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1 Introduction

This paper concerns one-complemented subspaces of Minkowski spaces, that
is to say subspaces of R™ that are the range of a projection of norm one. A
classic result of Kakutani [9] says that if X is real Banach space of dimension
at least three, then X is Euclidean if and only if every subspace of X is
one-complemented. This implies that the one-complemented subspaces of
a Banach space that is not Euclidean are somehow special. The special
nature of these subspaces is manifested in the following result (compare
Bohnenblust [4] and Lindenstauss and Tzafriri [10, Theorem 2.a.4]). If R™
is equipped with an /,-norm, where 1 < p < co and p # 2, then a subspace
is one-complemented if and only if it is the linear span of a family of vectors
with mutually disjoint supports. With this result in mind it is natural to
ask for which norms on R™ the one-complemented subspaces are spanned by
vectors with mutually disjoint supports.

This question has been examined in general Banach spaces. It is known,
for instance, to have a positive answer for L,-spaces, where 1 < p < oo and
p # 2 (see Ando [1], Bernau and Lacey [3], Douglas [7], and Tzafriri [17]),
and for some natural generalizations of L,-spaces such as Lorenz sequence
spaces and Orlicz sequence spaces (see Randrianantoanina [12, 13, 14, 16]
and Jamison, Kamiriska and Lewicki [8]). On the other hand there exist one-
complemented subspaces of R? that do not admit such a basis if the norm is
the {s-norm (see [6]). An extensive overview of many of these results and
related problems is given in [15].

The purpose of this paper is to extend some of the ideas used by Lin-
denstrauss and Tzafriri in the proof of Theorem 2.a.4 in [10]. This theorem
asserts that a subspace of an [,-sequence space, where 1 < p < oo and
p # 2, is one-complemented if and only if it is spanned by a set of vectors
with mutually disjoint supports. The extension allows us to introduce a
class of norms on R™ and show that for these norms each one-complemented
subspace has a basis of vectors with mutually disjoint supports. The class
of norms include, among others, positive linear combinations of /,-norms,
where 1 < p < 0o and p # 2, and their duals.

Besides the introduction the paper contains six sections. In Section 2
several definitions and basic facts are collected. Subsequently we introduce
in Section 3 a class of norms on R", denoted by N, and show that for
these norms each one-complemented subspace is spanned by vectors with
mutually disjoint supports. To decide whether a norm belongs to N one
has to verify several properties of its dual norm. As the dual norm is often
not at hand this can be difficult. Therefore we examine in Sections 4 and
5 simpler conditions for a norm to be in N™. In Section 6 the results are
applied to sums of £)-norms. The final section contains a proof of a technical
lemma, which is used in Section 5.



2 Basic definitions and facts

Vectors in R™ will sometimes be viewed as functions from {1,...,n} to R.
Accordingly we write zy for the coordinate-wise product of z and y in R".
The support of x € R™ is denoted by S(xz) = {i : x; # 0}. Further we let
X(x) denote the indicator of the support of x, so x(z); = 1if i € S(X), and
x(z); = 0 otherwise.

For simplicity, we say that a subspace R of R™ has a block basis if it is
the linear span of a set of vectors {v!,...,v¥} in R”, with mutually disjoint
supports, that is, the intersection of S(v?) with S(v7) is empty for all i and
j distinct. To verify that a subspace has a block basis one can use the
following simple observation.

Lemma 2.1. For a subspace R of R"™ the following assertions are equivalent:
(i) R has a block basis;
(ii) for every x,y € R there exists z € R with S(z) = S(x) N S(y);

(iii) for every x,y € R one has that x(z)y € R.

Let p be a norm on R™. We say that p is a C¥-norm if p is k times
continuously differentiable on R™ \ {0}. We restrict ourselves to strictly
convex norms, that is norms for which the unit sphere does not contain any
line-segments, or equivalently, p(x+y)/2 < 1 for every distinct x and y with
p(x) = p(y) = 1. The dual norm of p is denoted by p*, so p*(y) = sup{(x,y) :
x € R"and p(x) < 1} for all y € R™. Here (,-) is the standard inner
product on R™. There exists a simple relation between the differentiability
of the norm and the geometry of its dual. A norm p on R" is a C'-norm
if and only if its dual p* is strictly convex. Moreover p is a Cl-norm if
and only if for each x € R™ there exists a unique point z* € R™ such that
p*(x*) = p(x) and (x,z*) = p*(2*)p(x). The map J, : R® — R" given by
Jy(x) = x* is called the (scaled) duality map of p. Throughout the text we
often write 2* instead of J,(x). The duality map has the following basic
properties (see [2] or [11]).

