Limit theorem for maximum of the storage
process with fractional Brownian motion as
input.

Jirg Hiusler, Vladimir Piterbarg
February 11, 2003

Abstract: The maximum My of the storage process Y (t) = sup,s,(X(s) —
X(t) — ¢(s — t)) in the interval [0,7] is dealt with, in particular for growing inter-
val length 7. Here X(s) is a fractional Browninan motion with Hurst parameter,
0 < H < 1. For fixed T the asymptotic behaviour of My was analysed by Piterbarg
(2001) by determining an approximation for the probability P{Mp > u} for u — co.
Using this expression the convergence P{Mp < up(z)} — G(z) as T — oo is de-
rived where up(z) — oo is a suitable normalization and G(z) = exp(— exp(—=x)) the
Gumbel distribution. Also the relation to the maximum of the process on a dense
grid is analysed.
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1 Introduction

We consider the storage process

Y (t) = sup(X(s) — X(t) — c(s — 1))
s>t
where X (t),t > 0, is a Fractional Brownian Motion (FBM) with Hurst param-
eter H, 0 < H < 1 and the constant ¢ > 0 is the service rate. The FBM is
a centered Gaussian process with stationary increments having a.s. continu-
ous sample paths such that E(X(t) — X (s))? = |t — s|*#, hence with variance
Var(X (1)) = |t|*.



This storage process was considered in Piterbarg (2001) who derived re-
sults on the large deviations. The particular probability P{Y (0) > u} =
P{sup,~, X (t) — ¢t > u} was studied by Duffield and O’Connel (1996), Norros
(1997) and Nayaran (1998). In particular for u — oo the asymptotic behaviour
was derived in Husler and Piterbarg (1999) and Nayaran (1998). Albin and
Samorodnitsky generalize the result of Piterbarg (2001) for infinitely divisible
input processes.

Piterbarg (2001) analysed the supremum M(T) = sup,c Y (t) of the
process Y (t) in a finite interval [0,7]: P{M(T) > u} for large u. His proofs
showed that T can even depend on wu, if T" is contained in a certain interval
depending on w, without changing the results (see Corollary 2). We continue
in this paper to investigate the asymptotic behaviour of the supremum M (7T")
where T is growing in relation to w, now growing faster, so that 7' is not
included in that interval. However, we assume that u = uy depends on 7', in
the sense of a normalization, such that we get an asymptotic distribution for
the supremum M (7T') (Theorem 1):

P{M(T) < ur(z)} — G(x) = exp(—e™™)

for any x € R and some suitable normalization uy(x) = a(T)x + b(T") where
a(T) and b(T') are given in (6). The derivation of this result reveals also the
complete dependence of the maximum M}é) defined with respect to X (id),
taken on a discrete grid with mesh ¢ = §(7") > 0. This maximum depends on
the observations X (id), only, hence Y (i) = sup;so(X ((1+14)0) — X (i6) — cld).
We will note that if H > 1/2, then ¢ does not tend to 0, but tends to oo.
(Theorem 2).

The next section discusses some properties of the storage process needed
for the derivation of the two main results treated in Section 3.

2 Preliminaries

We state here some needed relations which were derived in Piterbarg (2001).
We begin with the relation

P < sup Y (t) < U) =P ( sup  Z(s,7) < ul‘H>

te[0,7) s€[0,T/u], 7>0

where
X(u(s + 7)) — X(su)

2(s,7) = THuHy(T)
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with v(7) = 77 + ¢r'=H#. The variance of the field is v~2(7). Note that
Z(s,7) is not dependent on u, that means for any u the Gaussian field Z (s, 7)
has the same distribution. Thus we do not use u as additional parameter in
the notation of Z(s, 7). This is relation (3) of Piterbarg (2001). It is basic for
the derivation of the limit distribution of M(T).

