and estimate

P(x(t) =x(t+1)=---=x(t+n?)|S(t) =j € T*) (j(z)eT Vi=1,2,...,n%) >
.y N S0 _ 1 S,(N) _ Tt ywie (430)
P( e, I5,0)| < 57, 5,(N) € T°) :P(« SN VYN S UN m) '

Note: |T*| > +/N. By (4.10)

15;() 1 S;(NV) _ 1"
P € — P W <— Wyel)>~y>0.
( m,a)fN VN 3 VN vV N ) <os>l£1| t| 3o ! ) v

Thus, for n big enough there exists a < oo such that the right side of (4.30) is bigger than (%)1112 "=
n=enn with ¢ > 0. Hence, (4.29) holds with a = ¢ + 1.

Define the following events:

if p(k) <m?
Eo(k) = { then during the time [p(k), p(k) + """ — "] k=0,1,...
S visits I(p(k)) more than e times
and
E, :=n3%F, (k).
Also define

25000

By(k) == { 3 Xu(h) = e"} By = " By (k).
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Now, clearly, on Eq, (k) we have 7,(e"” ") < p(k) — e"”" — 2¢"”". Thus B 5 holds, if
o021
i n0-2
Z Xi(j) = e
=0

Hence
E575 D FE,NE, and Pﬂi(Eg,S) < Pw(Eac) + Pw(Eg)

We are now proving that Py, (ES) — 0 and Py (Ef) — 0.
Proof that Py(Ef) — 0

By (4.6) it is enough to show that
P(E§|¢,) = o(e™™™). (4.31)

Note that for big n, exp(n®? — n%2!) < EX,(j), Vj. Thus,

1 . _
exp(n®? — n%2) < oo exp(—n’21) E(X(j)) =: m.

By Hoffding’s inequality we obtain that for a constant K > 0

n0'21 71.0'21
1 , 1 c .. m
P(E;(k)|n) = P(W Z Xi(j) < exp(n®? — nO.Ql)) < P(W Z Xi(j) < ?) =
j=0 7=0
n0‘21
1 ¢ 7 _ 21
P( m— (Xk(]) _ EXk(])) < _%) < GXp(—KﬁLQGnO 21) < exp(_KenOZ —2a1In? n)
en

=0

Hence,
P(E[():W)n) < n25000 eXp(_Keno'mealnzn) — 0(67371).

Proof that Py(ES) — 0
This proof is a little tricky because unlike the other proofs we have that P(E,|¢,) is much bigger than
P(S(m?) =m).

Let L = nt99900 and consider the event

= {S (m*(1 —n=30)) € [m(1 —n~E),m1 +n"5)] = [m — %,an nﬂL]}

Here and in the rest of the proof we assume (w.l.0.g.) that all ratios and exponents are integers. Also
define
E.(k) = {p(k) ¢ [m2(1in73L)’m2]}7 k=0,1,..., E.:= Uif):OlOOEc(k)

The event E. means that no stopping time p(k) occur in time-interval [m?(1 — n=3F) m?], the event
E, N E, satisfies
E,NE. = By = M2 B (k)
where
if p(k) <m?(1 —n~1)
EX(k) = ¢ then during the time [p(k), p(k) + e’ — e
S visits I(p(k)) more than e’ times

We now show that the probability of our interest, P(FE,|ET g,%n), can be very well approximated by the
probability P(E*|C,1,,) and the latter goes to 0 if n — oo. We proceed in three steps.
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1) At first note: since
C°NElg= {S(m2(1 - n_3L)) g [m(l— nL),m(l + nL)},S(mQ) =m},
we get, by Hoffdigs inequality
P(C°NEY slm) =P(C° N EY g) = P(EY s|C°)P(C) < P(EY 5|C°)

:P(‘S(ii)‘ > nﬁL) < exp(—dn*) = o(n™%").

n

The latter implies
Py(C%) = o(1) (4.32)

2) Secondly, use the relations
P(E;*NETsNClYn) < P(E;NET s N Cly,) < P(EZNET ¢ N Claby) + P(EC N EY gltn).