Proposition 2.2. Let p be a C'-norm on R™.
(i) The duality map J, : R™ — R" satisfies J,(0) = 0 and

Jp(x) = (pVp)(x) = p(x)Vp(x) for all v € R\ {0}. (1)

(it) If p is strictly convex, then J, is a continuous bijection from R™ to R™
with a continuous inverse. Moreover the inverse is J,« and

(Vo) (pVp)(@) = for all v € R"\ {O}. (2)



We will mainly consider norms that have a second derivative as well. If p
is C? on an open subset V of R”, then its Hesse matrix at = € V is denoted
by H,(x), so

Hp(x)ij = (DiDjp)().
A special role will be played by the derivative of the duality map. Observe
that if p is a C?-norm on an open subset V of R, then pVp is C' on V, and

hence by Lemma 2.2 we see that J, is C Lon V. We denote its derivative at
x by G,(x), so

G,(z) = D(pVp)(x) = Vp(2)Vp(z) " + p(x)Hy(z) forallz € V. (3)

Note that G,(x) is a symmetric matrix, as p is a C? norm, and that G,(z) is
positive semi-definite, since p is a nonnegative convex function. By applying
the inverse function theorem and the chain rule to equation (2) one can
establish the following lemma.

Lemma 2.3. Let p be a strictly convex Ct-norm on R"™. If p is C? on an
open set V, then p* is C* on J,(V) if and only if det Gp(z) # 0 for all
x € V. Moreover in that case one has that G,«(2*)G,(x) = I for allz € V.

3 One-complemented subspaces

In this section we give an abstract theorem on one-complemented subspaces
of R™. The ideas behind this theorem can be conveniently outlined by con-
sidering l,-norms. Let p be an [,-norm on R" with p > 2. Then both p and
p*are C? on U = {x € R" : x; # 0 for all i}. Moreover, if p > 2 and z € R"
with x; = 0, then the i-th row and column of G,(z) are zero. If z € U,
then Lemma 2.3 yields that det G,(z) # 0 and G« (2*)G,(z) = I. By using
these observations it is not difficult to show that

W}Lmoo Gp+(uy,)Gp(z) = Diag(x(z))

for x # 0 and (u;)m a sequence in U with u,, — z. Further, if R
is a one-complemented subspace of R™ under p, then one can prove that
Gp(un,)Gp(x)y is in R whenever z,y € R and u,, € U N R for all m. Now
if R contains a vector with full support, then for every x in R the set U N R
contains a sequence that converges to x, and hence we find that x(z)y € R
for all z,y € R. If R does not contain a vector with full support the same
arguments can be used after a reduction of the dimension. It turns out that
the above ideas can be applied to more general norms on R" than [,-norms.
Indeed we will see that the ideas also work for the following class of norms.

Definition 3.1. Let A" be the set of all strictly convex C?-norms p on
R" such that p* is C% on J,(U), where U = {z € R" : z; # 0 for all i}.
Moreover it is required that for every = # 0 and every sequence (uy, ), in U
with u,, — x one has that



(a) Gp(x)ij =0 for every i ¢ S(z) and 1 < j <mn,
(b) G, (uy,)ij converges for all i,j € S(x) as m — oo , and
(c) Gp(uy,)ij converges to 0 for every i € S(x) and j € S(x) as m — oo.

It is not hard to verify that an l,-norm is in N if p > 2. For more
general norms however, it can be rather difficult to verify the properties of
the dual norm. In Section 5 we will see how to partly overcome this problem.
We now state the main theorem of this section.

Theorem 3.2. If p is a norm in N™ and R is a one-complemented subspace
of R™ under p, then R has a block basis.

The proof of the theorem is based on three lemmas, which will be dis-
cussed first.

Lemma 3.3. If p is a C'-norm on R™, and R is a one-complemented sub-
space of R™ under p, then the following assertions are true:

(1) Jp(R) is a linear subspace;

(ii) if p is C* on an open set V, then G,(z)y € J,(R) for everyz € VN R
and y € R.