The correlation function r(s,7;s’,7') of Z(s,7) equals

r(s, ;8,7 =EZ(s,7)Z (s, 7" )v(T)v(T")
—|S—S/+T—T/|2H+ |$—8’+7’|2H+ |S_S/_7_/|2H_ |8—S/|2H
- oQrH1H ’
We note that Z(s,7) is stationary in s, but not in 7. oz(7) = v=!(7) has a
single maximum point at 79 = H/(c¢(1 — H)). Taylor expansions show that

72(r) = v (r) = § = 545(r — )" + Ol(r — 7)) 0

and also
14 o(1)

T (|s = s 4+ 7 — 7' 4+ |s — &'|*) (2)
275

r(s,m;8,7)=1-
ass—s — 0, 7 — 79, 7" — 79. These relations are derived in Piterbarg (2001).
We need in addition an expression of the correlation function for |s — s'| — 0.
By series expansion we find for any 7,7’ with 0 < 7y < 7,7 < 75 < 00, with
fixed 71 < 19 < T
Ir(s,7;8',7)| < Ols — &[22

for some constant C' > 0 and all s, s’ with |s — §'| sufficiently large, since

ot |3_S,‘2H (7—_7_,) 2H T 2H
. _ =T 1
Ir(s, ;8" ,7')] aL | +(S—s’)| + | +(s—s’)|
H T
(s =)
|s — s[> n—2,2 12H—2
< s 2H|2H — 1||s — s'|“1; < C|s — 5|
-
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if 2H # 1. For 2H = 1, we have r(s,7,s,7") = 0 for large |s — §| since the
increments of the Brownian motion on disjoint intervals are independent.

3 Asymptotic approximations

Lemma 2 of Piterbarg (2001) says that we can restrict the considered domain
of (s,7) to a domain with |7 — 79| < logv/v, since there exists a constant C'
such that for any v, T’

1
P{ sup AZ(s,7)>v} < CTv*" exp (——UQ — blog? v) (3)
3y :

where b = B/(24). We will choose v = Aug. .

Then we need Lemma 5 from Piterbarg (2001) for the remaining domain
(with a correction of a misprint). Pickands constants with repect to a = 2H
in the case of FBM are denoted by Hsg.

Lemma 1. (Lemma 5, Piterbarg, 2001). For any L > 0, with b = B/(2A)
and a = 1/(27317)

P{ sup AZ(s,7)>v}= ﬁa%b’%HgHLv%’l\If(v)(l +0o(1))
|7—710|<logv/v
0<s<L

as v — o0o. This holds also for L = v~ YH' with 1 > H' > H.

Actually we need the slightly more general result mentioned above which
readily follows from the proof of the Lemma:

Corollary 2. The assertion of the Lemma 1 holds true for L, depending of v
such that v/ < L < exp(cv?), for any H' € (H,1) and c € (0,1/2).

For any L such that L/u satisfies the restriction of Corollary 2 we have
together with (3) and Lemma 1 where v = Au'"" — oo, setting 7*(u) =
log(Aul=H)/Aut~H  with u — oo



P| sup AZ(s,7)> A" | = P sup  AZ(s,7) > Au'™?
s€[0,L/u] s€[0,L/u]
>0 |[T—710|<7*(u)

+O | P sup  AZ(s,7) > Aut™H
s€[0,L/u]
|T—70|>7*(u)

~ ¢ (Lju) (Au'™"

1
~ CzLuh exXp (—§A2U22H) s (4)

7w ()

with h = @ — 1 where
o = Vra o VPH2,,  and ey = o/ (20) Y2 HE, AYH2

are constants evaluated from Lemma 1.

We are going to apply (4) for subdomains {(s,7) : s < L/u,7 > 0} of the
domain {(s,7) : s < T'/u,7 > 0} with suitably chosen L = L(T') such that
L/u satisfies the restriction of Corollary 2. Obviously u = ur depends on T'
as mentioned. Then we will show that the exceedances in these subdomains
are asymptotically independent. The product of these probabilities will reveal
the asymptotic law for the supremum on the whole domain. This asymptotic
expression is based on the summation of the probabilities (4) related to the
subdomains. In the next step we derive ur = ur(x) = a(T)x + b(T).