Since ¢ € E¥, it has no signal carrier points in [m — EZn =101, Hence, E¢N ET ¢ can hold only, if

during time interval [m?2(1—n=3%), m?] the random walk covers the distance at least £Zn 11001 — 1000,

Thus,

P(ESNE gliby) < P( max  |S(1)| > EZn~11001 _ anOO) < P( max  |S(1)] > —pe — LnlOOO).
’ =1, =1, n

Now use the maximal inequality (4.15) together with Hoffdings inequality to estimate

P( max [S()] > o — anoo) < max 3P(|S(l)\

I=1,.., 27 n I=1,.., 2%
1 m _ —3n
> §n12000> < Bexp(—dn3E—12000) _ o(p=3n).
This implies
PEENCNEYg|Yn) — P(EXNCNEY g, |¥n
( pslén) — P s ln) _ Py(ESNC) = Py(Ex*NC) = o(1) (4.33)

P(ET gltn)
3) Finally, note that
P(EL N ET s NClyn) = P(EG N Clin) P(EY s |E,° N Cy¢hn) = P(ES N Clin) P(EY 5|C, thn).
On the other hand,
P(EY s[¢n) = P(EY s N Cl¢n) = P(EY 5|C, ¢n) P(Cliby).

Hence,

P(EL A B g0 Clibn)  P(E 0 Clib) P(ER 4| C.ti)
Py(E*NC) = : : — P(E|C, ). 4.34
w(ENC) PErolbn) = PELSIC.O)PCln) (EIC ). (434)

By CLT, P(C|ip,) = P(S (m*(1 —n™3L) € [m — 2, m + 24]) is of order %= for some big K > 0. We
now estimate the probability P(E*°|iy,).
To do that fix k and let 77, T5, . .. denote the waiting times of S between visits of the point S(p(k)) (when
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1
we start at the time p(k)). Although ET; = oo, it is known that ET? =: K’ < oo (see, e.g. [19]). The
quantity K’, obviously, does not depend on n. Thus, by Markov’s inequality we have

n0.22 n0.22

e . s 1
P(E:) < P( Z T, > o™ enm) _ P(( Z Ti) N (eno.a B 6”0'1)3>

=1 i=1

1,0.22

. P(eZ TZ% - (eno,3 _ enoAl)%) < ( en K’ < e_no.25.
=1

Thus, P(ES,) < p25000—n2% o(n= ) implying that

c P(EG. |n) _
P(Ea*|03 1)[}) S W - 0(1) (435)

To complete the proof, use (4.32), (4.33), (4.35), (4.35) to get

Py(E;) < Py(ESNC) + Py(C%) = Py(E;NC)+ Py(E; NC)— P(E;*NC) +0o(1)
< P(EZ|Cypn) + 0(1) = o(1).
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5 Combinatorics of g and g

In this section we show: if all scenery dependent events and random walk dependent events hold, then
our estimates 5%4 and ﬁt are precise. This means, we can observe our signals and, just like in our 3-color
example, we can well estimate the g-function.

At first we give the definition of g-function in 2-colors case.

5.1 Definition of g

In this subsection we give the formal definition of function

qg: {O, 1}m+1 AN {O, 1}n2+1.

The function g depends on n. When n is fixed, we choose m = "n?®EZ7, where the random variable
Z is the location of the first Markov signal point after 2Ln'%% in £&. We now consider the signal carrier
points 21, Za, ..., in [0,m]. Define the following subset of {0,1}™*!:

1

E* = {yp € {0,131 s 5 () > L(e™ +n1%%) 20 <m— L™ +nl0%)}.

Here, z;(1)) = oo, if the piece of scenery v has less than ¢ signal carrier points.
Clearly E) ox C E*. If ¢» € E*, then for each Z;(1)) we define the vector of the frequency of ones h(i),
i=1,...,n%+ 1. Recall from (2.13) that

h(i) = h(z:(¥)) = P (U + S(e™ ) = 1),

where U is a random variable with distribution u(Z;).
Now, if ¢ € E*, let
1 Lif h(i) > 0.5
gi(¥) =140 ,if k(i) < 0.5 (5.1)
z;(¢) otherwise.

