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Abstract

We generalize a result of Lehmann on the comparison of location ex-
periments with uniform distributions on intervals. We compare in this
paper a location experiment consisting of uniform distributions on paral-
lelepipeds with a location experiment consisting of uniform distributions
on convex bodies. We show that the first experiment can only be more
informative than the second one if the convex bodies in the second exper-
iment are themselves parallelepipeds. Further we show that the length of
the edges of these parallelepipeds must fulfill a condition similar to the
condition on the length of the intervals in Lehmann’s result.
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1 Introduction

We define a statistical experiment E as a random quantity X for which an
indexed family (Py)pco of possible distributions of X on a measurable space
(Q,A) is given. Let F = ((Qg)veco, (22,.A2)) be a second statistical experiment
with the same index set ©. We say that the experiment F is more informative
than the experiment E (or that E is a randomization of F), if there exists a
Markov kernel K : 2 x Ay — [0, 1] with the property that Ep, K (X, A) = Qy(A)
with Ep, the expectation under the condition that X is Py distributed. (For
the general definition of randomization and the general theory concerned with
the comparison of statistical Experiments see [1] and [2].)

Let M C R™ be a Borel measurable set of finite Lebesgue measure. We
denote by U(M) the uniform distribution on M, i.e., U(M) := A’\(lﬁ), where \
denotes Lebesgue measure and A |pr (A) = A(M N A) for all Borel measurable
A C R™. We denote especially by U([a,b]) the uniform Distribution on an




arbitrary bounded interval [a,b] C R. Given two measures p and v we denote
by wp * v the convolution of u and v. We denote by J, the Dirac measure at x.
We restate now the result of Lehmann (Theorem 3.1 of [3]) which is the starting
point of our investigations.

Theorem 1 Let two uniform location experiments
F = (U([07 1]) * 519)19€R7 (R7 B)) and E = (U([O, 7”] * 519)19€R7 (R, B))

be given. The experiment F is more informative than the experiment E if and
only if r is an integer > 1.

Instead of U(]0,]) *dy or more general U (V') x 6y we also write U([0, 7] + )
respectively U(V + @) since this notation is for the description of differentials
of the function ¢ — U(C + t) more convenient.

The purpose of the paper is to extend Theorem 1. This extension compares a
location experiment consisting of uniform distributions on parallelepipeds with
a location experiment consisting of uniform distributions on convex bodies (con-
vex compact subsets of R™ which possess nonempty interior). The precise result
is displayed by Theorem 2 following the introduction. To establish the result
we make use of weak derivatives of measure-valued (set-valued) functions as
defined in [4] and [5]. As in [3] we establish the result without using the Theo-
rem of Boll which says that in the case of a location experiment we can always
take a convolution kernel instead of a general Markov kernel in the definition
of randomization. For simplicity of notation we introduce the stochastic oper-
ator S associated with the Markov kernel K by [S(u)](A) := [ K(z, A) du for
arbitrary measurable sets A, i.e., S is a linear mapping from a space of signed
measures to a space of signed measures, which maps probability measures onto
probability measures.

The paper is organized as follows. In section 2 we display the result (Theo-
rem 2) of the paper. Further we display Theorem 3 which characterizes paral-
lelepipeds within the space of convex bodies. A proof of this theorem is given in
[6]. In section 3 we prove Theorem 2 using Theorem 3. In section 4 we sketch
a proof of Theorem 2 which uses the theorem of Boll.

2 The main Theorem

We denote by N = {1,2,...} the set of positive integers. By V we denote
the closure of a set V. By 1p we denote the indicator function of B. Given
a function f and a measure p we denote by f-u the measure [f-u](A4) := fA fdp.

Definition 1 Given a set {vi,...,v,} of linearly independent vectors in R™
then we call the set V = {v = > av; | 0 < a; < 1} the parallelepiped



spanned by {vy,...,v,}. A set C is called a (closed) parallelepiped if C =V + &
for some arbitrary & € R™.

