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Abstract: We study general state-space Markov chains that depend on a parameter, say, 6.
Sufficient conditions are established for the stationary performance of such a Markov chain to be
differentiable with respect to 8. Specifically, we study the case of unbounded performance functions
and thereby extend the result on weak differentiability of stationary distributions of Markov chains
to unbounded mappings. The two main ingredients of our approach are (a) that we work within
the framework of measure-valued differentiation (MVD) in order to study derivatives of unbounded
performance functions, and (b) that we elaborate on normed ergodicity of Markov chains in order
to establish the existence of the overall derivative expression. Our approach is not restricted to a
particular estimation method. In fact, MVD expressions can be translated into various unbiased
estimators. We illustrate our results with examples from queuing theory.
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1 Introduction

In recent years a great deal of attention has been devoted to the computation
of derivatives of performance indicators in stochastic systems. More specifically,
suppose that the system can be modeled by a (general state—space) Markov
chain {Xp(n)}, depending on a (vector—valued) parameter § € O, and assume
that the proces is ergodic for any 0 € ©, that is, Xy(n) converges, independent
of the initial state, to a steady-state Xy(co). We would like to compute the
gradient of the expected value of the Markov chain in equilibrium, that is,
VE[Xg(0)]. A typical example is the GI/G/1 queue where the distribution of
the service times, or, of the interarrival times depends on a parameter, such as
the mean. We may be interested in computing the sensitivity of the expected
waiting time E[W}] with respect to the parameter 6. Moreover, the computation
of derivatives allows one to take an additional step and develop optimization
procedures for the performance indicator of interest.

In general, however, closed—form expressions for the steady—state derivatives
cannot be obtained, and one must resort to simulation methods. In addition,
it is necessary to show consistency of such estimators, since the steady—state
performance measure of the system under scrutiny is a limiting quantity and
hence so is its gradient. Extra conditions that guarantee some type of uniform
convergence, such as convexity are often imposed for that purpose.

A particularly neat situation occurs when the Markov chain {Xy(n)} pos-
sesses a regenerative structure, that is, it restarts independent of the past when-
ever it hits a certain set «, called atom. If {Xy(n)} is Harris ergodic with atom
a and E[g(Xg(00))] is finite, then

B[S0 o(Xo(n)| X(0) € o

Elg(Xo(0))] = e ,

where 7y denotes the first—entrance time of Xy(n) into a. Unfortunately, the
cycle time 7y typically depends on @ thus making differentiation of E[Xy(c0)] a
difficult task. However, the advent of infinitesimal perturbation analysis (IPA)
allowed computing the sample gradient of g(Xg(n)), see [13, 6, 2], and, provided

that the derivative process {VXy(n)} regenerates at the same epochs as the



original chain, it can be shown under some additional assumptions that

E[S75% Vo(Xo(n)| X(0) € o
VE[g(Xo(00))] = S 7

see [7, 8].

An alternative concept to sample—path differentiation is that of weak differ-
entiation measures, as introduced by Pflug, see for example [18]. The concept
of weak differentiation is to derive a (general state space) Markovian chain
description of the system process such that the transition kernel, say Py, is dif-
ferentiable as a function in 6. Then the derivative of the transition kernel can be
represented as the difference between two transition kernels, say P;r and Py,
ie. dPy/dO = Pg’ — P, . Provided that the kernel is Harris ergodic with a regen-
eration set, say «, we estimate the gradient of the stationary costs as follows: We
start the process in « and simulate the system process under Py until it hits «.
At a time, say k, we evaluate the surrogate derivative D(Py, g, Xo(k)) defined
as follows: at Xy(k) we split our sample path; we do this by performing this
particular transition for one sub-path according to Pg, whereas we perform it
for the other sub-path according to P, ; subsequently, we resume generating the
transitions according to Py until both (sub) paths hit «; the surrogate deriva-
tive D(Py, g,-) evaluates the difference between the g—performances evaluated
for the variants of the processes. Summing the values of D(Py, g, ) over all 7,

states yields the desired gradient information, in formula:

E[$75 DP9, Xo(n))| X(0) € o

VE[g(Xo(o<))] = - ,

(1)

see [18, 19]. While this approach does not suffer from the restriction that the
derivative process has to regenerate at the same epochs as the Markov chain,
weak differentiation is restricted to bounded performance functions, and ex-
tensions to more general classes of performance indicators are possible only in
special cases, see, for example, [9]. For countable state-space, the derivative
operator D(-) is closely related to the deviation matrix, see [10].

In this paper we establish sufficient conditions for (1) to hold for unbounded
mappings. To this end, we work within the framework of measure-valued differ-
entiation (MVD), see [11, 12]. MVD extends the concept of weak differentiabil-

ity, as introduced in [18, 19], so that performance measures out of a predefined



class D can be handled, and thereby overcomes the restriction to bounded func-
tions. As explained in [11], MVD implies no restriction to a particular estimation
method and the estimator in (1) is only one possible translation of the measure—
valued derivative of 7 into an estimator.

We will establish sufficient conditions for the stationary distribution 7y to
have a measure—valued derivative, called D—-derivative. Pflug shows in [19] that
this holds true when D is the set of continuous bounded performance measures.
As key result of this paper, we show that this statement extends to (more)
general sets D, where the main condition on the set D will be imposed by the
ergodicity of the chain for mappings out of D.

