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ents to prove convergence of the finite-dimensional distributions for the contact process towards
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1 Introduction and results

1.1 Introduction

The contact process is a model for the spread of an infection among individuals in the d-dimensional
integer lattice Z?. We suppose that the origin o € Z¢ is the only infected individual at time 0, and
that every infected individual may infect a healthy individual at a distance less than L > 1. We
refer to this model as the spread-out contact process. The rate of infection is denoted by A, and it
is well known that there is a phase transition in A (see e.g., [22]).

Sakai [26, 27] has proved that when d > 4, the sufficiently spread-out contact process has several
critical exponents which are equal to those of branching random walk. The proof by Sakai uses
the lace expansion for the time-discretized contact process, and the main ingredient is the proof of
the so-called infrared bound uniformly in the time discretization. Thus, we can think of his results
as proving Gaussian upper bounds for the two-point function of the critical contact process. Since
these Gaussian upper bounds imply the so-called triangle condition in [3], it follows that certain
critical exponents take on their mean-field values, i.e., the values for branching random walk.
These values also agree with the critical exponents appearing on the tree. See [22, Chapter 1.4]
for an extensive account of the contact process on a tree.

Recently, van der Hofstad and Slade [20] proved that for all » > 2, the r-point functions
for sufficiently spread-out critical oriented percolation with spatial dimension d > 4 converge to
those of the canonical measure of super-Brownian motion when we scale space by n'/2, where
n is the largest temporal component among the r points, and then take n T oo. That is, the
finite-dimensional distributions of the critical oriented percolation cluster when it survives up to
time n converge to those of the canonical measure of super-Brownian motion. The proof in [20]
is based on the lace expansion and the inductive method of [19]. Important ingredients in [20]
are detailed asymptotics and estimates of the oriented percolation two-point function. The proof
for the higher-point functions then follows by deriving a lace expansion for the r-point functions
together with an induction argument in 7.

In this paper, we prove the two-point function results for the contact process via a time dis-
cretization. The discretized contact process is oriented percolation in Z¢ x eZ, with e € (0, 1], and
the proof uses the same strategy as applied to oriented percolation with € = 1, i.e., an application
of the lace expansion and the inductive method. However, to obtain the results for ¢ < 1, we use
a different lace expansion from the two expansions used in [20, Sections 3.1-3.2], and modify the
induction hypotheses of [19] to incorporate the e-dependence. In order to extend the results from
infrared bounds (as in [27]) to precise asymptotics (as in [20]), it is imperative to prove that the
properly scaled lace expansion coefficients converge to a certain continuum limit. We can think of
this continuum limit as giving rise to a lace expansion in continuous time, even though our proof is
not based on the arising partial differential equation. In the proof that the continuum limit exists,
we make heavy use of convergence results in [4] which show that the discretized contact process
converges to the original continuous-time contact process.

In a sequel to this paper [18], we use the results proved here as a key ingredient in the proof that
the finite-dimensional distributions of the critical contact process above four dimensions converge
to those of the canonical measure of super-Brownian motion, as was proved in [20] for oriented
percolation.

1.2 The spread-out contact process and main results

We define the spread-out contact process as follows. Let C, C Z% be the set of infected individuals
at time t € Ry, and let Cy = {o}. An infected site x recovers in a small time interval [¢, ¢+ ¢] with



probability € 4 o(¢) independently of ¢, where o(¢) is a function that satisfies lim._go0(¢)/e = 0. In
other words, z € C; recovers at rate 1. A healthy site x gets infected, depending on the status of
its neighbours, at rate A Y o, D(z —y), where A > 0 is the infection rate and D(z —y) represents

the strength of the interaction between x and y. We denote by P* the associated probability
measure.

The function D is a probability distribution over Z¢ that is symmetric with respect to the
lattice symmetries, and satisfies certain assumptions that involve a parameter L > 1 which serves
to spread out the infections and will be taken to be large. In particular, we require that there
are L-independent constants C,C},Cy € (0,00) such that D(0) = 0, sup,cz« D(x) < CL™¢ and
C,L < 0 < CyL, where o2 is the variance of D:

o’ =Y |z’ D(x), (1.1)

z€Z?
where | - | denotes the Euclidean norm on RY. Moreover, we require that there is a A > 0 such
that
> jaPAD(x) < CLPA, (1.2)

z€Z4

See Section 5.1.1 for the precise assumptions on D. A simple example of D is the uniform distri-
bution over the cube of side length 2L, excluding its center:

L{o<|lzllo<L}

D)= ———7 1.3
@)= @izt (13)
where ||| = sup; |z;| for z = (z1,...,24).
The two-point function is defined as
Mz)=Pze€C) (v€Z% teRy). (1.4)

In words, 77(x) is the probability that at time ¢, the individual located at x € Z% is infected due
to the infection located at o € Z? at time 0.

By an extension of the results in [4, 10] to the spread-out contact process, there exists a unique
critical value A, € (0, 00) such that

—0, if A<\,

) (1.5)
>0, if A> A\,

X(A) = /Ooodt 0 {< oo MEA<Ae p) = lm PV (C, £ @) {

=00, ifA> A, too
where we denote the Fourier transform of a summable function f : Z¢ — R by

fky=Y_ flz)e™™ (ke [-mn]). (1.6)

xcZ4

We next describe our results for the sufficiently spread-out contact process at A = A\, for d > 4.

1.2.1 Results above four dimensions

We now state the results for the two-point function. In the statements, o and A are defined in
(1.1)-(1.2), and we write || f|joo = Sup,eza |f(2)] for a function f on Z<.



Theorem 1.1. Let d >4 and 6 € (0,1 ANAN%2). There is an Ly = Lo(d) such that, for L > Ly,
there are positive and finite constants v =v(d, L), A = A(d, L), C; = C1(d) and Cy = Cy(d) such
that

%&(W) Aebr [1+ O(JkP(L+)7%) + O((1 + )~ =9/, (1.7)
0 Z |27 (2) = vo®t [1+ O((1 +1)7%)], (1.8)

xEZd
CLL™ (14 1) Y2 < |10 < et + CoL™4(1 +1)~%2, (1.9)

with the error estimate in (1.7) uniform in k € R with [k|*/log(2 +t) sufficiently small.

The above results correspond to [20, Theorem 1.1], where the two-point function for sufficiently
spread-out critical oriented percolation with d > 4 was proved to obey similar behaviour. The
proof in [20] is based on the inductive method of [19]. We apply a modified version of this induction
method to prove Theorem 1.1. The proof also reveals that

Ae=1+O0(L™Y), A=1+0(L™%, v=1+0(L"%. (1.10)

In a sequel to this paper [17], we will investigate the critical point in more detail and prove that

Ae — 1= i D*"(0) + O(L™2%), (1.11)

holds for d > 4, where D*" is the n-fold convolution of D in Z%. In particular, when D is defined
by (1.3), we obtain (see [17, Theorem 1.2])

Ae—1=1L dZU*" )+ O(L™4Y), (1.12)

where U is the uniform probability density over [—1,1]¢ C R? and U*" is the n-fold convolution
of U in R%. The above expression was already obtained in [8], but with a weaker error estimate.
Let « and [ be the critical exponents for the quantities in (1.5), defined as

XA ~ (A = A7 (A< A, OA) ~ (A=) (A > A), (1.13)

43

where we use “~” in an appropriate sense. For example, the strongest form of y(A) ~ (A. — )7
is that there is a C' € (0, 00) such that

XA) =[C+o(1)] (Ae = AN)77, (1.14)
where o(1) tends to 0 as A T A.. Other examples are the weaker form
30,0y € (0,00) 1 Cr(Ae — A) 77 < x(A) < Co(Ae — )77, (1.15)
and the even weaker form
A = (A= A) ol (1.16)

See also [22, p.70] for various ways to define the critical exponents.
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As discussed for oriented percolation in [20, Section 1.2.1], (1.7) and (1.9) imply finiteness at
A = A of the triangle function

/ dt/ ds Z My) ) (y — 2) )M 2). (1.17)

z,y€Z

Extending the argument in [24] for oriented percolation to the continuous-time setting, we conclude
that V(A.) < oo implies the triangle condition of [1, 2, 3], under which v and ( are both equal
to 1 in the form given in (1.15), independently of the value of d [3]. Since these d-independent
values also arise on the tree [29, 34], we call them the mean-field values. The results (1.7)—(1.8)
also show that the critical exponents v and 7, defined as

20 Z a7 (@) ~ 7 (0) ~ ¢, (1.18)

xEZd

take on the mean-filed values v = 1/2 and 1 = 0, in the stronger form given in (1.14). The result
n = 0 proves that the statement in [22, Proposition 4.39] on the tree also holds for sufficiently
spread-out contact process on Z< for d > 4. See the remark below [22, Proposition 4.39]. Further-
more, following from bounds established in the course of the proof of Theorem 1.1, we can extend
the aforementioned result of [3], i.e., ¥ = 1 in the form given in (1.15), to the precise asymptotics
as in (1.14). We will prove this in Section 2.5.

So far, d > 4 is a sufficient condition for the mean-field behaviour for the spread-out contact
process. It has been shown, using the hyperscaling inequalities in [28], that d > 4 is also a necessary
condition for the mean-field behaviour. Therefore, the upper critical dimension for the spread-out
contact process is 4, and one can expect log corrections in d = 4.

In [18], we will investigate the higher-point functions of the critical spread-out contact process
for d > 4. These higher-point functions are defined for £ € [0,00)" "' and Z € Z "~ by

NE) =Pz, €Cy, Vi=1,...,r —1). (1.19)

The proof will be based on a lace expansion that expresses the r-point function in terms of s-point
functions with s < r. On the arising equation, we will then perform induction in r, with the
results for r = 2 given by Theorem 1.1. We discuss the extension to the higher point functions in
somewhat more detail in Section 2.2, where we discuss the lace expansion. In order to bound the
lace expansion coefficients for the higher point functions, the upper bounds in (1.7) for £ = 0 and
n (1.9) are crucial.

1.2.2 Results below and at four dimensions

We also consider the low-dimensional case, i.e., d < 4. In this case, the contact process is believed
not to exhibit the mean-field behaviour as long as L remains finite, and Gaussian asymptotics are
not expected to hold in this case. However, we can prove local Gaussian behaviour when the range
grows in time as

Ly =LT" (T >1), (1.20)

where L; > 1 is the initial infection range. We denote by o2 the variance of D in this situation.
We assume that

d—4
a=bd+——>0. (1.21)

Our main result is the following.



Theorem 1.2. Let d < 4 and § € (0,1 ANA A «). Then, there is a Ay = 1+ O(T™") for some
p € (0,ac—0) such that, for sufficiently large Ly, there are positive and finite constants Cy = C4(d)
and Cy = Cy(d) such that, for every 0 <t <logT,

%%f(%) — e [14 O(T™") + O(k2(1 + T1) )], (1.22)

AAT Z 2|27 (v) = 02Tt [1+ O(T™) + O((1 + Tt) )], (1.23)
xGZd

CLLy (14 Tt) ™2 < |13 [Joo < €Tt + Co L% (1 4 Tt) =42, (1.24)

with the error estimate in (1.22) uniform in k € R® with |k|?/log(2 + Tt) sufficiently small.

The upper bound on t in the statement can be replaced by any slowly varying function. How-
ever, we use logT to make the statement more concrete. The proof of Theorem 1.2 follows the
same steps as the proof of Theorem 1.1.

First, we give a heuristic explanation of how (1.21) arises. Recall that, for d > 4, V(\.) < o0
is a sufficient condition for the mean-field behaviour. For d < 4, since V(A;) cannot be defined in
full space-time as in (1.17), we modify the triangle function as

TlogT
Via(A / / ds M (y) 0 (y — x) T (2). (1.25)

z,yeZ4

Using the upper bounds in (1.22) for k£ = 0 and in (1.24), we obtain
TlogT
Via(Ar) < 02/ / ds (e7T + Co LT~ < O(T7%) + O(T* =42 10g> T),  (1.26)

which is finite for all T whenever bd > 5%, We can find a similar argument in [33, Section 14].

Next, we compare the ranges needed in our results and in the results of Durrett and Perkins [8],
in which the convergence of the rescaled contact process to super-Brownian motion was proved.
Asin (1.21) we need bd > 43¢, while in [8] bd = 1 for all d > 3. For d = 2, which is a critical case in
the setting of [8], the model with range L2 = T'logT was also investigated. In comparison, we are
allowed to use ranges that grow to infinity slower than the ranges in [8] when d > 3, but the range
for d = 2 in our results needs to be larger than that in [8]. It would be of interest to investigate
whether Theorem 1.2 holds when L2 = T'log T (or even smaller) by adapting our proofs.

Finally, we give a conjecture on the asymptotics of A as T' T co. The role of \; is a sort of
critical value for the contact process in the finite-time interval [0, 7 log T'], and hence A\, approxi-
mates the real critical value A, that also converges to 1 in the mean-field limit 7" T oo. We believe
that the leading term of \., — 1, say ¢, is equal to that of A, — 1. As we will discuss below in
Section 5.4, A, satisfies a type of recursion relation (5.41). We expect that, for d < 4, we may
employ the methods in [17] to obtain

TlogT ddk’ . R
A =14+ [1+0(T™M)] / dt / _ D2 (k) e - Pr®lr (1.27)
0 [—m,m]d (27T)

where D, equals D with range L;. (In fact, the exponent u could be replaced by any positive
number strictly smaller than «.) The integral with respect to t € Ry converges when d > 2, and



hence we may obtain for sufficiently large 7" that

ﬂ/\d—

=1+ Do) +O(L" "), (1.28)
n=2

where we use (1.20) and the fact that the sum in (1.28) is O(L;¢). Based on our belief mentioned
above, this would be a stronger result than the result in [8] when d = 3,4, where ¢, = Y, Di"(0).

However, to prove this conjecture, we may require serious further work using block constructions
used in [8].

2 QOutline of the proof

In this section, we provide an outline of the proof of our main results. This section is organized
as follows. In Section 2.1, we explain what the discretized contact process is, and state the results
for the discretized contact process. These results apply in particular to oriented percolation,
which is a special example of the discretized contact process. In Section 2.2, we briefly explain
the lace expansion for the discretized contact process, and state the bounds on the lace expansion
coefficients in Section 2.3. In Section 2.4, we explain how to use induction to prove the asymptotics
for the discretized contact process. In Section 2.5, we state the results concerning the continuum
limit, and show that the results for the discretized contact process together with the continuum
limit imply the main results in Theorems 1.1-1.2.

2.1 Discretization

By the graphical representation, the contact process can be constructed as follows. We consider
7% x R, as space-time. Along each time line {z} x R, we place points according to a Poisson
process with intensity 1, independently of the other time lines. For each ordered pair of distinct
time lines from {z} x Ry to {y} x R, we place directed bonds ((z, t), (y, t)), t > 0, according to
a Poisson process with intensity A D(y — z), independently of the other Poisson processes. A site
(x,5) is said to be connected to (y,t) if either (x,s) = (y,t) or there is a non-zero path in Z¢ x R,
from (z, s) to (y,t) using the Poisson bonds and time line segments traversed in the increasing time
direction without traversing the Poisson points. The law of C; defined in Section 1.2 is equivalent
to that of {x € Z%: (0, 0) is connected to (z, t)}. See also [22, Section I.1].

Inspired by this percolation structure in space-time and following [27], we consider an oriented
percolation approximation in Z¢ x £Z, to the contact process, where ¢ € (0, 1] is a discretization
parameter. We call this approximation the discretized contact process, and it is defined as follows.
A directed pair b = ((z,t), (y,t + €)) of sites in Z¢ x €Z, is called a bond. In particular, b is
a temporal bond if x = y, otherwise b is a spatial bond. Each bond is either occupied or vacant
independently of the other bonds, and a bond b = ((x,t), (y,t + ¢)) is occupied with probability

1—¢, if x =y,
(y — ) = 2.1

provided that ||p.||cc < 1. We denote the associated probability measure by P2. It is proved in
[4] that P} weakly converges to P* as ¢ | 0. See Figure 2.1 for a graphical representation of the
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Figure 1: Graphical representation of the contact process and the discretized contact process.
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contact process and the discretized contact process. As explained in more detail in Section 2.2,
we prove our main results by proving the results first for the discretized contact process, and then
taking the continuum limit when ¢ | 0.

We also emphasize that the discretized contact process with € = 1 is equivalent to oriented
percolation, for which A € [0, ||D||%}] is the expected number of occupation bonds per site.

We denote by (x,s) — (y, t) the event that (x, s) is connected to (y,t), i.e., either (z, s) = (y,t)
or there is a non-zero path in Z? x eZ, from (z,s) to (y,t) consisting of occupied bonds. The
two-point function is defined as

Similarly to (1.5), the discretized contact process has a critical value A\ satisfying
<oo, HfA<AY =0, ifA<A\¥
ey 7 ’ . limP2(C, # @ ’ e 2.3
gzz el {: 0o, if A >\, t1oo (G 7 ){> 0, if A >\, (2:3)

The main result for the discretized contact process with ¢ € (0, 1] is the following theorem:

Proposition 2.1 (Discretized results for d > 4). Let d > 4 and 6 € (0,1 A A A %2). Then,
there is an Lo = Lo(d) such that, for L > Ly, there are positive and finite constants v = v (d, L),
A® = A®(d, L), Ci(d) and Cy(d) such that

BYC . e
T (W) A©E S [1+ O(KE( +1)7) + O((1 + £) "4/ (24)
AM S el (@) = 090 [14+0((1 + 1)), (2.5)

Ttie ( x€Z4
C1L™4(1 + )% < ||Tt;; ||oo < (1—e)/f+ CoL™ Y1 4 t)" %2, (2.6)

where all error terms are uniform in ¢ € (0,1]. The error estimate in (2.4) is uniform in k € R?
with |k|?/log(2 + t) sufficiently small.

Proposition 2.1 is the discrete analog of Theorem 1.1. The uniformity in ¢ of the error terms
is crucial, as this will allow us to take the limit € | 0 and to conclude the results in Theorem 1.1
from the corresponding statements in Proposition 2.1. In particular, Proposition 2.1 applied to
oriented percolation (i.e., € = 1) reproves [20, Theorem 1.1].

The discretized version of Theorem 1.2 is given in the following proposition:
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Proposition 2.2 (Discretized results for d < 4). Let d < 4 and 6 € (0,1 ANA A «). Then,
there is a Ar = 1+ O(T™*) for some pu € (0, — 0) such that, for sufficiently large Ly, there are
positive and finite constants C; = C1(d) and Cy = Cy(d) such that, for every 0 <t <logT,

o e . )
T%ta(%) =e 20 [1+O0(T ")+ O(k*(1 + Tt)™%)], (2.7)
AAT Z 2P () = 03Tt [1+ O(T™) + O((1 + Tt) )], (2.8)
Tta =y
CiL; (1 + T2 < 1 pE oo < (1— )5 + CoL%(1+ Tt) /2, (2.9)

where all error terms are uniform in e € (0,1], and the error estimate in (2.7) is uniform in k € R?
with [k|?/log(2 + Tt) sufficiently small.

Note that Proposition 2.2 applies also to oriented percolation, for which ¢ = 1.

2.2 Expansion

The proof of Proposition 2.1 makes use of the lace expansion, which is an expansion for the two-
point function. We postpone the derivation of the expansion to Section 3, and here we provide
only a brief motivation. We also motivate why we discretize time for the contact process.