Proof. Let P : R®™ — R" be a projection of p-norm one and range R. Re-
mark that the transpose P of P is a projection of p*-norm one. Indeed

(z, PTy) = (Pz,y) < p(Pz)p*(y) < p(x)p*(y), so that
p*(PTy) = sup{(w, PTy) : p(x) < 1} < p*(y) for y € R™. (4)

To prove the first assertion we show that J,(R) is the range of PT. So let
x € R and observe that

pa)p’(z*) = (x,2") = (Pr,2") = (2, PTa*) < p(2)p* (P o).
Combining this inequality with equation (4) yields p*(PT2*) = p*(x*) and
(z,2*) = p(x)p*(PTx*). As pis a C'-norm this gives PTz* = 2*. Thus
J,(R) is a subset of the range of P'.

Now let R(PT) denote the range of PT. By duality we have that
Jp(R(PT)) is contained in R. Now using (ii) in Proposition 2.2 we find
that R(P") C J,(R), and hence J,(R) is the range of P .

To prove the second assertion let x € VN R and y € R. As J,(R) is a
linear subspace we see that

p(z +ty)Vp(x + ty) — p(z)Vp(z)

Go(z)y = }g% ;
— lim JP(‘T + ty) — JP(‘T)
t—0 t
is in J,(R), which completes the proof. O
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We like to mention that the converse of the first assertion in the previous
lemma also holds (see Calvert [5]).

Lemma 3.4. Let p be a norm in N™ and let x € R™ with x # 0. If (um)m is
a sequence in U = {z € R" : z; # 0 for all i} such that uy, — x as m — oo,
then

lim Gp+(uy,)G,(x) = Diag(x(x)). (5)

m—0o0

Proof. First let 4,7 € S(z). By property (b) in Definition 3.1 we can define
numbers a;; = limy, o0 G+ (u};,)ij. From Lemma 2.3 it follows that

ZG m)ilGp(um)i; = ;5 for all m.

By letting m — oo in the previous equality, and using property (a) in
Definition 3.1 we deduce that

D aaGy(a)y =6y foralli,j € S(x). (6)
leS(x)

Thus we obtain:

lim (Gp (uy,)Gpl2))y; = lim Y Gpe(up)aGpla)

m—0o0
leS(x)

= Zaile(x)lj = 0y

leS(xz)

for all 4,j € S(x).
Now let i € S(x) and j ¢ S(x). Remark that G,(x) is symmetric, as p
is a C%2-norm. Exploiting this fact and property (a) shows that

G (up,)iGo(x)1j = Gy (ur,)uGp(x)jy =0 for all m.

Therefore limy, oo (Gp=(us,)Gp(x))i; = 0 for i € S(x) and j € S(x).

Finally, let i ¢ S(z) and 1 < j < n. As p* is C? on J,(U) the matrix
G (uy,) is symmetric for all m. Therefore we can use properties (a) and
(c) to obtain

lim (Gp* (U:n)Gp(I))U

m—00

ﬂ%ﬁ&(ZG wZG zzG())z-m

1€S(x 1¢5(x

By collecting the pieces we find that lim,, ..o G, (u;,)G,(x) = Diag(x(x)).

m



The following technical lemma is used to reduce the dimension in the
proof of Theorem 3.2.

Lemma 3.5. Let p be a norm on R™ and let 1 < k < n. Supposen : RF — R
is defined by n(z) = p(z) for all x € R¥, where T; = x; for 1 <i <k, and
z; = 0 otherwise. If p € N™, then n € N'*.

Proof. Since p is a strictly convex C?-norm on R” it follows directly from
the definition of 7 that 7 is a strictly convex C?-norm on R¥. Moreover

Gﬂ(x)ij = Gp(i')ij forall 1 <i,5 <k, and z € R”.

Let W = {z € R¥ : 2; # 0 for all i}. To show that n* is C2 on J,,(W) we
fix v € W. By mixing sequences it follows from (b) in Definition 3.1 that if
1 <i,j <k, then Gp«(uy,);; converges to the same limit, say a;;, for every
sequence (U, )m in U = {x € R" : x; # 0 for all i} with u,, — 0.

Let A(v) = (ai;) and put B(v) = (G,(0)j), where 1 < i,j < k. By
property (a) we know that G,(v);; =0 forall k <i<mand1<j<n,and
hence A(v)B(v) = I by Lemma 3.4. This implies that det B(v) # 0. Now
remark that B(v) = G,(v), so that we can apply Lemma 2.3 to see that n*
is C? on J,(W). Moreover

Gy (%) = Gyl0) ™" = Bw) ™ = A(u). (8)

We conclude the proof by verifying the properties (a), (b), and (c) for
n. Let z € R¥ and z # 0. Clearly G,(z);; =0, if i ¢ S(x) and 1 < j <k,
because Gy (x)ij = Gp(z);j =0if i € S(z) = S(z) and 1 < j < n.