When ¢ ¢ E*, define
g:(Y) =), ,i=1,2,...,n°+1. (5.2)

Definition 5.1 g(t}) = (g1(t), .., gn241 (), where gi(¥) is (5.1), if & € E* and gi(v) is (5.2), if
Ve E".

The Definition 5.1 ensures that g(¢) depends on &f*, only, and (g1(£),...,gn241(£)) is i.i.d. random
vector, with the components being Bernoulli random variables with parameter %

5.2 Definition of g

We are now going to formalize the construction of the g-function. The function § : {0,1}™ 1 — {0,1}""
aims to estimate the (non-observable) function g. The argument of § is the vector of observations
= (x(0),...,x(m?)), and the estimate is given up to first or last bit. In other words, § aims to
achieve §(x™") < g(€][0,m)).

The algorithm for computation ¢ has 5 phases and it differs from the g-reconstruction algorithm for
3-colors case by the first step, only. The rest of the construction is the same.

1. For all T = [t,t + €"%-3] C [0,m?] compute the estimate of Markov signal probability 3%/[ Select all
.3

intervals Tl = [tl’tl + eno.a]ﬂT2 = [t27t2 + eno'g]’ v aTK = [tKatK + eno ]7 ty <t <0 < tK7
where the estimated Markov signal probability were higher than c,. Here K stands for the number
of such intervals.
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2. For all selected intervals estimate the frequency of ones. Thus, we obtain the estimates ﬁTl ey izTK,
i1=1,...,K.

3. Define clusters

. R R . 1 R )
Ci = {hr, : |hr, — hy,| < 2exp(—n®'?)}, fi:= c > by, i=1,... K

il e,
4. Apply real scenery construction algorithm AR (see subsection 1.3) to the vector (fi,..., fx). Denote
the output, AR(f1,..., fx), by
(fr,--s fa2)- (5.3)

If the number of different reals in (fl7 A fK) is less than n? (e.g. K < n?), then complete the
vector (5.3) arbitrarily.

5. Define the final output of g as follows
A~ m2
g™ ) = Lios,(f1)s -+ -5 Lj0.5,1) (fn2))-

5.3 Main result

We are now going to prove the main result - when all previously stated events hold, then § algorithm
works, i.e. g(x7* ) < 9(&5").

Recall EL)) ox = N_; E}'. Similarly define the union of random walk dependent events Eg := N{_, E]'g.
Finally, let Ey_works be the event that g works, i.e.

Fyvorks = {306"") < 9(&") }- (5.4)

At first we show that the step 1 in the definition of § works properly, i.e. an time interval T is selected
(i.e. 5%/[ > ¢,) only if during the time T the random walk is close to an unique signal carrier point Zz.
The closeness is defined in the following sense: we say that during time period T, the random walk S is
close to z, if there exists s € T such that S(s) € L.

Proposition 5.1 Suppose E) ok N E% holds. Let T = [t,t + 6"0'3] C [0,m]. If during T the random
walk is close to a signal point z, and f/t(enm) <t4en’? o e"o'l, then STM = Sé‘/ft and hy = ﬁz)t.

Proof. Since £ and S are independent, we fix { = ¢ € E;, 5k and show that the claim of the proposition
holds.

Let S be close to the signal point z. By EZ N Eg N EF, the point z has empty neighborhood and empty
borders. Hence, in the area

([z = L(n'°% 4+ "), 2 + L(n'% + ")) — [z — LM, z + LM]) N [-cm, cm]

there are no blocks that are bigger than n°-3%. Recall that M = n'090—2n2. Since 2n°3% < n%4 < n2, this
means: all blocks with length at least n%-4 must lay inside the interval [z — L(n!%90 —n2), 2+ L(n1%00 —n2)].
In particular, this implies - if, during the time 7 the random walk S visits a block bigger than n°“, then
during the n? step before and after that visit, it must stay in the interval I,. Formally: if 3s € T :
S(s) € B, then