We make use of the convolution of functions, which is defined for absolutely summable functions
f, g on Z¢ by

(frg)@) =) fly (2.10)
yezd

We first motivate the basic idea underlying the expansion, similarly as in [20, Section 2.1.1],
by considering the much simpler corresponding expansion for continuous-time random walk. For
continuous-time random walk making jumps from z to y at rate AD(y — x) with killing rate 1 — X,
we have the partial differential equation

g (x) = A(D * ) (z) — q\(2), (2.11)

where ¢;(z) is the probability that continuous-time random walk started at o € Z¢ is at x € Z¢ at
time t. By taking the Fourier transform, we obtain

0 (k) = =[1 = AD(K)] (k). (2.12)
In this simple case, the above equation is readily solved to yield that
) (k) = e”1-AP®E (2.13)

We see that A = 1 is the critical value, and the central limit theorem at A = A\. = 1 follows by a
Taylor expansion of 1 — D(k) for small k, yielding

112

G (2z) = e 27 [L+o(1)], (2.14)

where |k|? = Z] L k? (vecall also (1.1)).

The above solution is quite specific to continuous-time random walk. When we would have a
more difficult function on the right-hand side of (2.12), such as —[1 — AD(k)] ¢ ,(k), it would be
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much more involved to solve the above equation, even though one would expect that the central
limit theorem at the critical value still holds.

A more robust proof of central limit behaviour uses induction in time ¢. Since time is continuous,
we first discretize time. The two-point function for discretized continuous-time random walk is
defined by setting ¢g.. () = 0o, and (recall (2.1))

Gre(2) = pif(x)  (t €eN). (2.15)
To obtain a recursion relation for qég(x), we simply observe that by independence of the underlying
random walk

Gre() = (pe % ¢ ) () (t €eN), (2.16)

We can think of this as a simple version of the lace expansion, applied to random walk, which has
no interaction.

For the discretized continuous-time random walk, we can use induction in n for all ¢ = ne. If
we can further show that the arising error terms are uniform in €, then we can take the continuum
limit € | 0 afterwards, and obtain the result for the continuous-time model. The above proof is
more robust, and can for instance be used to deal with the situation where the right-hand side of
(2.12) equals —[1 — AD(k)]¢} , (k). This robustness of the proof is quite valuable when we wish to
apply it to the contact process.

The identity (2.16) can be solved using the Fourier transform to give

qég(k) _ ﬁs(k)t/e _ [1 — e+ )\gb(k)]t/a _ e—[I—Aﬁ(k)]t—i-O(te[l—ﬁ(k)]2)' (217)

We note that the limit of [G:..(k) — Gi—c.c(k)]/e exists and equals (2.12). In order to obtain the
central limit theorem, we divide k by v o?t. Then, uniformly in € > 0, we have

. L - -

R ) 218
Therefore, the central limit theorem holds uniformly in € > 0.

We follow Mark Kac’s adagium: “Be wise, discretize!” for two reasons. Firstly, discretizing
time allows us to obtain an expansion as in (2.11), and secondly, it allows us to analyse the arising
equation. The lace expansion, which is explained in more detail below, can be used for the contact
process to produce an equation of the form

t
Oy (k) = —[1 — AD(k)] 7\ (k) + / ds 73 (k) 77 (k) (2.19)

0
where 7} are certain expansion coefficients. In order to derive the equation (2.19), we use that the

discretized contact process is oriented percolation, for which lace expansions have been derived
in the literature [20, 24, 25, 26, 27|. Clearly, the equation (2.19) is much more complicated than
the corresponding equation for simple random walk in (2.11). Therefore, a simple solution to the
equation as in (2.13) is impossible. We see no way to analyse the partial differential equation in
(2.19) other than to discretize time combined with induction. It would be of interest to investigate
whether (2.19) can be used directly.

We next explain the expansion for the discretized contact process in more detail, following the
explanation in [20, Section 2.1.1]. For the discretized contact process, we will regard the part of
the oriented percolation cluster connecting (0,0) to (z,t) as a “string of sausages.” An example
of such a cluster is shown in Figure 2. The difference between oriented percolation and random
walk resides in the fact that for oriented percolation, there can be multiple paths of occupied
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Figure 2: (a) A configuration for the discretized contact process. Open triangles A denote occu-
pied temporal bonds that are not connected from (o,0), while closed triangles A denote occupied
temporal bonds that are connected from (o0,0). The arrows denote occupied spatial bonds, which
represent the spread of the infection to neighbouring sites. (b) Schematic depiction of the config-
uration connecting (0,0) and (z,t) as a “string of sausages.”

bonds connecting (0, 0) to (x,t). However, for d > 4, each of those paths passes through the same
pivotal bonds, which are the essential bonds for the connection from (o, 0) to (x,t). More precisely,
a bond is pivotal for the connection from (0,0) to (z,t) when (0,0) — (x,t) in the possibly
modified configuration in which the bond is made occupied, and (0,0) is not connected to (z,t)
in the possibly modified configuration in which the bond is made vacant (see also Definition 3.1
below). In the strings-and-sausages picture, the strings are the pivotal bonds, and the sausages
are the parts of the cluster from (0,0) in between the subsequent pivotal bonds. We expect that
there are of the order t/e pivotal bonds. For instance, the first black triangle indicates that (o, 0)
is connected to (o0, ¢), and this bond is pivotal for the connection from (o, 0) to (x,t).

Using this picture, we can think of the oriented percolation two-point function as a kind of
random walk two-point function with a distribution describing the statistics of the sausages, taking
steps in both space and time. Due to the nature of the pivotal bonds, each sausage avoids the
backbone from the endpoint of that sausage to (z,t), so that any connected path between the
sausages is via the pivotal bonds between these sausages. Therefore, there is a kind of repulsive
interaction between the sausages. The main part of our proof shows that this interaction is weak
for d > 4.

Fix A > 0. As we will prove in Section 3 below, the generalisation of (2.16) to the discretized
contact process takes the form

() = ) (hoxpex it o )(@) +m(e)  (t€eN), (2.20)
s=0
where we use the notation Y ° to denote sums over €Z, and the coefficients 7725 (x) will be defined
in Section 3. In particular, Wée(l’) depends on A, is invariant under the lattice symmetries, and
T () = 0o and 72 (x) = 0. Note that for ¢ = 0,e, we have 73._(z) = do, and 72, (z) = p.(z),
which is consistent with (2.20).
Together with the initial values 7 () = o, and 72 () = 0, the identity (2.20) gives an

inductive definition of the sequence th(x) for t > 2¢ with ¢ € eZ,. However, to analyse the
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recursion relation (2.20), it will be crucial to have a useful representation for 7. (x), and this is
provided in Section 3. Note that (2.16) is of the form (2.20) with . (z) = 8,00, so that we
can think of the coefficients W{\;E(l’> for t > 2¢ as quantifying the repulsive interaction between the
sausages in the “string of sausages” picture.

Our proof will be based on showing that %77 (x) for ¢ > 2e is small at A = A\ if d > 4
and both ¢t and L are large, uniformly in ¢ > 0 Based on this fact, we can rewrite the Fourier
transform of (2.20) as

(k) — 72 oo(k)  po(k) —1 e i (k P (k
t; ( ) gt ,( ):p(i 7A't/\8(kj)—|—5z ,82( )ﬁa(k)Tt)\s gg(k)+ t,g( ) (221)

Assuming convergence of 7). (k) to #2(k), which will be shown in Section 2.5, we obtain (2.19).
Therefore, (2.19) is regarded as a small perturbation of (2.12) when d > 4 and L > 1, and this
will imply the central limit theorem for the critical two-point function.

Now we briefly explain the expansion coefficients W?E(x) In Section 3, we will obtain the
expression

[e.e]

7Tt € Z 7Tt 5 7 (222)

N=0

where we suppress the dependence of m;’(z) on A. The idea behind the proof of (2.22) is the
following. Let

i (@) = P2((0,0) = (1)) (2.23)
denote the contribution to Tt);‘e(df) from configurations in which there are no pivotal bonds, so that

Tt’;\a(a:) = o (z) + ZIP’;‘ (b first occupied and pivotal bond for (o0,0) — (z,t)), (2.24)
b

where the sum over b is over bonds of the form b = ((u, s), (v,s +¢)). We write b = (u, s) for
the starting point of the bond b and b = (v, s + ¢) for its endpoint. Then, the probability on the
right-hand side of (2.24) equals

IP’;\((O, 0) = b, b occupied, b — (z,t), b pivotal for (0,0) — (ZL’,t)). (2.25)

We ignore the intersection with the event that b is pivotal for (0,0) — (x,t), and obtain using
the Markov property that

() = mi (2 Z Z O () pe(v — w) Te—s—eie (¥ — v) — R (), (2.26)
5=0 w,wezd

where

Ri)(x) ZIP’)‘ 0,0) => b, b occupied, b — (z,t), b not pivotal for (0,0) — (z,1)). (2.27)

We will investigate the error term Rf;’; (z) further, again using inclusion-exclusion, by investigating
the first pivotal bond after b to arrive at (2.22). The term 7. (z) is the contribution to R{)(z)
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where such a pivotal does not exist. Thus, in 7).’ (z) for t > ¢ and in 7[)(z) for all ¢ > 0, there is at
least one loop, which, for L large, should yield a small correction only. In (2.22), the contributions
from N > 2 have at least two loops and are thus again smaller, even though all N > 0 give
essential contributions to mp, () in (2.22).

There are three ways to obtain the lace expansion in (2.20) for oriented percolation models.
We use the expansion by Sakai [26, 27|, as described in (2.23)—(2.27) above, based on inclusion-
exclusion together with the Markov property for oriented percolation. For unoriented percolation,
Hara and Slade [11] developed an expression for 77, (x) in terms of sums of nested expectations,
by repeated use of inclusion-exclusion and using the independence of percolation. This expansion,
and its generalizations to the higher-point functions, was used in [20] to investigate the oriented
percolation r-point functions. The original expansion in [11] was for unoriented percolation, and
does not make use of the Markov property. Nguyen and Yang [24, 25] derived an alternate expres-
sion for mj;’ (z) by adapting the lace expansion of Brydges and Spencer [7] for weakly self-avoiding
walk. In the graphical representation of the Brydges-Spencer expansion, laces arise which give the
“lace expansion” its name. Even though in many of the lace expansions for percolation type mod-
els, such as oriented and unoriented percolation, no laces appear, the name has stuck for historical
reasons.

It is not so hard to see that the Nguyen-Yang expansion is equivalent to the above expansion
using inclusion-exclusion, just as for self-avoiding walks [23]. Since we find the Sakai expansion
simpler, especially when dealing with the continuum limit, we prefer the Sakai expansion to the
Nguyen-Yang expansion. In [20], the Hara-Slade expansion was used to obtain (2.22) with a
different expression for Wég) (). In either expansion, Wé? (x) is nonnegative for all t,z, N, and
can be represented in terms of Feynman-type diagrams. The Feynman diagrams are similar for
the three expansions and obey similar estimates, even though the expansion used in this paper
produces the simplest diagrams.

In [20], the Nguyen-Yang expansion was also used to deal with the derivative of the lace
expansion coefficients with respect to the percolation parameter p. In this paper, we use the
inclusion-exclusion expansion also for the derivative of the expansion coefficients with respect to
A, rather than on two different expansions as in [20].

We now comment on the relative merits of the Sakai and the Hara-Slade expansion. Clearly,
the Hara-Slade expansion is more general, as it also applies to unoriented percolation. On the
other hand, the Sakai expansion is somewhat simpler to use, and the bounding diagrams on the
arising Feynman diagrams are simpler. Finally, the resulting expressions for W,Ef? (x) in the Sakai
expansion allow for a continuum limit, where it is not clear to us how to perform this limit using
the Hara-Slade expansion coefficients.

In [18], we will adapt the expansion in Section 3 to deal with the discretized contact process
and oriented percolation higher-point functions. For this, we will need ingredients from the Hara-
Slade expansion to compare occupied paths living on a common time interval, with independent
paths. This independence does not follow from the Markov property, and therefore the Hara-
Slade expansion, which does not require the Markov property, will be crucial. The “decoupling”
of disjoint paths is crucial in the derivation of the lace expansion for the higher point functions,
and explains the importance of the Hara-Slade expansion for oriented percolation and the contact
process.

To complete this discussion, we note that an alternative route to the contact process results is
via (2.19). In [5], an approach using a Banach fixed point theorem was used to prove asymptotics
of the two-point function for weakly self-avoiding walk. The crucial observation is that a lace
expansion equation such as (2.19) can be viewed as a fixed point equation of a certain operator
on sequence spaces. By proving properties of this operator, Bolthausen and Ritzman were able to
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deduce properties of the fixed point sequence, and thus of the weakly self-avoiding walk two-point
function. It would be interesting to investigate whether such an approach may be used on (2.19)
as well.

2.3 Bounds on the lace expansion

In order to prove the statements in Proposition 2.1, we will use induction in n, where t = ne € €Z, .
The lace expansion equation in (2.20) forms the main ingredient for this induction in time. We
will explain the inductive method in more detail below. To advance the induction hypotheses, we
clearly need to have certain bounds on the lace expansion coefficients. The form of those bounds
will be explained now. The statement of the bounds involve the small parameter

g =L (2.28)
We will use the following set of bounds:
. 2.4 2 A2 Kp
|76:(0)] < K, V75 (0)] < Ko™s, D" Fsellr < D (2.29)
where we write || f||; = f[_w Ry (ng])“d | (k)| for a function f : [—m, 7|4 — C. The bounds on the lace

expansion consist of the following estimates, which will be proved in Section 4.

Proposition 2.3 (Bounds on the lace expansion for d > 4). Assume (2.29) for some \g and
all s < t. Then, there are By = PBo(d, K) > 0 and C = C(d, K) < oo (both independent of €, L)
such that, for A < \o, B < Po, s € €Zy with2e < s<t+¢e, ¢=0,2,4 and A" € [0,1 AN A], and
uniformly in € € (0, 1],

2 q
A e*Colf
EZ:d 2| [ ()] < ¢ 5)@ar (2.30)
Tre
A\ A\ a(k) oo e2Cpa(k)+*
Ws;a(k) - Ws;a(o) - 7 \ Trs;a(()) < (1 T S)(d,2)/2,A/> (231)
2
2 e=Cp
[0r75(0)] < ek (2.32)

The main content of Proposition 2.3 is that the bounds on 7y, for s < ¢ in (2.29) imply bounds
on 75 for all s < ¢+ . This fact allows us to use the bounds on 7, for all arising s in (2.20)
in order to advance the appropriate induction hypotheses. Of course, in order to complete the
inductive argument, we need that the induction statements imply the bounds in (2.29).

The proof of Proposition 2.3 is deferred to Section 4. Proposition 2.3 is probably false in
dimensions d < 4. However, when the range increases with 7" as in Theorem 1.2, we are still able
to obtain the necessary bounds. In the statement of the bounds, we recall that L, is given in
(1.20).

Proposition 2.4 (Bounds on the lace expansion for d < 4). Let a > 0 in (1.21). Assume
(2.29), with 3 replaced by B, = L% and o by o2, for some \g and all s < t. Then, there are
Ly = Lo(d, K) < oo (independent of €) and C = C(d, K) < oo (independent of €, L) such that,
for X< X, L1 > Lo, s € eZy with2e < s<t+e, q=0,2,4 and A" € [0,1 A A], the bounds in
(2.30)-(2.32) hold for t < TlogT, with 3 replaced by B3y = L% and o? by o2.

13



The main point in Propositions 2.3-2.4 is the fact that we need to extract two factors of . One
can see that such factors must be present by investigating, e.g., W,EOE) (x), which is the probability
that (o0,0) is doubly connected to (z,t). When ¢t > 0, there must be at least two spatial bonds,
one emanating from (o,0) and one pointing into (x,t). By (2.1), these two spatial bonds give rise
to two powers of €. The proof for N > 1 then follows by induction in N.

2.4 Implementation of the inductive method

Our analysis of (2.20) begins by taking its Fourier transform, which gives the recursion relation

t—e
%t),\s(k> - Z ﬁg\,s(l{;) ﬁé(k) 7225)\7375;5(]{» + 7Art):z-:(k) (t S 6N) (233)
s=0

As already explained in Section 2.3, it is possible to estimate 7?5),‘;5(/{), for all s < ¢, in terms of
1720 = X pega o () = 72.(0) and [|72_ [l < |72l with s < t — . Therefore, the right-hand
side of (2.33) explicitly involves 72 (k) only for s < t —e. This opens up the possibility of an
inductive analysis of (2.33). A general approach to this type of inductive analysis is given in [19].
However, here we will need the uniformity in the variable €, and therefore we will state a version
of the induction in Section 5 that is adapted to the uniformity in € and thus the continuum limit.
The advancement of the induction hypotheses is deferred to Appendix A.

Moreover, we will show that the critical point is given implicitly by the equation

o0

1 NG, (e)
A =1-—2 72 (0) pe (0), 2.34
o gsz;gﬁs,g()pa (0) (2.34)

and that the constants A® and v® of Proposition 2.1 are given by

> e G . 1 e () O)
L+ ) w22 (0) A = P > VRN (k) B2 (k)]
A — s=2¢ ’ 0© — s=2¢ . (2.35)
1 e\ () 1 e (e) ()
L2 Y s ®(0) 52 (0) L2 Y s w00 22(0)
s=2¢ s=2¢

where we have added an argument A® to emphasize that A is critical for the evaluation of 7Tt>;6
on the right-hand sides. Convergence of the series on the right-hand sides, for d > 4, follows
from Proposition 2.3. For oriented percolation, i.e., for ¢ = 1, these equations agree with [20,

(2.11-2.13)].
The result of induction is summarized in the following proposition:

Proposition 2.5 (Induction). If Proposition 2.3 holds, then (2.29) holds for s < t+¢c. Therefore,
(2.29) holds for all s > 0 and (2.30)—(2.32) hold for all s > 2e. Moreover, the statements in
Proposition 2.1 follow, with the error terms uniform in e € (0, 1].

There is also a low-dimensional version of Proposition 2.5, but we refrain from stating it.

2.5 Continuum limit

In this section we state the result necessary to complete the proof of Theorems 1.1-1.2 from
Propositions 2.1-2.2. In particular, from now onwards, we specialize to the contact process.
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Proposition 2.6 (Continuum limit). Suppose that \© — X and A < A9 for e sufficiently
small. Then, for every t > 0 and x € Z4, there is a 7 (x) such that

]. (e) ]_
lim ST (@) =7 (@), lim — [Oetie ()] i=xer = DAy (). (2.36)
Consequently, for A < X\, and ¢ =0, 2,4,
cp cp
Z |x’qﬂ-t g +t)(d_q)/27 Z a)\ t 1 +t>(d 2)/2° (237)
z€Z? z€Z?

and there exist A=1+ O(L™%) and v =1+ O(L™%) such that

hﬂ)l A® = A hﬁ)l v = . (2.38)

Furthermore, Oym}(x) is continuous in .

In Proposition 2.3, the right-hand sides of (2.30)—(2.32) are proportional to 2. The main point

in the proof of Proposition 2.6 is that the lace expansion coefficients, scaled by 72, converge as

e | 0, using the weak convergence of P} to P* [4, Proposition 2.7].
In Section 6, we will show that 577 (2) and 5o\ () both converge pointwise. We now show
that this implies that the limit of SO\, () equals Oy7} (). To see this, we use

1 Aol :
gzﬂfs(x) :/0 dX 5—28,\/7@{\;5@). (2.39)
where we use 57 (z) = 0 for ¢ > 0. By the assumed pointwise convergence, the left-hand side
converges to 77 (x), while the right-hand side converges to the integral of the limit of Zdym;; (),
denoted f'(z) for now, using the dominated convergence theorem. Therefore, for any )\ < e,

() = / aN (), (2.40)

which indeed implies that f}(x) = o\ ().