Let (wp)m be a sequence in W such that w,,, — x, where z # 0. Then
we know from property (b) for p that Gp«((wm,¢,...,€)*);; converges to
A(wp,)ij, as € — 0 for each m > 1 and 1 < ¢,j < k. It follows from (8) that
Gy« (w},)ij = A(wp)i; for all 1 < 4,5 < k and m > 1. Thus for each m > 1
there exists €, > 0 such that

|G ((Wms€ms - -y 6m)")ij — G (wyy,)ij| < 1/m forall 1 <i,j <k.

Combining this inequality with (b) and (c) for p gives that G, (w},)i; con-
verges for each i,j € S(z), and G- (w},);; converges to 0 for all ¢ € S(z)
and j ¢ S(x). O

By applying the previous lemmas we can now prove Theorem 3.2.

Proof of Theorem 3.2. Let R be a one-complemented subspace of R™ under
p. Then there exists a projection P : R® — R" of p-norm one and range
R. Let I = {i: z; # 0 for some z € R}. By relabelling we may assume
that I = {1,...,k} for a certain 1 < k < n. Define n : R¥ — R by
n(z) = p(z), where ; = z; for 1 < i < k, and Z; = 0 otherwise. Further
let S ={z € RF:z € R} Itiseasy to see that S is a one-complemented



subspace of R¥ under 7. Indeed define Q : R¥ — R* by (Qz); = (PZ); for
1 <i<kandx € RF. Observe that Qz = Pz, as (Pz); = 0 for all i > k.
Therefore Qx = z if and only if Pz = Z, so that S is the the set of fixed
points of Q. Moreover (Q(Qx)); = (PPz); = (Pz); = (Qx); for 1 <i <k,
and n(Qx) = p(Pz) < p(z) = n(x) for x € R¥. Thus we conclude that Q is
a projection of -norm at most one and range S.

Now let z,y € S. By taking a suitable linear combination of elements of
R we can find a vector in R with support {1,...,k}. Therefore S contains
a vector with all its entries nonzero. Thus, we can find a sequence (wp,)m
in the intersection of S with W = {z € R¥ : z; # Oforalll < i < k}
such that w,, — x as m — oo. We know by Lemma 3.5 that n € A%, and
hence Gy(z)y € J,(S) by Lemma 3.3. Applying Lemma 3.3 again for n*
and recalling that J,- is the inverse of J, gives G,«(w},)Gy(x)y € S for all
m. Consequently Lemma 3.4 yields that

"}me G (wy,) Gy (2)y = x(x)y € S.

Using Lemma 2.1 we find that S has a block basis, and from this we conclude
that R has a block basis as well. O

If p is a Riesz norm the assertion in Theorem 3.2 is also true if the
conditions are satisfied by p* instead of p. Recall that a norm p on R” is a
Riesz norm if p(z) < p(y) for all z,y € R™ with |z| < |y|. The proof of the
corollary uses the fact that the dual norm of a Riesz norm is again a Riesz
norm.

Corollary 3.6. If p is a Riesz norm on R™ and p* € N, then every one-
complemented subspace of R"™ under p has a block bastis.

Proof. Let P :R™ — R" be a projection of p-norm one and range R. Then
PT : R® — R” is a projection with p*-norm one and range J,(R). From
Theorem 3.2 it follows that J,(R) has a block basis.

Now let z,y € R. We will show that there exists z € R such that
S(z) = S(x)NS(y). As J,(R) has a block basis we know by Lemma 2.1 that
there exists w € J,(R) such that S(w) = S(z*) N S(y*). Put z = J,«(w)
and remark that z € R. Now it suffices to prove that S(v) = S(v*) for all
v € R" Solet v € R*. Put u = sgn(v)|v*|, where sgn(v); = 1 if v; > 0,
sgn(v); = —1 if v; < 0, and sgn(v); = 0 otherwise. Since p is a Riesz norm,
so is p*, and hence p*(u) < p*(v*). This implies that

(v, u) = (Jv], [0*]) = (v,07) = p(v)p"(v") = p(v)p" (u).