S(s—n?),S(s —n*+1),...,8(s +n*—1),8(s +n?) € L. (5.5)

Here B stands for a block of ¢ with length at least n%4.
We now take advantage of the event Ef o: the random walk cannot generate n? + 1 same colors, if it
does not visit block bigger than n%4. By (5.5) this means that all n? + 1 same colors must be generated
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on I,. Hence, inside the time interval T the stopping times (i) are equal to the stopping times v, ;(4).
Similarly, X;; = X, 1, provided (i) + n'%0% <t + en’?,

Now by assumption, there are at least en’? stopping times ¢ (4) in [¢, t4en? —e"o'l] These stopping times
are then equal to v, ¢(i). Similarly, X;,;, = X, 4,1 =1,..., ¢"””. The latter means that the observable
estimates S%/I and hr equals the non-observable estimates 5% and fALZ,t, respectively. m

Corollary 5.1 Suppose El. ox N ES holds. Let T = [t,t + 6”0'3] C [0,m]. If during T the random walk
is close to a signal point z, then 571\«4 > 0 implies that hy = izz,t and STM = Sé‘/ft .

Proof. By definition, SITVI > 0 if in the time interval [t,t + en’® — 6"041] there are at least e™ stopping

times 7;(i). Now Proposition 5.1 applies. m

Lemma 5.1 Suppose E; ox NES holds. Let T = [t,t+e"o'3] C [0,m] be such that 63 > ¢,.. Then there
exists an unique signal carrier point Z € [—cm, em] such that S is close to Z during T and 5%4 = (5%.

Proof. Fix { = ¢ € El) ok- At first note, since E3 holds, then all signal points in [—cm, em] have
empty neighborhood. Together with d) of Proposition 2.1 it means — all signal points in [—cm, cm] are
in clusters with diameter less than 2Ln'9%°. The distance between the any two clusters, i.e. the distance
between closest signal points in these clusters, is bigger than en’”. Moreover, by Eg N Eg, all signal
points have empty borders.

If E3 ¢ holds, then during time [0, m?], our random walk stays in [—cm, em]. Together with the clustering
structure of the signal points, this means: if during the time interval T C [0, m?] of length en”” the
random walk S is close to some signal points, then they all belong to the same cluster. Hence, during 7',
S can be close to at most one signal carrier point (recall, every cluster has one representant, the signal
carrier point). We have to show that if 5%/[ > ¢, then there exists at least one signal carrier point z such
that, (during T') S is close to Z.

During T', the random walk S has 3 options :

e S is not close to any signal point
e S is close to the signal points that are not Markov signal points
e S is close to a Markov signal point.

If S is not close to any signal point, then by EY g, c%‘f[ < ¢,. This excludes the first possibility. Hence,
57M > ¢, cannot happen, if during 7', S is not close to any signal point.

Suppose now that there exists a signal point z such that (during 7') S is close to z. By assumption we
have 6}/ > ¢, > 0. By Corollary 5.1 we have that 6}/ = 5%. Now we reap benefit from the events EY'

and E7 g. The event Ef ensures that z is regular, i.e. |6M —c.| > A > e (recall, A is polynomially

small). On the other hand, the event E7 g ensures 0M — M| = |c§% — 6M| < exp(—n®12). Thus on
Eg N E7 g we have
M > ¢, iff M > — A (5.6)

Suppose we have the second possibility — .5 is close to some signal points, but not close to any Markov
signal points. Then z is not a Markov signal point. Hence, (5.6) ensures that STM < ¢,. This contradicts
our assumption that 3%7 > ¢,. Hence, z must be a Markov signal point and our third option holds.
Thus 6 > ¢, implies that during T, the random walk S is close to a Markov signal point. By clustering
structure we know that S is close to a cluster of signal points with at least one Markov signal points. In
subsection 3.4 we argued that such a cluster serves as the signal carrier. However, to complete the proof
we must show that, during 7', S is also close to the corresponding signal carrier point, say Z.