The paper is organized as follows. Section 2 introduces MVD. In Section 3 the
main result of the paper is established, namely, that the stationary distribution
of a D—differentiable Markov chain is D—differentiable. In Section 4, we provide
a set of sufficient conditions, based on ergodicity concepts, for our main result
to hold that can be verified in applications. In Section 5, we address gradient

estimation and present some examples.

2 Background on MVD for Markov Chains

Let (S,7) be a Polish measurable space. Let M(S,7) denote the set of fi-
nite (signed) measures on (S, 7) and M;(S,7) that of probability measures on
(5, 7).

Definition 1 The mapping P : S x T — [0,1] is called a (homogeneous) tran-
sition kernel on (S,7) if

(a) P(s;-) € M(S,T) for all s € S; and
(b) P(-; B) is T measurable for all B € T.

If, in condition (a), M(S,T) can be replaced by My(S,T), then P is called a
Markov kernel on (S,7T).

Denote the set of transition kernels on (S,7) by K(S,7) and the set of
Markov kernels on (S,7) by K1(S,7). Consider a family of Markov kernels
(Pp:60 € O)on (S,7), with © C R, and let L'(Pp;©) C R denote the set



of measurable mappings g : S — R, such that [ Py(s;du) |g(u)| is finite for all
0O andses.

Definition 2 Let © be an open neighborhood of 6y. For 6 € O, let Py € K(S,T)
and D C L*(Py; ©) C RY. We call Py D-continuous at 0y if, for any g € D and

any s € S,

iiiﬂo‘/Pao-&-A(S;dZ)g(z) - /Peo(S;dZ)g(Z) =0.

Furthermore, we call Py D-Lipschitz continuous at 6y if, for any g € D, a

K, € D exists such that for any A € R, with 6y + A € ©:

‘/P90+A ;ds) g /Pgo ;ds) g(s)

We denote the set of bounded continuous mappings from S to R by Cy(S).
Let Py € K(S,7T), for § € ©. We call D C L'(Pp;©) a set of test functions for
(Pyp: 0 € 0)if for any A € T its indicator function is in D and Cy(S) C D.

< |AlK, .

Definition 3 Let D C L'(Py;0) be a set of test functions for (Ps;0 € ©). We
call Py € K(S,T) differentiable at 6 with respect to D, or D—differentiable for
short, if for any s € S a Py(s;-) € M(S,T) ewists, such that, for any s € S and
any g €D

G [ Prtssawst) = [ Pitssaugt). )

If the left-hand side of equation (2) equals zero for all g € D, then we say that

Py} is not significant.

If Py is D-differentiable, then the measure-valued derivative Pj(-;-) is
uniquely defined and again transition kernel on (S,7), in formula: Pj(-;-) €

K(S,T), see [11].

EXAMPLE 1. A typical choice for D is the set of measurable bounded functions
on S, denoted by Dy (it is easily checked that Dy is indeed a set of test functions).

In applications, to assume that the sample performance is bounded (g € Dy)
is often too restrictive. A convenient set of performance functions is the set DP
of polynomially bounded performance functions defined by

P

< wallll HiER,OSiSp} ;

DP = {g:S—>R
i=0




for some p € N, where || - || denotes a norm on S (assuming that S is indeed
equipped with a norm). Most cases of interest in applications fall within this
setting. The set DP is a set of test functions if and only if DP € L'(Py;©), or,
equivalently, if [ Py(s;du)||ul|” is finite for any s € S and 6§ € ©.

If Pj exists, then the fact that Pj(s;-) fails to be a probability measure
poses the problem of sampling from Pj(s;-). For s € S fixed, we can represent
Pj(s;-) by its Hahn-Jordan decomposition as a difference between two proba-
bility measures. More precisely, for s € S, let ([Pj]*(s;-), [P5]~ (s;-)) denote the

Hahn-Jordan decomposition of Pj(s;-) and set

cry(5) = [Py (s:9) =[P4 (5:) )
and
N+ (g 1= (s: -
Py = D gy = B0,

then it holds, for all g € D, that
[ Pitsiau) gt = en, (s ( [ B tsan gt - [ P;(s;dmg(u)) W

For the above line of argument we fixed s. For Pg"' and P, to be Markov ker-
nels, we have to consider P; and P, as functions in s and have to establish
measurability of P, (-; A) and P, (; A) for any A € 7. This problem is equiv-
alent to showing that cp,(-) in (3) is measurable as a mapping from S to R.
Unfortunately, only sufficient conditions are known, see [11]. For example, if S
is finite, then measurability is guaranteed. In applications cp, is calculated ex-
plicitly and its measurability is therefore established case by case. Specifically,
in many examples that are of interest in applications, c¢p, turns out to be a
constant and measurability is thus guaranteed, see [11] for more details.
The Hahn-Jordan decomposition of P} is not unique. To see this, choose
Q € K1(S;T) so that [ g(u) Q(s;du) is finite for any g € D and s € S. Set
1

- 1 -
Pl = §P;+§Q, Py

1 1
=-P +=-Q.

pfe T3¢
Equation (4) implies for all g € D and all s € S that

d% /S Py(s; du) g(u) =2¢p, (s) ( /S Byf (sdu) g(u) — /S J(s;du)g(U)) :



We now introduce the notion of D—derivative, which extends the concept of

a weak derivative.