The normalizating functions b(T') and a(T') are such that the asymptotic
equation, for T" — oo, holds:

CQT[b(T) n m(T)] " exp (—%AQ(b(T) + xa(T))Q_QH) e (5)

We get by a lengthy calculation that

h(2A~2)Y/C0=H) 1og(2A72log T)
4(1 — H)?

WT) = (2A‘210gT)1/(2(1_H))+{

(2A—2)1/(2(1—H)) log s

21— H)
(2A~2)1/(20-H)) o 3
T — log T~ (1—2H)/(2(1-H))



as T'— oo. Note that a(T) is a positive function with

a(T)/b(T) — 0 as T — oo, (7)
for any H < 1 and that

b(T) ~ (242 log T/ 1=H), (8)

These normalizations are derived as follows. Observe that

h log(2A=21logT)
41— H)?

log ¢

21—H) 2= H)) (log 7)™
hlog(2A=21ogT)
2(1— H)

%AQ(b(T) + xa(T))Q(l_H) = logT [1 + (

:|2(1—H)

= logT—i—( —i—logcg—l—:c—l—o(l))

With this expression in the exponential term, the left hand side of (5) is
asymptotically equivalent to

cTH(TYTH(2A 2 log T) M2 =H) 7 exp(—2 + 0(1)) — exp(—=z)
as T' — oo. So we state the limit distribution of M.

Theorem 1. Let My = supgc,<r Y (t) be the supremum of the storage
process Y (t) with FBM as input, with Hurst parameter H < 1. Then with the
normalizations a(T') and b(T) we have

P{Mr <b(t)+za(T)} — exp(—e™®)
as T — oo.

By (4) and (5) we find also for any fixed x and suitably large L(7") which
defines the subdomain {(s,7):s < L(T),7 > 0}

P ( , sup  Z(s,7) > (b(T) + xa(T))l_H>

0,L(T)], >0

~ o L(T)(b(T) 4 za(T))"* exp (—A?(b(T) + xa(T))Q_QH)

~ (L(D)H(T)/T) exp(~a).



if L(T) satisfies AV (b(T) + 2za(T))" /M < L(T) < exp(cA?(b(T) +
za(T))** =) for some 1 > H' > H and ¢ < 1/2. The condition of Corol-
lary 2 holds for L(T), if

(1 + 0(1))A1/H/ [b(T)]*(lfH)/H/ S L(T) S eXp((2 + 0(1))Clog T) — T(2+0(1))c
for some ¢ < 1/2, by using (8). We choose a slowly increasing L(T): L(T) =

vr = Aub ™~ AB(T))'* ™ ~ (2logT)'/? which satisfies the condition of
Corollary 2. Hence, we will use

P ( sup  Z(s,7) > (b(T) +xa(T))1_H>

s€[0,L(T)], 7>0
~ ¢ L(T) (b(T))"* exp (—A?(b(T) + :m(T))Q_QH) 9)
as T — oo.

Now we work in the following tedious, but known way (cf. Leadbetter et
al. (1983)). For L(T) and 0 < § < L(T') define the two-dimensional intervals
I, = [(k = V)L(T),kL(T) — 6) x J(m0) and I} = [kL(T) — 6,kL(T)) x J(70)
for any k > 1, where J(19) = {7 : |7 — 7| < 7*(u)}. These are in the first
components 'long’ and ’short’ intervals, respectively. They depend on T" which
we do not denote. Then

[0, /ur] x J(10) = UpZy (I U I;) U T iy

where [KT+1 = [KTL(T),T/UT] X J(To) with KT = [T/(UTL(T))] € N. Hence
|Ircpi1] < 2L(T)x7*(u). Thus with the chosen L(T') we get K = [T /up L(T)] ~
T/(Aui).
Lemma 3. With the definitions of I, k > 1, and some 6 > 0, we get for
T — o0