Proof of Theorems 1.1-1.2 assuming Propositions 2.1-2.2 and 2.6. We only prove Theorem 1.1,
since the proof of Theorem 1.2 is identical. By [4, Proposition 2.7], we have that, for every (z,1)
and A > 0,

hﬂ)l o (z) = 7). (2.41)

Since 7 (z) is continuous in A (see e.g., [22, pp.38— 39]), we also obtain lim, o Tt*f) () = 7Mx)

©
for any A® — A. Since A\ — A [27, Section 2.1], TtE (z) also converges to 77<(z). Using the
uniformity in ¢ of the upper and lower bounds in (2.6), we obtain (1.9).

©)
Next, we prove lim, |, %};g (k) = (k) for every k € [, 7]¢ and t > 0. Note that the Fourier
transform involves a sum over Z%, such as

(e) (e) .
7A't);\§ (k) = Z Tt/;\; (z) e, (2.42)

x€Z4
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©
To use the pointwise convergence of Tt);‘g (z), we first show that the sum over z € Z% in (2.42) can
be approximated by a finite sum. To see this, we note that

t/e
@) <Py =Y (t/ ) (1 &)= (Ae)" D*(z). (2.43)

n
n=0

For any fixed ¢, we can choose d; > 0, which is e-independent and decays to zero as R T oo, such
that

Z T{}E(x) < Oz. (2.44)

2€Z%||z||co >R

(&)
Therefore, the same holds for 7 (), and hence we can approximate both %Q; (k) and 7 (k) by

©
sums over ¥ € Z? with ||z|l« < R, in which we use the pointwise convergence of Tt);\; (x). Taking
(&)
R 1 00, we obtain 77 (k) = lim. o 7 (k).
Using the above, we obtain

e (m) = lim i () = I (4 )

Vo2t el0 cl0 VU Ve et
o(®) k12 .
=lim A e 57 [14+ O (2 k2(1 +6)7) + O((1 + £)@972)]
2
= Ae™ 30 [1+ O(KP(L+1)7) + O((1 + 1)@/, (2.45)
which proves (1.7). Similar argument can be used for (1.8). O

Proof of (1.14) assuming (2.19) and Proposition 2.6. We now prove that, in the current setting,
x(A) = [, dt 7(0) satisfies the precise asymptotics in (1.14), assuming (2.19) and Proposition 2.6.
Let A < A.. Since 73(0) = 1 and 72 (0) = 0, using (2.19) we obtain

—1= /OOO dt 9,7}(0) = /OOO dt {()\ — 1) #M0) + /Ot ds 72(0) %3_5(0)}
= [A —1+ /Ooo ds 7%2(0)] /OOO dt 7(0), (2.46)

so that

x(\) = [1 - - /Oo ds 7%?(0)} 71. (2.47)
0
By (2.34) and Proposition 2.6, A. must satisfy
Ae=1- /OO ds 72(0), (2.48)
0
so that we can rewrite (2.47) as

X(A) = [f(he) = FV)] 7 (2.49)
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where f(A) = A+ [;° ds72(0), since, by (2.48), f(A:) = 1. By the mean-value theorem, together
with the fact that |92 (0)| is integrable with respect to s > 0, there is a A\, € (\, \¢) such that

XA = [ =2 )] (2.50)

By the continuity in A of dy7}(z) and its summability in (x,t) € Z% x R, for A < ). due to
(2.37), f'(A) = 1+ [;7 ds 0\@}(0) is also continuous in A < A.. Therefore, we obtain (1.14) with
C=f'\)

Finally, we note that the above proof, where the integral is replaced with a sum over n € Z,,
also shows that the stronger version of v = 1 holds for oriented percolation. O]

The proofs of Theorems 1.1-1.2 are now reduced to the proof of Propositions 2.1-2.2 and
2.6. Proposition 2.6 will be proved in Section 6. The proof of Propositions 2.1-2.2 is reduced
to Propositions 2.3-2.5, which will be proved in Sections 4-5. The advancement of the induction
hypotheses is deferred to Appendix A. We start in Section 3 by deriving the lace expansion (2.20).

3 Lace expansion

In this section, we derive the lace expansion in (2.20). The same type of recursion relation was
used for discrete models, such as (weakly) self-avoiding walk in Z% [7, 12, 15, 19, 21, 30, 31, 32]
and oriented percolation in Z¢ x Z, [19, 20, 24, 25].

From now on, we will suppress the dependence on € and A when no confusion can arise, and
write, e.g., m(x) = 7. (x). In Section 3.1, we obtain (3.28), which is equivalent to the recursion
relation in (2.20), and the expression (3.26) for m(z). In Section 3.2, we obtain the expressions

(3.34)—(3.35) for Oym(x).

3.1 Expansion for the two-point function

In this section, we derive the expansion (3.28). We will also write A = Z9 x €Z,, and use bold
letters o, x, . .. to represent elements in A, such as 0 = (0,0) and = (,t), and write 7(x) = 7(z),
7™ (x) = 7™ (), and so on.

We recall that the two-point function is defined by
T7(x) =Plo — x). (3.1)
Before starting with the expansion, we introduce some definition:

Definition 3.1. (i) For a bond b = (u, v), we write b = u and b = v. We write b — x for the
event that b is occupied and b — x.

(ii) Given a configuration, we say that v is doubly connected to x, and we write v = @, if
there are at least two bond-disjoint paths from v to a consisting of occupied bonds. By
convention, we say that € = « for all x.

(iii) A bond is said to be pivotal for v — @« if v — @ in the possibly modified configuration in
which that bond is made occupied, whereas v is not connected to @ in the possibly modified
configuration in which that bond is made vacant.
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We split, depending on whether there is a pivotal bond for o — «, to obtain

T(x) =Plo = x) + ZIP(O = b, b occupied & pivotal for 0 — x). (3.2)
b

We denote
79(x) = Plo = x), (3.3)
so that we can rewrite (3.2) as

T(z) = 79 (z) + Z[[D(O — b, b — x, b pivotal for o0 — x). (3.4)
b

Define

R9(x) = ZIP’(O = b, b — x, b not pivotal for o — ), (3.5)
b

then, by inclusion-exclusion on the event that b is pivotal for 0 — «, we arrive at

7(x) =70 (x) + > Plo=b, b— z) — R"(x). (3.6)

The event 0 = b only depends on bonds with time variables less than or equal to the one of b,
while the event b — @ only depends on bonds with time variables larger than or equal to the one
of b. Therefore, by the Markov property, we obtain

P(o = b, b — x) = P(0 = b) P(b occupied) P(b — x) = 7 (b) p(b) 7(x — b), (3.7)
where we abuse notation to write

p(®) = p(b —b). (3.8)
Therefore, we arrive at

() = 79(x) + (7P +p+7)(x) — RO (), (3.9)

“won

where we use “x” to denote convolution in A, i.e.,

(f+9)(x) =D fly)g(x —y). (3.10)

yeA

This completes the first step of the expansion, and we are left to investigate R (x). For this, we
need some further notation.

Definition 3.2. (i) Given a configuration and @ € A, we define C(x) to be the set of sites to
which @ is connected, ie., C(x) = {y € A : * — y}. Given a bond b, we also define
C’(x) to be the set of sites to which @ is connected in the (possibly modified) configuration
in which b is made vacant.

(ii) Given a site set C, we say that v is connected to @ through C, if every occupied path
connecting v to & has at least one bond with an endpoint in C. This event is written as

v -5 z. Similarly, we write {b = x} = {b occupied} N {b <, x}.
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b=
Figure 3: Schematic representation of the event E(b, x; C).

We then note that
S5
{v — b, b — @, b not pivotal for v — x} = {v — b, b ), (3.11)

Therefore,

R9(x) = ZP(O = b, b o), ). (3.12)
b

The event {v <, x} can be decomposed into two cases depending on whether there is or is not a

pivotal bond b for v — @ such that v ©, b. Let
E'(v,y;C) ={v S, y}N {ﬂb pivotal for v — y s.t. v <, l_)}, (3.13)
E(b,y; C) = {b occupied} N E'(b, y; C). (3.14)

See Figure 3 for a schematic representation of the event E(b, x; C). If there are pivotal bonds for

v — x, then we take the first such pivotal bond b for which v S, b. Therefore, we have the
partition

{v N x} = F'(v,x;C) U U {E'(v,b; C) N {b occupied & pivotal for v — x}}. (3.15)
b

Defining
™ (y) =Y P({fo= b} N E(b,z;C"0))), (3.16)
b
we obtain
R9(x) =7V (x) + Z P({o = b} N E(b1, by; C" (0)) N {by occupied & pivotal for by — x}).
b1,b2
(3.17)

To the second term, we apply the inclusion-exclusion relation

-
{b occupied & pivotal for v — &} ={v — b, b — z}\ {v — b, b T, z}. (3.18)
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We define

RO@) = 3" P(fo = by} N E(by,by; €7 (0)) 1 {b -0 2}), (3.19)
b1,ba
so that we obtain
RO(z) =7V (z) + Y _P({o =0} N E(b1,by; C" (0)) N {by — x}) — RV (), (3.20)
b1,ba
where we use that
E'(v,b;C)N{v — b, b — x} = E'(v,b;C) N {b — x}. (3.21)

The event {0 = b, }NE(by, by; C" (0)) depends only on bonds before by, while {b, — z} depends
only on bonds after b,. By the Markov property, we end up with

R(O’( <1> + Z 71'(1) (a: _ b2) R“)(a:)

(o) + (5 7)(0) — B, (3.22)
so that

T(x) = 70(x) — 7V (x) + (7 — 7)) up«7)(z) + RO (). (3.23)

This completes the second step of the expansion.
To complete the expansion for 7(x), we need to investigate R (x) in more detail. Note that

b
R™ () involves the probability of a subset of {b2 =), T

For this subset, we will use (3.15) and (3.18) again, and follow the steps of the above proof.
The expansion is completed by repeating the above steps indefinitely. To facilitate the statement

and the proof of the expansion, we make a few more definitions. For Z;N = (by,...,by) with N > 1,
we define
EN(@) = {o= b} N (] E(bi,bi0: C"(5im1)) N E (by, 2 C™ (by 1)), (3.24)

=1

where we use the convention that b, = o and that the empty intersection, arising when N = 1, is
the whole probability space. Also, we let

Eé?(‘”) ={o= z}. (3.25)
Using this notation, we define

™ ZIP E<N> (3.26)

and denote the alternating sum by

o0

m(@) =) (-1 (). (3.27)

N=0

Note that the sum in (3.27) is a finite sum, as long as t, is finite, where t, denotes the time
coordinate of x, since each of the bonds b, ..., by eats up at least one time-unit ¢, so that 7™ (x) =
0 for Ne > t,. The result of the expansion is summarized as follows.
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7O (x) 70 () 7@ (x) U

Figure 4: Schematic representations of 7@ (x), 7" (x) and 7@ ().

Proposition 3.3 (The lace expansion). For any A > 0 and « € A,

T(x) = m(x) + (Txpx7) (). (3.28)

Proof. By (3.22), we are left to identify R™(x). For N > 1, we define

s
R™( ZIP’ 20D (p ) {by SO, g1, (3.29)
We prove below
R (x) = 7™ () + (7™ sp«7)(x) — RN (). (3.30)

The equation (3.28) follows by repeated use of (3.30) until the remainder R *" () vanishes, which
must happen at least when Ne > t,. To complete the proof of Proposition 3.3, we are left to prove
(3.30), which is a generalization of (3.22).

.
First we rewrite by CONY, i (3.29). As in (3.15), this event can be decomposed into

two cases, depending on whether there is or is not a pivotal bond b for by — « such that
- &N Aoy (T
by bl LN b. The contribution where there is no such a bond equals E(by,z; C*¥(by_,)). If

there are such pivotal bonds, then we take the first bond b among these bonds and obtain (cf.,
(3.15))
CPN (by—1 b
{b]\]—)m} EbNam CN(bN 1))

U U {E(by, b; C* (by_,)) N {b occupied & pivotal for by — xz}}. (3.31)
b

By (3.26), the contribution from E(by,a; C*(by_,)) in the right-hand side is 7™ (), which is
the first term in the right-hand side of (3.30). For the contribution from the remaining event in
(3.31), we use (3.18) to arrive at

ZIP’ 50 () N {b occupied & pivotal for by — x}) Z P E<N> )N {b — x}) — R¥*(x).
bN b bN b
(3.32)
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The last term in the above expression is the last term in the right-hand side of (3.30). Again by
the Markov property and (3.26), the first term in the right-hand side of (3.32) equals the second
term in the right-hand side of (3.30). This completes the proof of (3.30) and thus the proof of
Proposition 3.3. O

3.2 Representation for the derivative

In this section, we derive a formula for dym(x). To state the result below, we define
piv(v, ] = {b: b pivotal for v — x}. (3.33)

Proposition 3.4. For A > 0 and x € A,

o0

1
Oam(x) =1y (-1 I™(x), (3.34)
N=1
where TI™ (x) = Zivzl I () with
MY (2) = Y P(EX (@) N {b € {ba} U pivlha,b,l}). (3.35)
B b
b spatial

and where b, 1s defined to be x.

=N+1

By the same reason as in (3.27), the sum in (3.34) is a finite sum. We prove (3.34) by differ-
entiating the expression (3.28) for 7(x) and comparing it with the expression for d\7(x) obtained
by using Russo’s formula, rather than differentiating d\m;(x) directly. Possibly, one can also use
direct differentiation of the expressions (3.26) for m(x), but this is cumbersome because of the
complex combination of increasing and decreasing events consisting of 7™ (x), where an increas-
ing (respectively, decreasing) event is an event that is more (respectively, less) likely to occur as A
increases. We note that, instead of a difference of two terms due to the pivotals for the increasing
and decreasing events, we only obtain a single sum over pivotals. Thus, an intricate cancellation
takes place. This is further demonstrated by the fact that there is no contribution from N = 0.
In particular, it is not true that 7™ (x) = I ().

Proof. In the proof it will be convenient to split
MY () = TN (x) + TV (), (3.36)

where IIV™V () is the contribution from b = b,, in (3.35), whereas I[I*¥"(x) is the contribution
from b € piv[by, b,.1]-

To obtain an expression for 07 (x), we use Russo’s formula [4,9]. Let E be an increasing event
that depends only on finitely many spatial bonds. Then

1
OP(E) = X Z P(E occurs, b is pivotal for E), (3.37)

b spatial

where we use the fact that only spatial pivotal bonds for E are responsible to the differentiation with
respect to . Let Oy = [ R, R]“NZ% We apply (3.37) to E = Ex(z) = {0 — = in O x [0, 4]},
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which is the set of bond configurations whose restriction on bonds (w,v) C Oy x [0,%;] are in
{o — x}. Note that limg .. P(Er(x)) = 7(x), and that, for any Xy € [0, 00),

1
zalzii%o OP(Eg(x)) = X E P(o — @, b is pivotal for o — x), (3.38)
b spatial

uniformly in A € [0, A¢], which we will show at the end of this section. Therefore, we can exchange
the order of limg_,o, and J,, and obtain

1
OhT(x) = X Z P(o — x, b is pivotal for o — x). (3.39)

b spatial

We follow the same strategy as in Section 3.1 to obtain a recursion relation, now for d,7(x)
rather than for 7(x). Then, (3.39) equals

1
OhT(x) = X Z [IP’(O = b, b occupied & pivotal for o — x)

b spatial

+ Z P(o = by, by and b occupied & pivotal for o — x) |, (3.40)
bi<b

where » 7, _, is the sum over bonds b; with ¢, <. The first and second terms in the brackets of
the right-hand side correspond respectively to when b is or is not the first element of piv|o, x|. The
contribution from the first term is the same as (3.2), apart from the factor % and the restriction
that b has to be a spatial bond. Thus, the first term equals

1 o0
(7™ weD7)( XZ NN () + (TN pur) ()], (3.41)
N

where we abuse notation to write

D((y,)) = D(y) sz (3.42)
For the second term in (3.40), we use
{b1 and b occupied & pivotal for o — x}
= {b; occupied & pivotal for o0 — x} N {b € piv[by, z]}. (3.43)

We ignore the condition that b; is pivotal for o — & and use inclusion-exclusion in the form
(3.18) to make up for the arising error. Using the Markov property, the contribution from the
second term in (3.40) is

)\ Z (0=1by, by — =, bepivlby,z]) — QV(x) = (1 +p«0s7)(z) — QW (z), (3.44)

b1,b
b spatlal

where we define Q™ (x) by

n ]- n—1 Cbn(gnf . 7
Q@) =1 > P(EY (1,0 {b, EC, 23 A {b € piviby, 2l}), (3.45)
bSS;lZ}al
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and we recall that E©(b,) = {0 = b,} and by = 0. Note that Q™ (x) is similar to R™(x) in
(3.29), except for the factor %, the sum over spatial bonds b, and the extra condition b € pivlb,, x].
Therefore, by (3.40)—(3.41) and (3.44), we have

WT(x) = (T V%eDx7)(x) + (7% p+Or7) () — QW ()
+ %NZ_l(—l)N [H(N;l’”(a:) + (H(N;l’l)*p*r)(a:)}. (3.46)

Below, we will use inclusion-exclusion to prove that, for n > 1,

Q™ (x) = (7™ «xeDx7)(x) + (7™ % pxOh7)(x) — Q""" ()

1 o0
+ X Z (_1)N—n [H(N;"H‘l)(;c) + (H(N;n+1,1)*p*7_>(w)]
N=n+1
1 o0
3 2 (DN I (@) + (T ) (@)]. (3.47)
N=n

Before proving (3.47), we complete the proof of (3.34) assuming (3.47). By repeated applications
of (3.47) to (3.46) until the remainder term Q™ (x) vanishes, we obtain

a)\T($) — (W*&D*T)(iﬂ) + (W*p*a)ﬂ')(w)

S|
K

(1) [ @) 4 (0 por) )

+§Z(—1)” Yo (NI (@) 4 (I pa) ()]
n=1 N=n+1
- % DoY) (DN (@) + () ()
— % S (=N [IN (@) + ([T wpar) ()] (3.48)

Differentiating both sides of (3.28) and comparing with the above expression, we obtain

O\ (@) + (D apet)(T) = % N (NI (@) + ([T per)(2))]. (3.49)

N=1

o0

Using this identity, we prove (3.34) by induction on ¢ /e. Since 7((z,0)) = J,, and [I'V((z,0)) =0
for all N > 1, we obtain (3.34) for t,/e = 0. Suppose that (3.34) holds for all ¢,,/e < m. Then
the contribution from the second term in the brackets of (3.49) equals the second term on the
left-hand side of (3.49), and thus (3.34) for ¢;/¢ = m + 1 holds. This completes the inductive
proof of (3.34).

