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1. INTRODUCTION

Empirical research over the last decade has firmly established that data network models should
incorporate concepts like self-similarity, heavy tails and long-range dependence. Using an empirical
study done at Bellcore, Leland et al. [1994] were first to give evidence in the context of the LAN
traffic. Further discussions can be obtained from Erramilli et al. [1996], Resnick [1997, 2001],
Willinger et al. [1995]. These studies were mostly concerned with large time scale behavior of the
traffic at scales above a few hundred milliseconds. Recently, empirical studies have focussed on
traffic at scales of a few hundred milliseconds or lower. The WAN traffic at small time scales show
complicated multifractal behavior, as has been observed empirically in Mannersalo and Norros
[1997], Paxson and Floyd [1995], Riedi and Lévy Véhel [1997]. Also in a recent paper, Baccelli
and Hong [2002] observed multifractal behavior for traffic generated by the simulation of TCP-type
network traffic. These observations stimulated researchers to look for a model which could explain
both the microscopic as well as the macroscopic behaviors. In Feldman et al. [1998a], Feldmann
et al. [1998b], Gilbert et al. [1998, 1999], Kulkarni et al. [2001], Riedi and Willinger [2000], attempts
have been made to consider a conservative cascade model as the transmission schedule. A different
approach was taken in Maulik and Resnick [2002] where the M /G /oo input model was considered.
The resulting multifractal behavior of the aggregated cumulative input traffic process at small time
scale is explained by the multifractality of the individual transmission schedules. This explanation
has recently been justified empirically by Baccelli and Hong [2002] for simulated traces of TCP
traffic. On the other hand, for large time scales, Maulik and Resnick [2002] obtained a stable Lévy
motion as a large time scale approximation.

Though the model proposed by Maulik and Resnick [2002] succeeded in integrating the empiri-
cally observed behaviors for the two time scales, the result for large time scales was not completely
satisfactory. The stable Lévy limit in that paper does not depend on the distributional behavior
of the individual transmission schedules. Also due to lack of empirical evidence for heavy tailed
traffic rates, a Gaussian limit would be desirable. Riedi and Willinger [2000] have argued in favor
of a Gaussian approximation in their work.

Mikosch et al. [2002] considered a family of M/G/oco models with increasing input rate and
showed that the possible limits for large time scales depend on the growth of the input rate and
may be either fractional Brownian motion (fBm) or a stable Lévy motion. However, they considered
a deterministic linear transmission schedule, which is unrealistic and does not allow for multifractal
behavior at small time scales.

The current paper integrates the above strains of research. We propose a sequence of M /G /oo
models along the lines of Mikosch et al. [2002] with random transmission schedules. The models
incorporate multifractal behavior at the microscopic level. At the macroscopic level, for the slow
growth of the input rate, we get a stable Lévy limit, whereas the fast growth condition gives a
Gaussian limit, which depends on the self-similarity index of the individual transmission schedules.

This paper is arranged as follows: Section 2 gathers the notation used in this paper. Section 3
describes the family of models and discusses the critical input rates. In Sections 4 and 5, we collect
useful results needed for further analyses. In Section 6 and 7, we consider the slow and the fast
growth cases respectively.

2. NOTATION

We need to introduce the following notation for our discussion. For a non-decreasing function x,
we define its left continuous inverse as

(2.1) 7 (t) = inf{u : z(u) > t}.
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For a non-negative random variable U, we denote its distributjon function by Fy, i.e., Fy(u) =
P[U < u]. Let Fy(u) =1 — Fy(u). Then we define the function by as

. _ 1 1\"™
by (T') = inf {u s Fy(u) < T} = <FU> (T).
Recall that a function ¢ is regularly varying of index a and is denoted by ¢ € RV, (cf. Section
0.4 of Resnick [1987]), if for all u > 0,

lim o(tu) =u“.

t=oe (1)
We say that U has a tail of index ay > 0, if Fiy € RV_,,,. In such a case (cf. Proposition 0.8(v)
of Resnick [1987]), by € RVal;l and also we have

(2.2) Jim TP[U; > by (T)u) = u=v.

Conversely, if (2.2) holds, then by € RVa51 and Fy € RV_,,. In either case, we can choose a
strictly increasing, absolutely continuous function by, such that BU ~ by, i.e.,
bu(T)
im
T—o0 by (T)
(cf. Proposition 0.8(vii) of Resnick [1987]). We can further say that
(2.3) lim TP[U; > by(T)u] =u V.
T—o0

=1

We call this function by the quantile function of the non-negative random variable U.

3. THE MODEL

For the purpose of obtaining both the Gaussian and stable limits, we consider a family of models
indexed by T' € R, along the lines considered by Mikosch et al. [2002]. For the T-th model:

(1) We denote the time when k-th transmission begins by FECT). The sequence {I‘](CT)} is non-

negative and strictly increasing to oo.

(2) The size of the file transmitted is J; and we assume Jj > 0.

(3) The transmission schedule is denoted by Aj(-), where A (t) denotes the amount of data that
can be transmitted in time ¢ after the kth transmission has begun. It is a non-decreasing
cadlag function starting at 0 and increasing to oo, which vanishes on the negative real axis.
It ensures that a file of any finite size can be transmitted in finite time.

The quantity of interest is the cumulative input traffic defined as
(3.1) XDy =3 A (t . r,@) A Ji.
k=1

The length of k-th transmission is defined as
F7, denotes the marginal distribution of the transmission lengths, and satisfies

Fi(z) = P[Ly < 2] = P[A;(2) > Ji].
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3.1. Small time scale behavior. To study the behavior of the cumulative traffic process X () (.)

for small time scales, we need to make the following further minimal assumptions on the transmis-
sion schedule {A}:

(4) We assume {Ay} are identically distributed and have stationary increments.

(5) The multifractal spectrum of Ag(-) is not degenerated to a single point, which ensures that
we consider processes with paths that show real multifractal behavior.

(6) The multifractal spectrum of Ag(+) restricted to any (non-random) interval is non-random.