P{supY(t) > ur} ~P{  sup AZ(s, 1) > Aur 1}

t<T (s,7)EUk<k Ik
Proof: With v = Aup- ! = A(br + xa(T))*, any x, we have for large T
P{supY(t) >ur} ~ P{ sup AZ(s,7)> Aup "}
<T

|7—70|<7*(ur)
0<s<T/ur

> P{ sup AZ(s,7)> Aur

B (8,7)EUR TR
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as lower bound, and with the Bonferroni inequality the upper bound

P{ sup AZ(s,7) > Aur T} <P{ sup AZ(s,7)> Aul ¥

|T—7‘0‘§7‘*(’U,T) (S,T)GUka
0<s<T/ur
+P{ sup AZ(s,7) > Aul "} + P{ sup AZ(s,7)> Auy
(s,7)€l K11 (s,7)EURTE

We show that the last two probabilities of the upper bound are asymptotically
negligible. For § > 0 by Corollary 2

P{ sup AZ(s,7)> Aur '} < Z P{ sup AZ(s,7) > Aup '}

(s,T)EURT} k<Kp (s,m)el};
< CRpoul ™G g (Al
~  COOT/(urL(T))ult' exp(—(1/2) A% 1)
= O(0/L(T)) = o(1)
since L(T') — oo where C' and in the following also C denote generic positive
constants. We used that the term in (5) tends to a constant by the choice of

ur. In the same way the probability that an exceedance of ur happens in the
interval Ik, 11, is asymptotically negligible, for

1-H (1-H)(£-1) 1-H
P{ sup AZ(s,7)> Auy "} < CL(T)uy U(Aup )

(s,‘r)EIKT_H
= O(L(T)ur/T) = o(1)
since L(T) = o(T /ur). O
It means we deal now only with the intervals I, and show in a following step
that the suprema of these intervals are asymptotically independent. To estab-
lish this claim we apply Berman’s inequality which holds only for sequences

of Gaussian r.v.’s. Therefore we define a family of grid points (s,7) in our
domain of interest, depending on T

For some small d > 0 and any 7T, let
q=q(T) = du;(l_H)/H
and define the grid points

sgy=(k—1)L(T)+1lg and 7, =19+ jq
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with (sg;,7;) € Iy for integers j € Z, [ > 0,k > 1. These grid points are
denoted simpler by (s,7) € I N R for fixed k, without mentioning the de-
pendence on T. We need later to select d = d(T) — 0 slowly. We select
d=d(T)=1/loglogT.

For any k the index [ of points si; is bounded by L* = [L(T)/q] ~

Aug}sz)/H/d — 00 as T' — oo. In the whole for s;; < T'/ur we have less than

L(TYKr/q ~ d_lTug}_2H)/H number of points si; in the first component. Since
|7 — 70| < 7 (ur) we have also |j] < [(7*(ur)/q)] ~ 2 (log uT)u(Tl_H)Q/H — 00
for any H < 1. intreval (19 — (logur)/ur, 79 + (logur)/ur). For the other
cases H > 1/2, there is only one point in this interval, namely 7; = 7.

The steps of proof are as follows. We show that with w = ulT_H

P{supY; <urp}~ P{ sup AZ(s,7) < Aul "}

t<T (S;T')EUICI;C
~ P{ s Z(sr)<w) (10)
(s,7)EURKNR

Kt

~ TIP( s Z(s.) < w) (1)
he1 (s,7)elLNR
Kr

~ HP{ sup Z(s,7) < w} (12)
k=1 (S,T)le

~  exp (—KTP{ sup Z(s,T) >w}> (13)

(s,m)elr
— exp(—e ). (14)

Note that P{sup e, Z(s,7) < w} is the same for each k, since the FBM
X (t) has stationary increments, implying the mentioned stationarity in the first
component. Hence (13) is immediate. We have shown already the convergence
(14) by the proper choice of ur. (10) and (12) hold by the same reasoning in
Lemma 6 and (11) will be shown by Berman’s inequality in Lemma 8.