In order to complete the proof of Proposition 3.4, we prove (3.47). Because of the condition

Ebn _
by, o), 4 in (3.45), either the event E(by,a; C*(b,_1)) occurs or there is an occupied bond
bni1 € piv(b,, ] for which the event E(by, b, 1; C’ (b,—1)) occurs. The contribution from the

former case to Q™ (x) is

1 Lo - - |
53T B0 0 B O )0 (b € pival)) = JTO @) (350)
bf;?;li}al
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The contribution from the latter case is, as in (3.40),

)\ Z [ ) N {b occupied & pivotal for b, — :1:)
b spatlal
+ Z ﬁ”) (byy1) N {bys1 and b occupied & pivotal for b, — x})
bn+1<b
+ Z P( <") (by1) N {b and b,11 occupied & pivotal for b, — x}) |, (3.51)
bn+1>b

where the first, second and third terms in the brackets correspond respectively to when b,,1 =,
when b, 1 is between b, and b, and when b, is between b and x. The first term is similar to
that in (3.40), and its contribution equals, as in (3.41),

1 o)
(7 seDar)(@) + 5 Y (SN I (@) 4 (I ) (@), (3.52)
N=n+1

For the second term in (3.51), we apply (3.43), with b; and o being replaced respectively by
bn+1 and b, and use the inclusion-exclusion relation (3.18) and the Markov property. Then, the
contribution from the second term equals, as in (3.44),

)\ Z P( (") (bys1) N {bys1 occupied & pivotal for b, — @} N {b € piv(by.1,z]})

bn+1 b:
b spatial
1 n —_—
DY Z P(Eé:) (bpsr) N {bps1 — @} N {b € pivlbysr, z]}) — Q" V()
Hn+17b3
b spatial
= (1" «pxOh7) () — Q" (). (3.53)

For the third term in (3.51), we use

{b and b, occupied & pivotal for b, — =}
= {b € piv[by, b, 1]} N {bns1 occupied & pivotal for b, — x}. (3.54)

By the inclusion-exclusion relation (3.18), the contribution from the third term equals

/\ Z P( (Z) b,1) N{b € piv(b,, b, 1]} N {bny1 occupied & pivotal for b, — x})

bn+1 b:
b spatial
)\ Z |: é’:) n+1) N {b S pr[bn, bn+1]} N {bn+1 — .’.U})
bt 1,b:
b spatial
P(EM™ Clnt1(hy,)
—P(E; (by1) N {b € pivlbn, by} 0 {bun ——— = )} (3.55)
where the first term equals, by the Markov property,
1
SIS sps7) (). (3.56)
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For the second term in (3.55), we use the same argument as above (3.31). Because of the condition

Cbn+1 bn —~ 7 . .
b1 AiiasiCON x, either the event E (b1, T; Cbn+1(b,,)) occurs or there is an occupied bond b, 45 €

piv([byi1, ] such that E(b,i1,b,.»; C*+1(b,)) occurs. By repeated use of inclusion-exclusion and
the Markov property, as above (3.31), the contribution from the second term in (3.55) equals

< Z YN [N () 4 (TTV™D 4 p o) ()] (3.57)

N n+1

Combining (3.50), (3.52)—(3.53) and (3.56)—(3.57), we obtain (3.47). This completes the proof
of Proposition 3.4, assuming the uniformity of (3.38). O

Proof of the uniformity of (3.38). Given A\ € [0,00), we prove that O\P(Ex(x)) converges to the
right-hand side of (3.38), uniformly in A € [0, Ao].

Recall that Ey(x) = {0 — @ in O, X [0,%z]}. The difference between 0\P(E;(x)) and the
right-hand side of (3.38) is bounded by

1
" Z IP’(b occupied & pivotal for Ex(x), but not pivotal for o — a:)

b spatial
bCOR % [0,t2]
1 . .
+X g P(b occupied & pivotal for o — x). (3.58)
b spatial
b¢DRX[0,tm}

First, we bound the second term, using {b occupied & pivotal for o — x} C {o — b}N{b — x}
as well as the Markov property and (2.43), by

te /e

Z p*tg/s(l_)) D(B_ b) *(tw_tb)/5 < 52 1 —8+/\5 tw/e—] Z pEJ 1) y , (359)

b7 Og X [0,ta] y€Z:||yllo >R

where we take the sum over the spatial component of @ to obtain the bound. Similarly to (2.44),
this is further bounded, uniformly in A and e, by ¢d), where ¢ = ¢(Xg, t) and &), = §7(\g) are some
finite constants satisfying limg_,, 87, = 0.

Next, we consider the first term in (3.58). Note that, if b is pivotal for E,(x), but not pivotal
for 0 — a, then there must be a detour from some y € O, x [0,?] to another z € Oy x [t5, t4]
that passes through (Z?\ Oy) x [0, ] without traversing b. Therefore, the event in the first term

of (3.58) is a subset of

U fo—yin{{y—bb—2lo{y—u, (u,v) —z}}n{z —a}, (360

Y,2,uc DR X [Oztw]
vE¢URX(0,tx]

where (u,v) is the first bond along the detour that crosses the boundary of O, X [0, ], so that
it is a spatial bond, and F; o E5 is the event that E; and FE5 occur disjointly, i.e., there is a
bond set B such that F; occurs on B and FEs occurs on the complement of B. By the Markov
property, the three events joined by N are independent of each other. For the middle event, we
use the van den Berg-Kesten (BK) inequality [9], which asserts that P(E) o Ey) < P(E;) P(E»)
when both F; and F, are increasing events, i.e., Fy and E5 are more likely to occur as A increases,
as in (3.60). Sometimes, we also make use of the van den Berg-Kesten-Reimer (BKR) inequality
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[6], which proves P(E) o Ey) < P(E;)P(Es) for any events E; and E,. Then, we use (2.43) as in
(3.59) and obtain that the first term in (3.58) (even when we sum over the spatial component of
x) is bounded by ¢, where ¢ = (Ao, ta, €) and 6% = §7%(Xg) are some finite constants satisfying
limp_oo 0% = 0. This completes the proof of the uniformity in A of (3.38).

In the above proof, we did not care about the uniformity in €, since it has been fixed and positive
in this section. In fact, the above constant ¢ is of order O(¢7%) and diverges as ¢ — 0. This is
because the contribution from (3.60) involves the sums over t3(=t, +€),ty, t2, to(=tu +€) € €Z4
that give rise to the factor e=*. However, the factor 72 is cancelled by the bond occupation
probabilities of the spatial bonds b and (u,v), and therefore ¢ = O(e7?). We could improve this
to ¢ = O(1) by using the ideas in Section 4.1, and hence obtain the uniformity in € as well, though

this is not necessary here. O]

4 Bounds on the lace expansion

In this section, we prove Propositions 2.3-2.4. By (3.26)—(3.27) and (3.34)—(3.35), it suffices to

prove the following bounds on 7™ (x) and II{" () in order to prove these propositions.

Lemma 4.1. Suppose that (2.29) holds for some Ny and all s < t.

(i) Let d > 4. Then, there are y > 0 and Cy < 0o such that, for X < Ao, f < o, s € eZ with
2¢e <s<t+e, and q=0,2,4,

82(CKﬂ)1VNUqu/2

2 Il m(x) < 1+ s)@or for N 20, (4.1)
N e (CeB)N
D@ < G @ for Nznz1. (4.2

(i1) Let d < 4 with o = bd — 4%6[ >0, u€ (0,a) and t < TlogT. Then, there are By > 0 and
Cyx < o0 such that, for A < \o, 01 < Po, s € €Zy with 2e < s <t+e¢, and q=0,2,4,

20 3 (C’ B )O\/(Nfl)a.qu/2
D et (x) < —= T(1K+Ts)<d—q>/z . forN>0, (4.3)
2 2 \N-1
ZHEN;”)(m) <° Cg%iﬁif;))? , for N >n>1, (4.4)

where By = BT and BT = T+

Proof of Propositions 2.3-2.4 assuming Lemma 4.1. The inequalities (2.30) and (2.32) follow from

(3.26)—(3.27), (3.34)—(3.35) and (4.1)—(4.2), if g is sufficiently small. The proof of (2.31) is the

same as that of Proposition 2.2(ii) in [20, Section 4.3], together with (2.30). This completes the
proof of Proposition 2.3. R

Proposition 2.4 is proved by using (4.3)—(4.4) instead of (4.1)—(4.2), if 5, is sufficiently small.

[

Lemma 4.1 is proved in Sections 4.1-4.3. In Section 4.1, we first introduce certain diagram
functions P (z) and P""(z) that are defined in terms of two-point functions, and prove that

these diagram functions are upper bounds on 7" (x) and II{"™ (z), respectively. Then, we bound
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these diagram functions assuming the bounds in (2.29) on the two-point function, for d > 4 in
Section 4.2 and for d < 4 in Section 4.3. Finally, in Section 4.4, we use these diagram functions
to obtain finite-volume approximations of 7™ (x) and II;"™ (z), which will be used in Section 6 to

prove the continuum limit € | 0.

4.1 Bounds in terms of the diagram functions

In this section, we prove that 7;"(x) and II{""(z) are bounded by certain diagram functions

P™(z) and PN (x) that are defined below in terms of two-point functions.

The strategy in this section is similar to [20, Section 4.1] for oriented percolation in Z¢ x Z,
where bounds on 7" () were proved by using some diagram functions arising from the Hara-Slade
lace expansion. Since the expansion used in this paper is somewhat simpler, we can use simpler
diagram functions. However, to consider the case ¢ < 1 as in [27], extra care is needed to obtain

the factor €? in (4.36)—(4.54).

4.1.1 Preliminaries

Before defining the diagram functions, we start by some preliminaries. For v = (v,s) € A and a
bond b, we write vy = (v,s+¢) and {v — b} = {v — b} N{b occupied} (cf., Definition 3.1(i)).
For convenience, we will also use abbreviations, such as

{fv—b—zx}={v—0N{b— x}. (4.5)

Let I'(v,z,x) = {v — «x}, and define, for y # x,

I’('v,y,a:):{ U {v—>b—>m}}u{ U {v—>(l_),b+)—>ac,boccupied}}. (4.6)

b spatial: b spatial:
b:y b:y

We note that I'(v,y, x) for y # @ equals I'(v, x, ) with an extra spatial bond b being embedded
(or added) along the connection from v to @. Denoting

I(b,y,x) = {b occupied} N I'(b,y, x), (4.7)
we define
M(b,v;z,y) = {I(b,y,m) o{v — w}} U {{b — x}o I'(’U,y,m)}. (4.8)

Note that, when neither b nor v is , the event M (b, v; z,y) equals {b — x}o{v — z} with an
extra spatial bond being embedded either between b and x due to I(b,y,x), or between v and x
due to I'(v,y, x). In addition, we define M*(b, V', v;x,y) to be M (b, v;x,y) with the connection
from b to & being replaced by b — ¥ — . For example, the second event {b — x}ol'(v,y, )
in (4.8) is simply replaced by {b — b — x} o I'(v,y,x) in the definition of M*(b,¥,v;x,y).
Replacing the first event I(b,y,x) o {v — x} in (4.8) is more complicated, due to the three
possibilities of embedding 0’ into v — b — x in (4.6) and the other three possibilities of
embedding 0’ into v — (b,b,) — « in (4.6), and therefore we refrain from giving a formula for
M*(bV,v;x,y).

~ Recall (3.26) and (3.35) for the definitions of 7™ (x) and I (x) that involve the event

l_(;g)(a:) Our first claim is that Egi)(w) satisfies the following successive relations:
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Lemma 4.2. For N > 1,

E(x) € BV (by) N M by, by, ), (4.9)
~l§‘]§:1)(l—)N> N M(bN7 bN—l; $, y)
C U { E“V D (by_) N M(by_1,by 2,0y, v)} o M(by, v y)} (4.10)
vEA
0 (by) N M (b, by 2. y) N{b € piv[by, by, ]}
- U {{Eé‘ziz)(éz\l—l) N M(bN7175N72;l_)N7,U)} © M*(bN,b,v;ac,y)}, (411)
vEA

and for N >n > 1,
20 (by) 1 M (b, by 2, y) N {b € piv[by, b, ]}

cU {{E“V by )V M(by_y,by_a1by, ) N {b € piv[by,b,.y]} ) oM(bN,v;a:,y)}, (4.12)
vEA
where by = b_y = 0, M(by,b_1;b,,v) = {0 = b} N I'(0,v,},), ;Z’(_l) = {o = b} and
o 1>(bo) equals the whole probability space.

We note that the left-hand side of (4.12) is the same as that of (4.11), except that b is pivotal
for b, — b, ; with n < N.

Proof. The relation (4.9) follows immediately from (3.24) and
E(by,x; C™ (by_,)) C {by — x} 0 {by_, — x} = M(by,by_,;x, ). (4.13)

We only prove (4.10), since (4.11)-(4.12) can be proved similarly. First, we use (4.9) to obtain

~é§:)(l_7N) C E},Zj(bw DN M(by_ 1, by s;by,by). Since Eéxiz) (by_,) depends only on bonds before

b, _,, it suffices to prove

M (by—y,bx—2iby,by) N M (b, by_yi @, y) © () {M(by_s,by_siby,v) 0 M(by, vs,y)}.  (4.14)

vEA

Recall that M (by 1, by 2;by,by) = {bx-1 — by} o {by_» — b,}. The event in the left-
hand side of (4.14) implies existence of v € C(by_,) such that v — b, and M (by,v;x,y) occur
disjointly. Therefore,

M(bz\rqagz\rfz;l_)zvaij) N M(bNal;NAQ T, y)
c U{{tbss — v —by}o by — b))

vEA

U{{ons — by} o{by.—v— I_)N}}} o M(by,v;x,y). (4.15)

We investigate the vicinity of v € A in (4.15), where there are two disjoint connections, v — b,
and v — x. Since there is at most one temporal bond growing out of each vertex in A, at least
one of the two connections has to use a spatial bond at v. Therefore,

v—blofv—atc |J {{t—btolb—au{{b) —blolb—a}}}

b spatial:
b=v

(4.16)
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Substituting this relation into (4.15) and relabelling b = v in the latter event {(b,b,) — by} o
{b — x}, we obtain (4.14), and thus (4.10). This completes the proof. O

4.1.2 Diagrammatic bounds

Inspired by the successive relations (4.9)-(4.12), we inductively construct the diagram functions
P (z) and PN (z) as follows. For b = (u,v) with u = (u,s) and v = (v,s + ¢), we abuse
notation to write p(b) or p(v — u) for p.(v — u), and D(b) or D(v —u) for D(v — u). Let

O —u) =0y + (p+7)(x — u), (4.17)
and
L(u, v ) = {(p(zc —u) (T« XeD)(x —v) + (pxAeD)(x — u) 7(x — v), if u # v,
T (D«7)(x —u) (T+XeD)(x —u) + (Dx7xAeD)(x —u) 7(x —u), if u=w.
(4.18)
We define
P9(x) = 0ox + XeL(0,0; ), (4.19)

and define the zeroth admissible lines to be the two lines from o to @ in each diagram of Ae L(o, 0; x).
With lines, we mean here (AeD«7)(x) and (7+«AeD)(x) for the contribution from the first term
in (4.18) with uw = v = 0, and (AeD«7+AeD)(x) and 7(x) for the contribution from the second
term in (4.18) with u = v = o.

Given an admissible line ¢ from v to @ of a diagram function, say 7(x — v) for simplicity, and
given y # x, Construction B’ _, (y) is defined to be the operation in which 7(z — v) is replaced

by spat
T(y —v) (AeDx7)(T — 9), (4.20)
and Construction By, (y) is defined to be the operation in which 7(x — v) is replaced by
> 7(b—wv) AeD(b) P((b,b,) — m). (4.21)
b:b=y

We note that (4.20)—(4.21) are inspired by (4.6). The sum of the results of Construction prat(y)
(y) is simply said to be the result of Construction Bf(y). We define
Construction BY(s) to be the operation in which Construction B(y,s) is performed and then
followed by summation over y € Z?. Construction B, (s) and Construction By, (s) are defined
similarly.

We denote the result of applying Construction B(y) to a diagram function f(x) by f(x, B (y)),
and define f(x, B. .. (y)) and f(x, Bf., (y)) similarly. We construct P*(z) from P~V (x) by

- ¢
and Construction By,

spat temp
PY(@) =22 Y PYO(w) Liv,viz) + Y Y PO (v, By)) Lv,y; ), (4.22)
veEA Y4 v;g;éeA
vFY

where ), is the sum over the (IV — 1) admissible lines in each diagram. We define

> PO (v, BY(v)) = 24e PV (v). (4.23)
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P(z) = PY(z) = P(z) = -

(0,0) (0,0) (0,0) (0,0)

Figure 5: Graphical representations of P (x), P\ (x) and P®(z). Lines indicate two-point func-
tions, and small bars indicate a convolution with p.. Spatial bonds that are present at all vertices
in the diagrams are left implicit.

Then, (4.22) equals

P™(x)=>"Y" PYV(v,B(y)) L(v,y;z). (4.24)

¢ wvyeA

We call the newly added lines, contained in L(v,y;x), the Nt admissible lines.
Finally, for N > n > 1, we define

PM() =Y Y " P™(x, B (y)), (4.25)

¢ yeA

where Y, is the sum over the n'" admissible lines.

Thanks to the construction in terms of two-point functions, the diagram functions can be
estimated by using (2.29), and this will be done in Sections 4.2-4.3. The following is the main
statement of this section:

Lemma 4.3. For A>0 and N >n > 1,
") < PO (), 0™ (2) < B (), (4.26)

Proof. We begin with proving 7@ (x) < P© (). The first term in (4.19) is the contribution from
the case of o = x. If o # x, there are at least two nonzero disjoint occupied paths from o to .
As explained below (4.15), at least one of two nonzero disjoint occupied paths from o has to use
a spatial bond at o. That is,

7O Z P{b — x}o{o — x}) = Z P(M (b, 0;x, x)). (4.27)

b spatial: b spatial:
b=o b=o

We use the same observation at @: at least one of the two nonzero disjoint connections, b — @
and o — x, has to use another spatial bond at . Therefore, we can bound the right-hand side
of (4.27) by AeL(o, o; x) using the BK inequality. This completes the proof of 7”(x) < P©(x).
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Next, we consider 7™ (x) for N > 1. Let

7™ ( ZIP 50 (b,) N M (byy by15 2, y)). (4.28)

By the convention in Lemma 4.2, 7 (x,y) = P({o = x} N I'(0,y,x)). We prove below by
induction that

7 (@,y) < (2he) Pev Yy P (@, B (y)) (4.29)
l

holds for all n > 0, where Y, is the sum over the n'™ admissible lines. The inequality 7™ (x) <
PM(x) for N > 1 follows from (4.9) and (4.29) for y = @, together with the convention in (4.24),
Le., 20 eP™M(x) = >, P™ (x, B (x)).

For n = 0, we can assume y # x, since 79 (x) = 79 (x, ) < P®(x) has already been proved.
By the equivalence {o = x} N I'(0,y,x) = {0 — x} o I'(0,y,x) and by (4.6), we obtain

rO@y) < Y. P{o—z}ofo—b— a})

b spatlal

Z AeD(b) P({o — x} o {o — (b,b,) — x}), (4.30)

b:b=y

where we use the BK inequality to derive Ae D(b) in the second sum.
We only prove that the first sum in (4.30) is bounded by »_, P (z, B, (y)), by investigating
the vicinity of o and @ in the diagram functions, as in the proof of 7 (x ) < PO(x). The second

sum in (4.30) can be proved similarly to be bounded by >, P (x, B, (y)). In the first sum in

temp =
(4.30), there are three contributions: (i) y = o, (ii) b = (y,«) and (iii) y # o and b # x. The
contribution due to y = o is bounded by

spat

XeL(o,0;x) ZP(O) (x, B . (0)) —2(XeD+7)(x) (AeDx7+XeD) (), (4.31)

while the contribution due to b = (y, x) is bounded by

P({o — z}o{o — y}) AeD(z —y) < [AeDx7)(x) 7(y) + (AeDx7)(y) 7()] AeD(x — y)
= Z PO(x, Bt .. (y)) — [(AeD+7)(y) (TxXeD)(x) + (AeD+7xAeD)(x) 7(y)] AeD(x — y).

spat
(4.32)

We can estimate the case (iii) similarly, and obtain a bound which is AeL(o, y; ) with one of the
two 7’s in each product 7 -7 in (4.18) replaced by (4.20). Summarizing these bounds, we conclude
that the first sum in (4.30) is bounded by Y-, P (x, Bf ,.(y)). This completes the proof of (4.29)
for n = 0, and initializes the inductive proof for n > 1.