Definition 4 Let Py be D-differentiable at . Any triple (cp,(-), P,, Py), with
P‘;E € K1(S,T) and cp, a measurable mapping from S to R, that satisfies (4) is
called a D—derivative of Py. The kernel Pj is called the (normalized) positive
part of Py’ and P, is called the (normalized) negative part of Py'; and cp,(-)

is called the normalizing factor.

We illustrate the concepts introduced above with a simple example.

EXAMPLE 2. Let P,Q € K1(S,7) and set
Py =0P+ (1-0)Q, 6€]0,1].

Note that Py € K1(5,7T) for § € [0, 1], and that Py = @ and P; = P. Specifically,
let D(P,Q) £ L'(Py;0) denote the set of measurable mappings g : S — R such
that both [ P(s;du) g(u) and [¢ Q(s; du) g(u) exist and are finite for any s € S.
For any g € D(P,Q) and any s € S, we now compute

d d

— | Po(sidu) g(u)=—- 0 [ P(s;du)g(u) + (1-0) | Q(s;du)g(u)

do Jg de g g

— [ Plssdu) o) ~ [ Qsidu)gta).
5 s

Note that D(P, Q) is a set of test functions. Hence, Py is D(P, Q)—differentiable
with D(P, Q)—derivative

(1,P,Q).

3 MYVD of the Stationary Distribution

Let Py be ergodic and denote its unique invariant distribution by mg. Let L!(mp)
denote the set of measurable mappings g : S — R such that [ |g| dmg is finite.
We denote the ergodic projector of 7y by Ilp, that is, Iy : L!(m) — R and, for
any g € L'(mg), Ilpg = [ g dmy. To simplify the notation, we set:

ng = /g(S)M(dS),



for p € M(S,T), and

(Pog)(s) = [ ) Patssar).

for Py € K(S,T), provided that the expression exists. Note that Pyg is a map-
ping from S to R U {—o00,00}. For any u € M with u(S) = 0, we have the

following rule of computation
phgg = Py —1Ilg)g, neN, ()

provided that the integrals exist. In what follows, we work locally and fix 6.

With slight abuse of notation, we take © to be an open neighborhood of 6.
Theorem 1 If
(i) P is D—Lipschitz continuous at 0,
(i) for any 0 € ©, if h € D then P;h e D,
(iii) for any h € D and any A € R, with § + A € O,

klirn (7T9+A 77F9)Pé€h == 0,

(iv) for any h € D,

(a) > Py —Tig)n| €D,
n=0

(b) > (Pp—Tg)h €D,
n=0

(v) for any h € D a finite number ¢, exists such that

m5lh| <cn, V0€O,

then w is D—Lipschitz continuous at 6.
Moreover, if we assume, in addition to the above conditions, that Py is D—
differentiable at 0 |, then my is D—differentiable at 6 with D—derivative
o0
Ty = T Z P, P},
n=0

or, equivalently,

71'/9 = ﬂgPéZ(Pen 71_[9).
n=0



Proof: Let I denote the unit operator, that is, myl = my. Simple algebraic

calculation shows that

(To4n —70)(I — Poyn) =To4n — ToraPoyn —mg + moPosa
———

=To+A

=7m9(Posa — Pp).

Hence,

k k
(mo+a —mo)(I = Pora) Y Pyt = mo(Pora — Po) Y Py, (6)

n=0 n=0

with P = I. By algebraic calculation,

k k+1 k
= (To4+a — ) {Zpél =Y P+ (P —P9+A)ZP(?}
n=0 n=1 n=0

k
(7T9+A —7T9) {I - PGk-H + (Pg —Pg_;,_A)ZPQn}

n=0

k
=Torn — 9 — (Toyn — o) Pyt + (morn — o) (Ps — Poyn) ZP§L~

n=0

Inserting the righthand side of the above equation into (6) yields:

k
mo(Poya — Po) Y Pp=mopa —m9 — (o4 —mo) P+

n=0

k
+(mora —mo)(Po — Poyn) Y Py (7)

n=0
We now study the limit of the above expression as k tends off to co. Firstly,

under assumption (iii), we have
Jim (g — m)Py T h = 0. (8)

As a second step, we show

k &S]
i 7o (Fpn — Fy) > Pph=mg(Pora—Po) Y (Pf—Tg)h,  (9)
n=0 n=0



for h € D. By assumptions (ii) together with (v),

k
mo(Posa —Po) Y Pih

n=0
exists and is finite for any k > 0 and any h € D. Elaborating on (5), this implies
that

k
mg(Posn — Py) Y _(Pg —Tlg) h

n=0
exists and is finite for any k£ > 0 and any h € D, where we use that fact that
mo(Popra — Pp) is a signed measure with total mass 0. By assumption (iv)(a),
for any h € D,

k

Z(PO"—Hg)h

n=0

k
<> (P —Tp)h| € D.

n=0

Moreover, by assumptions (ii) together with (v),
mo(Posa — Py) Y |(P5 —TIp) b
n=0

exists and is finite, for any h € D. Hence, (9) follows from the dominated
convergence theorem.