To prove (10) and (12) we investigate now the exceedances in a small do-
main {(s,7) € [Sku, Ski+1) X [T, Tj+1)} by conditioning on the value Z(sy, 7;).
We define for fixed k, [, j the Gaussian field

ZW(t,€) = Z,Sfl?j(t,f) = w(Z(sgs +tq, 75+ £q) — w)

9



with 0 < t,& <1 where

E(Z™(t,€) = —w?
Var(ZW(t,€)) = w??(1; + &q)

and also with r(s, 7, s, 7") given in Section 2

Corr(ZM(t,€), ZM (', &) = r™(¢, &, &)

_ gt =+ €= EPT A gt —t) + 75 + EqP + Ja(t — ) — 1 — E'qP — gt — )P
B o (14 (G +&a/m) (1 + (5 +€&)g/m0)H

The conditional mean, variance and covariance and their approximations are

as follows. For the conditional mean we get with 0 <¢ & <1

BZO(1,6)|20(0,0) = y) = —u? + 1 (2,£,0,0) 2 (y 4 42)

v=1(7;5)
S (Z(g)) - 1) —a- r<u><t,§,o,o>>7;<(g) (v +?)

where & = 7; + §q. Since the lags tq and {q tend to 0, using the Taylor

expansion for v(7), we get an approximation for v(7;)/v(§), and using (2) an

approximation for the correlation function. Thus the conditional mean is for

fixed y _1+0(1) 2
278

((t+ & + ) =t u(t, &, y) - (15)

However, for all y < —v we derive with the same expansions that u(t,&,y) =
y(1 + O(d*?) /7)), uniformly in y. We have to choose v — 0 also, so let
v =4(T) = d? — 0. For the selected d = d(T) and ~, the term O(d?" /)
tends to 0. This bound is sufficient for our approximations.

Next we derive a bound for the conditional variance. We have by (2)

Var(Z"(t,€)|Z2(0,0) = y) = Var(Z™(t,))(1 — [ (£,£,0,0)]%)
_ w? 24 o(1) (£ + €)°H 4 £2H) g2H
v¥(rj +&q) 273"

< Ow¢*? =od*? (16)

for all t,& < 1, with some constant C' > 0.
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‘We need also an upper bound for the variance of the conditional increments
of ZW(t,¢) which is

Var(Z(t,§) — 2™ (', €)|2(0,0) = y) =
_ Var(Z0(t,§) — Z2M(¢.¢) — [COV(Z(“)(t,é“) — 2. €), 2(0,0))°
w?v=3(1;) '

The variance of the increments is approximated first.

Var(Z\(t,€) — ZM(¢, &) Jw? =
V(T + §q) + 07215 + €q) — 2rW(t, &, ¢, )
v(t; + £q)v(T; + Eq)
~ AT (u(r 4+ €q) — v(my + €9)) +2(1 — I (t, €1, €) A2 (1 + o(1)))]
The first term, the difference of the v-values, is of o(q|¢ — &’|) because of the

behaviour of v in the neighbourhood of 7y, given in (1). The second term is
approximated by (2) to get

U]
7o
~ WA ) ([t ¢+ = €T+ |t~ ¢

t—t' + &= PP+t =P

Combining the two approximations, results in

Var(Z"(t,&) — ZW(t, &) ~
~ ATHd/ ) ([t =t + €= P+t =]+ o€ — €17)
< Gt =P+ 1g = ¢ P

for some G' > 0. The covariance of the increment and Z®(0,0) is a bit more
tedious but straightforward with the same approximations.

Cov(Z™(t, 5) (€, 2(0,0) =
= Cov(Z"(t, 5) Z()(0,0)) = Cov(2™(t',¢'), 2)(0,0))
w? o(7; + £'q)(r1 — r2) = rafv(7; + &q) — v(7; +€')]
A (7 +Eq)v(ms +Eq)
with r; = r®(¢,£,0,0) and 75 = 7™ (¢, £,0,0) . By (2) the difference of 7 —7,
is bounded by

O (Jt =t + &= €" + [t =)

11



with & = min(2H, 1). The difference of the v-terms is again O(g|¢—¢'|(log w) /w).
Together we have for

[Cov(Z(t,€) = 20t ), 2(0,0))] /w? =
= w (0<q4H<\t—t T+ €= €17+ [t = 1]7)?) + o(g*(logw)*[€ — €12/u?))
= o()(It — ¥ + |g — '),

Therefore the conditional variance of the increment, being the variance of the
increments minus the above squared covariance term divided by the variance

of Z((0,0), is bounded by
G(lt =P + | = &)
for some G > 0. We are now ready to prove the following statement.

