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1 Introduction

Many applied sciences require handling events with low probability but large, often disas-
trous impact. Extreme events form a central issue in financial risk management, premium
calculations in reinsurance, the construction of dams and drainage systems, metal fatigue,
and many more areas. Of particular interest is the way in which extreme events interact:
an unusually stormy day at a particular site may well be followed by another one at the
same or a neighboring site; a large drop in a stock index may trigger similar negative move-
ments in the next time period for the same or other financial time series. If extreme-value
statistics is already complicated by the fact that about the events it wants to describe there
are by definition few observations, even more challenging to model and to make inference
on are the possible connections between different extreme events. Which, then, are the
principles underlying these dependencies between extremes?

The issue will be treated in a rather abstract setting, whose build-up is conveniently
commenced at a concept from classical extreme-value theory. A stationary sequence
of random variables {X,, : n > 1} is said to have extremal index 6 € [0,1] if for
every 7 > 0 there exist numbers {u, : n > 1} such that nPr (X, >wu,) — 7 and
Pr (max;—1, », X; <u,) — exp(—70) as n — oo (Leadbetter 1983). The extremal index 6
quantifies the strength of the dependence between the threshold exceedances {X; > u,},
with @ = 1 corresponding to asymptotic independence and 6 | 0 to increasing dependence,
showing itself in a tendency for large observations to occur in clusters. Under certain mix-
ing conditions on the {X,}, the extremal index arises in at least three other ways: as the
reciprocal of the mean size of a cluster of threshold exceedances; as the probability that a
threshold exceedance is not followed in the near future by another one; and as the shape
parameter in the limit distribution of the inter-exceedance times. All these characteriza-
tions motivate different estimators of the extremal index and of properties of clusters of
extremes. Together with the tail of the marginal distribution of the X,,, they provide a
fairly complete picture of the probabilistic structure of extreme events in the time series.

The concept of extremal index has been generalized to multivariate stationary time
series {X,, = XM xy e > 1}. Let order relations in R? be taken component-

wise and define M,, = max{X,, : i = 1,...,n}. Consider multivariate thresholds u, =
W, .. ul?) € RY for which nPr(XY > u{’) — 70 € [0, 00) as n — oo. If both limits

nPr(X; £u,) > A€ (0,00) and Pr(M, <u,)— exp(—pu) >0

exist, then the multivariate extremal index is defined by 6(7) = u/A. As the notation
suggests, the extremal index depends on 7 = (7, ..., 7(4) and thus on the threshold
sequence {u,}, although under certain mixing conditions §(7) = 6(c7) for ¢ > 0. Theory
and practice are much less developed than in the univariate case, see Nandagopalan (1994)
and Smith and Weissman (1996).

Some reflection on the definition of the (multivariate) extremal index leads to the
observation that the order structure on R? is not essential and that it is in fact possible
to start from a stationary sequence {X, : n > 1} of random variables in an arbitrary



measurable space (5,S). The thresholds are replaced by measurable sets B,, C S which
are such that nPr (X, € B,) — 7 > 0 as n — oo. The process {X,} is said to have
extremal index 0 w.r.t. {B,} if

Pr(Vi=1,....,n: X; & B,) — exp(—710) asn — oc.

The special cases S = R and B,, = (u,, 00) or, more generally, S = R% and B,, = (—oo, u,]°
lead back to the ordinary (multivariate) extremal index. The sets B,, can be thought of as
failure sets, which represent a collection of extreme states for the system represented by
the X,,. The extremal index 6 describes the strength of dependence between the extreme
events {X; € B, }.

At this stage, it is clear that even the X; and the B, can be disposed of, and that,
finally, the heart of the matter lies in the extreme events A4;, = {X; € B,}. In general,
then, we will work with a triangular array {4;, : n > 1,4 = 1,...,7,} of events on an
abstract probability space (which may vary with n) and for which every row satisfies a
certain stationarity condition. When interest is not in asymptotics but in finite-sample
statements, the focus will be on a single row Ay, ..., A,.

The set-up and the notations in force are detailed in Section 2. In Section 3 we will
investigate how close Pr((;_, AS) and {Pr(;_, Af)}r/ ® are to each other, in terms of
finite-sample inequalities as well as asymptotically. This will be applied in Section 4 to
a comparison between two estimators of Pr([;_; Af) when the indicators I; of the A,
are observed. In Section 5 properties of the extremal index of a stationary sequence of
real-valued random variables will be shown to hold also for

9m = Pr (ﬁAf Al) )
1=2

the conditional probability that an extreme event A; is followed by a run of m — 1 non-
extreme events A{. These properties will serve in Section 6 to show consistency of the
intervals estimator for the extremal index (Ferro and Segers 2002) in our general set-up.
Finally, in Section 7 the framework is extended to a double triangular array {(A;,, Bin) :
n>1,i=1,...,r,}. The conditional probability

0aF = Pr ((m] Ag, 0 Bm>
=1 =1

of no A-event in a block with a B-event will be shown to be an informative coefficient of
dependence between the A-array and the B-array.

If classical extreme-value theory for dependent observations allows generalization to
such an abstract setting, then inference procedures are feasible in a wide range of situations
involving dependence between rare events. Whatever the set-up, the interactions between
extremes eventually obey a simple set of basic laws, readily comprehensible and exploitable.




2 Block-stationary events

We describe the basic concepts and assumptions in the theory to be developed. Funda-
mental is the following notion of stationarity.

Definition 2.1 FEvents Ay, ..., A, on a common probability space are block-stationary if
foreverym=1,....r—1and j=1,...,7r —m we have
i=1 i=1
Let Ay,..., A, be block-stationary events. The fundamental quantity of interest is
pm = Pr(U2, Aij) for m =1,...,r and j = 0,...,r — m, that is, the probability that
a block of length m witnesses an extreme event. Denote ¢,, = 1 — p,, and p = p;.

Check that for positive integers ¢ and 7 with ¢ + j < r we have p; < p;y; < p; + p; and
Givi < ¢ < Qivj + Dj.
Mixing conditions will be formulated in terms of

v s+w
as; = max{ Pr( ﬂ AN m Aj) — Qo—uGuw—v]| :
i=u+1 j=s+v+1

u>0v—u>lw—v>lLw+s<r},

describing the force of dependence between two blocks of length at least | and separated
by a gap of size precisely s (put o,; = 0 if 20 + s > r). Abbreviate oy = «;; and
ap=max{as;:s=1,...,7}
Assuming without further notice that p > 0, we define for m =1,...,r
em = (pm _pmfl)/p

m m—1
— Pr (ﬂ AS A1+j> — Pr ( ﬂ Ag Am+j) ,
=2

i=1
where j = 0,...,7 — m and py = 0. In words, #,, is equal to the probability that an
extreme event is not followed by another one in the next m — 1 time points, and also to the
probability that an extreme event is not preceded by another one in the previous m — 1
time points.

The set-up for asymptotic results will be a triangular array {A4;, :n>1,i=1,...,7r,}
for which every row Ay ,,,..., A, , consists of block-stationary events on a common proba-
bility space, which may vary with n. The probabilities of interest are py, ,, = Pr(U;~; Aitin)
form=1,...,r, and j = 0,...,r, —m, together with ¢, = 1 — pp, and p, = D1 .
The corresponding mixing coefficients are ag,, a1, = arpn, and &, = max{o;, : s =
l,...,r,}. Assuming that p, > 0, we also set 0, = (D — Pm—1n)/Pn for m=1,... 1y,
where po, = 0. Finally, all asymptotic statements are for n — oo.