Therefore v* = u and hence S(v*) is contained in S(v). The other inclusion
is obtained by using duality, and this completes the proof. ]



4 A matrix lemma

To apply Theorem 3.2 one needs to know whether p satisfies the properties
in Definition 3.1. A major difficulty is to verify the properties for the dual
of p. For instance, if p is a positive linear combination of ¢,-norms, then it
is not clear what the dual of p is, and hence there is no direct way to verify
the properties. It is therefore useful to find assumptions for p that yield the
properties for p*. In this section a matrix lemma is presented that will help
to formulate such conditions for p. This lemma belongs to the field of matrix
theory and is more or less independent of the main issue of the paper.

Before we give the lemma it is convenient to introduce the following
technical definition.

Definition 4.1. A sequence of n x n matrices (A(m)),,, where A(m) =
(a(m);j), is said to behave well relative to S C {1,...,n} if

1. (a(m)ij)i jes converges to an invertible matrix,
2. a(m);; #0 for all i ¢ S and m large,
3. a(m)ij/a(m)y; — 0 as m — oo for all i ¢ S and j # i,
4. a(m);; = 0asm — oo forallie Sand j¢gS.
The matrix lemma can now be stated as follows.

Lemma 4.2. Let (A(m))n, and (B(m))m, be two sequences of nxn matrices,
and let S C {1,...,n}. If B(m)A(m) =1 for all m, then (A(m)).,, behaves
well relative to S if and only if (B(m)"),, behaves well relative to S. In that
case b(m)a(m)y — 1 for all i € S and limy, oo (B(m)A(m)); jes = 1.

Proof. As A(m)"B(m)" = (B(m)A(m))" = I it suffices to prove one im-
plication of the equivalence. So suppose that (A(m)),, behaves well relative
to S. Without loss of generality we may assume that S = {1,...,k}. Next
we divide the matrices in blocks in the following manner:

_ ( Aun(m) Asa(m) _ ( Bu(m) Biz(m)
A(m) o < Agl(m) Agz(m) ) and B(m) o < le(m) BQQ(TTL) > ’

where Aj11(m) and Byi(m) are k x k matrices, and Aaa(m) and Baa(m) are
(n — k) x (n — k) matrices. Define for each m > 1 the matrix

clm) = ( Ano(m) Cz;zm) > ’

where Caz(m) = Diag(a(m)m—k)(n—k):---»a(M)nn). From property 1 in
Definition 4.1 it follows that A = lim,,—,oc A11(m) is invertible. Therefore



Aq1(m) is invertible for all m sufficiently large, and hence A1 (m)~! — A~}
as m — o0o. Consequently A;(m)~! is bounded. Since

C(m)~H(A(m) — C(m))

_( 0 A(m) ! Aia(m) > 9)
Caa(m) ' Agi(m)  C(m)yy (Aga(m) — Caa(m))

and (A(m)),, behaves well relative to S we deduce that (C(m)~*(A(m) —
C(m)))ij — 0 as m — oo for all 1 <4, j < n. Indeed A12(m) — 0 by 4, the
n — k bottom rows converge to 0 by 3. Thus ||[I — C(m)~1A(m)|| < 1 for all
m sufficiently large, so that C(m)~tA(m) is invertible and

A = Sy Ay < = Clm) " AGm)]
I1—A(m)~C( )||—||;(I C(m)~ A(m)) ||§1fH1fc(m)*1A(m)ll'

As the right-hand side converges to 0 as m — oo, and B(m)A(m) = I for all
m, we find that [ — B(m)C(m)|| — 0. From this we obtain the following
four relations as m — oo:

Bll(m)AH(m) — I, BQQ(TTL)CQQ(m) — I,
B12(m)022(m) — O, Bgl (m All(m) — 0.

The first relation implies that Bji(m) — A~!, and hence (B(m)g;)i,jes
converges to an invertible matrix. Moreover b(m);a(m); — 1 for all i & S
by the second relation, so that b(m);; # 0 for all m large.

Recall that (A11(m)~!),, is bounded. Therefore it follows from the last
relation that Baj(m) = Bai(m)Aj1(m)Air(m)~! — 0, and thus b(m);; — 0
for all i ¢ S and j € S. Hence (B(m)"),, satisfies property 4 in Definition
4.1.