For the definitions and discussion regarding the multifractal spectrum, we invite the reader to
consult Maulik and Resnick [2002, Section 3.3] and Riedi [2001].

Remark 3.1. If A is, for example, an increasing Lévy process, then, restricted to any interval, it
has a non-random multifractal spectrum for the Holder exponent based on exponential growth rate
[cf. Jaffard, 1999, Maulik and Resnick, 2002, Section 3.5].

In Maulik and Resnick [2002, Section 5], it has been shown, using a path-by-path analysis, that
under the assumptions (1)-(6), for each T', the multifractal spectrum of the process X (T) coincides
with that of A; almost everywhere.

3.2. Large time scale behavior. For large time scale analysis, we need to make distributional
assumptions, which are:

(7) We assume {F,(CT), k> 1} form a homogeneous Poisson process with intensity parameter

AT), called the input rate. We assume A(T) to be non-decreasing.
(8) We assume {Ai,k > 1} and {Jg,k > 1} are independent of each other and are i.i.d.

sequences independent of {F,(ﬂT), k> 1}.

(9) We assume the tail of the distribution of J; is regularly varying of index of a, where
ay € (1,2),ie., Fj € RV_,,. Hence Jj has finite first moment denoted by .
(10) The transmission schedule A; is H-self-similar (H-ss), where H satisfies:
(a) Hay > 1.
(b) H < .
(c) H< 2_1aJ.
These conditions guarantee that H can neither be too large nor too small.
(11) We also put the following moment conditions on Aj:

E[41(1)™] < oo and E [141(1)2_0”'HS < 00,
for some § > 0. Further uses of § assume assumption (11) holds.

Remark 3.2. Assumptions (4)-(6) are path by path and are required for small time scale analysis.
The microscopic analysis does not require any distributional assumptions on the transmission ini-
tiation times. When (4)-(6) as well as (7)-(11) hold, the result about the multifractal spectrum of
each X(T)(.) holds as well as the large time scale approximations to be described.

Assume further that A; has stationary increments. Since A; has increasing paths and is H-ss
with stationary increments which is not identically zero, from Theorem 2.1 of Vervaat [1994], we
must have H > 1. When H = 1, we have A;(t) = A;(1)t almost surely. But this leads to the
case where paths are linear and hence not multifractal. So we consider only the case H > 1.
Then A;(1) is a positive stable random variable of index % and hence has a density which decays
exponentially near 0 (cf. Theorem 2.5.2 of Zolotarev [1986]) and so has all negative moments finite.
Also A1(1) has all positive moments smaller than 1/H finite. Hence, assumption (10c) guarantees
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the moment condition (11). Also Remark 3.1 shows that a Lévy process satisfies the conditions for
the multifractal analysis. Thus a %—stable Lévy process can be made to satisfy all the requirements
on transmission schedules.

Remark 3.3. From Proposition 7.2 of Maulik and Resnick [2002], assumptions (8), (9) and (11)
imply that F1, € RV_pgq,, and hence by assumption (10a), L has finite mean denoted by .
Actually, a closer look at the proof of Proposition 7.2 of Maulik and Resnick [2002] further gives
us that

(3.2) Fi(T) ~ Fy(TH)
If we also assume that L; has infinite variance, i.e., Hay < 2, then oy < 2 implies
A >2> Hay,
oy — 1 oy — 1

and so assumption (10b) holds.

3.3. Critical input rate. The results of large time scale analysis depend on the input rate. De-
pending on whether the input rate is slow or fast - a concept made precise in the following - we
can get either a stable or a Gaussian limit.

The input rate is called slow, if

T
s) s MDD
and it is called fast, if
(F) iy AT

T—o0 TH
The following lemmas provide alternate approaches to the above conditions.

Lemma 3.1. The slow growth condition (S) is equivalent to

(3.3) lim A(T)TF(T) = 0.

T—oo

On the other hand, the fast growth condition (F) is equivalent to
(3.4) Tlim MNT)TFL(T) = cc.

Proof. First we prove the conditions (S) and (F) imply (3.3) and (3.4) respectively. We define
0 < &(T) :=by(NT)T)/TH and we have THe(T) — oo, since by(A(T)T) — co. Then, using (3.2)
Fy(T")

MNT)TFL(T) ~ NT)TFy(TH) ~ T (A1)

which converges to 0 or oo according as the condition (S) or (F) holds, since F; € RV_,,.
Conversely, define

&(T) := MT)TF(T) ~ NT)TE;(TH).

Then
by(\(T)T) by (E(T)/Fy(T™)
TH 7 b, (1/F,(TH))
which converges to 0 or oo according as £(T") goes to 0 or oo, since by € RV, O

The following lemma gives implications of the growth conditions which are useful when applying
the growth conditions.



Lemma 3.2. The slow growth condition (S) implies
NT)THH Fy (T
(3.5) lim 2 L(T)
P b, (NT)T)

The limit is oo when condition (F) holds.
Proof. Define &(T) = by(A\(T)T)/T* as before. Then \(T)T ~ 1/F;(TH&(T)). Thus,

NT)THHF(T)  NT)THH Fy(TH) Fy(T") B THF;(TH)

b, (\T)T) b NDT) 2DV E,(T=(T))  THe(T)Fy(TTe(T))

which goes to 0 or oo according as the condition (S) or (F) holds, since sF(s) € RVi_q,. O

=0.

4. DECOMPOSITION

Our analysis requires the Poisson point process

[e.o]

M(T) = Zg(FECT>7AkaJk)7

k=1
which has mean measure A(T")dy x P[A; € da] x F;(dj) on (0,00) x Dt x (0,00), where D is the
space of non-decreasing cadlag functions on (0,00). The random variable X (T)(t) is the following
function of M restricted to R(t) = {(v,a,j) € (0,00) x Dy x (0,00) : v < t}:

XDty = Z [Ak (t — Fl(cT)) A Jk} 1 <F](€T)7Ak, Jk> = ///( ) R(t)(a(t—'y)/\j)M(d’y,da, dj).
,a,7)€

k=1
It helps to split R(t) in two disjoint sets

Ri(t) = {(v,a,7) € (0,00) x Dy x (0,00) : v < 1,5 < aft —7)}

and

Ra(t) = {(v,a,j) € (0,00) x Dy x (0,00) : vy < t,j > a(t—7)}.