Finally, following the line of argument in the above second step, we show

that
k
Jim (moa —70)(Py — P9+A);P9
= (mora —m9)(Po — Pora) > Py (10)

n=0
Taking the limit in (7) as k tends to co we obtain from (8), (9) and (10), for
h € D:

(mo+a — 7o) h = mo(Poya — Fy) i(Pen —1My) h
n=0
— (mo4a —m9)(Pp —P0+A)i(P5—Ha)h- (11)
n=0
For h € D, condition (iv) (b) implies
i(P;—Hg)h = heD,
n=0



and D-Lipschitz continuity of Py at € implies

|mo(Pysn — Pp) Z —lp) h| < AmpK;,
n=0
< AcKﬁ < 00,

where finiteness of 79 K, is guaranteed by (v). From the same line of argument,

we obtain that

o0

|(ora—m0)(Po — Pora) > (g —g) bl
n=0
< (mora +70)|(Po — Poya) Y (Pf —Tlg) h|
n=0

< A(mgra + mo) K,

< A2k, ,

for any h € D. Because D is a set of test functions, the constant functions
Ack; ,A2¢cr; as well as their sum lie in D. From (11) it thus follows that 7y is
D-Lipschitz continuous at 6. In particular, the Lipschitz factor is the constant
function 3c; .

Starting point for the second part of the theorem is equation (11). From

D-Lipschitz continuity at 6 of both 7y and P it follows that

1 oo
Jim K(Fe —mo+n)(Po — Pota) T;)(Pél —Ig)h =0,

for any h € D. Moreover, because Py is D—Lipschitz at 6, assumption (v) yields

oo

1 S (P
AILHO Z?T@(Pg.;,_A - Pg) n:O(Pg - Hg) h
1 Z‘” n
= Ty (ilglo Z(Pg_;,_A - Pg) _0(P9 - Hg) h)

and, by D—differentiability of Py, this limit equals

=mPy Y (Py —
n=0

For h € D, we therefore obtain from (11)

o0

1
mo Py Y (Pg — TIp) h=lim (g — mo4n) -
n=0

10



Using the fact the Pj(s;-) is a signed measure with P;(s; S) =0, for any s € S,
it readily follows from (5) that

oo oo
w9 Y PyPih = mePyy (P —Tg)h,
n=0 n=0
which concludes the proof. O]

Remark: If h € D implies that |h| € D, then condition (iv) (a) already implies
condition (iv) (b).

4 FErgodicity Framework

In this section, we provide sufficient conditions for conditions (ii) to (iv) to hold.
Let X(0) = {Xo(n)} = {Xo(s,n)}, for 6 € O, be the Markov Chain with initial

state s and transition kernel Py, and set, for any B € 7T,
P} (s,B) = Py(s,n,B) = P(Xp(s,n) € B).

The joint state-space of X (), 6 € O, is denoted by S. However, for any specific
6 the chain X(0) may not be irreducible on S but only on a subset of S. For
the following ergodicity analysis, we will require that the state-space is indeed
irreducible and we denote by Sy C S the class of states such that X(#) be-
comes irreducible as a Markov chain on Syp. Furthermore, we denote by 7y the
intersection of 7 and Sy. Consequently, (Sy,7p) is a measurable space for any
0 €0.

In Section 4.1, we discuss the general situation. Section 4.2 provides an
alternative representation of the D—derivative of 7y for the situation where X(6)

possesses an atom.

4.1 General Chains

The main technical conditions needed for the analysis in this section are intro-

duced subsequently. We will use the following “Lyapunov function” condition:

(C1) There exists a function g(s) > 0, s € Sy, such that any § € ©

Elg(Xo(s,m))] —g(s) < —& + cly,(s), (12)

11



for some mg > 1, > 0 and ¢ < oo, where for some d < oo

Vo ={s€8p:g(s)<d}

and Iy, (s) = 1if s € Vp and otherwise zero. Furthermore, we need the following

Harris-type condition for the set Vj.

(C2) For any 6 € O there exist ng > 0, ¢g(+) a probability measure on (Sy, 7p),
and pg € (0,1) such that

inf P(Xo(w,ng) € B) = py$(B) (13)

forall Be B.

Under condition (C1), let

€o(s) = g(Xo(s,1)) —g(s), s€S,
and introduce the following condition:

(C3) The r.v. &(s) is uniformly integrable (in s and ) and there exist A > 0

such that &y(s) e*ée() are uniformly integrable (in s and 6).

Recall that uniform integrability of y(s) in s and € is defined as

lim Sup/| P(&(s) edt) =0,
t|>c

=00 g

and similarly the uniform integrability of &(s)e*ée (%) requires that

lim sup P(&p(s)ere® e dt) = 0.