Remark 2.2 The condition that the events Aq, ..., A, are block-stationary is weaker than
the assumption that the vector of indicator variables I; = I(A;) is strictly stationary. As an
example, let {Y}, : n € Z} be independent random variables with Pr(Y,, < y) = exp(—1/y)
for y > 0, and let a;, ¢ > 0, be non-negative numbers such that a; > a;,; for all ¢ > 0 and
> >0 @i = 1. Define the moving-maximum process §, = max{a;Y,_; : ¢ > 0}, for n > 1.
The process {&,} is stationary with block-maximum distribution Pr (max,—; ,& < ) =
exp{—[(n — 1)ap + 1]/x}, for z > 0. Now let {¢} be another such moving-maximum
process, independent of {{,}, and with parameters a], i > 0, where again a; > a,; > 0
fori > 0and ) . ,a; = 1. Define (X1, X, X3, X4,...) = (&1,&1, 62,8, .. ). If ag = af but
a; # a; for some 7 > 1, then the process {X,} is not stationary. Nevertheless, for all u > 0
the events A, = {X,, > u} are block-stationary, although the sequence I,, = I(A,) is not
stationary.

Remark 2.3 The mixing coefficients «;; were introduced by O’Brien (1987) and lead to
mixing conditions that are slightly weaker than Leadbetter’s (1974) popular condition D.

3 Big and small blocks

A simple but crucial observation for independent and identically distributed real-valued
random variables {X,, : n > 1} is that the distribution of the sample maximum M, =
max;—1__, X; satisfies Pr (M, < x) = {Pr(X; < x)}". Although this is no longer true in
the presence of dependence, certain mixing conditions still guarantee that Pr (M, < z) is
close to {Pr (M, < z)}"/™ for suitable r and m. This is important in so far it implies that
for a broad class of stationary sequences the only non-trivial weak limits of scaled and nor-
malized sample maxima are the extreme-value distributions, whose range of applicability
is thereby greatly enlarged (Leadbetter et al. 1983). The argument can be extended to the
multivariate case (Hsing 1989).

A natural question, then, is whether in general the probability ¢, of no extreme event in
a block of size r can be approximated by the probability q:n/m of no extreme event in r/m
independent smaller blocks of size m. Finite-sample inequalities in Subsection 3.1 lead to
asymptotic results in Subsection 3.2.

3.1 Inequalities

Let Aj,..., A, be block-stationary events (Definition 2.1) and employ the notations of
Section 2. Two lemmas will prepare the ground for inequalities for ¢, — qf,{m in case m is
small compared to r (Theorem 3.4) and inequalities for ¢, — qg/ *in case s can be of the
same order as r (Theorem 3.5). By convention, we set the sum over the empty set equal

to zero and the product over the empty set equal to one.

Lemma 3.1 Let ay,by,...,a5,bx € {0,...,7} and assume that there exists a positive in-
teger I such that b; —a; >l foralli=1,... )k and a;y1 —b; =1 foralli =1,... )k — 1.



We have

k k
_(a/l +pl) Z H db;—a; < b, —ar — qu —a; < Z H Qbj—a;-

1=2 j=i+1 1=2 j=i+1

Proof. We proceed by induction on k. For k = 1, there is nothing to prove. Let k& > 2.
We have

br_1 by ak
r( N 4n N A;)-Pr U 4

i=a1+1 i=ap+1 i=bp_1+1
by, br_1 b
< Pr( N Af)qukalgPr< N 4n N Af).
1=a1+1 i=ai1+1 i=ap+1

Moreover,

< Q.

bk*l bk.
r( ﬂ Afﬂ ﬂ Af) — by_1—a1 9bi—ay,

i=a1+1 i=ar+1

Together, we find

Qbk,l—alqm—ak — o — P S Qbk—al S Qbk,l—alqm—ak + aq.

Apply the induction hypothesis on g5, ,—q, to conclude the proof. ]

For a real number x, we denote by |z] the largest integer not larger than x, and by
[x] the smallest integer not smaller than z.

Lemma 3.2 Let | and m be positive integers such that | < m < r. For every k =
L., |(r+0)/(m+1)], we have

1—qh!

@ < gy + o——"—.
1_qm

If also 2l +m < r, then for k = [(r +1)/(m +1)], we have

1— qk—l
> qF — - tm_
Gr 2 G~ (00 + 1) — "
Proof. Let k =1,....[(r+1)/(m+1)] and set a; = (i — 1)(m +1) and b; = a; + m
for ¢ = 1,...,k. The integers aq,by,...,a, by satisfy the conditions of Lemma 3.1; in
particular by = km + (k — 1)l < r. Hence

k

—(au+p) qu < Qhmet (k- 1l_qm_alz

=2



Now we have S°F g5 = (1 — ¢571)/(1 = gm). Since ¢ < Grmy(r_1y, the upper bound
follows.

Next, suppose that 2l +m < r. Apply Lemma 3.1 on a; =0, by = m, as = m + [, and
b =r to find

qr 2 gm4r—m—1 — (Oél +pl)
Let k=[(r+1)/(m+1)]. Sincer —m —1 < (k—1)(m+1) —1 <r, we have
1_ql~c—2

Substitute the lower bound for ¢,_,,_; into the lower bound for ¢, to conclude the proof.
O

Qr—m—1 = Qk—1)(m+1)—1 = a7t = (o + )

Remark 3.3 For 0 <x <1 and a > 1 or a = 0, we have
1—2a°
1—=2

Hence, (1 — ¢ 1) /(1 — ¢,,) < min(k —1,1/p,,) in Lemma 3.2.

< min(a, 1/(1 — z)).

Theorem 3.4 For positive integers | and m such that [ < m < r, we have

- 1—q;1/m I m
& <4q,, tog———m+—+—.
1—qgm m T

If also 2l +m <r, then
1— I,{m l m
qr = q%m - (al+pl)—q - — —.
1—qn m T

Proof. Lemma 3.2 with k = |(r +1)/(m +1)] gives

. qkfl

If0<x<1,a>0,and b > 0, then |z* — 2°| < max(1 — a/b,1 — b/a). Hence, since
(r+0/m+10)—1<k<(r+1)/(m+1) <r/m, we have

& —q/m <1 —mk/r <l/m+m/r

leading to the stated upper bound for g,.

Next, suppose 20 +m < r, and set k = [(r +1)/(m +{)]. By Lemma 3.2, we have
1 — qkfl
> qF .

Now, by the same inequality as before, we have
¥ — /™ < max(1 —mk/r, 1 —r/(mk)).