Ri(t) and R2(t) correspond to the regions where transmission has ended or is continuing respec-
tively, by time t. Correspondingly, the input process X (T) preaks into two sums:

(4.1) Z TR, 1) ( , Ag, Jk)

and

(4.2) ZAk (t— )1R2(t)( N Ak,Jk)

Since XZ-(T)( t), i = 1,2 are functions of M |R , i = 1,2 respectively with Rq(¢t) N Ra(t) = 0, we
have XfT)( t) and Xé )( t) are independent.
For any ¢ > 0, we also observe the following facts about the regions R; (Tt),i = 1,2, as T — oc:
Tt

(43) () = 5 B [M<T> (R (Tt))} - / P[Li < Tt —~ldy = Fy (Tt) ~ Tt,

v=0
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and
Tt
(4.4)  ma(Tt) =: A(lT) E [M<T> (Rs (Tt))} - / P[Ly > Tt —~|dy ~ ur.
v=0

So the mean measure restricted to Ry (T't) or Ry (T't) is finite for fixed T',t and we can have the
Poisson representations

P

T d
(4.5) MO |y £ e (D 50 D)
k=1 ki ki

where PZ-(T) is a Poisson random variable with parameter A(T")m;(Tt), which is independent of the
i.i.d. sequence {(TISI;), S,g), W,g)) :keN } with common joint distribution

(4.6)

dyP[A; € da|Fy(dw) '
mi(Tt) Ri(Tt)

Note t is fixed in this argument and is sometimes suppressed in the notations for the sake of brevity.

Also we define random variables (T-(T), S -(T), WA(T)) independent of Pi(T) and distributed identically

3 K3 3
as (Tl(?, Sg), Wl(f)), for i = 1,2. Then we can rewrite XZ(T) (T't),i = 1,2 in terms of the above

Poisson representation (4.5) as
P
(T)
(4.7) X, (Tt) Z Wk

P(T)

(4.8) x$ (1t ZSk2< -5).

5. MOMENT BEHAVIOR

We will need moments of the above summands. We first consider the following modest variant
of Potter’s bound [cf. Potter, 1940, Resnick, 1987] for regularly varying functions.

Lemma 5.1. Let ¢ be a reqularly varying function of index o > —1. Then given ¢ > 0 and g > 0,
there exists Ty such that for T > Ty, and x > zg,we have

(1 —e)¢(T)z* 7% < (a+ 1)/¢(Tu)du < (14e)p(T)a" e,

Proof. The result follows from Potter’s bounds applied to fo u)du € RVi4q. O

An analogous result can easily be proved for regularly varying functions ¢ of index smaller than
—1, which is summarized in the following lemma:
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Lemma 5.2. Let ¢ be a reqularly varying function of index oo < —1. Then given € > 0 and xg > 0,
there exists Ty such that for T' > Ty, and x > xg,we have

(1= )TN < ~(a+1) [ o(Tudu < (1+)o(T)a 1+

Now, we study the moments of the summands in the representations (4.7) and (4.8). Recall from
assumption (11), we have E[A;(1)27%/19] < co. Then, for oy < | < 2+ /2, we have since A; is
H-ss,

E[( ) ] z{t//lwlle<J1 Ay (Tt — )] dwdy
y=0 w=
1
=(Tt)'F; (T / /l = 1 — )H)P w < (Til)H < A1(y)| dwdy
v=0 w=0
; 7 H
(5.1) =T E (") [ B / R (R F),J ((g)gf)”) Ay dw]| o

o

y= =0

Now, the integrand on the right side of (5.1) is bounded by

Fb((]%)HUO
A 1 l
(o) Mesuvy + ] =l

l—ay—1

(5.2) w1 [1[A1(1)>w\/1] + 1[w<1]]

as T — oo and

1 o] _
L Fr (Tt w)
!
[ | ]y o+ twar] o
=0 =
BB () L (T8 )
5.3 —E /Zwl—lfw1 duw —i—/lwl_l‘zwdw.
> J M TR twws R

Now, by Karamata’s theorem, the second term on the right side of (5.3) converges to

1 0o
!
(5.4) e / E / w7y dw | dy.
v=0 =0

For the first term on the right side of (5.3), observe that T'~1F;(T) is regularly varying with index
l—aj;—1 > —1, and hence by the upper bound from Lemma 5.1, there is a Ty, which is non-random,
such that for all T' > Tgy, we have

/ lw' ™ J )) )) Ly (1)>1) dw < <1+ ) l—aJAl(l)HQ LA (1)>1);
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which is integrable by assumption (11). Then, by the Dominated Convergence Theorem, the first
term on the right side of (5.3) converges to

! —a i —og—
E[ Ay (1) Jl[A1(1)>1}} = /E /lwl T4, (s wvi dw | dy,

l—aJ
v=0 =0
which along with (5.4) shows
1 00 _
By (1) w)
-1
/E /lw W[l[mu»wvqul[wéll] dw| dy
v=0 =0
1 [ee]
(5.5) — / E / W' ™ 14, (1yswvt) + Lwsay] dw| dy
¥=0 =0

Then, from (5.2) and (5.5), using Pratt’s lemma [cf. Pratt, 1960, Resnick, 1998], we are allowed to
take the limit under the integral sign in the right side of (5.1) to get, for ay <1 <24 §/2,

[e.o]

1
! _
E[(Wl(T)>]~THZFJ (TH)tH(l‘aJ)/E /lwl_l[w_aJ—Al('y)_o‘J]+dw dy

2
Il
=}
Il
=}

1
=THF, (T7) i (l=as) / E / I ™ Hw ™ — Ay ()" dw| dy
v=0 _w:O

. g THZFJ (TH) tH(l—aJ) / E |:A1(,y)l—aji| d'y

N l— g s
= = aJ)[HO(é;— T 1]THIFJ (™) (Hi—as) g [Al(l)z—aJ}
(56) ~ (l — OZJ)[HCZZJ— aJ) n 1] THIFL (T) tH(l*aJ) R [Al(l)lfou] .