€7 5,0 Jit|>c

In order to establish conditions (ii) to (iv) in Theorem 1, we will work with

normed ergodicity. Normed ergodicity dates back to the early eighties, see [4] for
a first reference. It was originally used in analysis of Blackwell optimality; see
[4], and [16] for a recent publication on this topic. Since then, it has been used in
various forms under different names in many subsequent papers. In [14] it was
shown for a countable Markov chain which may have one or several classes of
essential states (a so-called multichained Markov chain), that normed ergodicity
is equivalent to geometrical recurrence (for a similar result in Markov decision

chains see [5]). Inspired by this result for a countable Markov chain a similar

12



result was proved for a Harris chain in [17]. In this paper we use the recent
results of [1].
Let V, denote the Banach space of real-valued functions f on S with the

finite v-norm

)
11, = sup

seS

and the associated operator norm for a linear operator, say T : V, — V), is

defined by

17, = sup [T,
171, <1

For i a (signed) measure the associated norm is

lll, = sup [uf].
I, <1
For our analysis, we choose v to be the following mapping:
v(s) £ MO seS, (14)

for some positive A, where g is defined in (C1).
Lemma 1 The condition (C3) implies that for A small enough

sup || Pylly < 0.

0co

Proof: With

€o(s) = 9(Xo(s,1)) —g(s), s€S5,

and
v(s) = MO se s,
we find that
o (PeeM)(s)
HPGHU —Slep o)

—supE [@(g(xs(s,l))fg(s))}

= SlepE [e’\ge(s)} . (15)

13



y (C3), &(5)e*é(®) is uniformly integrable which implies

supE Hf@ )erse (s) } < 0.
s,0

For s € S, we now write
E [ekﬁe(s)} =K {e)‘g"(s)l(fg(s) < 1)} +E [6)‘59(3)](59(5) > 1)} .

The first term on the right hand side is bounded by e* and the second term is
bounded by

sup]E Hfa >\£e (s)

} < 0.
Inserting these bounds into (15) yields
sup || Ppll, < e* + supEer®) < oo
4 5,0

O

The following theorem follows from Theorems 3 and 5 of [1].

Theorem 2 Conditions (C1), (C2) and (C3) imply that, for any 0 € O, there

exist cg < oo and 0 < pg < 1 such that for A small enough
1P — o[, < copfy, (16)
Note that this theorem implies that for any 6
Mg, < o0
Let
D, = {g9:S—>R|FreR: |g(s)| <r-v(s),s€S}.

In words, D, is the set of mappings g from S to R that are bounded by r-v (for
some finite number r). It is easily seen that Lemma 1 implies that any g € D,

is integrable with respect to any Py, for 0 € O, or, more formally:
D, C L'(Py,0).
Theorem 3 Let © denote an open neighborhood of 6. If
(i) Py is D,—Lipschitz continuous in 0,

14



(i) conditions (C1) to (C3) are satisfied

then gy is D,—Lipschitz continuous.
Moreover, if we assume, in addition to the above conditions, that Py is D,—

differentiable, then mg is D,—differentiable with D, —derivative

oo
Wé :7T9§ :POIPéla

n=0

or, equivalently,
o0
my = moPy > (Pg —Tlp).
n=0

Proof: We will show that conditions (i¢) to (iv) of Theorem 1 hold. Condi-

tion (i) is a straightforward consequence of Lemma 1. Note that
1P = Toll, < copy
implies that, for any h € D,,
|(Pg" —Tlg)h| < copp v,
with
co = co|lhl, -

Hence,

Yo 1(Py ~Tig)h| <

n=0

Co
—pe

and because 1 v € D,, this already implies that

> (P} —Tog)h| €D, .
n=0

Thus, (iv) (b) holds. Repeating the above argument without taking absolute
values, or using the remark after Theorem 1, shows that (iv) (a) holds as well.

With the relation (5) we have that
(Tga — Ig) P¥h = (Tlgyn — TIg)(PY — TIg)h.
The condition (#4i) then follows from (16) of Theorem 2.0J

15



4.2 Chains with an Atom

Throughout this section, we assume that conditions (C1) — (C3) are satisfied.
The setup is as in the previous section with the additional assumption that the
chain possesses an atom, say «. The expression of the stationary distribution

for a regenerative process is well-known (see [20])

70(8)

mgh = Zthsm , SEa,
where 7y (s) is the recurrence time to the atom «. With the notation (Qg(s))f =
fs\a Py(s,1,dy) f(y),s € S this can also be written as
7o(s)

Z h(Xg(s,m))| = Z(Qg(s))mh

m=0

Hence,

E[ry(s)] = Y (Qo(s))™e

and thus, provided that s € «,

and
> (Qo(s))™ (I = Tlg)h(ar) = 0. (17)
m=0
Using the taboo presentation of the deviation operator derived in [15] to-
gether with relation (5) the following representation of the derivative can be

given

oo

h = my(P}) Z " (I —Tg)h.

5 Gradient Estimation

In this section, we apply our result to gradient estimation. Section 5.1 establishes
an interpretation of the expression for the measure-valued derivative of m« in
Theorem 1 in terms of stochastic processes. Illustrating examples are provided

in Section 5.2.
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5.1 The Process View
5.1.1 General Chains

Let Py be D-differentiable with D-derivative (cp,, P,", P; ) (see Definition 4),

and let X;t(s, n), with initial state s, evolve according to the kernel
+
P(9 Pén )

or, equivalently, for n > 0, let the transition from th(s, n) to X‘gjE (s,n+1) be
governed by Py, whereas the transition from X, (s,0) to X, (s, 1) is governed
by P, and that from X, (s,0) to X, (s,1) by P, , respectively. Hence, while
n > 0, both X;'(s,n) and X, (s,n) are driven by the same Markov kernel,
and, without loss of generality, we assume that the processes {Xgi(s,n)} are
constructed using common random numbers. For g € D, we set

o

D(Py,g;5) = E |cp,(s) Y (9(X5 (s,m)) — 9(X5 (s,m))) |
n=0
or, equivalently,
> PjPig = D(Py,g). (18)