Since (r+1)/(m+1) <k < (r+10)/(m+1)+1, we have 1 —mk/r <I/m and 1 —r/(mk) <
(I +m)/r, so that max(1 — mk/r,1 —r/(mk)) < I/m+m/r. As k —1 < r/m, the proof
is complete. Il



Theorem 3.5 For positive integers I, m, and s such that | < m, m+ 2l < s, and s < r,
we have , m
g — ¢*| < — (200 + py) +4—.
m s

Proof. Let k= |(s+1)/(m+1)]. By Lemma 3.2, we have
s < ¢, + (k= Day.
Since {min(z +y, 1)}* <24 ay for 0 <z <1,y >0, and a > 1, we have
e (e
Let j = [(r+1)/(m+1)]. By Lemma 3.2, we also have
¢ = @, — (7 — Dl +m).
All in all, we find

r/s j r/s r . .
= =g, = = (k=) +(—1) = G- D

Now if j < kr/s, then ¢/, — q,lff/s > 0, while if j > kr/s, then
g g s _smmr o m
Js (r+2l4+m)s s

Further, j — 1 < (r+10)/(m+1) <r/m, and (r/s)(k —1) <r/m.
The proof of the upper bound for ¢, — qz/ * is analogous, and based on the inequality
{max(z —y,0)}* > a* —ay for 0 <z <1,y >0, and a > 1. O

3.2 Asymptotic results

For every n > 1 let A;,,..., A, be block-stationary events, and use the notations of

Section 2. Theorem 3.7 compares g, , with q;g:f,/;".

Lemma 3.6 Let 1 <1, <m, <r, be integers with l,, = o(my,,).
(i) Let 0 < Ay — 0. If pp, o = O(N,) and oy, , = 0(\y), then py, » = o(Ay).
(17) If 0 < pmp.n — 0 and oy, n = (D, n)s then pi, n = 0(Pmyn)-

Proof. (i) Let k be a positive integer. If n is large enough so that k& < |(m, +1,,)/(21,,)],
then we have by Lemma 3.2,

1— Pmy,.n S (1 - pln,n)k + (k - 1)aln,n S eXP(—pln,nk) + (k - 1>aln,n-



If n is also large enough so that py,, » + (kK — 1)ay, » < 1, then

1
Dlpn < _E log{l — Pmyn — (k - 1)aln,n}'

Hence we have 1

n—oo n—oo

Let k — oo to see that p, /A, — 0.
(ii) Take A, = P, in (i). O

Theorem 3.7 For positive integers l,, and s, such that
ln = O(Sn)a Sn S Tn, and al.n = O(max(sn/rnapsn,n))a

we have
Qrpn = qu,/rfn + 0(1)-
If additionally liminf,, .« s, /7, > 0, then also

Qﬁ:,/?fn = Gs,.n T 0(1).

Proof. Without loss of generality, we can restrict n to a subsequence along which
(Tn/Sn)Dsn.n — ¢ € [0, 00].
If ¢ = oo, then ¢i"/s" — 0. Set k, = |(rn + [,)/(sn + [,)]. By Lemma 3.2, we have

n

k
qrn S qS:,TL + alnvn/psnvn - 07

since ky, ~ ry,/sp.
Next, suppose ¢ < oo. Since in this case oy, ,, = 0(s,/ry), we can find positive integers
m,, such that
l, =o(my,), my,=o0(s,), and o, =o0(m,/r,).

Again, without loss of generality, we can restrict n to a further subsequence such that
(Tn/ M) Pm, — d € [0, 00].
Suppose first that d < oco. By Lemma 3.6(i), we have (r,/my)pi,,» — 0. But then
|G — qgsf,f”] — 0 by Theorem 3.5.
Suppose next that d = co. Let j, = |(r, +1,)/(my, +1,,)]. Since j, ~ r,/m,, we have
by Lemma 3.2,
Qrp,n < (1 - pmn,n)jn + (]n - 1)aln,n — 0.

Next, let k,, = | (sn + 1)/ (myn + 1) |. By Lemma 3.2, we have
gsrler < min{(1 = po, )™ + (ko — e,y 1375
Ifa>1,0<z<1,and y > 0, then min(x + y,1)* < 2* + ay. Hence
G < (1= D)™™ - (raf50) (B = D)ot .

8



Since k,, ~ s,/m,, we obtain qu,/,f"

The second statement of the Theorem follows from

Aspn = {maX(QTn,n + o(1), O)}sn/rn

and the uniform continuity of the map (z,a) — 2% on (z,a) € [0,2]x[¢, 1], where 0 < € < 1.
U

— 0.

4 Application: disjoint or sliding blocks?

Estimation of the distribution of the maximum of a block of consecutive variables lies
at the heart of the method of annual maxima (Gumbel 1958) and the blocks estimator
for the extremal index (Hsing 1991; Smith and Weissman 1994). In each case a sample
of observations is partitioned into blocks to yield a sample of block maxima, from which
the unknown distribution can be estimated. An alternative to disjoint blocks is to slide
a window of the appropriate size through the sample. The resulting sample of sliding-
block maxima is much larger than the one from disjoint blocks; however, block maxima of
overlapping windows are dependent, even in case of independent observations. This raises
the question which are the more efficient: disjoint or sliding blocks?

The problem can be solved in our general framework. For every n, let Ay ,,..., A, ,
be block-stationary events on a common probability space (which may vary with n). For
k=1,...,nandj =0,...,k—1,let I; ., be the indicator function of the event )} AL

i=j+1
Abbreviate Iy, = Ioy, for k = 1,...,n. Observe that ¢, = E(l,,) = E(Ijj+rn), for
r=1,...,nand 7 =0,...,n—r. We can express the familiar mixing coefficients by

Qg in = maX{|COV (Iu,v,ny Is+v,s+w,n) | :
u>0,v—u>liw—v>Lw+s<n}.

Put &y, = maxs—;,  , s, Two unbiased estimators of g, , are
(jr,n = T 7 ](ifl)r,ir,n and qNT,n - 7 Ii,i—l—r,na
ln/r] = n—r+143
composed of disjoint blocks and sliding blocks respectively. By Theorem 4.1 below and the
inequality 2z{(logz)'(z — 1) — 2} < (1 — z) for 0 < z < 1, the sliding-blocks estimator

is more efficient than the disjoint-blocks estimator in case g, is bounded away from 0 and
1.

Theorem 4.1 If the positive integers I, and r,, are such that
ln=o0(rn), rTn=o0(n), and &, =o(r,/n),
then
(n/ro)Var (Gr,n) = Gran(l = Gryn) +0(1),

Tn, 1
(n/rn)Var (grn,n) = Qan,n (qm—) - an,n> + 0<1)

log(qr,, n



Proof. We give the proof only for the sliding-blocks estimator, which is the more difficult
part. We have

) 1 N—"rnp N—"p
Var (¢r, n) = m ; j; Cov (Lisitrans L j+rnn)
Since
Cov (Ii,i+rn,na ]j,j—i-rn,n) - QT,L+|i—j|,n - qzn,n if |Z - ]| S Tn,
‘COV (Iiyi+Tn7n7 [j,j+rn,n> | < aln,n if ‘Z - J’ > Tn + lna
we have
~ qr n(]- — qr n) 2 i 2
Var (G,,,) = n 1= D) (Gpann —
ar (Gro.n) n—r,+1 * (n—r,+1)? ;(n Tn + )(Grothn qrn,n)
+ O(l,/n) + O(ay,, )
. 2 = 2 2/ 2 -
R —— ;(an+h,n — 4y, ) + O, /1%) + Ol /) + O(ay,, n)-
We obtain

N 2 &
(n/rn)Var (G, n) = E;@wh,n—q?n,n)ﬂ(l)

1
. / (oot oo — @2, ) da £ (1),
0

By Theorem 3.7, we have g, 4r,2],n = gl o(1) = ¢}t + o(1) for x > 0. Apply
the dominated convergence theorem to complete the proof. Il

5 After an extreme event

The extremal index 6 of a stationary sequence {X,, : n > 1} of real-valued random variables
determines the dependence between extreme events in the sequence in a number of different
ways. The results to follow are nothing but generalizations of these facts, under minimal
conditions, to the naked framework of block-stationary events.