Also, using monotone convergence, we observe that as T' — oo,
1 oo
(5.7) E [WfT)} ~ / / Plw < Ji, L1 < Tty] dwdy T .
=0 w=0
For future reference, note from (5.6) and (5.7) that
Var [Wl(T)] oy

. li — = H2=o)) B [A4,(1)2~] = g24H(2—ay)
58 700 T2 Fy (T) (Q—aJ)[H(2—aJ)+1}t [T ] =: oyt

and
5

(T) _ (7) 2+§} [ (7) 2+§] ™1\ 2*2
(5.9) limSHPEUW1 E[Wl ” élimsupE <W1 > ng {Wl ])

T—o0 TH(2+g)FL (T) T—o0 TH(2+§)FL (T)

)

which is a finite constant.
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Next we study the moments of the summands of (4.8). First we consider the moments of order
[, with ooy <1 <2+ §/2. We have, using self-similarity of A; and (4.4), that

Tt oo

Lo
E[ng) <Tt - TQ(T)H ~ W' P [w < Ay (Tt — ) < Ji] dwdy
L 0 w=0
v=0w=

1 o)
_ Ay (Tty) J1
Hi+1 -1 1 g
Tt //lw P{w< WL <(t) }dwdfy

v=0 w=0

:IulL(Tt)HlHFJ (1))

1
w1 7 P [w < Ai(v) < dw dry

J1
Fy((Tt)H (Tt)H

L~—3

vy w

1 Fr ((THT Ay (7))

(5.10) = (TH)FHE, (T1)) Fr (THH

mr

E

w

lw 114, () >w) dw dy,

Do L~
—g

I
o

i

and bounding the integrand above as in the case of I-th moments of Wl(T) with ay <1 <2+6/2,
we justify the interchange of the limit and integral to obtain

1
l 1 _
o5 (e )] ~ Ao [y s
v=0
1 n —Q -
(5.11) = ML[H(Z — aJ) - 1]THl+1FL(T)tH(l J)+1 E[Al(l)l J].

The first moment requires more careful analysis in this case. As for the higher moments, we
again have, using self-similarity of A;, (see (5.10)),

E [SéT) (Tt . 7'2(T))]

1 oo _
1 _ 7 ((T)7 A1 (7))
NM—L(Tt)H-i-lFJ ((Tt)H) /OE /0 7 (TH)™ 114, ()>w] dw| dv
1 [ oo _
1 _ 7 ((TH) T AL ()7
_M—L(Tt)H+1FJ ((Tt)H) /OE /0 FJ ((Tt)H) 1[A1(1)7H>w] dw] d’y
v= =
1 _
L H s H u (THH A (1))
7ML(Tt) HE (1) )/OE Ai(1) B (T
~Z L
1 | Ry ((Tt)"v)
_ 1 VH J 1%
(5.12) :#—L(Tt)H'HFJ ((Tt)™) Z B [A)77 / TiF, (TH)) dv |,

v=0
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where we substitute v = A;(1)y! in the last step. Now, by Karamata’s theorem, as T — oo,
"k E ((T)"v) Ay (1) 7t
v v i
(5.13) / _J e dv — 11—,
. TtFy ((Tt)H) 7—ay+1
V=

since by assumption (10b) H < ﬁ Also, there exists a non-random 7Ty, such that for all T > Ty,
we have,

Al(l) 1 - H 1 1 = H Al(l) 1 = H
Ttva Fy ((Tt)"v) Ttva Fy ((Tt)"v) Ttva Fy ((Tt)"v)
/ _ T dv </ = T dv +/ = T Avlia,(1)>1]
TtF, (TH7) TtFy (T6)T) TtF, (TH7)
v=0 v=0 v=0
1 + a‘]271 L_aj—l
Ty AT )

where we bound the first term using Karamata’s theorem and the second term using the upper
bound from Lemma 5.1. Thus,

A1(1) 1=
a1 Ttva Fy (Tt)"v) ay+1 1
Ar(1) _/0 THF, (T dv < 3 Ee—y |:A1(1) + 1} 7

which is integrable, since E[A;(1)”*/] < oo by assumption (11) and 1/H < a,y. So by the Domi-
nated Convergence Theorem and (5.13), we have from (5.12),
E[A; (1)1 7]

1 _
61 B (ri=f?)] L EALT,

For future reference we collect some results about the variance and other centered moments
using (5.14) and (5.11),

(1) (1)

(5.15) P = [izm(lFL(TT)Z L. HilH (2 - EST R
— io-%tH(Q—OéJ)'*‘l
©r

and

e |57 (e ) - 57 (107

h?lj;p ) TH(2 )+1FL()

B [(s57 (7)) + ([ (- A)))

(519 SR TG (1) |

which is a finite constant.

6. HEAVY TAILED APPROXIMATION UNDER THE SLOW GROWTH CONDITION

To study implications of the slow growth condition, we need to look at the tail behavior of Wl(T).
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Proposition 6.1. Under the slow growth condition (S), the random variable Wl(T) given in (4.5)

and (4.6) satisfies
(6.1) Jim A(T)TP [Wl(T) > by (MT)T) w} —

Proof. Observe that

6.2)  ADTP WD > b, (MND)T) w} ~

Hence,

(6.3) lim sup A(T)T P [Wl(T) > b J()\(T)T)w} <wo

T—o0

On the other hand, from (6.2),

\NT)T P [WI(T) > by (\(T)T) w}

L 1
(bs D)D) H

LRI [ AT [T < 1 < A (2@ )| b7
0
b MY (wa:)T))%
64y >0 (T) ) AT)TP [bJ(A(T)T)w < <A (N(bJ(A(T)T))%t)} dy

N

- (1 - NW) NIITP [b,(NT)T)w < i < Ay (N(b,(AT)T))t) |

(6.5) ~ANT)TP [bJ(A(T)T)w < <A (N(bJ(A(T)T))%t)]
(6.6) =A(T)TP [w _h Al(Nt)]

OGN
(6.7)  —Ew  — (A1(N1)) "],

where the inequality (6.4) holds for any natural number N for sufficiently large T, since, by the
slow growth condition (S), we have by (\(T)T)/TH — 0. The equivalence (6.5) holds for the same

reason. The equality in (6.6) follows from the H-self-similarity of A;. Finally the convergence (6.7)

holds by the regular variation of the tail of J; and Dominated Convergence Theorem. Then letting

N go to oo, using the fact A;(c0) = oo and Dominated Convergence Theorem, we have

(6.8) lim inf \(T)T P [WfT) > by NT)T)w| = w=o.