To prove property 3 in Definition 4.1 remark that b(m);ja(m);; — 0 for
all i, ¢ S and i # j by the second relation. As b(m);;a(m);; — 1 for all
J & S we see that b(m);;/b(m);; — 0 for all ¢, j ¢ S and 7 # j. Furthermore
it follows from the third relation that b(m);ja(m);; — 0 for ¢ € S and
Jj ¢ S, and hence we find that b(m);;/b(m);; — 0 for i € S and j & S.
Thus (B(m)"),, satisfies property 3 in Definition 4.1, and hence (B(m)T),,
behaves well relative to S. O]

To conclude this section we remark that if both (A(m)),, and (B(m))m,
are sequences of symmetric matrices, and B(m)A(m) = I for each m > 1,
then (A(m))m behaves well relative to S if and only if (B(m)),, behaves
well relative to S.

5 Sufficient conditions to be in N

The main objective of this section is to give conditions for a norm p to be in
N™ that can be verified without any knowledge of its dual norm. In fact, we



define another class of norms, and show that this class is contained in N™.
Let N be the collection of strictly convex Cl-norms p on R™ such that p is
a Riesz norm, pis C? on U = {x € R" : z; # 0 for all i}, and det G,(z) # 0
for all x € U.

Definition 5.1. A norm p € N is said to be in N7 if for every x € R™\ {0}
and every sequence (um)m in U, with u,, — x, the sequence (Gp(um))m
behaves well relative to S(x), and G,(x);; — 0 for all i & S(x). It is said
to be in N3 if for every z € R"™ \ {0} and every sequence (ty,)n,, in U,
with u,, — x, the sequence (G,(um))m behaves well relative to S(z), and
G,(x)i — oo for all i & S(z).

We will see that N]* is contained in N™. Before we discuss this inclusion
we first show that A" is dual to N3

Lemma 5.2. A norm p belongs to N{* if and only if p* belongs to N3'.

Proof. Let p be in NJ. Then we know from general theory that p* is
a strictly convex Cl-norm on R”, and that p* is a Riesz norm. Since
det G,(z) # 0 for all x € U, Lemma 2.3 implies that p* is a C? func-
tion on J,(U). As p* is a Riesz norm J,(U) = U, and hence p* is C? on
U.

Further Gy« (u*)Gp(u) = I for all w € U by Lemma 2.3. This implies that
G+ (u) is invertible for all u € U, as J,(U) = U. Therefore det Gp«(u) # 0
for all w € U. Thus p* € N}, and by duality we conclude that p € N if
and only if p* € N

Now let p € NJ'. From the previous paragraph it follows that p* € N{".
Let y € R"\{0} and (v;)m be a sequence in U with v, — y. Let = = J ! (y)
and for each m > 1 let u,, = ng(vm). Clearly (um)m in U and u,, — x.
Furthermore S(z) = S(y), since p is a Riesz norm. By Lemma 2.3 we have
that Gp«(vm)G,(um) = I for all m > 1. Remark that both G, (vy,) and
Gp(um) are symmetric for all m > 1. Therefore Lemma 4.2 implies that
(G (vm))m behaves well relative to S(z) = S(y). Moreover

G (m)iiGp(um)i — 1 for all i & S(y). (10)

To infer that Gy« (v, )i — oo for all i & S(y) remark that G,(uy,) is invert-
ible for all m > 1. Combining this with the fact that G,(u.,) is positive
semi-definite implies that G, (u,) is positive definite for all m > 1. There-
fore Gp(um)ii > 0 for all i ¢ S(z) and m > 1. Now (10) and the fact that
Gp(um)ii — 0 for i ¢ S(X) yields that G (v )i — oo for all i ¢ S(y). Thus
we find that p* € NJ'. The other implication can be proved in a similar
fashion. O

Next we show that every norm in N7* belongs to N™. The greater part
of the proof of this inclusion consists of showing that a norm in N{* is a
C?-norm. To establish this fact some arguments from analysis are required.
For the reader’s convenience we prove this fact separately in Section 7.
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Lemma 5.3. Every norm in N7 is a C?-norm.
Using this lemma we now show that every norm in N7 is in N'™.
Proposition 5.4. Every norm in N{* belongs to N™.

Proof. Let p € N{*. Tt follows from Lemma 5.3 that p is a C?-norm. Hence
G)p(x) is continuous. Furthermore Lemma 5.2 implies that p* € M}, so that
pfis C2on U = {x € R" : z; # 0 for all i}. Now let  # 0 and (um)m
be a sequence in U with u,;, — z. From property 3 in Definition 4.1 it
follows that G,(um);; — 0 for all i & S(x) and j # i, because G, (U )i — 0
if i & S(x). Thus G,(x); = limp—oo Gp(um)i; = 0 for all ¢ ¢ S(x) and
1 < j < n. This proves the first property in Definition 3.1.