The points z and z belong to the same cluster, i.e. |z — 2| < 2Ln'%%. Consider the interval

J. 1= [z = Llexp(n®?), z + L(exp(n®?)] N [~cm, em].
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This is the region, where random walk .S stays during the time 7. We know that the intervals I, and I
both have empty neighborhood and empty borders. Thus in all blocks of ¢|.J, that are longer than n°*
must lie in I, N I; (by ¢ of Proposition 2.1, in I, N I; there is at least one big block of ¥). Now argue as
in the proof of Proposition 5.1: because of Eg g, to generate n? + 1 consecutive 0’s or 1’s, S must visit
a block with length at least n®*. To have SQM > 0, during 7', S must have at least e"”” such visits. All
those blocks are in I, N I; C I5. Thus, when SJTW > 0, then during T', S visits zZ at least e times. This
means that during 7', S is close to zZ. By Corollary 5.1 we now get oM = 5% [ ]

Theorem 5.2 If B, ok and Eg both hold, then, for n big enough, § works. In other words,

ce

Elok N Es C Eg—works- (5.7)

Proof. Suppose E.

€

Lok N E2 hold. Fix £ = € B, oy and let

9(¢) = (91(¢)7 s 7gn2+1(¢))

We have to show: if Eg holds, then given the observations X6”2, the function

Q(Xgl2) = (1[045,1] (f1)s---, I[0A5,1] (fn2))

is equal to g(v¢) up to the first or last bit.

Let XE,"Z be the observations. Apply the g-construction algorithm.

1) At the first step we pick the intervals Ty = [t1,t1 + e”o'l], v [tk t + e"o'l] such that for each j,
5%4 >c¢p,j=1,...,K. By Lemma 5.1 we know that each interval T corresponds to exactly one signal

carrier point, say Zr(j)-.

Let us investigate the mapping 7 : {1,..., K} +— Z, where 7 (j) is the index of the signal carrier corre-
sponding to the interval T;. We now show that 7 posses the properties Al), A2), A3) that are familiar
from the subsection 1.3.3.

A1) #(1) € {0,1}
A2) n(K)>n?+1
A3) = is skip-free, i.e. Vj, |7(j) £7(5)] < 1.

All these properties hold because of E4 sN F5 . Indeed, during the time interval [0, m?] the random walk
starts at 0 and, according to the event Ef g, ends at m. Let z;...,Z, denote all signal carrier points
of ¥ in [0,m]. By ET, u > n?. The maximal jump of S is L and, therefore, on its way, S visits all
intervals Iz,,...Iz,. Recall that the stopping times p(k) denote the first visits of the new interval (the
first visit of the next interval, not necessarily new for the past). By Ej 5N EY g, for each k such that

p(k) < m? we have: there is at least ¢"’” stopping times Upky (1) in T := [p(k), p(k) + en”” — '], Let
Z be the signal carrier point such that S(p(k)) € Iz. Thus the assumptions of Proposition 5.1 hold and
5%4 = 3% Moreover, by (5.6) we have that 5%4 > ¢, i.e. the interval T' will be selected in the first step
of § reconstruction.

To summarize: the random walk starts at 0, by convention the first signal carrier point in [0, 00) is z,
the biggest signal carrier point in (—oo, 0] is Zp. From Lemma 5.1 we know - during 77, S must be close
to a signal carrier point. On the other hand [p(0), p(0) + e "] is the first time interval, during which S
is close to a signal carrier point. We know that this interval will be selected. Hence 7(1) € {0,1}.

On its way S visits all signal carrier interval Iz, ... I5, . Right after the first visit in a new signal carrier,
p(k), the random walk produces an interval T = [p(k), p(k) + ™ ] that will be selected. Together with
Lemma 5.1 the latter yields that « is skip-free.

Recall that z, is the last signal carrier point in [0, m]. Thus, the last signal carrier interval S visits during
[0, m?] is Z, or Z,11. By E? we know that %, lays in [0,m — Le™ "] is at least z,. Hence, if S(p(k)) € I, ,
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then [p(k), p(k) + e™°] will be selected. We now get that last selected interval corresponds to the signal
carrier that is at least Z,2,;. Thus m(K) > n? + 1.