T—o0

The inequalities (6.3) and (6.8) together complete the proof.
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Using the tail behavior in the above Proposition 6.1 and an analysis based on the point process
as in, for example, Maulik et al. [2000, Section 5], we can conclude that
P
(T)
2 Wik ping ()
k=1

(6.9) b ONDT) by L)

1
where Z, is a-stable Lévy motion with mean 0, skewness 1 and scale C§ and

1—«a
Co = ['(2 — ) cos (Z2)
Now observe that
P8 W] - T Ttn,
by (MT)T)
(6.10)
. (1)
PO i@y BT . .
MW vyt NT)EL(TH) s = 3T (Tts - Frrey B [w("]).

Since we know from (5.7) and the fact that a; < 2 that

- E [WI(T)} VAT
MO Ty Sy ™ 5, o) Y~ %

and Pl(T) is a Poisson random variable with mean \(T)Fy, (T't), which goes to oo, the first term on
the right side of (6.10) is probabilistically negligible. As for the second term, observe that

AT) : (T)
b N (TtuJ — FL(THE [WlT ])
co Tt
A1) . 4
_bJ()\(T)T)'/O /OP[JI > j,L1 > ) dydj
j=07=
)\(T) Tt Tt oo
SW / ’YHFL(’Y>d’Y+ | / 7(j) dj dry
=0 7=0j=H
MNT)THHLFL(T)
~ constant b, (\T)T) — 0,

where the equivalence follows using Karamata’s theorem, the fact 1 + H(1 — ay) > 0 from as-
sumption (10b) and the relation (3.2) between the tails of the distributions of L; and J; and the
limit holds because of (3.5). Thus the left side of (6.10) is probabilistically negligible. This fact
combined with the convergence (6.9) gives us the weak convergence for the contribution of the first
region under slow growth: for all ¢ > 0,

XTI (Tt) = N(T)Tpst
by (N(T)T)

(6.11) = Za,(1).
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For the contribution of the second region, observe from the representation (4.8) and the equiva-
lence (5.14), we have

B [x{ (11)] ) BlP71E [s§7 (Tt - ") ~ constant MOTTED)
by (AT)T) by (AT)T) by MT)T)

where the limit follows from (3.5). Hence XQ(T) (t)/ (by (A(T)T)) is probabilistically negligible. Com-
bining this fact with (6.11), we get for all £ > 0,

XM (Tt) — \(T)Tt
by (MT)T)

We can check the finite dimensional convergence as in Maulik et al. [2002]. Thus, we have

= Zq,(1).

Theorem 6.1. Under the assumptions (7) - (11) and slow growth condition (S), we have,

XD(T) = ATy
by (\IT)

where the convergence is in the sense of weak convergence of finite dimensional distributions and
1

Za ()7

Z, is a-stable Lévy motion with mean 0, skewness 1 and scale C§ .

7. AsyMPTOTIC NORMALITY UNDER THE FAST GROWTH CONDITION

7.1. One-dimensional convergence. We use the moment conditions (5.8), (5.9), (5.15), (5.16)
along with Lyapunov’s Central Limit Theorem to study the behavior of X (™) (T) under the fast
growth condition (F'). The fast growth condition (F') implies

(7.1) n(T) = \/ANT)TFL(T) — oo
using (3.4).
Using (5.8) and (5.9) we get that

INT)Tt| E DW{T) ~E [Wl(T)} ’2+g]

lim sup
T—o00

2+46/2

(L)\(T)Tt | Var [Wlm]) 2

\NT T(2+§)H+1F T
< (constant) limsup (T) : L§+5)/2 = (constant) lim (n(T"))
T—00 ()\(T)T2H+1FL(T)) 2 T—o0

by the fast growth condition (3.4). Also, since, by (5.8),

g
2

I
o

INT)Tt] Var WD ~ o3 td iy (r))2,

we have by Lyapunov’s Central Limit Theorem,
A(T)Tt]
> (i -e "))

k=1 H(2—ay)+1
= o N <O,t ; )
THn(T) 7
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where N(0,%) is a normal random variable with mean 0 and variance ¢. Further, we know that
PI(T) is a Poisson random variable with parameter A(T)Ey, (Tt) ~ |A(T)Tt| — oo, and therefore
we have PI(T)/ IAN(T)Tt| L. 1. Hence by Theorem 4.1.2 of Gnedenko and Korolev [1996], we have,

(T>

Zwl (1) - PO E W]

Ty (T)

= o1 N (O,tH(%O‘J)H) .

Finally, we observe that,
(T) _ (T) (T)
(P" —EPOVE W] (b _BpO) o gan -
B (W] (127 Fy(1))~5 Vi
THn(T) (T)
E[P]

is op(1), since E(WI(T)) ~ pyand T?H Fr(T) € RV (2—a,) and hence increases to co. Combining,
we get,
P

> Wi ~BATIB W] i xing)

In(T) - T(T)
For the second region determined by Ro(T'), we consider equations (5.15) and (5.16) and get

ryn B 17 (re= A7) s (3= o)

(7.2) = 01N <O,tH(2_O‘J)+1> .

lim sup

T 2+65/2
(LA(T)uLJ Var [SéT) (Tt — TQ(T))]) ’
H(243)+1 7
< (constant) limsup AT - FLEZ;)/Q = (constant) lim (n(T))_% = 0.