To advance the induction hypotheses, we assume that (4.29) holds for n = N — 1, and that

D P(M(b,viz,y)) < (2e)™ % > " L(u,viz, B'(y)) (4.33)

b:b=u
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holds, where we write Y., L(u,v; z, B'(z)) = 2\eL(u, v;x), similarly to the convention used in
(4.24). We will prove (4.33) below. By (4.10) and the BKR inequality, together with (4.24), (4.29)
and (4.33), we obtain

7T<N)<w’y)§277“"*1)(u,’v) Z P(M(bNav;w7y))

bN:QN:u

< (2xe) = Z Z PNV (u, BY (v)) L(u,v; z, B'(y))

L0 u,v

= (2Xe) v Y " PY(x, B'(y)). (4.34)
¢

This advances the induction hypotheses, and hence completes the proof of (4.29), assuming that
(4.33) holds.

It thus remains to prove (4.33). We only consider the case of u = v and & = y, since it
explains why the factor 2)\e is in the definition of the diagram functions. The case of u = v and
@ # y can be proved similarly to (4.29) for n = 0, and the proof of the remaining case is simpler
because extracting the factors of £ at uw # v is unnecessary. Let u = o in (4.33), by translation
invariance. Then, the left-hand side of (4.33) equals the rightmost expression in (4.27), except for
the condition that b is a spatial bond. By the same observation at o as in (4.27), we obtain

> P(M(boimx) = > P(M(b oz, x))+P(M((0,04) 0, x))

b:b=o0 b spatial:

< Y BM@bozae)+ Y P({(o,0.) — x}o{h— a))

b spatial: b spatial:

b=o0 b=o0
<2 Z P(M(b,0;x,x)) < 2XeL(o, 0; x). (4.35)
b spatial:
b=o

This completes the proof of (4.33), and hence the proof of the first inequality in (4.26).

To prove the second inequality in (4.26), we recall that II™V™ () = ™™D (x) + [TV (),
where the first and second terms are the contributions to (3.35) from b = b, and from b €
piv(by, b, 1], respectively. There are two n'" admissible lines terminating at b,,_,, one from b, and
the other from some vertex w. We can bound II™V™V(x) by P™)(x) with the nonzero admissible
line from b,,, say (p«7)(b,+1 —b,), replaced by (AeD«7)(b,,,; —b,); if w = b,,, we replace the factor
p in one of the two admissible lines by AeD as above, and add both contributions. For II"™2 (z),
we use (4.11)-(4.12) to obtain the bound >, >, ,, P"(z, Bt .. (b)), where Y, is the sum over

spat
the n't admissible lines. Together with the bound on 1™V (), we obtain (4.25). This completes
the proof the second inequality in (4.26), and hence the proof of Lemma 4.3. n

4.2 Estimate of the diagram functions above four dimensions

In this section, we bound the diagram functions for d > 4 as follows:

Lemma 4.4. Let d > 4 and suppose that (2.29) holds for some Ay and all s <t. Then, there are
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Bo > 0 and Cx < 0o such that, for A < g, B < Po, s € eZy with2e <s<t+e¢e, and q=0,2,4,

EQ(CKB)I\/NUqu/2

S et PO () < QT @ar for N >0, (4.36)
. e2(Cy BN
ZPS(N, )(l‘) < m, for N >n>1. (4.37)

Lemma 4.1(i) is an immediate consequence of Lemmas 4.3-4.4. To prove Lemma 4.4, we will
use the following three lemmas.

Lemma 4.5. Assume (2.29) for s <t =ne and X\ € I,,. Then, there is a Cx = Cx(d,\) < 00
such that the following bounds hold for s <t, ¢ = 0,2 and for that X:

Z 2|9 (14 % D)(z) < Cieo?(1 4 5)7/2, (4.38)
Cxolp
s/e CKO-qB
Slip |:L'|q7's(37) < (1 — 8) / (5q70 + m (440)

Lemma 4.6. Assume (2.29) for s <t. Let fi(z) be a diagram function that satisfies >, fi(x) <
F(t) by assigning l; or lo norm to each diagram line and using (2.29) to estimate those norms.
Then, there is a Cyx = Cy(d,\) < oo such that Y fi(z, B(s)) < eCF(t) for every s <t and

every admissible line (.

Lemma 4.7. Let a,b € R, and let k be a positive number if a or b is 2, and zero otherwise. Then,
there ezists a C' = C(a,b, k) < co such that

t

4 e
Z (1 +81)a s

s1=0

. £ < C
(]_ + 82>b — (]_ + t)a/\b/\(a-‘rb—?)—/@‘

Mw

(4.41)

2=t—s1

Lemmas 4.5 and 4.6 correspond respectively to Lemmas 4.3 and 4.6(a) in [20], and Lemma 4.7
corresponds to [19, Lemma 3.2]. The result of applying Lemma 4.7 is the same as [20, (4.26)] when
d > 4 (see also the proof of Lemma 4.6(b) in [20]), but Lemma 4.7 can be applied to the lower
dimensional case as well. We will use Lemmas 4.5-4.6 again in Sections 4.3-4.4, and Lemma 4.7
in Section 4.3 and Appendix A.

First, we prove Lemma 4.4 assuming Lemmas 4.5-4.7, and then prove these lemmas. We will
use ¢ to denote a finite positive constant whose exact value is unimportant and may change from
line to line.

Proof of Lemma 4.4 assuming Lemmas 4.5-4.7. For (4.36), we only consider ¢ = 0, since the other
cases in (4.36) are proved along the same line of argument as in the last paragraph of [20, Sec-
tion 4.2].

For s/ < s < t, we use Lemma 4.5 to obtain

cfe

AT (4.42)

Sil})) Z L((u, s), (v,8); (z,t) <
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Since P”(z) = AeL(0,0; (x,t)) for t > 2¢, this implies (4.36) with ¢ = N = 0. By Lemma 4.6,
we also obtain Y, 5" P (z, BY(s)) < cg[dos + €23 (1 +t)~¥?], where &y, is the contribution from
the first term in (4.19).

For N > 1, we note that, by (4.24) we have

> P(x) Z [ZZPW Y((u, s), B (v, §")) HsupZL u,s), (v,8); (x,1)], (4.43)

xT

where Y, is the sum over the (N — 1)* admissible lines in PN~V (u). Therefore, > P (z)
satisfies (4.36), and >, > P!"(x, B*(s)) is bounded by c&??’C’Kﬁ( +t)~%2. This initializes the
inductive proof of (4.36) for N > 1 with ¢ = 0. Suppose that > P (z, B‘(s)) is bounded by
ce®(Cie BN (1 +¢)~¥2. Then, by (4.42) and Lemma 4.7, 3" P/*”(z) is bounded by £(Cy8)™ (1 +
t)~%2 if Cy is sufficiently large. Note that the factor €2 is used in applying Lemma 4.7, to ap-

proximate € > 7__, by the Riemann sum. Using Lemma 4.6, we then obtain 3, PN (x, BY(s)) <

e3(CxB)N (1 +t)~%2. This completes the proof of (4.36).

To prove (4.37), we first use Lemma 4.6 to obtain Y. P (xz, BL,..(s)) < c£*(CieB)N (1 +1) /2
for every s < t, where £ is an n'® admissible line. Then, we sum the bound over s € [0,] N eZ,
to obtain the desired bound in (4.37). Note that the factor € is used in an approximation by the
Riemann sum. This completes the proof. O

Proof of Lemma 4.5. The inequality (4.38) immediately follows from (2.29) and the properties of
D. To prove (4.39)—(4.40), we use

s/e
(1% D)(z) < (1 —e)¥D(x) + Ae 2(1 — &)Y D * 1y_je x D)(x), (4.44)
and
s/e
To(2) < (1 — €)%, + As(1 — &) D(z) + N2 Z j—1)e (1 —e) (D * 7o_je % D)(z). (4.45)

where (1 — €)™ is the probability that (o0,0) is connected to (o, ne) along the temporal axis. Since
the first term in (4.44) and the second term in (4.45), multiplied by |z|?, are both bounded by
col3 (1 + s)~(@=9/2 for any x € Z4, we only need to consider the last terms in (4.44)—(4.45).

We fix r € (0,1) and use (2.29) to bound the second term in (4.44) by

rs/e s/e
KpB(1—¢g)t KB(1—¢g)i™t cf3
Ae + Xe < . 4.46
Zl+5_jgd/2 Z/ (1+s—je)¥2 = (1+s)42 (4.46)
j=rs/e

By the same argument, the third term in (4.45) can be bounded by ¢ (1 + s)~%2. This completes
the proof of (4.39)—(4.40) for ¢ = 0.
For |z|? times the second term in (4.44) or the third term in (4.45), we have

|2]*(D # 7 % D) () < 22 (Iyl* + & = yI*) (D * 75/2) () (752 * D) (x — y)

< 4HD s Toplloe D |27 (o2 % D) (). (4.47)

Applying (4.44) to || D * Ts/2||e, using (2.29), and then separating the sum over j as in (4.46), we
obtain (4.39)—(4.40) for ¢ = 2. This completes the proof of Lemma 4.5. O
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Proof of Lemma 4.6. By the convention used in (4.24), for s = ¢ we have

thng y,t tha:Bext <ZthxB£$t ZQAsft ) < 2XeF(t), (4.48)

where 3, is the sum over the admissible lines arriving at (z,t). For s < ¢, Construction B*(s)
replaces the diagram line ¢, say 7(z), by Ae(7s * D x 1y )(x) + Ae(1 — &)(7s * Ty_s_c)(x). By
Lemma 4.5 and (2.29), we obtain

Me||Ts % D% Ti_g_c||1 = Ae||Te * D)1 || T—s—ells < AeCis K, (4.49)
2420, K

)\5HTS * D x ths—EHOo < )\5”7'5\/(1&—8—6) * DHoo HTS/\(t—s—€)H1 < Ae (1 + t)d/Q’

(4.50)
where C, ; is the constant in Lemma 4.5, and we use sV (t—s—e) > t/2 to obtain the last inequality.
The I and [, norms of A\e(1 —&)(7s * Ty_s_)(2) can be estimated in the same way. Therefore, the

effect of Construction B*(s) is to obtain, at worst, an additional constant Cye = 2'7%2C, e in a
bound. This completes the proof. Il

Proof of Lemma 4.7. We prove (4.41) for a Ab > 0 and for a A b < 0 separately.
Let aAb > 0. Separating the sum over s; into E(.Jgslgt/z and Z;/2<81§t, and using sy > t—s; >
t/2 in the former sum, we can bound the left-hand side of (4.41) by

t/2

(1+t)b312_:0(1+51) 1+t Z Z 1+52 (51)

S1= t/2 Sg=t—s1

where the first term is bounded by /(1 + t)~=(¢=2A0+%a  \where k, is an arbitrarily small but
positive number if a = 2, otherwise x, = 0. Also, the double sum in (4.51) is

t t t

Y i X f < g < argimes 49

52=0 81=t/2\/(t782) 52=0

where ky, is an arbitrarily small but positive number if b = 2, otherwise s, = 0. This completes
the proof of (4.41) for a Ab > 0.

Next, we consider the case a A b < 0. Due to the symmetry of the left-hand side of (4.41) in
terms of sy, 89, we suppose b < a A 0. Then, we use the trivial inequality (1 + s5)7° < (1+¢)7°
The remaining term equals € Y 5_ , s1 (1 + s1)® and is bounded by ¢ (1 + ¢)~(*=2"0%#a  Thjs
completes the proof of (4.41) for a A b < 0, and hence the proof of Lemma 4.7. O

4.3 Estimate of the diagram functions at and below four dimensions

In this section, we bound the diagram functions for d < 4 by using their inductive construction in
(4.19) and (4.24)—(4.25) as well as Lemmas 4.5-4.7, as in the proof of Lemma 4.4 in Section 4.2,
but we replace o and  in Lemma 4.5 by o, and 3;, respectively.

Lemma 4.1(ii) is an immediate consequence of Lemma 4.3 and the following lemma:

Lemma 4.8. Let d < 4 with o = bd — A%l >0, p € (0,a) and t < TlogT, and suppose that

(2.29) holds for some \g and all s < t. Then, there are By > 0 and Cyx < 0o such that, for A < X,
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B1 < Bo, s € ely with2e <s<t+e, and q=0,2,4,

2 0V(N qu/2
Z 2|7 P (2) < € CxﬁT((Cl(Kfz)) 7 for N >0, (4.53)
~ 2 3 \N-1
S Pr() < Cicbr(Ciclr) for N>n>1, (4.54)

(1t )22

where B, = 31T~ and BT = 3T ".
Proof. The proof is almost the same as that of Lemma 4.4. The only difference arises when we
apply Lemma 4.7. Let N > 1 and suppose that the quantity in the first brackets in (4.43) is

bounded by ¢e3Cy 32 (CBr)N "1 (1 +1)"%2, where 3, = $;T* with y € (0, ). Then, by Lemma 4.7
and (4.42) with  replaced by (;, the right-hand side of (4.43) for d < 4 is bounded by

CE2CKB72"<CKBT)N_ € CKﬁT( KBT)N_I
L+ s (.

— ﬂT bd(1+t)(4 d)/2+k (455)

where k is an arbitrarily small but positive number if d = 4, otherwise k = 0. Since ¢t < T'logT
and —bd + 4%[ = —a < —pu, the factor in front of the fraction in the right-hand side is bounded
by Cy 3y if C is sufficiently large, and thus we obtain (4.53) with ¢ = 0.

For (4.53) with ¢ = 2 and (4.54), we use Lemma 4.7 as in (4.55), with (a,b) = (£, %2), to
obtain the factor

~

ﬁT B ﬂlT_bd(l +t)(4—d)/2+n - CﬁT
(1 + ¢)(d-2)/2A(d=3) =~ - (1+ ¢)(d-2)/2 = (14 t)d-2/2

(4.56)

To prove (4.53) for ¢ = 4, we apply Lemma 4.7 as above, with (a,b) = (g, %) and (%, %)
This completes the proof. Il

4.4 Finite containment

In this section, we prove that 7"’ (x) can be approximated by
7™ (x| R) ZIP’ )N {Clo,q C Ox}), (4.57)
where = (z,t), 0, = [-R, R]* N Z% and
t
C[O,t] - U Cs(o)> Cs(y) = {Z S Zd Yy — (Za 8)} (458)
We will also use the abbreviation C; = C,(0). More precisely, we prove below that
7 (@) = 7 (@ | R) + o(1) 2 (4.59)
where o(1) is independent of ¢ and decays to zero as R — oo, by using the estimates for the
diagram functions in Sections 4.1-4.3. This is a refined version of the finite containment argument

used in proving the uniformity of (3.38), and will be useful in dealing with the continuum limit in
Section 6.

37



Proof. First, we note that

OgﬂéN)( ) éN>.’13’R ZZ ﬁ{C[Os E]CDR7 C ¢|:|R})
=X S BN @ o — (-2, (). (460
s=e wuelp
v¢lp

Note that ((u,s — €),(v,s)) is a spatial bond, since u € O, and v ¢ ;. The event in the
rightmost expression is included in the union of two events: (i) o — ((u,s — ¢), (v,s)) — @,
or (ii) there is a vertex (w,r) € Oy x [0, s) such that o — (w,r) — x and that (w,r) —
((u,s —€), (v, s)) disjointly from E(N)(a:). The contribution from the case (i) and from the case
(i) with (w,r) = (u,s — €) can be bounded by 320328 Y v, P (=, B*(v, s)), where Y, is the
sum over all admissible lines (i.e., the sum over n = 1,..., N of the sum over the n'® admissible
lines), and where we modified Constructlon Bea (v, 5) by fixing the second endpoint (v, s), instead
of fixing the first endpoint (u,s — €) as defined in (4.20). This bound, divided by &2, decays as
R — oo uniformly in ¢, since the sum over z € Z¢ of the unrestricted sum >, Y2 P™(x, BY(s))
is bounded, by using Lemma 4.6, by ce?t (1 + ¢)~%2,
The contribution from the case (ii) with (w,r) # (u, s — €) can be bounded by

Z Z Z S P(@, B w,)) Y (7e—esr # AeD) (v — w), (4.61)

s=e r=0 welp v¢p

where we relabelled the second endpoint of the spatial bond in (4.21) as (w,r). For w € Oy, we
use

Z P™(x, BY(w,r)) Z (Ts—e—r * D) (v — w) (4.62)

wGDR/2 'U¢DR
< PO(@, B'(r) sup 3 (e x D)(v—w) < PV, B(1) Y (7 k D)(2),
’U}EDR/Q ’U¢DR Z%DR/2

and for w € Oy \ Og/,, we use
> P™(x,Bw,r) Y (Teeeer ¥ D) —w) < |Tuceer x Dy > P™(x, B'(w,r)). (4.63)
wglp/o vgUg willr /2

By Lemma 4.5, we have ||75_._, % D||; < Cx, so that ZzgéDRm(Ts,g,r x D)(z) decays to zero as R —

o0, independently of . In addition, by Lemma 4.6, we have Y., P™(x, B4 (r)) < ce®(1 + t)~4/2,
so that 32,32 00, , P (@, B'(w,r)) < o(1)e*(1+1)~%2. Since there is another factor of € in the

summand of (4.61), while there are two summations over €Z, in (4.61), we conclude that (4.61)
is 0(1) e%t2(1 + t)~%2. This completes the proof of (4.59). O

5 Inductive argument

In this section, we prove Proposition 2.1 by applying the inductive method of [19] for self-avoiding
walk in Z? and for oriented percolation in Z¢ x Z,, to the recursion equation (5.1) for oriented
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percolation in Z¢ x eZ. . To consider the case of ¢ < 1, we will modify the induction hypotheses to
incorporate the dependence on . We expect that a similar method could be used for continuous-
time weakly self-avoiding walk above its upper critical dimension.

First, we consider d > 4 in Sections 5.1-5.3. In Section 5.1, we give the modified version of the
induction hypotheses. In Section 5.2, we show several consequences of the induction hypotheses,
mainly the bounds in (2.29). In Section 5.3, we prove Proposition 2.1. We complete this section
by proving the results for d < 4 in Section 5.4. Since a similar strategy applies to the lower-
dimensional case, we only discuss the necessary changes.