Remark 1 Since the sets V + j - v; with j € NU {0} are pairwise disjoint we
get that for £ € N

¢
Lty vagm = 2 Lovesm,
Jj=0
and, for 0 < h < 1, we get by the special relative location the parallelepipeds
V + j - v; have to one another that

14

¢
Lyuvt(eh)v) - 1> | Z Lwigan)v) - b — Z Lvgjo) - 1]
j=0 §=0

Theorem 2 Let V' C R™ be a parallelepiped with nonempty interior, spanned
by the vectors vi,...,Vy. Let C C R™ be a convex body. Let f: R™ — R™ be
a bijective linear mapping and let the experiments

F = ((U(V +9))germ, (R™,B™))

and
E= (U(C + f(ﬁ)))ﬂeRma (Rma Bm))

be given. Then F is more informative than E if and only if there exists a £ € R™
such that C' is a parallelepiped of the form

= {$|$:ZQ’%'JC(U¢)|Q€ (0,1} + & with ~; € N. (1)
i=1

Remark 2 We will prove Theorem 2 in 8 steps. First we show that if C' is of
the form described by formula (1), then E is a randomization of F. This is done
by writing down the Markov kernel without any difficulty.

In the second step we show that if E is a randomization of F then C is of
the form

C={z|x= ZQ i f) | G €[0,1]} +& with v € RT fized.  (2)
i=1

This is the main part of the proof. It uses a characterization of parallelepipeds
within the space of conver bodies displayed as Theorem 3.

Finally we show that the ~; which occur in the formula (2) describing C are
positive integers. We derive easily this fact from (2) and Theorem 1 (Theorem
3.1 of [8]). (It is also possible to prove k; € N by differentiation of measure
valued functions, but by using Theorem 3.1 of [3] we obtain a very quick and

easy proof.)



Definition 2 We denote by C. the space of continuous real valued functions
with compact support on R™. We remark that a finite signed measure p is
determined by the integrals [ ¢ dp with ¢ € C.. Let C be a convex set, then we

denote by limy_¢ w the measure T determined by

/(de:%iL%/gde(C—kbw)—U(C).

h

In the proof of Theorem 2 we make use of the following characterization of
parallelepipeds, which has been proved in [6].

Theorem 3 A convex body C C R™ is a parallelepiped with one dimensional
edges parallel {wy,...,wy,} if and only if there exists a linearly independent set
{wi,...,wn} of vectors w; € R™ such that for any ¢ € {1,...,m} there exists
a countable set R C R and an rog € R such that

A(C) - tim U(C A w) ~U(C

)
Fe n * 5{r~wi\r€R}](B) =0

for any Borel measurable set B C C 4+ 1 - w;.

3 Proof of Theorem 2

Remark 3 Given a finite signed measure p we denote by || the measure defined
by |u|(B) :=sup{p(A1) — u(Az2) | Ay U Ay = B and A1 N Ay = 0}.
Note the following two properties of stochastic operators S':

S(|lpl) > |S(w)| for any finite signed measure (3)
and, for bounded functions f,g with f > g
S(f-p) > S(g-p) for any finite positive measure pu. (4)

Definition 3 We say that a signed measure p vanishes on a set D C R™ if
w(B) =0 for all Borel measurable sets B C D

Proof of Theorem 2. First Step: We prove the if part first. Suppose that
C fulfills (1), i.e., C = go f(V) + & with g(f(vi)) = k; - f(vi). We define a
Markov kernel p : R™ x B(R™) — [0,1] by

71—1 Ym—1

p(x,B) i= ————— - > b jer+o(B).

1
71 c e e »'}/m izo i

It is easily seen, that the stochastic operator S defined by [S(w)|(B) := [ p(z, B) du(x)
fulfills S(U(V +49)) = U(C + f(¥)), which proves the if part.



Second Step: Now we prove the only if part. Let S be a stochastic operator
such that

S(UWV +9)) =U(C+ f(v)). (5)

Let p=XA-[A(V)]7t and let v = X- [A(C)]7!. Let i € {1,...,m} and £ € 2N be
minimal such that

cn(C+ g < f(v;)) =0 and (C+ g floNn(C+2-f(v)=0. (6)
By convexity of C we obtain from (6) that for h > 0
CN(C+{+h) flv))=0. (7)
Let 0 < h <1 then

Lou@erh)-fw) -V = Lo -V + Low@rn)fv) v (8)

=UC)+U[C+ U +h) f(v;)=SUWV)+ SOV +L+h)-v;)) (9)