Let us first recall some properties of the extremal index. Denote the marginal distri-
bution function of the X, by F, and for n > 1 let the thresholds u, € R be such that
limsupn[l — F(u,)] < co. Denote

Omn = Pr ( max X; < u,

1=2,....,m

Xl >un)7

the conditional probability that a threshold exceedance is followed by a run of non-
exceedances. O’Brien (1987) proved that if m = m,, — oo and m,, = o(n), then, under

10



certain mixing conditions, Pr (M, < u,) = {F(u,)}" " + o(1). Hence, the extremal
index arises as the limit of 6,,, ,.

Another characterization of the extremal index is in terms of S,,, = Z:il I(X; >
uy,), the number of threshold exceedances in a block of size m. If m = m,, = o(n) and
limsupn[l — F(u,)] < oo, then Pr(S,,, » > 0) < m,[1 — F(u,)] — 0. In case S,,, > 0 all
the exceedances in the block are thought of as one single cluster. If m,, — oo, then under
certain mixing conditions the expected cluster size satisfies E[Sy, n | Sm,n > 0] — 1/6
(Leadbetter 1983). In words, the extremal index is the reciprocal of the mean cluster size
of threshold exceedances.

Finally, Ferro and Segers (2002) linked the extremal index with the inter-exceedance
times T'(uy,) < min{i > 1: X;41 > u,} conditionally on X; > w,. They showed that, again
under certain mixing conditions,

Pr{[l — F(u,)|T(u,) > x | X1 > u,} — Oexp(—z0), forz >0,

that is, the normalized inter-exceedance times [1 — F'(u,)]T (u,) converge to a mixture
between a point mass at zero and the exponential distribution.

The proper reformulations of these properties in terms of the threshold exceedances
{X; > u,} will be shown to remain true in the general setting of row-wise block-stationary
events A;,. The asymptotic results of Subsection 5.2 are founded on the finite-sample
inequalities of Subsection 5.1 and culminate in the Characterization Theorem of Subsec-
tion 5.3.

5.1 Inequalities

Let Ay,..., A, be block-stationary events (Definition 2.1) and recall the notations of Sec-
tion 2.

Theorem 5.1 Form =1,...,r, we have
mpb,, < Pp-
If, additionally, 2m < r and l = 1,... , min(m,r — 2m), then also

Pm < mpb, + 02, + D1+ .

Proof. Since 0; > 0,1 foralli=1,... r— 1, we have

m

Pm = Z(pz —pic1) = Zpei > mpOy,.
i=1

i=1
For the upper bound, observe that

2m—+1

m m 2m—+l1
pm = Pr (UAm N Ag) + Pr (UAZﬂ U Ai> :
i=1 i=1

11



On the one hand, we have

2m+1 2m+-1 m
(UA n AC) ZPr (A N AC) = Phansioips < mpby,

t=m+1 Jj=i+1 =1

while on the other hand, as Pr (A°N B) — Pr(A°) Pr(B) = Pr(A) Pr(B) — Pr (AN B) for
general events A and B, we have

2m—+1 m 2m+1
(UAﬂ U A)EPY(UAiﬂ U Ai) +pl§p$n+0£z+Pl-
=1

1=m+1 i=m-+l+1

Theorem 5.2 For positive integers | and m such that | < m < r, we have

1—gd™ I m
qrg(l—Qmp)r—i—oq—q—l———l——.
1—qgn m

If additionally 2m + 1 < r, then

2r r [
¢ > exp(—r0m,p) — —(u +p) — —po, — — — 2—.
m m m r
Proof. By Theorem 3.4, we have
r/m l—gl™ | m
¢ <qgm"mtoy——m+t —+—.

1—qm m T

By the first inequality of Theorem 5.1, we have ¢,, < 1 — mp0,,. Since (1 +z)* < 1+ ax
for x > —1 and 0 < a < 1, we obtain

g™ < (1= mp)"™ < (1= 6,p)",
which gives the stated upper bound for ¢,.
Secondly, we have by Theorem 3.4,
r l
G > " — —(u+p)————.
m m
The second inequality of Theorem 5.1 implies
/™ = (1= pp)"™ > {max(1 — mpb,, — p2, — p — oy, 0)}7/™.
Since {max(1 — z,0)}* > exp(—ax) — 1/a for > 0 and a > 0, we have

r/m

g™ = exp{=rply — (r/m)(py, +pi+ i)} —m/r.
Since also exp(—z — y) > exp(—z) — y for x > 0 and y > 0, we get
g™ = exp(=rpbi) = (r/m)(p}, + pi+ cr) —m/r.

Substitute this inequality in the lower bound for ¢, to conclude the proof. O
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Theorem 5.3 For positive integers | and m such that | < m and 2m +1 < r, and for
s=m-+I,...,7m —m, we have

_(mp)ilal - (mp)ilpl S 98 - emQS
< 3(mp)~ta; + 2pm + (14 (mp) Hp.
Proof. Fort=m+1,...,r, we have
t t m
(U A0 ) AC) Z Pr (Ak n AC> = pbpan,
1=m+1 i=k+1 k=1
so that

mpl; < Pr (UA N m AC> < mpbi_,,.

i=m-+1
Hence for s =m+1,...,r —m, we have
s+m m s
(UA n N AC) < mpb, <Pr<UA n N AC)
t=m+1 i=m-+1
Now

0 < (UAm ﬂ AC>—Pr<UAﬂ ﬁn AC>

t=m+1 i=m+1
s+m
< (UA n A) < Pl + Q-
i=s+1
Moreover,
m s+m s+m m—+l
0§Pr<UAiﬂ ﬂ ) Pr(UAﬂ ﬂ Ac><Pr<U Ai):pl
=1 i=m+Ii+1 i=m-+1 i=m-+1

and, if s > m + [,

S aj.

(UA N ﬁb > — PmGs-1

i=m—+Il+1

Together, we obtain
Pmds—1 — 1 — pr < mpls < ps—i +  + Pl + Q-
If s —m >1, then a;_,; < &. Theorem 5.1 now implies
MpOqs—1 — o — pr < mpls < mpbrags—1 + 301 + 2p5, + 1.
Since ¢s < ¢s—; < ¢s + p;, we obtain
mpbmgs — aw — pi < mpb < mpbugs + 3au + 2py, + (1 + mp)pr.
Divide by mp and use p,, < mp to conclude the proof. O
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5.2 Asymptotic results

For every n > 1, let the events A, ,,..., A,, , be block-stationary. Recall the notations of
the Introduction, in particular

Omn = Pr (ﬁ AL
i=2

Consecutively treated in this paragraph are extremes in small blocks, extremes in large
blocks, and inter-arrival times between extreme events.