To establish the second property remark that w), € U for all m and
uy, — x*, so that 1 in Definition 4.1 gives that (G, (uy,,))i jes(z+) converges
to an invertible matrix. Since S(x) = S(z*) this implies that (Gp+(u},))i;
converges for all i, j € S(z). The third property is an immediate consequence
of property 4 in Definition 4.1 for G ,«(u};,), and this completes the proof. [

A combination of Theorem 3.2, Corollary 3.6, and Proposition 5.4 yields
the following corollary.

Corollary 5.5. If R is a one-complemented subspace in R™ under p, and p
is in N{* or N3, then R has a block basis.

6 Sums of /,-norms

In this section the previous results are applied to positive linear combinations
of £,-norms. In particular the following theorem is proved.

Theorem 6.1. Let ay,...,a, >0 and let py,...,pr € (1,00). Suppose that
n(z) = > i _q axpr(z) for all z € R™, where py, is the {,-norm on R™ with
p = pi. If min{py,...,p.} # 2, then every one-complemented subspace of
R™ under n has a block basis. Moreover n € N{* if min{p1,...,p,} > 2, and
n € N3 if min{p1,...,pr} < 2.

Proof. By Corollary 5.5 it suffices to show the second assertion. Remark that
pr € N for 1 < k < r. Indeed, for an £,-norm 1 on R™ with 1 < p < oo it
is clear that 7 is a strictly convex C' norm, and 7 is C? on U. Moreover 7
is Riesz, so that J,(U) = U. As n* is again an £,-norm with 1 < p < oo, we
can apply Lemma 2.3 to see that det G, (u) # 0 for all u € U.

Thus to prove that n € N it suffices to show that if p,v € N[, then
p+v € N. Clearly p + v is a Cl-norm, and C? on U. Further it is
straightforward to verify that p + v is a strictly convex Riesz norm. To see
that det G, (u) # 0 for all u € U observe that

Gpiry(u) = Gy(u) + Gy (u) + Hyy(u) forall u e U. (11)
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The matrices G,(u) and G- (u) are positive semi-definite and invertible for
each u € U, and hence both positive definite. As p and = are both non-
negative convex functions, the matrix H,,(u) is positive semi-definite for
u € U. Therefore G, (u) is positive definite, and thus det G, (u) # 0 for
all u € U, which proves that p +~v € N

Now let  # 0 and let (u;,)m be a sequence in U such that u,, — =.
Further let S denote S(z). We show that if p and v are norms in M’ such
that the matrices (G,(um))i jes and (G~ (um))i jes converge to an invertible
matrix, then (G, (um))ijes converges to an invertible matrix. Since Vp
and V7~ are continuous, and

Golw) = Vp(w)Vp(u) + p(u) Hy(u)

and
G (u) = Vy(u)Vy(u) " +y(u)H, (u) for all u € U,

it follows that (H,(um)) jes and (H,(um))i jes are convergent. As
)!

Hpy(u) = Vp(u)Vy(u) T+ Vy(u)Vp(u) "+ p(u)Hy (u) +7(w) Hp(u)

for all w € U, this implies that (H,y(um))ijes converges. Remark that
for each m > 1 the matrix H,,(u.,) is positive semi-definite, and therefore
(Hpy(um))ijes converges to a positive semi-definite matrix. Thus it follows
from (11) that (G4 (um))ijes converges to a positive definite matrix, and
hence its limit is invertible.

Now if p is an £,-norm with p € (1,00) and (4, )m a sequence in U with
Uy, — x, then (Gp(um)); jes(z) converges to an invertible matrix, and thus
we conclude that (G (um))m satisfies property 1 in Definition 4.1.

The other three properties in Definition 4.1 can be verified straightfor-
wardly by using the following identity:

u) =Y aroqVpp(u)Vpr(u) " + Zakamk Hp, (u) (12)

for u € U, and remarking that for p an £,-norm:
(Dip)(u) = sgn(ug) P~ [lull; 7, (13)

(DiD;p)(u) = (1 = p)sgn(ui)sgn(u;)ugu; P~ |ull, 72, fori#j, (14)

and
(DiDip)(u) = (1 = p)|uil”~? [l P (1 — ||| ul[; ). (15)
Thus we conclude that (G (um))m behaves well relative to S(x).