T—oo

T=oo (N(T)T2HHLFL(T)) 2
Also, from (5.15), we have,

M)z ) Var [S57 (Tt = 710) | ~ 037 @1 (T (7)),

and PQ(T)/( IAT)pr]) £1. So again, using Lyapunov’s Central Limit Theorem and Theorem 4.1.2
of Gnedenko and Korolev [1996], we get

pD
gsgﬂ (Tt )~ PVB[S (1t - ")

THn(T)

To change the centering to a non-random one, observe from (5.14),

p" — B[P E [SéT) (Tt B 72(T))}

THy(T)
P e B[S0 (1= —
e IR -ar)

= ooN (0, 1 <2—0‘J>+1) .

~ (constant)
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since Hay > 1. Combining, we get,

p(T)
;SZST) (7t ") —ElP("1E [8{" (Tt - {")]
THn(T)
2 X0 -E[xg0 )

(7.3)

H(2—ay)+1
THT](T) = 09N (O,t J ) .

Finally, since, X£T) and XQ(T) are independent, adding (7.2) and (7.3), we get

Theorem 7.1. Under the assumptions (7) - (11) and fast growth condition (F), we have, for each
t>0,
XD (1Tt) —E [XD) (Tt)]
THn(T)

where 0% = 0} + 0% = (2—04‘7)[H%2—oz‘1)+1} E [Al(l)z_o‘J].

= oN (O,tH(%O‘J)H) )

7.2. Finite-dimensional convergence. To study the finite dimensional convergence, we need
the following lemma.

Lemma 7.1. Suppose (7)~(11) hold and ¢ € RVi_,,, ag <1 <2+ 0. Then as u — oo

(7.4) Elo(Ai ()] ~ B [41(1)77 | 6(u') € RVirg_a).

In particular:
(i) Ifay<l<2+446 and

(7.5) o) = [ w'Fi(dw) € R,

Aq(u)
/ wZFJ(dw)
0

g

then

uH

B [6(d1(u))] =E ~E[a@] [ wlFa)

(7.6)

~ ElA 1l—aJ HZF H'
I e p

(ii) If we have l =2 and

(7.7) b(s) = s / " Wy (dw) € Vs,

then

o

~E [A1(1)27°‘J] uH/ wkF(dw)

nil

Efo(41(w)] =E | Ai(a) [ © wF(dw)

Aq(u)

g

(7.8) ~

I—a, E [Al(l)ZfaJ] UZHFJ(UH).

Furthermore, if 0 <1 < aj and
(7.9) ¢(s) = s'Fy(s) € RVi—q,,
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then (7.4) continues to hold:
(7.10) E [Al(u)lFJ(Al(u))] ~E [Al(l)l_o“f} WHUE (uH).
Proof. Pick p > 0 and write

E[p(Ai(u)] _ E[¢(uA:(1))] > [(ﬁ(uHAl(l))

o)~ g(uf) o(ul) 1[A1“>>p1]'

Now for avy <1 < 2+ §, we choose ¢ > 0 small enough that [ + ¢ < 2+ ¢ and we have by Potter’s
bounds that for some constant ¢ > 0 and all large u

¢(u A1 (1))
P(u')
So by dominated convergence, as u — oo

o(u A4,(1)
. [ o)

Lia,(1)>p) < cA (1)t e Ly,

(7.11) 1[A1<1>2p1] —E [Alu)l_“"lmlu)zﬂl}

and therefore

o Bo(Ar(u)] -
> @l
it =gy 2 B[]
For the rest of the proof of (7.4) when | — aiy > 0, it suffices to show
: ¢(A1(u)) I-a
(7.12) UILHC}OE |:¢(UH)1[A1(1)§,0] =E [Al(l) Jl[Al(l)SP]} .

Since | — ay > 0, we have uniform convergence in neighborhoods of 0 in the regular variation ratio
and thus

(Z)(Ua) al—oq

o (v) - =:1(p)

sup
0<a<p

with limy,—,00 7y(p) = 0. Now

Al uf A(1
’E [WI[A1(1)<P]] —E [Al(l)l_o‘Jl[Al(l)gp]} <E |:1[A1(1)<p] W _ Al(l)l_O‘J ]
<ny(p) P[41(1) < p] = 0,

Now consider the proof of (7.10) when 0 < | < ay and (7.9) hold. Set v = uff. We have, by
independence of J; and Ay

(A1 (1))ZFJ(UA1(1))1[A1(1)<p]]

FJ(U)

g [AO) e aplimmentinen | | g [ A0 Tpsvnaplinm<p L
I Fy(v) Ey(v)

-k T[4, (1) (1 o) ] L <ol i P14, (1) 5pas) L)

b vl F; (v) Fy(v)
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and applying Chebyshev’s inequality, this is bounded by

l+a _
E [Jl J}[JQJP}] E [Al(l)_w] n pH'aJ F_J(pv)
vites Fr(v) Fj(v)

= B[4 ()] + 4 B[4 ]

by Karamata’s theorem as v — oco. Thus, from (7.11)

E[4:(1)7],

.
i sup £ | A1) Fr (041 (1)
V—00 'UlFJ('U)
A (D)EF(vA1(1))1 AL (D)EF(vA1(1))1
<limsupE 1) F (0A1 (1)) 14, 1)) ¢ lmsupE (1) Fy (0A1 (1)) 14, (1) <))
oo Fy(v) V00 Fy(v)

<B [0 5] + SO B[4 1)) + 0 B [400) ).