Let 7, (s) denote the coupling time of X, (m,s) and X, (m, s), that is,
735(s) = inf {m e N : X (s,m) = X, (s,m)}, (19)

and Tét (s) = oo if the set on the righthand side of the above equation is empty.
With this definition, for g € D,
75 (9)

D(Py,g;8) = E |cp,(s Z (X4 (s,n)) — 9(X, (s,n)))

Let Xy be distributed according to my. Under the conditions in Theorem 1 it
holds

ng[ (X0)|=E[ D(Py. g: o)) (20)
Tgi(Xg)

=E |E |cp,(Xo) D (9(Xy (Xo,n)) — 9(X4 (Xo,n)))| Xo| |
n=0

for any g € D,.
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Even if the stopping time Tgi is a.s. finite, it may be prohibitively large for

the estimator in (20) to be of practical use. For this reason we introduce a

truncated version of D (P, g; s): for N > 0, set

N
Dn(Py,g;i5) = »_ PyPjg = E

n=0

N
era(5) 3 (9(XG (s,m)) — g(X;(s,n»)] -

n=0
Conditions (C1) — (C3) imply that Dy (Ps, g;s) converges geometrically fast
towards D(Py, g; s). Hence, for N sufficiently large,

& Elo(X0)) ~E[ Dy (Pr,: X0)|

=E

E lcPe(XQ) Z (g(Xj(Xg,n)) - g(XO(Xean)))‘XG]] 5
for any g € D,.

Remark: Elaborating on (5), it holds that
Py (P} ~Tlg)g = D(Prg). g€D,.
n=0

The operator D := Y (Py —1p) is called deviation operator in the theory of
Markov chains, and, elaborating on the deviation operator, the above equation

reads
PGIDg:D(PHag)v geDv7

which extends a result on the relation between derivatives and the deviation

operator in [10] to chains on a general state—space.

5.1.2 Chains with an Atom

We now turn to the situation where X (6) possesses an atom, denoted by o € 7.
Let Xg(a,n) denote the Markov chain started in « and denote the first entrance
time of the chain into a by 79,. The expression of the stationary distribution

for a chain with atom is well-known (see [20]) and we obtain from (20) for any

g € D,:
d 1 <4
—Elg(Xp)| = E D(Py, g; X,
™0 = g 7B 2 D(PoogiXo(arm)

18



The above estimator can be rewritten as follows. Denote by Tgia(s) the first

time that X, (s,m) and X, (s, m) simultaneously hit o
Teia(s) =inf{meN: X (s,m) €a, X, (s,m) €a}.

Then, for any g € D,:

i

T

«(9)
D(Py,g;5) = E [en,(s) . (9(X5 (5,m) = 9(X5 (s,m))

m=0

and the overall estimator becomes

LEly(xy) = E[l]E[gD(Pe,g;Xe(a’n))] . (21)

76,00

From a simulation point of view, formula (21) poses the problem of estimat-
ing the inner expected value. As we will show below the inner expected value

can be avoided. To see this, we simplify the notation and set
H(s,m) = cp,(s)(9(Xy (s,m)) — 9(X; (s,m))) - (22)

With this notation the right hand side of (21) reads

. Tow | To.a(Xo(an))
——E|[YEl Y H(Xy(a,n),m)| Xy(a,n)
E[T@a] n=0 m=0

Let F(79,o) denote the o-field generated by Xg(c,0),..., Xo(a, 79,o). By cal-

culation,

T (Xo(a,n))

EZOE[ S H(Xg(a,n),m)

m=0

Xo(aa")]

i o (Xo(an))

Tgi E { > H(Xp(a,n),m) ‘Xe(a, n)} ‘f(TG,a)‘|
n=0

m=0

=E|lE

because Xg(a,n) is measurable with respect to F(7g,q)

0.0 Toa(Xo(,n))

—E|E ZO ZO H(Xg(a,n),m)‘f(ma)}

[ 79,0 T80 (Xo(an))

=E > > H(Xg(a,n),m)]
n=0 m=0

19



and inserting (22) yields

To,a

> cp,(Xo(a,n)) x

n=0
5o (Xo(a,n))

> (o0 (ot mm)) = 908 ofernm) ) | - (23

m=0

=E

Hence, (21) becomes

LElg(Xy)] =
1 0.0 T4 o (Xo(a,n))
mﬂi nz::OCPe(XQ(a7n)) mz::o (g(X(j(Xg(oz,n),m)) - g(Xe_(Xe(a,n),m))>

We conclude this section by presenting an alternative representation of
the above estimator. We define inhomogeneous Markov chains as follows. Let
X, (n;m) be such that X, (n;m) starts in o and the first n transitions are
performed according to Qp and the transition from X (n;n) to X, (n;n + 1)
is generated according to P;' and after n 4+ 1 the transition kernel is Py. Define

X, (n;m) in the same vein. Note that on the event {79 > n}
X, (n;m) = X, (nsm) = Xg(a,m), m<n. (24)