5.1 Induction hypotheses
5.1.1 General assumptions

In Section 3.1, we derived the recursion equation (3.28) for the two-point function. Taking the
Fourier transform with respect to the spatial component, we obtain (2.33), i.e.,

t

Frre(k) = > 7alk) pe(k) Fra(k) + Fie(). (5.1)

s=0

The probability distribution D : Z4 +— [0, 1] satisfies the assumptions in Section 1.2. In addition,
we assume that there exists n > 0 such that

= L2k, if ||k|le < L7,

- [k > L a(k) <2—-n Vke€ [-m, 7% (5.2)

a(k) =1— D(k) {

where a =< b means that the ratio a/b is bounded away from zero and infinity. These assumptions
correspond to Assumption D in [19].
If we replace t by ne, and write

fn(k) = %m(k)’ en(k) = ﬁna(k)a gn+1(k) = ﬁns(k) ﬁs(k)v (5'3)

where the dependence on A is left implicit, then (5.1) equals

fry1(k) = Z Imy1(k) foom(k) + eni(k), (5.4)

with fo(k) = 1. This is equivalent to the recursion relation (1.1) in [19]. The only difference is
fi(k) = g1(k) = p(k) = 1 =& + XeD(k), (5.5)
whereas in [19], fi(k) = g1(k) = AD(k). This change leads to a modification of the induction

hypotheses in [19], the main reason being that we need to prove uniformity in . Further technical
changes are explained in Section 5.1.2.

5.1.2 Statement of the induction hypotheses
Fix v, 6 and p according to

—24p) <0<g—(2+p) <y<y+I<IANANEE (5.6)
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We define A, recursively by \g = A\ = 1 and, for n > 2,

1 n
Ay =1-— > (05 Xm), (5.7)

1=2
where we explicitly write the dependence on A, of g;(0). Let

Kip

L=t G

[—1,1], (5.8)

and define v, = v,(\) by v9 = v; = X and, for n > 2,

A— ﬁ Z?:Q v2gl(0)

Uy = = : (5.9)
1+ 50— 1) 9(0)
Let Ky,..., K5 be some positive and finite constants that are independent of # and e, and are
related by
Ky > K > K> 1, KQ,K5 > K. (510)

The induction hypotheses are that the following (H1)-(H4) hold for all A € I, and m =1,....,n

(H1)-(H2)
A = A ] < %, o = vt < 5 +if)g_2)/2, (5.11)
(H3) Fork € Ay = {k:a(k) < 7B} £ (k) can be written in the form
(k) = ﬁu —evpalk) + e r(k)), (5.12)
where 7,(k) obeys the bounds
(0| < Wb -nO] < G- 69
(H4) TFor k ¢ Ay, fn(k) obeys the bounds
) < T2 ) — ol < S G
Instead of (5.12), we can alternatively write f,,(k) as
ﬁ 1 — cvra(k) + e s (k)], (5.15)
where
Ful®) = [0 + <700 sy = O =m0l (a9
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The induction hypothesis (H3) implies

eufri(0)|a(k) + |ri(k) —n(0)] _ (1 +ew)KzBa(k)

[su(k)] < 1= <[r(0)] T (1L—eKyB)(1+1e)

(5.17)

In some cases, we will use (5.15)—(5.17), instead of (5.12)—(5.13). Moreover, by (5.15) and spatial
symmetry, we obtain

V2 (0) = )€ Z [—v0” + V25,(0)]. (5.18)
=1

The advancement of the induction hypotheses is a small modification of that in [19], which we
add to keep this paper self-contained. The advancement is deferred to Appendix A.

5.2 Consequences of the induction hypotheses

We assume 3 < 1 and use ¢ to denote a positive and finite constant that may depend on d,~, 9, p,
but not on K;, k,n,3,c. The value of ¢ may change from line to line.

The following four lemmas, corresponding respectively to [19, Lemmas 2.1, 2.2, 2.4, 2.3|, are
consequences of the induction hypotheses (H1)-(H4) for d > 4.

Lemma 5.1. Assume (H1) form =1,...,n. Then, Iy DIy D --- D I,.
Lemma 5.2. Let A € I, and assume (H2)-(H3) form =1,...,n. Fork € A,
[ (k)| < ecKsBemell—clFitKa+Ka)]a(k), (5.19)
Lemma 5.3. Let A € I, and assume (H2)-(H3) form =1,...,n. Then,
(V2 (0)] < 1+ ¢ (K + Ko + K3)B]o*me. (5.20)
Lemma 5.4. Let X € I,, and assume (H2)-(H4) form =1,...,n. Then,

C(l + K4)ﬁ

D fonlly € i
|| f ||1 = (1+m5)d/2

(5.21)

The bounds (2.29) for s < ne follow from Lemmas 5.2-5.4, if K > K,. The proofs of Lem-
mas 5.1-5.4 are almost identical to those of [19, Lemmas 2.1-2.4], and are deferred to Appendix A.
By Lemma 5.1, if A € I,,, for some m > 0, then A\ € [ and hence, by (5.8),

A — 1] < K, 5. (5.22)

It also follows that I, = (. _, I is a singleton M. As discussed in [19, Theorem 1.2], we obtain
Ao = A, Moreover, it follows from the second inequality of (5.11) that, for A € I,,,,

“ “ eK
o = 1] < o = v | + oo — Z i +l52(§ 5 TN U< (ke + KB (5.23)
=1 =1

We note that the factor € in the numerator is necessary to approximate the sum by the Riemann
sum when ¢ is small. The factors of € in (5.11)—(5.14) are incorporated for the same reason.
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5.3 Proof of Proposition 2.1

Fix A = A\, so that the induction hypotheses (H1)—-(H4) and Lemmas 5.1-5.4 hold for all m € N.
From now on, we suppress the dependence on € and write A\. = A\, A = A® and v = v,
Note that, by (5.11)—(5.13), we have that, for n < m,

n m K
£ (0) — f(0)] = H 1+ er(0)] '1 — H [1+5rl(0)]‘ < i +Cn€‘;’£_4)/2, (5.24)
=1 l=n+1
K
— U | < Z lop — v | < B _|_Cng§ﬂd YL (5.25)

l=n+1

so that {f,(0)}>2, and {v,}2, are Cauchy sequences. Therefore, the limits A = lim,,_ f,(0)
and v = lim,,_, v, exist, and satisfy

cK3f
|fn(0) - A| S (1 +n€)(d74)/2’

|v, —v| < cKab
" = (14 ne)d=4/2’
In particular, by Lemma 5.2 and (5.23), both A and v are equal to 1 + O(f3).
Let t = ne and k = \/% e A,. By (1.2), a(k) = 2“;'” + O(|k|*T22¢7172). Using (5.15), (5.17),
(5.26) and § < 1 A 452, we obtain

(5.26)

Falk) = ﬁmﬁ%_ H {1—5{“ 1(1(62) ] @)}

(
)
_'A+#‘{ vt a(k }H{l_w(ﬁ)a(%)}

—_

(1+¢)C (1+1e)

_ . t/e —
O(B) k2 24244-A 4,-1 O(ﬁ|k|2t 1)
a7 S HO([R[2T284~2)40(elk[4¢1) | VPRI )
BT R NP Dhrres
w2 0(B) N 1y, OBIEP)
— A 1 +2A,-A 4,-1 9
‘ [ + s+ ORP2) ol + ZEES | 5
where the last error term follows from
t/e _
52 1+z Ot [+ —1] =0(1+1t)7), (5.28)
e)d
for 0 < 1. Using = B clogl(i:rt for small k € A, and § < 1 A A, we have
B log(2+t)12 _ O(|k|?)
k|72 R) < O(|kJ? < 2
O(P22) < Ok | =] = T (5.29)
_ log(2+1t) _ O(elk|?)
O(elk[*t™") < O(elk|? < : 5.30
Gl < 0k < G (530)
By (5.27)—(5.30), we obtain (2.4).
Let ey,...,eq denote the standard basis vectors in RY. Then, by (5.17),
d d
. he;) — 31(0) cK30 heZ cKs0?p
2 _ ] si = ) 31
V=5 (0) Lo h? 1+ 1) Z ) T (1 +le)p (5:31)
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Since § < 1 A &2 it follows from (5.18), (5.26), (5.28) and (5.31) that

V2£(0)
7.(0)

= vo’t[1+0(3) (1 +1)7, (5.32)

which is (2.5).

The upper bound in (2.6) is an immediate consequence of (4.40). For the lower bound, we
consider the case of £ > 1 and the case of ¢ < 1, separately. When ¢ > 1, we follow the proof of
[19, Corollary 1.4] for oriented percolation. In this case, we use (2.4) and obtain the lower bound
of the form c¢L =% %2, When t < 1, we use the trivial inequality

I7ellse > Pl 2 [(1 =€) v (el Dlloo)), (5.33)

which can be bounded from below by an e-independent multiple of L=%(14¢)~%2. This completes
the proof of Proposition 2.1. O

Finally, we derive the expressions (2.34)—(2.35) for A, A and v. Recall (5.3). The expressions for
Ae and v immediately follow from (5.7), (5.9) and the fact that A, = A. To derive the expression
for A = lim,, o f1(0), we follow the same strategy as in [19, p.424]. Let Fy = >~ | £,(0), which
can be approximated by ANe as N — oco. Summing the recursion equation (5.4) with £ = 0,
multiplied by ¢, over n = 0,..., N — 1, and using fo(0) =1, €;(0) =0, ¢1(0) = 1 + (Ac — 1)e and
the expression for A\., we have

N N
FN = 91(0) FN—I + Zgn(o) FN_n + 5Z€n(0) +é
n=2 n=2

e N N
=Fyi= Y gn(0) Fyoi+ ) gn(0) Fy_ +6>_en(0) +e. (5.34)
n=2 n=2 n=2

Taking the limit N — oo of fy(0) = %, with the help of the bound (2.30), we obtain

A=-A i(n —1)g,(0) + ien(()) +1. (5.35)

which, with the help of (5.3), gives the expression for A in (2.35). This completes the derivation
of (2.34)-(2.35). O

5.4 Discussion on changes below and at four dimensions

In dimensions d < 4, the induction analysis in Sections 5.1-5.3 no longer works as long as the
infection range is fixed, and we need to incorporate the factor L, = L;T” into the induction
hypotheses.

Recall @ = bd — 5% > 0, and let w € (6,1 A a) and Br = BT with € (0,00 — w). We
again define A, = A\,(T") and v, = v,(\) by (5.7) and (5.9), respectively, where we emphasize the
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dependence on T of \,. However, we replace (5.6), (5.8), (5.11) and (5.13), respectively, by

—24p) <0<E—(2+p) <y<7+I<wWAA, (5.36)
KIBT

I, =\, + T —1,1], (5.37)

5K16T €K2BT

— < e - < T .
Am = Amt| < T e U — V1| < 1+ me)t+’ (5.38)
Ksf K33

(O] < G (k) = (O)] < o k). (5.39)

The induction hypotheses are that (H1)-(H4) hold for all A € I, and m = 1,...,n, where we
assume that ne < T'logT. It suffices to prove the main statement for sufficiently small 3; > 0,
i.e., for sufficiently large initial infection ranges L;.

We now discuss the induction hypotheses. One of the key ingredients in the induction is the
fact that the intervals I,, are decreasing in n < %log T. This implies that we can use the bounds
following from (H1)—(H4) in the advancement of the induction hypotheses. One would expect that
one could choose I, = A, + K1 3-(1 4+ ne)~@=2/2[—1 1], i.e., by simply replacing 3 in (5.8) by 3r.
However, to obtain a decreasing sequence of I,,, it is required for the power exponent (d —2)/2 in
the width of I,, to be greater than 1, and it is not the case when d < 4 (cf., the proof of Lemma 5.1
in Appendix A). To satisfy this requirement, we transfer some power exponent of (3, as

BT B 61T_db<1 4 n&f)(4_d)/2+w _ CﬁlT_M
(14 ne)d-2/2 (1 + ne)tte = (1 + ne)tte’

(5.40)

for ' > 1, where we use ne < T'logT" and —bd + 4%[ +w = —(—w) < —p. This is the motivation
of the changes in (5.37)—(5.39).

By the above changes, (5.22)—(5.23) are modified by replacing # with Br. We have that A and
Um(A) are both 1+ O(BT) for A € I, and m = 1,...,n with ne < T'logT. Similarly, we replace
f# in Lemmas 5.2-5.3 and Lemma 5.4 by By and By, respectively, although the proofs of these
lemmas remain unchanged. However, the proof of the main result does change, due to the fact
that the constants A and v for d > 4 are replaced by 1, and the fact that there is no unique limit

of N\ _, Im

Proof of Proposition 2.2. Let n < glogT and A € [,,. In particular, the following results hold at
A = A7, which is defined as

z = logT

Ar = A r(T) =1— = Z G0 A1 e, (T)). (5.41)

By (5.39), we can bound |f,,(0) — 1| by

n

n n K 6521 m-+1 ‘Tl( )| N
H[l—l—srm(O)]—l‘ <> |rm(O)] J] [1+eln <5Z 36 < Kb,
m=1

1+ me)tte
l=m+1

m=1

(5.42)

which proves that the asymptotic expected number of infected individuals is 1. Also, using (5.23)
and (5.38), we have v, = 1 + O(f;), which means that the asymptotic diffusion constant is 1.
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Let n = T't/e with t < logT and k =

€ A, By (1.2), a(k) = L5 +O([k>22(T1)7-2).

k
A/ O'%Tt

Therefore,

FulB) = (14 03] [1 - 11 + 0B FLalk2 )"

— [1 + O(Br) + O(JKP2(TH)™2) + O(e|k|}(Tt)™)]. (5.43)

By (5.29)(5.30) for small k, the last two error terms can be replaced by O(|k|*(1+ Tt)~?%). This
proves (2.7).

Using (5.18) and (5.31) as well as v, = 1+ O(f3,), we obtain (2.8). The proof of (2.9) does not
depend on d, and is the same as in Section 5.3. This completes the proof of Proposition 2.2. [

6 Continuum limit

In this section, we compute the limit of the lace expansion coefficients as € | 0, and prove Propo-
sition 2.6.

We prove below convergence of i (z) for t/e € [2,00) N Z; with a fized A < A, and then
extend this to 0,77 (x). The proof of the continuity in A of Iy () = lim,|o 0,77 (x) is more
or less immediate from its finite containment property that is similar to the one for the discretized
contact process in Section 4.4, and this will be discussed briefly at the end of this section. These
statements imply convergence of QW;\E '(2) whenever A® — X such that A® < A\ for e sufficiently
small. Indeed, for any \g < \ < )\C, we can write

]. )\(5) Ao ]_
?Trt;s (.13) — T ( )

<5 e () — \+ N () =m0 (). (6.1)

The second term in (6.1) converges to zero by assumption, while we estimate the first term by

1 AR | ,
SR @ - mr@] < [ ax Slowmla) (62
0
where we use Ay < A for sufficiently small £, which is due to the fact that A\l converges to A > Ag.
Since the integrand is uniformly bounded (even when we sum over z) by CB(1 +1)~@=2/2 the
limsup of the integral when ¢ | 0 is bounded by a multiple of A — A\y. By taking the limit /\0 TA
and using the fact that O\ (z) is continuous in A, the first expression in (2.36) follows. Therefore,
we are left to prove convergence of %}, (x) and 5d\m: (2) for every A < A, and the continuity in
A of Oy ().
We prove below that, for every N >0, A < ). and (z,t), there is a 7" () such that

1
lim <7 (2) = (), (6.3)

where we suppress the dependence on A. That is, we will deal with pointwise convergence, rather
than the uniform bounds in Section 4 which are valid for all (z,¢) and € < 1, and hence all terms
which are o(1) as ¢ | 0 will be estimated away. By this pointwise convergence, together with the
uniform bounds in Section 4 and the dominated convergence theorem, we have

oo o0

1 .
lim . (2) =lim > (-1)" 5 @) = 3 ()Y (@) = m(a). (6.4)
N=0 N=0
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This completes the proof of the pointwise convergence of a%wt)‘g(x) The proof of the convergence
of 8%8,\7@;5 (x) is similar, and we will only discuss the necessary changes.
The proof of (6.3) is divided into several steps.

Statement of the induction hypothesis. Given a site set C C Z¢ (which may be an empty
set), we define

e (x ZIF’A SN) (z,t) N {Cy(by) \ {z} =C}), (6.5)

where we recall E(0> (z,t) = {(0,0) = (z,1)}, by = (0,0) and the notation (4.58) for C;(by). We

will use mductlon in N to prove that, for every ¢t > 0, there is a 7{"’(z;C) such that

1
lim < (2;C) = m(;C). (6.6)

el0 g2

The claim for 7’ (x) in (6.3) then follows by summing over C C Z%, together with the fact that
the main contribution comes from C C [, by the finite containment property in Section 4.4.

Initialization of the induction. First, we investigate N = 0. For S;,S,, A C Z¢ x €Z,, we
denote

Si—8)=Jlsn—s) (Si=8)=J (s —slelt —h (67

81€8; 51,81€81
52€82 52,85,€S8,
and define
Ci(A)={reZ': A — (,t)} = | Cia), C(A)=JcuA). (6.8)
acA t>0

Using the Markov property at time e, we arrive at

W~ ¥ [ nw|| - nw]

ACZ%:|A|>2 -aEA ag A

A Elava,(% CL) eA: {(a,e) - (l’,t)} © {(alvg) - ([L’,t)}
<P, ( Ci(A x {eD)\ fa} = C ) - (69)

Since every p.(a) for a # o gives rise to a factor of €, we immediately see that the main contribution
comes from A = {o,y} for some y # o. Therefore, we obtain

: (0:0) = (@)} {1, e) — (&1}
e ye%:dw ( Cul{(0,2), (D \ {o} =C )+o(1>
2 (100) = @0} o {(1,0) — (10}
— EZZGI)\D(Z/) ]P)g ( ({( 70)7( )}i)y\ {{L‘} C ) —|—0(1)
SPIICUEY O T fneto S B C OO
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where the second equality is due to the fact that ((o0,0), (0,¢)) or ((y,0), (y,€)) is vacant (with
probability (2 — €)e) in the symmetric difference between the events on both sides of the equality,
and the third equality is due to the fact that the double connection from (o,¢) or (y,e) gives rise
to an extra factor of e.

We repeat the same observation around (z,t) and obtain that, for every y € Z¢ and C C Z¢,

l A {(07 0)7 <y70>} - (x,t)
(it i o 2e )

A {(07 0)7( 70)} = {(I,t), (th)}
=" AD(z — z) P2 ( Q({((i/o),(y O\ (o) ¢ ) +o(1). (6.11)

z€74

Substituting (6.11) into (6.10) and using the weak convergence of P} towards P* as formulated in
[4, Proposition 2.7], we obtain

| . {(0.0), (5, 0)} = {(.), (2,1)}
lim 5mi(e:0) = > XD “P’( C.({(0,0). (5, )} \ {x} = C ) (6:12)

y,2€Z%

Here and in the rest of this section, we use “—" and “==" to denote connections in Z¢ x R,
via the graphical representation in Section 2.1. This completes the proof of (6.6) for N = 0, with
7 (x;C) for t > 0 defined to be the right-hand side of (6.12).