Al,n) = (pm,n - pm—lm,)/pna for m = 27 <oy I

Small blocks

Theorem 5.4 Let l,, and m, be positive integers with 2m,, + l, < r, and assume that
l, = o(my,) and pm, » — 0.

(i) If oy, = o(mppy), then O, 5 = (Mnpp) ™ P+ 0(1).
(ZZ) [f alnvn = 0(pmn7n)7 then 9m7un ~ (mnpn)flpmnﬂ_b'
Proof. (i) By Theorem 5.1, we have

(mnpn)il (pmn,n - pfnn,n - pln,n - Oéln,n) S emn,n S (mnpn)ilpmn,n-

Since pm, n < Mypy and py, 5 < l,py, statement (i) follows.

(ii)) We can also write the previously displayed inequalities as
p ) plnv alna —
[l (1 - pmn,n — =t —n) S emn,n S (mnpn) 1pmn,n'
MnPn pmnﬂ pmn,n

By Lemma 3.6(ii), we have p;,, , = 0(pm,, »), hence (ii) follows. O

Remark 5.5 Theorem 5.4 has the following interpretation. For i = 1,...,r,, let I;, be
the indicator of the event A, ,,, and for m = 1,...,7,, let S,,,, = > 1", I;, be the number
of extreme events that occurred in a block of size m. Then E(Syn | Sma > 0) = mpy/Dmn
for m =1,...,r, so that under the conditions of Theorem 5.4(i), we may write

O = [E(Smam | S > 0)]_1 +o(1).
Under the conditions of Theorem 5.4(ii), we also have

E(Smm | Smm > 0) =01+ 0(1).

Moy, N

Theorem 5.6 Let [,,, m,, and M, be positive integers such that l,, < m, < M, and
2M, + 1, < r,. If

ln = O(mn)a ap.n = O<mnpn)a Py, — 07 and ann = O<1)a
then

Pmyn P, n
O = —— 1) = —— 1) =0y n 1).
o = T o(1) = P 0(1) = a0+ (1)

14



Proof. By Theorem 5.4, we have immediately that

Pmy.n _ PMmum
Oy = —2 1 d 6 i 1).
= E 1) and = P2 o

So it is enough to show that the two right-hand sides of these equations are equal.
Suppose first that m,, = o(M,,). On the one hand, we have

PMpn < Pmp [My fmn]n < (Mn/mn]pmmn = (Mn/mN)pmnn[l + 0(1)]7

and thus (M,p,) " pas,.n < (mnpn) ', nto(1). On the other hand, we have by Lemma 3.2,
with k, = [(My + 1)/ (my + 1)),

L= prpm — (kn — 1)aln,n <(1- pmn,n)kn < exp(_knpmmn)'

Since k,, < M,,/m,, = O(1/(m,p,)), we can take logarithms of both sides of the displayed
equation. We find

knpm,n < —log{l — prr,n — (kn — D)y, n},

and hence
(My /1) P < (P + Knou, 2)[1 + o(1)].

Since ky, /M, ~ 1/my, we find (m,pn) Py < (Mupn) s, n + 0o(1).
Next consider the general case m,, < M,. We can find positive integers m,, such that

l, = o(m}) and oy, ,, = o(m,,p,). By the previous argument, we have

Pm! n Pmnn PM,n
- = —— +o0o(l) = —/—"—= 4+ o(1).
MyPn  MpPn @ M pr, @

Big blocks
Theorem 5.7 Let [,, and m,, be positive integers. If
ln =o0(my,), m,=o0(r,), and oy, =o0max(m,/r), Pm,n);

then
qrn,n S (1 - Hmn,npn>rn + 0(1) = eXp(_rnemn,npn) + 0(1)
If additionally py,, »n — 0, then

q""mn - (1 - Hmwunpn)rn + 0(1) = exp(_rnemn,npn) + 0(1)
(1 — pp)nmen 4 0(1).

15



Proof. By the first inequality of Theorem 5.2, we immediately have

Cb"n,n S (1 - emmnpn)Tn + 0(1)

Since 0 < exp(—az) — (1 —x)* < 1/a for 0 < x <1 and a > 0, we also have

(1 - emn,npnyn = eXp<_Tn6mn,npn> + O(l/?"n)

Next suppose p,,» — 0. As also p, < pm,.n — 0, we have

(1 - pn)rnemn’n = eXp(_Tn‘gmn,npn> + 0(1)7

since sup,~ | exp(—ax)—(1—z)* — 0as 0 < x — 0. So we only need to prove that g, ,, >
exXp(—Tnbm, nPn) + 0(1). Without loss of generality, we may restrict n to a subsequence
along which (r,,/m;,)pm,. » converges to some c € [0, 00].

If ¢ < oo, then (r,/my,)p, » — 0 by Lemma 3.6(1). The second inequality of Theo-
rem 5.2 now finishes the job.

If ¢ = o0, then m,, /1, = 0(pm,, ), so that a;, n, = 0(Pm, ). By Theorem 5.4, we have

Tnemn,npn ~ (Tn/mn>pmn,n — OQ,
so that exp(—r,0m,, npPn) — 0. O

Remark 5.8 Without the extra condition p,, , — 0, the second statement of Theorem 5.7
is not true. Consider for example independent events with p, — 0, r,, ~ p,3, and m,, ~ p,2:
we have ¢, , = (1 —p,)™ — 0, but 7,0, npn ~ P, 2(1 — p,)™ 1 — 0.

The condition p,,, — 0 is implied by each of the following ones: (i) m,p, — 0, (ii)
lim sup,, . "npn < 00, and (iii) liminf, . ¢.,,» > 0. Regarding (i), just observe that
P < Mippp. Since m,, = o(r,), (ii) implies (i). And since ¢, , = (1 — pom,.n)™™ +0(1)
by Theorem 3.7, also condition (iii) is sufficient.

Inter-arrival times between extreme events

Theorem 5.9 Let l,, and m,, be positive integers such that 2m,, + 1, < r,. If
ln = O(mn)a MpPn — 0, and dln,n = O(mnpn)7

then
max{|0s, — Om, nGsn| : s =mp+1ln, ..., 7 —my} — 0.

Proof. By Theorem 5.3, we have

max{|0s, — Ompnsn| 1 S =mMp+ by, ..., 7% — My}
< 3(mnpn>7l@ln,n + 2pmn,n + (1 + (mnpn)il)pln,n-

Since pm, n < Mypn, Lemma 3.6 implies p;, ,, = o(myp,). The Theorem follows. O
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Theorem 5.10 Suppose that L = liminf, . r,p, > 0, and let I, and m, be positive
integers such that
ln = O(mn>7 mppPn — 07 dln,n - 0<mnpn)
For every 0 < x < L, we have
Ora/pnlin = Ompm €XD(—=20m,, ) + 0o(1).

Proof. Define s,, = [z/p,|. Since x > 0, we have m,, = o(s,), and since x < L, we have
$p < Ty — my. Theorem 5.9 implies that 6, ,, = 0, nGs, n + 0(1). By Theorem 5.7, we
have ¢s, n = exp(—$,0m, nPn) + 0(1). Since s,p, — z, the proof is complete. O

Remark 5.11 For ¢ = 1,...,r,, let I;,, be the indicator of the event A;,. Define the
random variable

T, =min{i >1:I;;,, =1} conditionally on I, = 1.