From (15) we see that G,(um )i — 0 for all i & S(x), if p is an £,-norm
with p € (2,00). On the other hand, if p € (1,2), then G,(um)y — o0
for all i ¢ S(z). Thus, n € N7 if min{py,...,p,} > 2, and n € N if
min{py,...,pr} < 2. O
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Using similar ideas it can be shown that if p is a norm in N3" and v is a
norm either in NJ* or in V', then the sum p + v is again in NJ'. By using
this observation and the duality relation in Lemma 5.2 one can find many
other norms for which each one-complemented subspace has a block basis.
For instance, (|- lyyz + || - 1) + I - llar-

7 proof of Lemma 5.3

To prove Lemma 5.3 we use the following observation.

Lemma 7.1. Let g : R* — R” be a continuous map, and let U C R"
be such that for each x,y € R™ and every € > 0 there exist ',y € U
with ||z — 2'|| < e, |ly — ¢'|| < e, and the line-segment between x’ and
y' contains at most finitely many points in R* \ U. If g : R® — R" is
differentiable on U and there exists a continuous map B : R" — L(R"™ R")
such that (Dg)(u) = B(u) for allu € U, then g is C* on R", and moreover
(Dg)(x) = B(x) for all x € R™.

Proof. The proof is based on the following claim.
Claim. For each x,h € R"™ we have that

1
glx+h)—g(z) = /0 B(z + th)hdt. (16)

Indeed, if we assume the claim for a moment and we let z, h € R™, then

lote £ 0~ B _ a3 B

< supg<i<q | Bz + th) — B(2)].

The right-hand side goes to 0 as h — 0, since B is continuous. Therefore g
is differentiable on R™ and (Dg)z = B(z) for each x € R™. Moreover, g is
C' on R", since B is continuous.

To prove the claim we first assume that z +th € U for all t € (0,1). Put
r(t) = g(x + th) for t € [0,1]. Then r is differentiable in each ¢t € (0, 1), and
continuous on [0, 1]. This implies that r(1) — r(0) = 01 7' (t)dt, and hence

1
glx+h)—g(zx) = /0 B(z + th)hdt.

Now if the line-segment {z + th : 0 < t < 1} contains only finitely many
points in R™ \ U, then we can break it into finitely many pieces and apply
the previous observation for each piece. Therefore the equality (16) is also
true for this case.

Finally we consider the general case. From the assumptions it follows
that there exist (z,), € U and (hy,), € R", with x,, + hy, € U, such that
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Tp — %, Tn + hy, — x4+ h, and for each n > 1 the intersection of the
line-segment {x,, + th, : 0 <t < 1} with R™\ U is finite. We know that

1
g(xn + hp) — g(zp) = / B(xy, + thy)h,dt  for each n > 1.
0

Since g is continuous and B is uniformly continuous on compact sets, we
can take limits on both sides, and deduce that

1
glx+h)—g(z) = /o B(z + th)hdt.

This completes the proof of the claim. O

Proof of Lemma 5.3. Let pbein NJ* and let U = {x € R™ : z;; # 0 for all i}.
Clearly there exist for each z,y € R™ and every € > 0 points 2/, 3’ € U such
that ||z — 2/|| < ¢, |ly — ¥'|| < e, and the intersection of the line-segment
between 2’ and ¢y’ with R\ U is finite. It follows from Proposition 2.2 that
J, : R" — R" is a continuous map. Since p is C? on U, the map J, is
differentiable on U.

Now define B : R — L(R",R") by B(z) = (DJ,)x = Gp(z) for each
x € U, and B(z) = limp—oo Gp(um) if x € R* \ U, where (upm)m in U
with w, — . Remark that B is well-defined. Indeed p € N7* implies
that for every x € R™ and every sequence (t,)m in U with u,, — x the
matrix (Gp(um)); jes(x) converges to an invertible matrix, G (um)i; — 0 for
i€ S(x) and j € S(x), and G,(up)i; — 0 for i ¢ S(z) and 1 < j < n.

The map B is continuous by construction, and hence Lemma 7.1 implies
that J, is C' on R". Therefore G is continuous on R", and hence p is C?
on R™\ {0}, because Vp(x) = J,(x)/p(x) for x # 0.

O
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