Preliminaries for the advancement. To advance the induction hypothesis, we first note that,
by using the finite containment property of Section 4.4 and the Markov property at the time
component of b,, we have

I N-1 N
Sl (w5 6221&”( N (A B by, (2,1); € (By_y)) N {Ci(By) \ {2} = c})

Z >y > BAES V(ys =) N{Coe(byr) = C'})

s=¢ y€ld py:by=(y,s—e) C'CHR:C'3y

xPQ(E(bN,(a; £);C(C' x {s —£})) N {Cu(by) \ {2} = c}) +o(1 (6.13)

where, similarly to (6.8), we write C*¥(C’ x {s —¢}) = U, e C*¥ (v, s —¢), and o(1) is independent
of € and decays to zero as R — oco. We now investigate the second probability in (6.13) when
= {y} and when C’ 2 {y}, separately.
When C" = {y}, we recall the definitions (3.13)—(3.14) and use the Markov property at time s,
similarly to the discussion around (6.9)—(6.10), to obtain that

) iPi(EwN,(m) C™ (3,5 — ) N {Culbw) \ {2} = C})

bN:QN:(yVS_E)

Y. AD —) {P? (E'((g, ), (2.): €W, 9)) N {Cul, ) \ {w} = C})

Y €ZN\{y}

# B2 (B (/9. 005 C000) P (G 9) \ i} =€) | o), (619
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where o(1) decays to zero as € | 0, and the first probability in the brackets is the contribution
from the case in which by is the temporal bond ((y,s — ¢), (v, s)), while the second probability is
the contribution from the case in which by is the spatial bond ((y,s — ¢),(¥/,s)). In (6.14), we
also use the fact that, with probability 1 — o(1), C*(y, s — ) N (Z% x [s, 00)) equals C(y/, s) when
by = (95— 2), (3, )), and equals C(y, 5) when by = (3,5 — ), (, ).

When C’ 2 {y}, we again use the Markov property at time s, and then we use the fact that,
with probability 1 — o(1), every temporal bond growing from each site in C' x {s — ¢} is occupied,
and all the spatial bonds growing from the sites in C’ x {s — €} are vacant. Therefore, with
probability 1 — o(1), the subset of C'¥(C' x {s — ¢}) after time s equals C((C'\{y}) x {s}), and

we have

> BBy (2.0 CV(C x {5 = ) N {CuB) \ {2} =C})

bn:by=(y,s—¢)
= B (£ ((5.9). (. 0:C((€\ ) x (1) N {Culw.9)\ {2} =€}) o). (6.15)

To deal with the event E'((y, s), (z,t); Ax {s}) for A C Z?\ {y} in (6.14)—(6.15), we introduce
some notation. We define the set of sites that are connected from (y, s) via a path which does not
go through v by

= () CW.s) (6.16)

We also define
Es iy, A) = U{{v¢0Ax{s}}m{y, ) — v = (2,t) € C(A x {s})\ C%(y, 3) }

Ry, 2 A) = U{{Ax (s} — v} o {(y.s) —>’u:(m,t)}}. (18)

By this notation, it is not hard to see that E'((y, s), (z,t); A x {s}) is rewritten as
E/((y7 8)7 <x7 t)? A X {S}> = gs,t(y7 Z; A) U Rs,t(ya €; A) (619)

The contribution from R,.(y,z;.A) has an extra factor of e, due to the fact that there are at
least two spatial bonds at v (one before and one after v), which leads to an error term as e | 0.
Therefore, we only need to focus on the contribution from & (y, z; A), i.e

P2 (Eaa(y, ;. A) N {Ci(y, s) \ {} = C}). (6.20)
Generalizing the definition (6.17) from a single end (z,t) to a pair {(x,t),(z,t)} with x # z as
gs,t<y7 {.T,Z},A) (621>

—U{{v ¢ Cx {sh} 1 {(n5) — v = {(2.0). ()} € Ol x {sh\ €"(w.9)} }.
and following the argument in (6.11) (see also the discussion around (6.9)—(6.10)), we obtain

éIP”\(SSt(y,x;A N{Ci(y,s)\ {z} =C})
=) AD(x — 2) PX(Eauly. {z, 2} A) N {Culy. s) \ {z} = C}) +o(1). (6.22)

z€74
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Advancement of the induction hypothesis. Now we advance the induction hypothesis in
N > 1 by using (6.13)—(6.15) and (6.22).
First, we consider the contribution from C’' = {y} in (6.13), which equals

Y DL 2) 5B (Blb, (7,8 & (g5 — ) N {Clbu) \ {1} = C})

s=e yelr by=(-,(y,s—¢))

=1 Y0 SPAEG, (1) C(0) N {CD)\ {r} =C}) (623
b:(o,-)
4 e Z Z—wsggy, o) 3 giQPg(E(b (2.8, C(y, s — ) N {C(D) \ {z} = ),
s=2¢ yelpr b=((y,s—¢),")

(N—1)

where we use 7. (y; &) = 6n,1 0oy to obtain the first term in the right-hand side. We note that,
by using the induction hypothesis, as well as (6.14) and (6.22), the second term is O(g) = o(1).
Therefore, the first term is the main contribution. By using (6.14) and (6.22) again, as well as the
weak convergence of P2, the limit in R 1 oo of the continuum limit of (6.23) equals

6xa > AD(y) D(x - z) []P’A(&)t( {z,2}: {y}) N {Ci(0) \ {2} =C})

PN Eouly, {2, 21 {0}) N {Culy, 0)\ {o} = €})]. (6.24)

Next, we consider the contribution from €’ D {y} in (6.13), which equals

EZ. Z Z 12 ;Nss(yPA)
=3¢ yeDp AcOm\(phidrio ©
X Z AD(z — z) P2 (Ese(y, {z, 2}; A) N {Ci(y,s) \ {z} = C}) +0o(1), (6.25)

z€Z4

where we use (6.15) and (6.22), as well as mg. "(y;.A) = 0 for A # @ (so that the sum over s
starts from s = 2¢). By the dominated convergence theorem, as well as the induction hypothesis
and the weak convergence of P2, the limit in R T oo of the continuum limit of (6.25) equals

/ ds Z AD(x — z) Z TV (g A) PM(Egu(y, {z, 2} A) N {Cily, s) \ {z} =C}). (6.26)
y,2€74 ACZd\{y}
A£o
Therefore, the limit 7" (x;C) for t > 0 exists and equals the sum of (6.24) and (6.26). This
advances the induction hypothesis.

Bounds on 7} in (2.37) and convergence of A® and v®. The bound on Y, . |z|97) ()

follow immediately from the pointwise convergence of 5wy, (x), together with the uniform bounds
in Proposition 2.3 and dominated convergence for the sum over .

To prove convergence of A® and v®, we first note that by [27, Section 3.1}, A — A.. Con-
vergence of A® and v® follows by dominated convergence, together with the identification of A®
and v in (2.35). Thus, we obtain that

00 -1 oo
A= [1 + / dt tﬁ;(@)} , v = A[AC L / dt @27@6(0)}. (6.27)
0 9= Jo
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Convergence of 59, (z) and the bound on 9y} in (2.37). The only difference between
SO\ () and 577, (x) is the occurrence of the sum over spatial bonds b and the indicator of the

event b € {b,} Upiv[by,,b,,,]. Clearly, the main term in the above comes from b € piv([b,,b,.1].
The extra inclusion of this event gives rise to an extra integral over the time variable ' and an
indicator that the arrow ((w,7r’), (w’,7’)) is pivotal for the connection from b, to b, ; (see [22,
p.61] for the definition of a pivotal arrow). Apart from this minor modification, the proof remains
unchanged. The bound on Y, . |07 (z)| in (2.37) follows immediately from the pointwise
convergence of I\, (x), together with the uniform bounds in Proposition 2.3 and dominated
convergence for the sum over x € Z¢.

Continuity in A\ of d 7} (z). Following the same strategy as above, we may obtain an explicit
expression for 9y (x), similar to the expression obtained for 7 (z) from (6.12), (6.24) and (6.26).
Let O, (z | R) be equal to dym;(z) with the extra condition {Cjo C O} being imposed, as in
(4.57) for the discretized contact process. Note that, as explained above, O 7w (z) = O\7(z | R) +
o(1), where o(1) decays to zero as R — oo, and that dym(x | R) is continuous in \ since it depends
only on events in the finite space-time box [, x [0,t]. Therefore, dym}(x) is also continuous in .
This completes the proof. O

A Advancement of the induction hypotheses

In this appendix, we prove Lemmas 5.1-5.4 and we advance the induction hypotheses. We discuss
the case of d > 4 in Appendix A.1, which is quite similar to the argument in [19]. The main
difference is due to the required uniformity in e. We will explain in detail how to use the factors
of ¢ contained in the induction hypotheses and in the bounds (2.30)-(2.32), in order to obtain
this uniformity. The argument for d < 4 is almost identical, except for modifications due to the
factors By and (; in (4.53)—(4.54) and (5.37)-(5.39). We discuss the necessary changes for d < 4
in Appendix A.2.

A.1 Advancement above four dimensions
A.1.1 Proofs of Lemmas 5.1-5.4

Recall the induction hypotheses (H1)—-(H4) and the definitions of A, I,, and v, in Section 5.1.2.
We now prove Lemmas 5.1-5.4 using the induction hypotheses.

Proof of Lemma 5.1. We prove A € I,,,_y assuming \ € I,,,. By (5.8) and (5.11),

1+(m+1)5< K0

A= A1 <A = A A — Am—1| < K
| m-1] < | m| + [Am m—1| < K18 (1+me)¥/2 = [1+ (m — 1)e]d-2/2’

(A.1)

where the last inequality is due to the fact that f(¢) = (¢ + €)(c — €)® is decreasing in € > 0 if
¢>0and a > 1, so that f(¢) < f(0) = "™ (in the above inequality, c = 1 + me and a = £2).
This completes the proof of I,,, C I,,,_1. O

Proof of Lemma 5.2. By (5.12)—(5.13) and the trivial inequality 1 + x < e”,

)] = | T+ m<0>1] < e i Ol < 60, (A.2)

=1
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By (5.15)—(5.17) and (5.23), | fm(k)/fm(0)]| is bounded by

H[l —eva(k) +esi(k)]| < e—e izlvalk)—lsik)l] < g—mell—c(Ki+Ko+K3)Bla(k) (A.3)
=1
This completes the proof. Il

Proof of Lemma 5.3. This is an immediate consequence of (5.18), (5.23), (5.31) and (A.2). O
Proof of Lemma 5.4. Recalling A, = {k : a(k) < v} e define

1+me
={kc Ay : ||kl < L7}, Ry={kec A, : |kl > L',
Ry={k ¢ Ay : [kl < L7}, Ry={k ¢ Ay : [kl > L7},

where Ry is empty if m > 1. Then,

1D s = Z/ d’“ DY fon k)] (A4)

On Ry, we consider the cases of me < 1 and me > 1 separately. If me < 1, we use Lemma 5.2

and obtain
A% - Ak - ¢
[ G DWAIRh < [ 5 O < G (A5)

If me > 1, we use the inequality D?(k) < 1, Lemma 5.2, and then the assumption a(k) = L2|k|?
for ||k||sc < L', and obtain

ddk' ~ ddk —cmeL?|k|? Cﬁ
/Rl (2 D(k)?| fm(K)| < C/R1 (2m)1 € PR < (1 + me)¥2’ (A.6)

Summarizing both cases, we obtain the desired bound on the contribution from R;.
On Ry, we use Lemma 5.2 and the assumption a(k) > n for |||l > L' to conclude that there
exists an r > 1 independently of [ such that

dy. dy.
| oy DOPLEA] < ¢ [ 555 Db <o, (A7)

Since ™™ < ¢ (1 4 me)~%2, we obtain the desired bound on the contribution from R;.
On Rz and Ry, we use (H4). Then, the contribution from these two regions is bounded by

K, < Ak D(k)?
(14 me)i? z; /R 2m)? a(k)2te’ (A-8)

It thus suffices to bound the integral by ¢3. On Rj3, we use the inequality lA)(k:)2 < 1 and the
assumption a(k) =< L2|k|? for ||k||e < L™!. Since d > 2(2 + p) (cf., (5.6)), we obtain

A’k D(k)? ¢ Ak
< — < cf. A9
/R3 (2m)d a(k)2te = LAt2e /Hk||oo<L—1 |k|4+2e = cf (A.9)
On Ry, we use the assumption a(k) > n for ||k|ls > L~ and the fact that [ (d k. D(k)? < 3, to
obtain the desired bound ¢( on the integral over R4. This completes the proof. O]
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A.1.2 Initialization and advancement of the induction hypotheses

First we verify that the induction hypotheses hold for n = 1.
(Hl)—(H2) By deﬁnition, ‘)\1 — )\0‘ = ’Ul — Uo‘ = 0

(H3) By (5.5) and (5.12), r1(k) = A — 1 and thus |ry(k) — r1(0)] = 0. Together with A € I, we
obtain |r(0)| < K18/(1 + ¢)(4=2/2_ Therefore, (H3) holds, if K3 > K.

(H4) By (5.5), [f1(F)]
trivial bound a(k) <
3-214P(1 4 £)4/2,

< 1+ 3¢ and |fi(k) — fo(k)| < 3e for § <« 1. Together with the
2, (H4) is proved to hold, if K; > (1 + 3¢)22+7(1 4+ ¢)¥? and K5 >

Next we advance the induction hypotheses for A € I,,11 under the assumption that (H1)-(H4)
hold for all m < n. As mentioned below Lemma 5.4, this assumption implies (2.29) for all s < ne
if K > Ky, and thus implies (2.30)—(2.32) for all s < ne+¢. By (5.3), these bounds are translated
into the following bounds for all m < n + 1: there is a Cx < oo such that

b)) £ T () = en(0) < SOZUE (a0
o) < T Va0 < o (A
o 5) — 9n(0) — "B 520, 0) < TR (A2

|0xgm (0)] < eCicl (A.13)

(1 + me)ld=2)/2"
We note that C depends on K and that, by Lemmas 5.2-5.4, K depends only on K, when § < 1.
Therefore, we can choose Cy large depending only on K, when § < 1.

Advancement of (H1). By (5.7) and the mean-value theorem,

n

1 1

m=2

1 n_ n—
= == 1 (0 A0) . Z@Agm (05 \,) (A.14)

for some A, between A, and A,_;. Since \,_; € I, (cf., (5.8) and (5.11)), A, is also in [,,. By
(A.11), (A.13) and (H1),

eC3 - Ci3 eCx(1+ cK,16)3
— < — < . (A1
[ Ang1 — Al < TENCEDDE +[An = An 1’52 (1 +me) @272 = [L + (n+ 1)e]¥2 (A.15)
Therefore, (H1) holds for n + 1, if < 1 and K; > Cy. O
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Advancement of (H2). Let 1+ M, be the denominator of (5.9), and let N,, be the numerator
of (5.9). Then,

V%9,11(0 N,
_ o% g +1( ) B nngn-‘rl(o) ' <A16)
1+ Mn—H (1 + Mn-l-l)(l + Mn)

By (A.11), we obtain that, for m <n+ 1,

Un+1 — Un

“ 1)eCy 3 < Ck 3
<e — < _ .
| M,y < Z; Ty < O INn =A< Z Trpean S Cb (AD)
and
eCxf3 ne’Cy 3
— < < . .
‘ Vo (0)] < Tt gaor MmOl s g7 (A-18)
Therefore,
eCyf3 (A + cCy B)ne*Cy 3
— < Al
[ons1 = vnl < (1—cCxB)1 (n + 1)e]d=2/2 (1 — cCB)2[1 + (n + 1)g]/2 (A-19)
=G+ M+ cCeB) eCy 3 1+ eCy 3
N (1 — cCy3)? 1+ (n+1)e]d=2/2 = (1 — cCxf)? [1 + (n + 1)e]@-2)/2
Since A € I,,41, (H2) holds for n+ 1, if 8 < 1 and Ky > 2C. O

Advancement of (H3). First, we derive expressions for r,,1(0) and r,41(k) — 7,41(0). By
dividing both sides of (5.4) by f,(k) and using g1(k) =1 — e + AeD(k),

Sor1(k) fn m(k) | eny1(k)
RO +ng+1 LR A
—1—cvia el alk) — fn m (k) 6n+1( )
=1 —evpalk) + {nﬂ (k) — 14+ AD(k ngﬂ AOBMIAC )}. (A.20)

Therefore, r,1(k) equals the expression in the above brackets. In particular,

fnfm(o) €n+1 (O)
£0) T 2£a(0)

:{A—l—i—%%gm } nzﬂgm {f”+;m)(0)—1]+?;n—l(((?)) (A.21)

1 n
rae(0) = =1+ A+ - > gmr(0)
m=1

m=2
= r11(0) +7,711(0) + m71,(0),

where we denote the first, second and third terms in (A.21) by r},(0), r21,(0) and i, (0),
respectively. Similarly, we can obtain an expression for r,,1(k) — r,41(0). To do so, we note that,
by (5.9),

n+1 n+1

Ungp1 = A — — Z V29 (0) = Vg1 »_(m — 1) g (0). (A.22)

m=2
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Using this identity, we obtain

n+1

Tni1(k) = 7n41(0) = (V1 — A) a(k) + é Z[gm(k) — gm(0)] fot (7]:>(k3)
n+l fn+1fm(k) fn+1 m(O) 1 €nt1 (k) B en+1(0)
e ng [ LB A0 ] { L) ]
= — n+1 fn—f—l—m(k?) .
> {g’" O 310)

1 ot fari=m(k)  fariom(0) U1 (m—1)a
i1 Z { ARG A (’“)}

1 €n+1(k) €n+1(0):|
- — A.23
{ R0 O A2

= Arpyy (k) + Ar (k) + Arg (k)
where we denote the first, second and third terms in (A.23) by Ar(, (k), Arl, (k) and Ari, (k),

respectively. ‘
Therefore, to advance (H3), we are left to investigate 7., ;(0) and Ar(’,, (k) for i = 1,2, 3.

Advancement of the first inequality in (5.13). We recall that r,,1(0) has been decomposed, as in
(A.21), into ), (0) for i = 1,2,3. First, we investigate 7, ,(0). By (5.7) and the mean-value
theorem, we have

1 n+1
R W e D S
m=2
1 n+1
= |/\n - )\n+1| + |)‘ - /\n| + ‘g Z[gm<0a )‘) - gm(oa /\n)]
m=2
1 n+1
< D= Al 4130|152 3 01 00| (A21)
m=2
for some A, between A and \,. Since A € I,,,1 C I,,, A, is also in I,,. By (5.11), (5.8) and (A.13),
K\ K\f3 o eGif ek, 3
M (0)] < = 1 < .
IO < e Y a e os |1 2 A+ me) @D | = [T+ (n+ )]0

(A.25)

Therefore, we need K3 > Kj.

Next we investigate .., ;(0). We will use the following results of Taylor’s theorem applied to
h(t) = T1,(1 + ¢;t) ™ with |¢;] < 1 for all 4

el

) el v
h(1) — R(0)| < sup |A'(t —— eI el A .26
|h(1) ()|_t€(opl)| ()|_E - (A.26)
/ 1 " |Cz| ? >, ‘_le.
_ - < 3 T0ej] ‘
) =0 = KO < 5 s )< (S ) ST e
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By (5.16), (A.11) and (A.26),

n+1 n n+1
_ eCi 8

ERUESS SRCIES | QEERFORSED S R

l=n+2—m m=2

where, by (5.13),
B = elr(0) cKs3p
Om = Z 1—5]7’1 =€ Z (1+ le)d=2)/2’ (A.29)
l=n+2—m l=n+2—

and thus em < e“38 for all m < n + 1. Substituting (A.29) into (A.28) and using Lemma 4.7
with (a,b) = (£, %2), we obtain

(2) COKK3/62

|Tn+1(0>| — [1 + (’I’L+ 1)6](d_2)/2‘ (A30)
Finally, we investigate i), (0). As in (A.28), |f,,(0)~* — 1] is bounded by
[T +er(0)]™ = 1] < ¢y e < cK3B. (A.31)
=1
Using (A.10), we obtain
Ci(1 + cK30)p

: A.32
‘Tn-i-l( )’ = [1+<n_'_1> ]d/g ( 3 )

The advancement of the first inequality in (5.13) is now completed by (A.21), (A.25), (A.30)
and (A.32),if f < 1 and K3 > K; V Cx. O

Advancement of the second inequality in (5.13). Recall that k € A, 1, and that r,1(k) — 7,41(0)
has been decomposed, as in (A.23), into Arnlﬂrl(k’) for i =1,2,3.