That is, conditionally on the occurrence of an extreme event on time ¢ = 1, the random
variable T,, is the waiting time until the next extreme event. The distribution of T, is

Pr(T, > s| A;) =Pr (ﬂ Af

Under the conditions of Theorem 5.10, we have
Pr(p,T,, > x) = Oy, nexp(—20p,, n) +0(1), for x > 0.

Hence the normalized inter-arrival time between extreme events (p,T,) is approximately
distributed according to the mixture distribution

(1 —0)eo + 0Exp(H),

where 0 = 0,,, n, € is the point mass at zero, and Exp(f) is the exponential distribution
with mean 1/6.

5.3 Characterization Theorem

The different roles of the 0,,, in the previous Subsection can be united into a single
Characterization Theorem. For sequences a,, and b,, of positive numbers, we write a,, < b,
if

0 < liminf a, /b, < limsupa, /b, < cc.

n—0oo n—oo

Theorem 5.12 (Characterization) Assume that r,p, <1 and that oy, , — 0 for some
positive integer 1, with l, = o(r,). Let 0, be a sequence of non-negative numbers. The
statements (a)—(f) are equivalent:
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(a) There exist positive integers s, with s, < ry, and s, < r,, such that qs, » = exp(—s,0,pn)+
o(1).

(b) For every sequence s, of positive integers with s, <1, and s, < r,, we have gs, , =
exp(—snbnpn) + o(1).

(¢) There exist positive integers m,, with l,, = o(my), m, = o(ry,), and oy, , = o(my,/ry)
such that O,,, , = 6, + o(1).

(d) For every sequence m,, of positive integers with l, = o(my,), m, = o(ry), and oy, , =
o(my,/1,), we have 0, , = 0, + o(1).

(e) Same as (c), but with 0,,, ,, replaced by (Mupp) ™ Prmyon-

(f) Same as (d), but with 0,,, ,, replaced by (Mypp) ™ Dy -

Denote L = liminf,_ ., r,p, > 0. If, additionally, limsup,_,. 0, <1 and &y, ,, — 0, then
the statements (a)—(f) are also equivalent to each of (g)—(i):

(g9) There exists 0 < x < 1 with v < L such that Oy /p,1n = Onexp(—26,) + o(1).

h) There exist 0 < x1 < x9 < L such that 0y, n=0,exp(—x;0,) +o(1) fori=1,2.
[zi/pn],

(i) For every 0 < x < L, we have Ozp, 1., = 0n exp(—x6,) + o(1).

Proof. (a) implies (d). Take positive integers m,, such that [, = o(m,), m, = o(r,)
and «y, , = o(my,/ry,). Since my,/s, < my/r, — 0 and pp,, n < Mpp, < My /1, — 0, we
obtain by Theorem 5.7 that ¢s, , = exp(—s,0m, nPn) + 0(1), and thus exp(—s,6m, nDn) =
exp(—s$nbnpn) + o(1). Since s,pn, < rup, < 1 and 0, ., € [0,1], we can take logarithms
and divide by s,pn, finding 6,,, , = 6, + o(1).

(d) implies (c). Since l,, = o(n) and «y,, — 0, we can construct a sequence m,,
of positive integers such that [, = o(m,), m, = o(r,), and o, , = o(m,/r,); choose
for instance m, such that m,/r, ~ {max(l,/r, , »)}"/% By (d), we must also have
Oy n = On + 0(1).

(c) implies (b). Take positive integers s, such that s, < r, and s, < r,. We can apply
Theorem 5.7 to find

s, = €XP(—8p0m, nPn) + 0(1) = exp{—s,[0n + o(1)]pn} + 0o(1) = exp(—s,0,pn) + o(1),

where we used that s,p, < 1.

(b) implies (a). Trivial.

(c) is equivalent to (e), and (d) is equivalent to (f). Since py, n < Mppp < My /1y — 0,
we can apply Theorem 5.4(1), obtaining 0., » = (mupn) ™ 'Pm,n + 0(1).

(d) implies (i). Take 0 < x < L. Since I, = o(r,) and &y, , — 0, we can find a
sequence m,, of positive integers such that [, = o(m,,), m, = o(ry,), and &y, », = (M4 /7).
By Theorem 5.10 and by (d), we have

Orz/pnln = OmpnexXp(=20m, ») 4+ o(1)
10, + o(1)] exp{—x[0,, + o(1)]} + o(1) = 0, exp(—2b,) + o(1).
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(i) implies (g) and (h). Trivial.
(g) implies (c). As before, we can find integers m,, > 1 such that [,, = o(m,,), m, =
o(ry), and ay, », < &y, , = 0(my,/1,). By Theorem 5.10, we have

O, 1 €XP(— 20, n) = On exp(—2x6,,) + o(1).

Without loss of generality, we can restrict attention to subsequences along which 6, —
¢ € [0,1] and 6,,,,, — 0" € [0,1]. Clearly §exp(—xf) = 0" exp(—=8¢'). Since the function
z — zexp(—xz) is strictly increasing in z € [0,1/x], and since 1/x > 1, we have 6 = ¢'.

(h) implies (c). There exist integers m, > 1 with l, = o(m,), m, = o(r,), and
ap,n < &y, n = o(my,/r,) such that

O, €XP(—ZiOm, ) = On exp(—x;6,) + 0(1) fori=1,2.
If 6, — 0 €[0,1] and 6,,, , — 0 € [0, 1] along some subsequence, then
0 exp(—x;0) = 0 exp(—x;0'), fori=1,2.

If 6 =0, then 0" exp(—z;6') = 0, and thus ¢’ = 0 [in fact, here we only need one single
0<x<L]. If >0, then either (1) # =6 or (2) 0 # 6" and (0 — 0') ' log(0/8') = z; for

1 =1,2. Since x; < 9, the second case is impossible, and thus # = 6. [l

6 Application: intervals estimator

Two popular estimators for the extremal index are the blocks and the runs estimator (Hsing
1991 and 1993). Both of them require the choice of a tuning parameter, which, unfortu-
nately, often has a grave impact on the final estimates. Ferro and Segers (2002) used the
asymptotic distribution of the random times between threshold exceedances to construct
the so-called intervals estimator, for which no such choice must be made. Consistency of
the estimator was demonstrated under the stringent condition that the sequence of random
variables is m-dependent. This assumption, however, is unnecessarily restrictive, as will
be shown next in our general setting.

In the finite-sample case, let Ay, ..., A, be block-stationary events. Denote I; = I(A;),
the indicator of A;, and let N = Z?Zl I; be the number of events occurred. Put Sy = 0,
Svii=n+1,andincase N >1let 1 < 5] <--- < Sy < n be the times at which events
occurred, that is, {i = 1,...,n: I; = 1} = {S1,..., Sy }. Denote the inter-arrival times by
T, = S;y1—S;, fori=0,..., N.

The intervals estimator is based on the statistic

n n J N 1
T:ZZH 1-1p) :%5 L— DT,

with expectation

s=1

Zzpr(mm) =S s+ 1



If we, naively, plug in the approximation ¢s ~ exp(—spb,,), see Theorem 5.7, then we may
guess that E(7) =~ n/(pf,,). Hence, given an estimator p of p, we may estimate 6, by
O = n/(pr), a variant of the intervals estimator of Ferro and Segers (2002). A possible
candidate for p is of course N/n.