Letting p — 0, we have

e iy RO < [y

This gives the desired result. O

For the finite dimensional convergence, we consider only two dimensional convergence to make
notation simpler. The general case follows similarly. Let N (t) = 3", ¢ Ep() ([0,¢]) be the counting

process corresponding to the initiation times {FI(CT)} in [0,¢]. Observe that
N(T)

XMt Z Ak<t— )/\Jk

is a Poisson random measure. Now fix 0 < s < t. Break the previous

Then,

k)
sum defining X (™) into the independent pieces corresponding to >

Recall that ), €0 A

o<rM<ps T ZT8<F,(€T)§Tt'
using stationary, independent increments of N() and the order statistic property of a Poisson
process, we have

(T) (s
x(T) (T's) B Z]kvzl (T )Ak (TS — F](gT)> A J,
Tt) )

T (T)
XM ( o T A (Te-TD) Ay
N (Ts) N{(T(t—s))
(7 14) d Ak71(TSU/€’1) VAN Jk71 4 Z 0
’ p AkJ(T(t —3s)+ TSUkjl) A Tk — Ak72(T(7f — 5)Uk72) Nga )’

with {Ni(T),z' > 1} being i.i.d. copies of N Uk, being i.i.d. copies of Uniform(0,1) random
variables, Jy ; and Ay ; being i.i.d. copies of J; and A; respectively. A typical summand in the first
sum represents accumulation by times T's and 7't from a transmission initiated at T's(1 — Uy 1),
while the summand in the second component of the second sum represents accumulation from
transmissions initiated in (7's, T't]. Now, the second sum on the right side of (7.14) is independent
of the first sum and the second coordinate has the same distribution as X () (T'(t — s)), and hence
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has a Gaussian limit after centering by the mean and scaling by T 7(T). So we need to study the
first term only. Let us define

VD = A (Tt + TsUy) A Jy.

k,s,t

Then

l 1 oo

E [ 0 ] / / A1 Tt + Tsu) Aw) ] Fy(dw) du
u=0 w=0

L 1 Ay (Tt+Tsu)

(7.15) = / E [Al(Tt + Tsu)! Fy(Ay (Tt 4 Tsu)) du + / E / w' Fy(dw) | du.
u=0 u=0 w=0

Now, observe that, for 1 <1 < 2+ §, by substitution of variable,

1
/ E [Al(Tt + Tsu)! Fy(Ay (Tt + Tsu))] du

u=0
T(s+t)
! I 7
== / E[Al(U) FJ(Al(u))} du
u=Tt
. T(s+t)
= / E[(u Ai1(1) Fy(u Al(l))} du
u=Tt
1 (5 +1)TUmoH _ gll—an) 1 t—ay| pHU (pH
r.16) . d E[Al(l) ]T Fy(TH),

using Karamata’s theorem and Lemma 7.1, since, by assumption (10b), H(l —ay) +1 > H(1 —
ay)+ 1> 0. For the second term of (7.15), observe that, again changing variables u' = us + t, we
get

A1(Tt+Tsu) t+s A1 (Tw)

/1 [ / wFJ(dw)]du:i/E /wlFJ(dw) du,

w=0 u=t w=0
717 E[J], for 0 <1< ay
. ~ H(l-ajy)+1_ H(l—aj)+1 _ _
o e B [ THUEL(T), foray <l<2+9

where we use Monotone Convergence Theorem in the first case and Karamata’s theorem and
Lemma 7.1 in the other. We also used Fr(T) ~ Fy(TH). Hence, combining (7.16) and (7.17), we
have from (7.15),
!
E[(YI(?t)] —>E|:J{:|, for 1 <1< ay

l _
E [(YF)) ] = O(TH'Fy(T)), for ay <1< 2+ 4.
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Thus, we have, as T' — oo,

(7.18) Var M 2 (eplen _pptann B [A1(1)2]
' T2HE(T)  2—ay [H2— o)+ 1s !
and
2+5/2 _
(7.19) E UY@ “E [Ylmt” } — O(TH@+/2) fy (7).

Next we study the covariance between Y1( s)O and Yl( S)t s- Observe that by decomposing

[0,00) = [0, A1 (Tsu)] U (A1(Tsu), Ay (Tsu+T(t —s))] U (A1 (Tsu+T(t —s)),00),

we get
(T) Y(T) 1o E[(A
150 Lst—s | / / (A1(Tsu) ANw) (AL (T(t — s) + T'su) Aw)] Fy(dw)du
TQHFJ(TH) TQHFJ(TH)
u=0w=0
B /1 . j;UAlE)Tsu) 2FJ : Aq( Tsu w A (Tsu) wF(dw)
= T2y (T / T2 Fy(TH) !
u=0 =
[T Sy (r=s) s W (d0) du
TQHFJ(TH)

e
/

[A1(Tsu) A1 (T(t — s) + Tsu)Fy (A (T(t — s) + Tsu))] du
TQHFJ(TH) ’

We treat each of the terms above separately. The first term gives us

1 Ts
J [ Yy ey e IR
T2H [ (TH) “= Ts-T2HE,(THY | "

u=0 u=0

(%)
N
(2—ay)[H2-oay)+1]
using Lemma 7.1. The second term gives us, also using Lemma 7.1,

/ Ar(u) [ 41 0 wF(dw)
_/ TQHFJ(TH) u

E[A1(1)27QJ:|SH(27C|{J)

Ts
A1 (Tsu) |, w A (Tsu) wFy(dw) iy / -
T2HFJ(TH)

u=0
Qg

- 2—ayH(2—ay)
(o — DH2 - ay) +1] E[A:(1)%7%]

For the third term, observe that

A1 (T'su) fﬁAl(T(t_sHTsu) wFy(dw) _ Aq1(T'su) fﬁAl(Tsu) wFy(dw)
T2HFJ(TH) = T2HFJ(TH)
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and hence from Dominated Convergence theorem, using the analysis of the second term,

1 o)
A1 (5u) [yrm a, () sy W (dW)

N 1
A(Tst) [,Z a, (7 -s)+Tsu) wFJ(dw)] " / .

/ E T2H [y (TH) THE,(TH) du
u=0 A
1
ag / E [Al(SU)Al((t — S) + Su)l_a-]] du.
ajy—1

u=0

Finally, observe that, the fourth term is

/1 E [Al(Tsu)Al(T(t —8) + Tsu)Fy (A (T(t — s) + Tsu))] du
TQHFJ(TH)

u=0

du.