Denote by T;a (n) the first time that X, (n;m) and X, (n;m) simultaneously

hit a:
T(fa(n) =inf{m>n: X/ (n;m) € a, X; (n;m) € a}. (25)

The expression in (23) then is equal to

To,a T:a n)
E | er,(Xolan)) Y- (90X (mim) — g(X5 (nim)))
n=0 m=0
70,0 oo (n)
=B Y en(Xolan) 3 (XS (mm) — (X5 (mm)) | |
n=0 m=n+1

where the last equality follows from (24). Hence,

%E[Q(Xe)] (26)
T, Ty o (M)
1 ’ ' _
= B & | 2 e (Kotanm) 30 (905 (msm)) = g5 (uzm)) )|
with g € D.
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5.2 Examples

Consider a single server queue with i.i.d. exponentially distributed service times
with rate p. Service times and interarrival times are independent and let the
interarrival times be a sequence of i.i.d. random variables following a Cox dis-
tribution with rates n;, j = 1,2, and parameter ¢, that is, the interarrival times
consist with probability 1 — € of a single exponentially distributed stage with
rate 71, and a second stage with rate 7, follows with probability 6. Let h, de-
note the density of the Exponential distribution with rate u and write &, for the
distribution. Denoting the density of the sum of two independent exponentially
distributed random variables with rate 7; and ne by hy, »,(z) and the corre-
sponding distribution function by &£(,, ,,), the density of the interarrival times

is given by
ho(z) = (1= 0)hy, () + Ohy, py(2), ©2>0.

The parameter of interest is 6. Observe that, for 6 = 1, ho(z) = hy, ()
and the interarrival times follow a phase-type distribution, whereas, for § = 0,
he(x) = hy, (x) and the interarrival times follow an Exponential distribution.

5.2.1 Discrete State—Space

Let Xo(n) = (Xo(1,n), X0(2,n)) be the state of the system, with Xy(1,n) € N
the total number of customers in the system, and Xy(2,n) € {1,2} the stage of

the interarrival time. Let
Py((k,1); (K',i") = P(Xg(m+1) = (K,i') | Xo(m) = (k,3)),

for (k,4),(K',i") € N x {1,2}. Then, the probability that an arrival occurs is

m
Py((k,1);(k+1,1) = (1 —-0)——— |
5 (e, 1); ( )= (-0
Py((k,2); (k+1,1)) = — 2
N2 + pleso

the probability that the state of the interarrival time jumps from stage 1 to 2 is

Ui
Py((k,1);(k,2) = 0——,
bl((k, 1); (k. 2)) m + ule>o
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and the probability that a departure occurs is

(L _ H
Py((k,1);(kE—1,1)) = mtp’

(b _ M
PH((ka2)7(k 172)) - o +M .

Set P = P; and ) = Fp, then
Py =0P + (1-60)Q. (27)

For any 6 the process is a discrete-time Markov chain which is irreducible,
and hence any state is an atom. In particular, (0, 1) is an atom for each of the
processes. Let us verify conditions (C1) to (C3). We assume that for any 6 the
process is ergodic, from well-known results of the G/M/1 queue (see [3]) this
requires that the mean service time must be smaller than the mean interarrival
time. Hence, for all 0 < 6 < 1,

(1—9)i +0<1+1> > l7
n mo N2 H

or

1 1

J— > —
m K
For the Lyapunov function we try the function from S = Ny x {1,2} to R,

which is linear in the number of customers, i.e.:
g(k,i) = ck, (28)
for some ¢ > 0 and ¢ = 1,2. Then for s = (k,1) with & > 1

E[g(Xo(s,1))] —g(s) = Po((k,1); (k +1,1)) c(k +1)
+P9((k, 1); (k,2) ) ck
+ Py ((k,1); (k= 1,1))c(k—1) — ck
1 H

2(1—9)77716(16—"—1)4-9 ck+ clk—1) — ck
h+ p m+tp m+p

<0.

Note that s = (k,2) is only a reachable state if § > 0, in this case we have

similarly for k£ > 1,

E[g(Xo(s,1))] — g(s) = c(k+1)n2"jﬂ 4ok — 1)n2‘iu ek,
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which is smaller than 0 if

1 1

Ben2
We conclude that for any ¢ > 0 the function g in (28) is a Lyapunov function

with
Vo = {(0,1),(0,2)} for 6 >0
and
Vo = {(0,1)} forf=0.

Without loss of generality, we take ¢ = 1 in the Lyapunov function g. While the

ergodicity condition is

1 1
— > —, (29)
m K

we also required above that
1 1
- > —. (30)
M2 M

Let us point out, without going into details, that we do not need relation (30)
for satisfying the condition (C1) if we take my sufficiently large in relation (12).

Indeed, suppose that relation (29) is satisfied but relation (30) not, then

N2 > [ > N (31)
In the long-run the fraction of states for which the interarrival process is in

phase 1 and phase 2 is f; £ oo and f = ;—27 where ¢ £ (% + 7%)’1. By (31),

Ji> fa

and the derivations above give that

<0 fors= (k1)
Elg(Xo(s,1))] — g(s) (32)
>0 fors=(k2).