The asymptotic theory to follow requires an upper bound for Var (7). As usual, denote
a; =max{as;: s =1,...,n}, with o, the mixing coefficients of Section 2.

Lemma 6.1 For integer 1 <1 <n, we have

Var (1) < 2n Z(s + 21)sq, + n'a.
s=1

Proof. Denoting
A = {(G,juv) ef{l,...,n} i < ju <o}
7 v
C(i,j,u,v) = Cov (H(l—m,H(l—lw)), for (i, j,u,v) € 4,
k=i w=u

we have Var(r) = > ,C(4,j,u,v). Now for v = 0,1,...,6, let A, be the set of all
(1,7,u,v) € A such that

case v =0 : i=u;

casev =1 : 1 <u<y; casev =4 : u<1i< v
casev=2 : j<u<j+I; casev=1> : v<i<wv+l;
case v =3 : j+I1<u; casevr=6 : v+l <i.

The sets Ay, ..., Ag form a partition of A, hence

Var (7 ZZCZ],UU ZC(i,j,u,v)—i—ZZZ (i,7,u,0),
A

v=0 A, Ao v=1 A,

by symmetry. On Ay, we have C(7, 7, u,v) < ¢max(jv)—i+1, hence

ZC(Z,],U (Y quzl{maXJv) i+1=s} < 27128(]5
Ao s=1

On A; as well, we have C(7, 7,4, V) < Gmax(jv)—i+1, hence

ZCZjqu <ZQszl{max], —it+1= s}<nZS_1SQS
s=1

On Aj,, we have C(i, j, 4, V) < Gmax(j—i+1,0—u+1), S0 that

ZCZ],’LL’U <quz]—{max(] i+1,v—u+1) s}<2nlzsqs
s=1
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Finally, on As, we have C(i,7,u,v) < &;, and thus

1
| Loy
Z 07, u,0) 2 ntay.
To conclude the proof, add the bounds on _, C(i, j,u,v). O
Next we consider the asymptotic case. For n > 1, let Ay ,,,..., A, , be block-stationary
events, and for ¢ = 1,...,n, let the random variable I, ,, be the indicator of the event A4, ,,.

The statistic of interest is A
n n 7
=2 > 110 =1,
i=1 j=i k=i
Theorem 6.2 Let 1 <1, <m, < n be integers. If
ln = O<mn)7 Pmyn — 0, m,= O(npmn,n)a and Al,n = O(mn/n>

then men n
FE ~— .
(Tn) Pmy,.n pnemn,n

Proof. Since ay, , = 0(pm,, n), we have, according to Theorem 5.4, 0., ~ (Mnpn) ™ Diny s
which proves the second asymptotic equivalence.

We prove the first asymptotic equivalence by separately considering the limsup and
the liminf. By the upper bound in Lemma 3.2, we have

n
E(m,) <m,n+n Z Qs < Mmpn+n Z @+ 02U 0/ P s

s=mn+1 s=mn+1

where k = | (s +1,,)/(my, + 1,)]. The conditions imply

s=mn—+1
Since k = |(s+ 1)/ (mn + 1) ] > (s —my)/(my, + 1,,), we have
BosTMe Moy M b
s/my s mp+l, s my

Take 0 < ¢ < 1. For n large enough so that m,/n < €/2 and [,,/m, < €/2, we have
k/(s/m,) >1—¢€for s = [2m,/€],...,n. Hence

n

E(r) < 2manfetn Y g™ + o(man/pm, )

s=[2mn /€]
€)s/mn n
< anﬁin Vit o(My 1) Pyn) = [ -o/m + o(mnn/Pm,n)
mnn
————— + o(Mmun/ Py )
(1—- 6)pmn,n / )
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Let € | 0 to find limsup,,_, . pm, nE(7)/(myn) < 1.
Next, we deal with the liminf. Let 0 < e¢ < 1. For large enough n, we have
M/ (€Pm, n) < n. Set a, = [my/e] and b, = [m,/(epm, )] We have

bn, bn,
E(Tn) Z Z (n — S + 1)QS,n Z (n - bn + 1) Z QS,n-

Set k= [(s+1,)/(m, +1,)] for s =ap,...,b,. By Lemma 3.2, we have

bn
nm,
2 (1= b+ 1) 3 = (O Pl

s=an

Since ay,, n, = o(my/n) and m,/n = o(pm, ), we have o, , = 0(Pm,n), S0 that also
Dipy.n = 0(Pm,, n) according to Lemma 3.6(ii). Hence

E(Tn) > (n — b, + 1) Z qszn,n + O(mnn/pmmn)'

S=an

Now k = [(s+ 1)/ (mn + )] < (s 420, +my)/(my + 1) < (s+ 1, + my)/my, so that

k/(s/mn) <1+2m,/s <1+ 2¢ for s > a,. Consequently,

E(r,) > (n—=0b,+1) Z U 1+2E J$/mn 4 o(mpn/ P, n)

S=an

(1+2€)an/mn q(1+26)(bn+1)/mn

= (b )+ ol )
Now we have
g =1,
qﬁ:ie)(bﬁrl)/mn —  exp{—(1+ 2¢)/e},
L= gl 2m (14 26) P /M

Hence liminf,, o pm, nE(7n)/(mpn) > [1 — exp{—(1 + 2¢)/e}]/(1 + 2¢). Let ¢ | 0 to
conclude the proof. O

Remark 6.3 The inequalities m,pp0pm, n < Dmnn < Mypy (see Theorem 5.1) yield simple
sufficient conditions for Theorem 6.2: first, m,p, — 0 implies p,,, , — 0; second, in the
typical case liminf, .. 6,,, » > 0, the condition np,, — oo implies m,, = o(NPm,, »)-
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Theorem 6.4 If &y, , = o(m}/(n*p}, ,)) in addition to the conditions of Theorem 6.2,
then Var (,) = o(n*m? /p?, ), and hence

pnenh“n
n

T, — 1 in L%
In particular, if p, = po{1+ 0,(1)}, then

0 = 1) (PnTn) = Oy, n{1 + 0p(1)}.

Proof. By assumption, we have n'ay,, = o(n’*m?/p2 ), so that by Lemma 6.1 it is

sufficient to show that Y7 (s 4 2I,)sqsn = o(nm2/p7, ). Now, for n large enough so
that 2{,, < m,,, we have

Z(s + 20,8 < 2m2 + 2 Z 5% Qs -

s=1 S=Mn
Clearly, we may restrict attention to the second term on the right-hand side of this in-
equality. Set a, = [2my,/pm, |. Since m, = o(npm, »), we have a, < n for large enough n.
So we can write

n an—1
j{: S qgn E; 2{: S QSn'+’j£: S an ]ﬁ'+']]ﬁa
S=Mn S=Mn s§=an

say. By Lemma 3.2, we have

anp—1 anp—1
(6% (8%
I, < Z ( [(s+0)/(m+D)] 4 Ynn ) Z §2q/mn) 4 3 Tl
s=mn pnuhn s=mn, pnuhn

Since Y 0, s*(1 —€)* = 0(e7?) as 0 < € — 0, and since oy, ,, = o(m,,/n), we have

L= O((1= /%)) + 0 (mion,a/vh, )
= O(myy /P, ) + 0 (my/ (D}, ) -

Moreover, my, = 0(npm, n), so that I, = o(nmg /p}, ).
Next, we deal with I7,,. By Lemma 3.2, we have

) n - ap.n
[y < Z <qafil")/ (antln] 4 p—l’“ ) <> stalG +n3p—l"’ .