B /IE [Al(su)Al(t—s—l—su)FJ(THAl(t—s—i-su))
B Fy(TH)

Now, Aj(su)Ay(t — s+ su)Fy(THA (t — s+ su))_/F’ (TH) converges to Aj(su)Ay(t — s+ su)t—
almost surely and is bounded by Aj(t — s + su)?F;(TH Ay (t — s + su))/Fy(TH). Also

/1 . [Al(t — s+ su)?Fy(THA (t — s+ su))}
J Fy(TH)

u=0

t Tt
B A1(Tu)’Fy (A (Tw)] A (u)*Fy(Ai(u))
B / E[ 18-T2HFJ(TH) ]_ / E[Ts-TwFJ(TH)
u=t—s u=T(t—s)

1 tH(QfaJ)+1 _ (t _ s)H(Q*OAJ)Jrl
THZ-ay) +1 s

E[A1(1)*7].

Hence, the fourth term converges to ful:() E [A1(su)A1(t — s + su)'~*7] du, by the Dominated Con-
vergence Theorem. Putting all the terms together, we have,

Cov(Y; 1(?07 Y1(2 s) Y1(,Z,)o 1(,3—5

TQHFJ( ) T2HFJ(TH)
aJE[A1(1)2 aJ] H(2—ay) aJE[A1(1)2—aJ]$H(2—aJ)
(Q—QJ)[H(2_OCJ> ] (OéJ—l)[H(Q—@J)+1]

1 1
/ E [A1(su)A1((t — s) + su)' ™| du+ / E [A1(su)Ai(t — s+ su)' 7] du
0 u=0

aJ—l
U=

1
[Al 1)2 aJ] H(2—ay)

7.20) = E [A1(su)A1((t — ) + su)' =] du.
(7.20) (aJ—l)(2— NHC=a) +1] ay—1 _/ 1(su) A1 ((t — 5) + su) | du

T
Thus, if Vi, = (Vi0y v, ) and Var[Y(P] = =), using (7.18) and (7.20), we have,

Zg) J(T?H F;(T)) converges to a positive-definite covariance matrix X, say.
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Then, for any 2-dimensional vector a = (aj,az2)?, we have
Var [aTYg’s)’t] ) aTEg? a

lim —e Loty 2 Zet® Ty
Totee TEHE(TH) — Toseo T2HE,(TH) & =9t

which is non-zero. On the other hand, by Minkowski’s inequality, we have
245/2 _
E UaTYf;),t ~E[a"Y{7)] ’ } =0 (T FY(T)).

So aTYg)t satisfies Lyapunov’s condition

19

s v, - sy ]

[ SIS0

=0.

T < comtant) Limeup((D))°

Hence, using Lyapunov’s Central Limit Theorem and Cramer-Wold device, we have that

o (v®, - B[vh)])

THn(T)

k=1
converges weakly to a normal random vector with zero mean and covariance matrix ¥5;. Also, we
have

MT)T]
Hence, by using Theorem 4.1.2 of Gnedenko and Korolev [1996], we have
NIN(Ts) (T NI (Ts) (T
S v, - B [ x|

k,s,t s

THn(T)
converges weakly to a normal random vector with zero mean and covariance matrix /s¥;;. Note
that we can change the centering as in the one-dimensional case, since the changes are probabilis-
tically negligible coordinate by coordinate. Recall from (7.14), the two dimensional distribution of
X is sum of two independent terms, both of which are now shown to be asymptotically Gaussian
on centering by mean and scaling by 77 n(T). Hence, we have

rr | (xeniey ) 2 [( Xz )]}

converges to a zero mean Gaussian process oG (+) in the sense of the convergence of finite dimensional
distribution.

To understand the Gaussian process better, we look at its second order properties. From the
one dimensional convergence given in Theorem 7.1, we know that Var[G(t)] = t7Z—a)+1 Also,
from (7.14), it is clear that only the first term on the right side contributes to the asymptotic

. o . ) NI (Ts) A (T) "
covariance Cov[G(s), G(t)] and so from the limiting covariance matrix of 3, *, Y,/ (T"n(T))

and (7.20), we have Cov[G(s), G(t)] is homogeneous of order H(2 — ay) + 1. So G is a self-similar
process of index [H(2 — «ay) + 1]/2. We summarize this in the following theorem:

Theorem 7.2. Under the assumptions (7) - (11) and the fast growth condition (F), we have
XDy _—E[XD(T. .
(1)~ BIXOT)] g
THn(T)
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. L ) ) . H(2— 1
where G is a zero mean self-similar Gaussian process with self-similarity index %

8. CONCLUSION

In this paper, we have proposed a family of models, each of which exhibits multifractal behavior at
small time scales and we obtain two different types of limiting behaviors for the process X (7)(-) for
large time scale depending on the growth condition. Under the slow growth condition, X (7) (+) when
scaled by by (A(T)T') has a centered limit which is a right-skewed stable Lévy motion of self-similarity
index 1/a;. Under the fast growth condition, X (7)(-) needs to be scaled by v/A(T)T2H+1F(T) and
the centered limit is a Gaussian process of self-similarity parameter [H (2 —«.)+1]/2. Interestingly,
both the self-similarity indices have a range (3, 1) using assumptions (9) and (10c) and 1/a; <
[H(2 — ay) + 1]/2 using the conditions ooy < 2 and Hay > 1. Yet, the limiting behavior in the
slow growth case fails to capture the effect of the individual input processes Ay, as only the terms
corresponding to connections, which have ended transmissions, contribute towards the limit. The
limit in the fast growth case depends on H and hence can lead to models with richer parametrization.
Further we note that, the limit obtained under the fast growth condition does not have stationary
increments. If the limit had stationary increments besides being Gaussian and self-similar, we
could consider the limit to be fractional Brownian motion, since the index of self-similarity is in

the interval (%, 1). A possible approach towards obtaining a limit with stationary increments is to
(T)

consider a stationary version of the process X'*/, as has been done in the work of Mikosch et al.
[2002], by looking at the contributions from time 0, where the connections may begin way back in
the past.
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