Let m, :=min{n(j):j=1,...,K}, 7* ;== max{n(j) : j = 1,..., K}. We just saw that 7, < 1, 7* > n?+1
and 7 is a skip-free random walk on {m,,m. +1,...,7*}.

The rest of the algorithm was already argued in section 1.3. However, in the following we give a bit more
formal explanation.

2) At the second step we calculate iLTl, ceey iLTK. By Lemma 5.1 we know that, for each j =1,..., K

BTJ = ﬁiw(.j)atj'
3) Since Eg g holds, we know that, for each j =1,..., K,

|szj — h(Zz(j))l = |/A15”(],)7tj — h(Zz())] < exp(—n®1?).

This means: if (i) = 7(j) then |iLT — iLT].| < 2exp(—n12).
On the other hand, by E% we know that (i) # 7(j) implies

\h(Zx(j)) = P(Zri))| > exp(—n®'h). (5.8)

We assume n to be big enough to satisfy exp(—n%12) < 5exp(—n%1t). Hence (i) # m(j) implies that
\hz, — hr,| > 2exp(—n®'?). Thus, if Ef 3 N EY, then for each i,j = 1,...,k we have

hjeC; iff (i) = 7(j). (5.9)

Hence the clusters C; and C; are either the same or disjoint; C; = C; iff w(j) = m(¢). The same, obviously,
holds for the averages:

fi=fi i w(i) =n(j).
Let for each i = {m,, m + 1,...,7*}, f(Zi) = fj, if 7(j) = i. Hence, f(Z) is the estimate of h(Z;) and

=[Gy =1, K.

<.

Hence, j — fj can be considered as the observations of the skip-free random walk 7 on the different reals
{f(zﬂ'*)a f(zﬂ'*-i-l)a s f(zﬂ'*)}'

4) The real scenery construction algorithm AR is now able to reproduce the numbers f(z1), ..., f(zn241)
up to the first or last number. Thus

(froos ) = A%(freoos fi) < (P20 f(Zazgn):

5) By E}, we have that |h(2;) — 0.5] < exp(—n!!). From (5.8) and (5.9), it follows

|fi — h(Zx(iy)| < exp(—n"?).

The latter implies

Hence , for each i = 1,...,n% + 1 we have that 1[0,5,1](]5(21-)) = Ij0.5,11(7(%)). Thus

2

G0E") = (Tosu () Tos.n (D) < (Tosn (), -+ Tiosn(h(z0241))) = 9(w).

]
We now state the main result of the paper.
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Theorem 5.3 There exists constants ¢ > 0 (not depending on n), N < co, m(n) > n, the maps

g: {0, 1} {0, 13+

g {0, e o,
and the sequence of events E), ok € 0(£(2)|z € [—em, em]) such that:
1) P(Egnok) =1

2) For alln > N and ¢, € E7), ok we have:

P (306) < 90| S(m?) = m. & = ) > 3/4.

3) g(&F) is an i.i.d. binary vector where the components are Bernoulli with parameter 1/2.

Proof. Fix ¢ > 0 such that Proposition 4.1 holds for € = %. Use this particular ¢ to define all scenery
dependent events as well as all random walk-dependent vents.

The intersection of all scenery-dependent events is E”), k. In Section 3.2 we proved that P(E} ox) —
1. Hence 1) holds.

Now consider the event EFg. Use Theorem 5.2 to find the integer IN; < oo such that for each n > Ny,
(5.4) hold. Then, for each n > Ny, ¢,, € E, ok we have

ce
2

P(g(xg") < 9(&MIS(m®) = m, € = ) > P(ES|S(m?) = m, & = 4n) = Py(E3).

In the Section 4.3 we proved that liminf, Py(E%) > 1 — §. Let Nz be so big that Py(E,) > 3 ¥n > Ni.
Take N := N; V Na. With such N, 2) holds.
Finally, the statement 3) follows from the definition of ¢ in Section 5.1. m
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