S=an s=an

Apply Lemma 3.2 again to find
G < gL/ Omntla)] y Fln o gan/Gma) (1) s excp(—1/2).

QWu“n
Pmnon
Hence we can find a number 0 < ¢ < 1 such that g,,, <1 — ¢ for all large enough n. We
obtain
I, :O( . 1/(4an)]—3) ‘f‘O(nngn,n)‘
Since [1—(1—8)Y49]=3 ~ (4/6)3a® = O( 5 /p3) and oy, n, = o(mp /(n®pZ, ), we conclude
I, = o(nm?/p?). O
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7 Multiple extreme events

In a multivariate time series there are different forms of dependence to consider, such as
the dependence between the marginals at a fixed time point and the dependence over time
in each of the marginal series. However, the exceptional events in each of the marginals
may also depend on one another in a more complicated way.

Example 7.1 Let {Y,, : n > 1} be independent and identically distributed random vari-
ables, and consider the stationary bivariate time series X,, = (Xfll), Xflz)) = (Y,, Y1), for
n > 1. For each n the marginal variables XY and X are independent, and each of the
marginal time series {X,(f) in 2(1)} consists of independent random variables. Nevertheless,

the coordinate-wise maxima M, = max;—;__, X J@ satisfy

Pr(M® <o), M® <u?)) =Pr (M( ) < min(uf), u?)) + o(1)

for any sequence {(un ul )} that is, MS" and M® are completely dependent in the
limit.

For every n > 1, let Ay, ..., A, » and By, ..., B, , be events on a common proba-

bility space (which may vary with n). Define C;,, = A;,UB;,, forn>1landi=1,...,7,
For Z = A, B, C, assume that the events Z, ,, ..., Z,, , are block-stationary, and put

pZ ., =Pr <U Zn) , pi =i
=1

m
zZ Z zZ c
qm,n =1 _pm,n7 em,n =Pr (m Z n Zl,n) ’
i=2
where m = 1,...,7,. Define the mixing coefficients
s+w
_ c Z Z .
Usin = Zgax max{ ﬂ m ﬂ Zj,n - qv—u,nqw—v,n :
i=u+1 j=s+v+1

u>0v—u>liw—v>lLw+s<r,},

with oy, = 0if 20 + 5 > r,. Abbreviate oy, = oy .
We will investigate the dependence between the A-array and the B-array through the

quantity
AB _
9m7 = Pr (ﬂ AL in

where m = 1,...,r, and j = 0,...,r, —m,. Although Gﬁﬁ and 95[}? are not the same,

U Bz+] n) pmn pﬁz,n)/pﬁ,n

any statement on 9;2'75 obviously corresponds to another one with the roles of A and B
interchanged.
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Theorem 7.2 For positive integers l,, and m,, such that

l, =o0(my), m,=o0(r,), and a,,= o(max(mn/rn,pgn’n)),

we have
gAIB

0 = (a2 )" +o(1).

Proof. By Theorem 3.7 and since r,/m,, — 0o, we have

o= (& )"+ o(1) = exp{—<rn/mn>p2n,n} +o(1)

Without loss of generality, we may assume that (r,/ mn)pgmn — A € [0, 00].
Assume first that A < oco. Then «y,, , = 0o(m,,/7,), so that by Theorem 3.7

qTan = exp{—(rn/mn)pTann} +o(1), for Z=A,B.

Since lim inf qﬁ’n > liminf qrcmn = exp(—A) > 0, we obtain

A|B

emn,n
€ = {a* + o) H? , +o()}mr 4+ o(1) = ¢ (g2.)"™"" + o(1).

Next, assume that A = co. Then ¢ , — 0. Since S, = pi., + pﬁmeﬁf, we can
without loss of generality restrict n to a further subsequence for which

lim infpﬁlmn/prcnmn >0 or liminfp? neﬁfn/pfw > 0.

In the first case we have oy, ,, = o(pj,. ,,) and thus, by Theorem 3.7,
Groy = €XP{= (/M )Ppn,, 1} + 0(1) — 0.
In the second case we have oy, , = o(pﬁmn) and thus, by Theorem 3.7,

G, = eXD{=(rn/mn)pp, 0} +0(1) = 0.

A|B
mn,n

As pg,n pmn, we have lim inf an » > 0, and thus (qunm)G o -

The dependence coefficient 9m|n is related to the indices 02 for Z =A,B,C.
Theorem 7.3 Let l,, and m,, be positive integers with 2m,, + 1, < r,. If

I, = o(my,), pfnmn —0, and o, = o(mnpg),

then
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Proof. By Theorem 5.4, we have

C A B

p P p
gC = Tmmioy (1) = Sty Tt gAIB L o(1),
T my,p© o(1) m,pS  m,ps """ o(l)

Without loss of generality, we can restrict n to a subsequence along which p2/p¢ — X\ €
0,1] and pZ/pS — p € [0,1]. If A = 0, then

A
Pmnn pn

mups pn

—907

while if A > 0, then «y, ,, = o(m,ps) and thus, by Theorem 5.4,
DA, =m0+ o(1)}.
The arguments for the B-term are analogous. U
The value of 6;‘1‘75 is approximately the same for a range of values of m.

Theorem 7.4 Let [,,, m,, and M, be positive integers such that l,, < m, < M, and
2M, + 1, <r,. If

ln - O(mn)a ap,m = O(mnpg>7 p%n,n - 07 ang - 0(1)7
and liminf p5oF; . /pS >0, then
O = ( 5951”,” Z‘%n,n) /1%995” nto(l)

Proof. By Theorem 7.3, we have

C A A
9A|B _ [Gmn n (1)] Dy gmn,n
i PR n ’
R ) T OO b s v
M D1 O

Since liminf pZ0Z  /p¢ > 0, we have liminf pf/pS > 0 and liminf 02 > 0. Therefore

iy, n = o(m,pB) and thus, by Theorem 5.6,
05 =08 ,+o(l) and 65 =05 , +o(l).

My, N

Hence, for subsequences along which p?/p¢ — 0, we have

C@C QC
AB _ PnY%man _ PrU,n _ LAB
AB = DB0E +o(1) = pBOB +o(1) =0y -

On the other hand, for subsequences along which liminfp2/p¢ > 0, we have, by Theo-
rem 5.6, 02, =03 , + o(1), leading to the stated expression. O
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Remark 7.5 The previous results suggest three ways to estimate the dependence coeffi-
cient fi% when observing the indicator variables (Ain) and I(B;,,) fori=1,...,n: (1)
estimate pan,n for Z = A, B, C and use the definition; (2) estimate qfn for Z = A, B,C and
use Theorem 7.2; (3) estimate p/67 , for Z = A, B,C and use Theorem 7.4. In (1) and
(2) one could employ the disjoint-blocks estimator of Section 4, while in (3) the intervals
estimator of Section 6 for the extremal indices 67, , would lead to an estimator of 97’31[]3 for
which no block length needs to be chosen. The properties of these estimators remain open

for further research.
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