= Sy - ) + SAviesnyw, - 1) = SAvowtesny vy - 1) (10)

Y/

=z ’Z (V4+(G+h)vi) — 1(V+jmi)] - pl) (11)
7=0

> !ZS WiGrhyo) = Lvaon] - )] (12)

= !ZS (V+@G+h)-0) =UV +j-wu)]) (13)

= !Z (CHF(G+h)-0)=UC+ f(G-v))]l (14)

The equality sign in equation (8) follows from (7), equality in equation (9) from
(5) and the equality sign in (10) from the disjointness of V and V + (¢ + h)v;
(see Remark 1) and the linearity of stochastic operators. The equality signs
between the equations (8), (9) and (10) follow from the definitions of v and
. The inequality between (10) and (11) follows from (4) and Remark 1. The



inequality between (11) and (12) follows from (3). The equalities between (12),
(13) and (14) follows from the definition of y and (5).

From the inequality between (8) and (14) we obtain that for arbitrary h €
(0,1) the measure

14

SIUC+ F((G+h) - v:) = UC+ (G- v3))]

Jj=0

vanishes on any set B with BN CUUj,g0.1(C + (€+h) - f(vi)) = 0. So also
the measures

ZZ: UCH f((j+h)-v) =UC+ f(j-v:))

: (15)

7=0
vanish on such sets B. Since C'UUj,¢(9,1)(C + (€ + h) - f(vi)) is closed we get
that also the weak limit of (15) which is given by

limyg0 35 V(41 v -U(C/Gw)

(16)

. 19) F))=-U
= MC) - limy, g = ELED=2D w51 0o,y

vanishes on any set B with BN [CUC + £ f(v;))] = 0.
Thus by (6)

C UC+h- fln) —TU(C)
A(C) - lim . * 045 £ (0:)|7E{0,.-.6}}

vanishes especially on the set 0C + % -v;. So by Theorem 3 with R =
{0,..., 4}, 70 = % and w; = f(v;) we obtain that C' is a parallelepiped.

Finally it remains to be proved, that the length of the edge of C' parallel to
f(v;) is an integer multiple of f(v;), i.e., we have to show that v; € N. This is

done as follows:

By a shift of the experiment F' we may suppose without loss of generality
that C possesses a vertex at 0, i.e.,

C={w|e=) G- f(v)]|Ge[01]} with 5 €R". (17)
=1

Let T be the stochastic operator which maps dy for ¥ € R to the uniform dis-

tribution U; on V;+dv; with V; the parallelepiped spanned by {v1, ... v;—1, V41, -

ie., T(0y) = U(V;) * dy.p,. We denote by C; the parallelepiped spanned by
{f(v1),..., f(vm)}. Let pr; : R™ — R be the unique linear mapping with

avm}a



pri(C;) =0 and pr;(f(v;)) = 1. Let Pr; be the stochastic operator which maps
dz t0 pr,(z)- Then the operator Pr; o .S o T maps the uniform distribution
on [0,1] + ¥ to the uniform distribution on the interval [0,7;] + ¢. Thus an
application of Theorem 1 shows that v; € N. O

4 A proof based on the theorem of Boll

We finally sketch a proof of Theorem 2 based on the theorem of Boll. Note that
this is only a very short sketch!

Without loss of generality we replace the linear mapping f by the identity
mapping id : R™ — R™. By the theorem of Boll we obtain that U(C) = U(V)*1
for some probability measure 7. This equation can be rewritten as

1o(z) = 7"(z — int(V)) with respect to A a.e. (18)

with 7% a multiple of 7. The measure 7* has by boundedness of C' compact
support which together with (18) shows that 7* must be discrete. So

T = Zaiéai for some n € N (19)

i=1
From (18) and (19) one obtains that
a; € a; +int(V) (20)

Finally one proves using (18), (19) and (20) that U?Zlint(V) +a, CC C
U?ZIV + a;, where we denote by U the union if it is taken over a pairwise
disjoint family of sets. From this and the convexity of C' it follows that C'
must itself be a parallelepiped with 1-dimensional edges in the direction of the
1-dimensional edges of V and with edge-length integer multiples of the edge-
length of V.
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