First, we investigate Ar});(k), which is bounded as

n+1

: ! k 15 fot1-m(0
A (k)] < Emz; gm(k) = gm(0) = a;) ‘ Z |9m (k) — g (0)] ET)() . 1'
n+1

fn+1—m(k) _ fn—l—l—m(o)’ A

2 2 onlh) ~ou O LTS - TS A
By (A.12) with § < A’ < %4, the first sum is bounded by
= CuBa(k) log[2 + (n+ 1)e]1% _ eCiBa(k)

522 (3 me) @D < chﬁa%){ 11t } S TR T (A.34)

while the second sum in (A.33) is first bounded similarly to (A. 28) and then bounded, by using
(A.12) with A’ =0 and (A.29), as well as Lemma 4.7 with a = b = 42, by

i& 2eC B alk) 2”: Ky _ cCi K332a(k) _ _cCuKsBa(k)
LU+ me)22 | 2o (T4 1)@ DR = [L+ (n+ e 22D = [+ (n+ D)el*’

(A.35)
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4+ 1A %4 > 26, By using (A.12) with A’ = 0 again and (A.26),

where we use G2 A (d —4) =
the third sum in (A.33) is bounded similarly to (A.28) by

n

n+1

2:CBalk) | fusrn(®) |
'm,Z:Q (1 + me)d-2)/2 7.(0) z:nlg_m[l evpa(k) + esi (k)] 1
n+1

2eC B a( o

- Z 1 + mg (d 2 (1 + Qbm ) wm( ) ) (A36)
where ¢,, e?m < cK303 as discussed below (A.29), and
- [wia(k) + [si(F)]]

A37
I= n+22m1_€vla k) + [si(k)I] (A.37)

By (5.17) and (5.23),

L+ cv)Kyf }auc) < [L+e (K, + Kz + Ky)B) a(k) = ga(k).

<
va(k) + |si(k)] < v + (A= choB)(1 + [)]
(A.38)
Since k € A, 11, ¥m(k) is bounded by
(m —1)eqal(k)
< <l -1 A.

(k) < P20 < (14 e i) om — Degalh), (A.39)

which is further bounded by yq[1 + cs%] log[2 + (n + 1)¢], and hence
(A.40)

otm (k) < ¢ eV4108[2+(n+1)e] <c[l+ (n+ 1)
Substituting (A.39)~(A.40) into (A.36), and using a(k) < y*4EHEEI and yg +6 < 1A %52 for
B <1 (cf., (5.6) and (A.38)), we can bound (A.36) by
logl2+ (n+1)e] <~ (m— 1) cCi 3 a(k)
C I < ) A.41
CKﬁa(>u+mn+1kP”qgg;(r+m@“2vz—[1+0r+wd5 A

By (A.33)-(A.35) and (A.41), if 8 < 1 and K3 > Cy, we obtain
1
—Kgﬂa(lﬁi)
Art) 3 . A.42
| rn—&—l( )| — [1+(n—|—1)5]5 ( )

Next, we investigate |Ar(, (k)|, which is bounded, by using (A.11) and (A.28), as

H [1—eva(k) +esy (k)] =1 — (m — 1)5vn+1a(k:)‘

n+1
2 fn—f—l—m(o)
A (2) -
| Tn+1( >| < Z |g fn(o) e
+ - Z| Im ”J};*(gb) — 1| (m = 1Dev,g1a(k)

n+1
Kﬁ(]' + ¢m€¢m)
<€D T h rman

m=2

H [1—eva(k) +esi (k)] —1—(m— 1)5vn+1a(k)‘

l=n+2—m

(A.43)

n+1
CxPBopira(k) (m —1)e o
e Z (14 me)¥/? e
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Using (5.23), (A.29), Lemma 4.7 with a = b = %52 and § < 1 A %52, we can bound the second sum
by cCyBa(k)[1 + (n + 1)e]~%. The first sum in (A.43) is bounded, by using (A.27), by

c 22 (H‘;C% [ . g [1—eva(k) +es; (k)] =1 — . %: eluia(k) — Sz(k')]‘
+ Z e[(vi — vny1)al(k) — si(k)] ]

n+1

cCy 3
= ng::Q (14 me)/?

Similarly to (A.41), the contribution from 1/1 (k)2e¥m k) 1s bounded by cCyBa(k)[1 + (n + 1)]7°
By (5.11), (5.17) and Lemma 4.7 with a = ¢ and b = §(< %42), the other contribution is bounded
by

Y ® 1 3 5[2|vj—vj1|a<k>+|sl<k>|] (A.44)

l=n+2—m j=l+1

G . cKyBak)  cKsBa(k)]  cCu(Ks + Ks3)32a(k)
52 L+ me)?2 2 5[(1+l5)(d4)/2 + (1“5)5] S T Ut mrng (A.45)

n—+2—m

Therefore, if § < 1 and K3 > Cy, we obtain

1
—Kgﬁa(k)

Ar? < 3 : A4

’ 7°n+1(k)’ — [1+<n+1)€]5 ( 6)
Finally, we investigate |Ar{, (k)|, which is bounded as
nt1(k) || fa(0) en+1(k) — €p41(0)

Ar® (k)] < | +( ' — 1]+ |2 i A.4T7
By (A.31), |fn(0)] > 1 — cK30. As in (A.36), ;"(2) 1| is bounded, by using (A.39)-(A.40), by

V1 (k)e¥n 1 ®) < c[1 + (n + 1)e]'*a(k). Therefore, using (A.10) and taking 3 sufficiently small
such that vg + 6 < £ (cf., (5.6) and (A.38)), we obtain

ceCyx Ba(k) < ceCx Ba(k) < %Kgﬁa(k)

Ar® (k)] < A4
A ()] < [1+ (n+4 1)e]@=2/2=7a = [1 4+ (n 4 L)elo+t = [1+ (n+ 1))’ (A.48)
it K3 > Ck.

The advancement of the second inequality in (5.13) is now completed by (A.42), (A.46) and
(A.48),if f <« 1 and K3 > Ck. O
Advancement of (H4). To advance (H4), we rewrite (5.4) as

n+1
fat1 (k) [ ) + Z I } ) + Wi (k) + enta(k), (A.49)
where
n+1 n+1 n
W ( ng )+ foriem] =D gmlk) D [fia(k) = LK) (A50)
m=2 l=n+2—m

o7



Furthermore, using g, (k) = 1 — e + AeD(k) = 1 — dea(k) + (A — 1)e, we have

k)+:§gm( _1—[A——§v2gm1 (k) + {)\—1+§§gm(0)}

+Z [gm = gm(0) — a(k)Vzgm(O)} (A.51)

o2

=1- Nn-i-lea(k) + 87“n+1(0) + Xnt1(k),

where we recall N, and r),(0) in (A.16) and (A.21), respectively, and denote the last sum in

(A.51) by X,41(k). Therefore,

fn+1 (k') = fn(k) |:1 — Nn—l—l €a(k) + 57“511_)’_1(0) + Xn+1 (k)] + Wn+1(k) + €n+1(k). (A52)
We have already obtained | N,,11 —A| < cCi3 in (A.17) and |r(}; (0)] < K 8[1+4 (n+1)e]~4=2/2 in
(A.25), while X,,11(k) equals € times the first sum of (A.33) and is bounded, by using the leftmost
expression of (A.34) with A’ < &2, by c=Cy3 a(k)'+2". We prove below that, for k ¢ A, 11,

cCr(14 K3+ Ks)Ba(k)™'=°
[1+ (n+ 1)e]¥/2

(Waia(k)| <e (A.53)

Assuming (A.53), we first advance the second inequality in (5.14), and then advance the first
inequality in (5.14). To advance these inequalities, we will use the first inequality in (5.14) for
m = n in the extended region AS,; = A% U (A, \ A,41). We now verify the use of this inequality
for k € A, \ A,r1. When ne < T for some large T, we can choose K4 > 1 (depending on T') such
that, for all k € [—m, 7%,

2727PK4 < K4a(k)*2*’)

~ (14+ne)¥2 = (1+ne)d?2’ (4.54)

[falk)] < el < 02"l = (1= + Ae)" < D

When ne > T, we use Lemma 5.2 and k € A, \ Ay (so that *82E0HDE () < los@ine)y 4

btai 14+ (n+1)e 1 Tne
obtain
| fu(R)] < ce <1 k) < c(2+ne)” e el gy
’ L+ ne)**” Kaa(k)2
<c(l+ne) 1 = c (1 + ne) _ sa(k) .

(1+ne)¥2 (1 4 ne)rr-la=C+al = (1 +ne)¥/?”

if Ky > 1, where we use ¢'y > % — (2+ p) for 3 < 1 and T > 1 (cf,, (5.6) and (A.38)).
Therefore, by using the first inequality in (5.14) with m = n for k ¢ A, 11, together with (5.22)
and (A.52)—(A.53), we obtain

) = ] < e S 0k eCuBall) + 1 s s+ Cual)
cCx (14 K38 + Ks)Ba(k)~'=° 203
(14 (n+ 1)e]/? (14 (n+ 1)e]d/?
_ oK 0@t 0@ at) T, O(p)alk)
- 14 (n+ 1)e]/? 14 (n+ 1)e]4/? 14 (n+ 1)e]#/?’

(A.56)
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where we use [1 + (n + 1)g]~@=2/2 < q(k)(@=2)/2 < 2(d=8/24(k) to obtain the first term, and use
27177 < q(k)~'* for the third term. This completes the advancement of the second inequality in
(5.14), if p < 1 and K5 > K}, under the hypotheses that (A.53) holds for k ¢ A,,,1.

Since (A.54) holds for n < T'/e independently of k, it remains to advance the first inequality
of (H4) for n > T'/e. Similarly to (A.56), we have

Kya(k)=2r K /
frn(B)] < % 1= Nogaealk)] + [1+ (nci 11)§]<d—2>/2 + ceCiefla(k) ™=
CZ—:CK(l + Kgﬁ + K5)ﬁa(k’)7lip EQCKﬁ
[T+ (n+ 1)e)a2 T (D (A7)

Again, by a(k) < 2, the sum of the last two terms is bounded by cO(3) a(k)~277[1 + (n + 1)e]~¥2.
To prove the first inequality in (5.14) with m = n + 1, it thus suffices to show that

CEKlﬁ

A/
T (g D@ T EGfaR)™ | <1 (A58)

1+ (n+1)e]™?

_ 1—-N, k
e )+
To achieve this inequality uniformly in € < 1, we consider the case in which a(k) < 1/2 and the
other case in which a(k) > 1/2 separately.

When a(k) < 1/2, since N1 = 1+ O(0) (cf.,, (5.22) and (A.17)), we have |1 — N,j1ca(k)| =

1 — Nyica(k) for f < 1. Using a(k)®" < 22" and then a(k) > 7%, we can bound (A.58)

by
ce ce3
(1 * 1+ ns) {1 — (1 —cB)ealk) + 1+ (n+ 1)5](d2)/2:| (A.59)
vlog2 4 (n + 1)e] c e 3
= 1_8[(1_65) 1+ (n+1)e B 14 ne B < + 1—|—n5> [1+<n+1)5](d2)/2:| <1,

ifg<<land T > 1.

Since the above argument also applies to the case in which 1 —ea(k) > 1 — (2 —n)e > 0 (and
B < 1, depending on 7), it thus remains to consider the other case in which 1 — (2 —n)e <0 and
a(k) > 1/2. In this case, since £ < 1, we have

|1—5a(k;)|g[(2—n)g—1]v(1—g>g1—(n/\%). (A.60)

Since N,11 =1+ O(f), (A.58) is bounded by

(1 + 1 —|C—€n5) {1 B <77 A g) + ceﬁa(kz) + [1 + (n —iglﬁ)s](d2)/2]
<1- [(77/\ %) - fn&_ - (1 + 2 fm)ceﬁ] <1, (A.61)

if 3 < 1 and T > 1, depending on 1. This completes the proof of (A.58), and hence the
advancement of the first inequality in (5.14), if 5 < 1, T'> 1 and K, > 1, under the hypotheses
that (A.53) holds for k ¢ A, 1.

Proof of (A.53). Given k ¢ A, .1, let p = pu(k) = max{l € N: k € A}. Forl < p, f; is in
the domain of (H3), while for p < I < n, f; is in the domain of (H4). We separate the sum
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over [ in (A. 50) into two parts, corresponding respectively to | < p and p < [ < n, yielding
Wiii(k) = Wn+1(k) + Wi (k), where

n+1

QOK H
WM< S = S k) — AR, (262
m=n+2—pu ( + mg) l=n+2—-m
n+1 20 n
Woam <SG S ) - A (A.63)
= (1 +me)¥/

I=pV(n+1—m)+1

By (H4) and Lemma 4.7 with @ = b = ¢, we easily obtain

N

n+1 2 n —1— —-1-—-
e*Cy 3 eKsa(k)~'=r cCiKsBa(k)~'=°
< —_ < . .
W2 (k)| < mZ T e Zm 7 ST g D (A.64)

It remains to consider |W, 5, (k)|. By (5.13), (5.23) and Lemma 5.2, we have

[fieak) = AR = 1fima ()] 1 = [L = cvna(h) + elra(k) = n(0)] + en(0)]

< ce~ U= Deaalk) {a(k) + _ BB } ,

L+ ie)@ P (A.65)

where ¢ = 1 — O(8). We fix a small > 0 and separate the sum over m in (A.62) into )

m>r(n+1)
and >, ., (the latter sum may be empty depending on ). The contribution due to the
former sum is bounded by

52C’Kﬁ - —(I-1)eqa(k) [ K?’ﬁ
d Z Z a(k) + i—2)/2
(14 (n+ 1)e]#/? e (1 + lg)d-2)/
820 ﬁ n+1
K —(n+1—m)eqa(k) 1+ K ﬂ)
= d/2 Z ce ( 3
[1 T (n + 1)5] m=r(n+1)+1
cCx (14 K30)Ba(k)™! cCy (1 4+ K30)Ba(k)~°
< A.
TR m+ DR =T [+t NP (A.66)

To investigate the contribution from qu (n+1)> We use the inequality

L (-1)eqa K33 c(1+ K3B)a(k)~1=7
o~ (= Dega(i) [a(k)+ <1+l€‘;’(d_2)/2] < g (A.67)

which we will prove below. Assuming this inequality and using Lemma 4.7 with a = b = ¢
obtain that the contribution from )

3, We
m<r(n41) is bounded by
r(n+1
(i) EQO—Kﬁ i 56(1 + KsB)a(k)"* < €CCK(1 + K33)Ba(k)=t=r (A.68)
m=n-+2—u (1 + mg)d/z i (1 + lg)d/2 = [1 T (n n 1>€]d/2 )

This, together with (A.64) and (A.66), completes the proof of (A.53) for k ¢ A, 11
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It remains to prove (A.67). First, we note that, by m <r(n+1)andn+2—-—m <1 < pu <n,

as well as a(k) log[2+(p+1)e]

> Y Gane o e have

—(d-2)/2 —(d-2)/2 (1—p) 27
(1+le) <[+(1—r)n+1) < T s <calh) (469

Therefore, the left-hand side of (A.67) is bounded by ¢(1 4+ K33)a(k) e~ (¢=D=9%k)  Similarly to
(A.55), we have

(1—=1)egy log[2+(pu+1)e]

ef(lfl)sqa(k) S (2 + lg)il+(p,+l)s log(2+le) ay S (1 + lg)fql’y, (A?O)

where ¢ = %q. To bound (A.70), we fix T' > 1 and consider the case in which ne < T and

the other case separately. When ne < T, since [ < n, a(k) < 2 and 2+ p > 0, (A.70) is bounded
as

(Ltle)?0 _ (A+T)"2 _ 221+ 1)

< k)=*". ATl
A+ 1) = (1+1e)#2 = (1 + le)d/2 a(k) ( )
When ne > T, since a(k) < fylogl(i—;;k), (A.70) is bounded as
1 (14 le)** c
< k)2 AT2
(L+1e)42 (1 4 [e)ar-[5-@+e)) = (1 + le)4/2 alk) ’ ( )
where we use ¢’y > g — (24 p) for B <1, T > 1 and r < 1. This completes the proof. O
Finally, we summarize the relations among the constants K1, ..., K5 that have been necessary

in advancing the induction hypotheses. We have taken 3 < 1 and have chosen the constants
Ky, ..., K5 such that

K| > CK, Ky > QCK, K3 > Kl, K5 > K4, (A73)

where, as stated below (A.13), C depends only on K, (when 3 < 1). This gives (5.10).

A.2 Advancement below and at four dimensions

The proofs of Lemmas 5.1-5.4 and the advancement of the induction hypotheses for d < 4 remain
almost unchanged, except for the factors 3, and (3, in (4.53)—(4.54) and (5.37)—(5.39). We simply
replace 8 by BT in the proofs of Lemmas 5.1-5.3, and by (3; in the proof of Lemma 5.4 (we also
replace d/2 by 2 + w in the proof of Lemma 5.1). In the advancement of the first inequality in
(5.38), we use (A.14) together with (A.11) and (A.13) with g replaced by (;. Since ne < T'logT,
we obtain

n

ECKﬁT 5KIBT Z 5CK5T < COK(l + KIBT)BT
(

)\n - )\n S = )
Anta | 1+ (n+ 1)e]#/? N (1 + ne)?te 1 + me)(d=2)/2 © 14 (n+ 1)e)?te

(A.74)

m=2

where we use 1 € (0, — w). Similarly, we can advance the second inequality in (5.38) and the
first inequality in (5.39).

We need a little more care in advancing the second inequality in (5.39) and the inequalities
in (5.14). The second inequality in (5.39) is rewritten as in (A.23), and each term is bounded as
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in (A.42), (A.46) and (A.48) when d > 4. We can follow the same line when d < 4, except that,

e.g., the factor 4% in (A.35) is replaced by ﬁTBT, and that we use (3, to control the convolution in
(A.35), where the power of 1 + [e is replaced by 1 + w. If we have only one factor 3 as in (A.41),

then we use ¢ = 1 + O(BT) with f; = L7 < 1, as well as v + 0 < w and 1 < o — w, to obtain

log[2 + (n + 1)¢] 6-d
cCy Bra(k) T+ (0 D 14 (n+ 1)
CCKBTa(k) —bd+p 59 4qq
S TR 1)5]5T bR 4 (n + 1)e] 0 log[2 + (n 4 1)e]
CieBra(k) o pw cCeBra(k)
“Trmrorl T ST DT (A.75)

A similar argument applies to the advancement of the inequalities in (5.14). However, since
—p > 12 >0 (cf, (5.36)), we cannot use the trivial inequality a(k) < 2 to obtain, e.g., the low-
dimensional version of (A.66). To overcome this difficulty, we use the factor 3, in the bound on
gm (k) and a(k) < ’y% in (A.66), as well as 1 < a—w = bd+%5* —w and $—(2+p) < v < w,
to obtain

k - A . -
Br < BT {%} < B T Pa(k) ™ < B, T~ a(k) ™ < cfra(k)™. (A.76)
1+(n+1)e
This completes the advancement of the induction hypotheses for d < 4. O]
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