Write E[g(Xq(s,t))] — g(s) as a telescope sum:

Elg(Xo(s,t))] —g(s) = E

> (Elo(Xots, 19) [ Xo(ok = 1] = o(Xas. k- 1)))] .

k=1
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Ergodicity implies that

lim E

t—oo

> (BlatXo (s, ~ g(Xols, k- 1)))]
k=1

exists. This together with (32), we find that the number of negative terms minus
the number of positive terms in the right hand side tends to infinity as ¢ — oo
with probability one. Hence, for ¢ sufficiently large the left hand side is negative
for any state s. Take my = t, then relation (12) is satisfied. We conclude that
indeed the ergodicity condition is sufficient for condition (C1).

In an ergodic Markov chain with an atom the Harris condition is automati-
cally fulfilled, which implies that condition (C2) is satisfied. It is straightforward
to check the condition (C38). By Theorem 2 together with relation (14), we may

choose the bounding function v as
v(s,i) &2 M, (s5,0) €S
for a sufficiently small A, which gives
D, = {g:SﬁR’HTER: 9(s,1)| <7 -e, (s,1) es}.
Note that Theorem 2 implies that
D, C L'(Py,©) N L' (1Iy,0) .

Only the transition out of state (k, 1) does depend on 6. Specifically, for g € D,,
it holds:

d it m

— Py((k,1);7m)g(r) = g(k,2) ——— — g(k+1,1) —,

5 2 Pol Din) 900) = 9l S — ol 10) S
whereas

3 Bu((h,2):) g(r) = 0.
res

Set

: - m - p- :
P ((k,1); (k,2)) = P P7((k,1); (k+1,1)),

PH((k,1);(k+1,1)) = 0 = P~((k,1); (k,2)),
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and for any other pair of states s,s’ set P, (s;s') = Py(s;s’) = Py (s;8'). In
words, under P there are two possible events that can trigger the Markov chain
to leave state (k+ 1): a departure takes place, or the phase of the interarrival is
increased. Under P~ the two possible events that can trigger the Markov chain
the leave state (k + 1) are: a departure takes place, or an arrival occurs. Then,
for any g € D, it holds that
4 > Psn)gln) = L PHsngn) = P el s,

which implies that (1, P+, P™) is a D,~derivative of Py. Observe that PT = Py
and P~ = F,.

A quick way of obtaining the above result is as follows. We revisit the repre-
sentation of Py as the mixture of the kernels P and @ in (27). For any g € D,,
it holds that [ P(s;du)g(u) and [ Q(s;du)g(u) exist and are finite. Hence, by
Example 2, Py is D,-differentiable with D, -derivative (1, P, Q), where PT = P
and P~ = Q.

Because the D, —derivative of Py is independent of 6, Py is D,—Lipschitz
continuous at any 6 € [0,1]. Hence, provided that 1/m; > 1/u, Theorem 3

applies and the estimator in (20) with 72 as in (19) is unbiased for any g € D,,.

5.2.2 Continuous State—Space

Let Wy(n) be the waiting time of the nth customer arriving to the system.
We have S = R and we take the usual norm on R for || - ||s. Let Fy denote the
distribution function of the interarrival times. Let {Ap(n)} be the i.i.d. sequence
of interarrival times and {S(n)} the i.i.d. sequence of service times, respectively.

Lindley’s recursion yields:
Wo(n + 1) =max( Wy(n) + S(n) — Ag(n+1),0), n>1,

and Wy(1) = 0. For w > 0, the transition kernel for the waiting times is given
by
o= [ [ G(ds) Fy(da)
0 max(w+a—wv,0)

and

oo pmax(a—v,0)
Py(o: {0}) = / / G(ds) Fy(da)
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For the ergodicity of Markov chain Wy(n), 0 < 8 < 1, we need that (see [3])

1 1
- < —. (33)
K m

Note that p=! < nl_l implies p~! < 771_1 + 772_1. Since G and F; are both

exponentially distributed we have

/Ow/oayG(dy)Fg(da)—u<(10)nll + 9(7711+7712)> > 1

Choose ¢ such that for all 6
oo pemin(a,c)
[ vean i = 1
o Jo
and choose the Lyapunov function such that for v > 0,
gv) =v for veR,.

Then, for v > ¢

min(a,v)
/Pg v; dy) g(dy) / / —a+v) G(dy) Fy(da)
0

<v—1<g(v
Hence, g satisfies condition (C1) with
Vo = [O,C] :

Also this Markov chain has an atom and it is straightforward to check conditions

(C2) and (C3). The bounding function is
v(s) 2 M, scRy,
which gives
:{g:S—>R|EIT€R lg(s)| <7 et ,s€S}.
Note that Theorem 2 implies that
D, C L'(Py,0)N L*(114,0) .

Like the previous example, the kernel can be written as mixture of two

kernels P = P, and @) = Py:
Py =0P+(1-0)Q, 0€]0,1].
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Specifically, under P, the interarrival times are distributed according to £q, .),

and under @, the interarrival times have distribution &,,. Hence, Py falls into

the setup of Example 2 and it readily follows that Py is D,-differentiable with

D,

-derivative (1, P, Q). Because the Di—derivative of Py is independent of 6, Py

is Dy—Lipschitz continuous at any 6 € [0,1]. Hence, if the system is stable at

0 =1 (see (33)), then Theorem 3 applies and the estimator in (26) with Tgfa as

in (25) is unbiased for any g € D,,.
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