Lemma 4. With the definition of Z®™(t, &) we get

P{ sup Z™(t,&) > 0/2(0,0) = y} < Cd” |y ¢(Cly|/d™)

0<t,£<1

fory < —y and T — oo, with d = d(T) — 0 and some constants C,.C >0,
not depending on .

Proof: Since the conditioned centered process Z™(t, €)—pu(t, &, y)| Z™(0,0)
is a Gaussian process with variance of the increments given above, where
p(t, €, y) is derived in (15), we can apply Theorem 8.1 of Piterbarg (1996)
for

P{ sup ZM(t,&) — pu(t,&) > —u(t,&y)|Z2™(0,0) = y} <

0<t,£<1

< Cotlu(t, &) o (lu(t € y)l /o) (17)

with 0*? = sup, ., Var (ZW(t,€)|Z2™(0,0)) and C not depending on 5. Note
that the conditional mean |u(t, &, y)| = |y|(1+O0(d*? /7)) > |y|(1—¢), uniformly
int, & <1,y < —v, with d sufficiently small (T large), with the chosen v = d¥.
By (16) o* < d” /C. Hence we get as upper bound for (17)

Cad [y 1o (Clyl(1 — e)/d™) = Cd™ [y ¢(Cly| /a™)

with suitable (generic) constants C,C' > 0, not depending on ¢,&,y and v. O

12



This allows now the approximation of the supremum of the process Z(s, T)
on the continuous points by the maximum on the grid in a small domain in
the following way.

Lemma 5. For the process Z(s,7) we get for T large with v = d?

P{Z (s, 7;) <w—ry/w, sup Z(sp;+tq, 7 +&q) > w}
0<t,£<1

= 0(d"?)p(wu(ry)) fw
uniformly in k, 1, 7, and for any k < Kr

P{ max Z(s,7) <w—~v/w, sup Z(s,T7)>w}
(s,7)ElNR (s,7)€E}

= O(a"L(T) w1/ p(Aw)) = O(d" / Kr)
with T large and d = d(T) > 0 small.

Proof: For the process Z(t, &) we apply Lemma 4

P{Z (s, 1) <w—~/w, sup Z(sg;+tq, 75 +&q) > w} =
0<tE<1

= P{Z(“)(0,0) < —7, sup Z(“)(t,ﬁ) > 0}

0<t,£<1

—y ) 3
= / P{ sup Z(u)(t7§) > 0|Z(u)(0a0> = y}fZ(u)(o,o)(y)dy

oo 0<t,g<1

= [ otulm) w0+ ) Ca P Syl [ o)

< XDty [ ety ) Loy
< A gtwntm)) [ exp{= G g+ o(1) + y A1 + (1)

< Cd"g(wu(ry)) fw

since the integral can be bounded by d? for any v > 0. The constant C does
not depend on k,, j.
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The second claim follows by summing these bounds on [, j for fixed k. We
use that 0 < v(7;) — v(70) = (B + 0(1))(jq)* > B(jq)*.

> Cd™2p(wu(r))) fw < (L(T)/q)(Cd™ fw) Z d(wu(T))

Lj

= (L(T)/q)(Cd"*2 fw)d(Aw) Y e )=o)t —uAt(r) ()

< 0<dH+2><L<T>/qw>¢<Aw>ZJeBAwW

0" (LT qu)o(Aw)O(1 fun) [~ e P

O™ L(T) w1/ Aw)
e

IN

S

d 2(1-H) /H —h— IK ) [KTL(T)uhH(b(Aw)]

O@d" Kz')(Tu"¢(Aw))

O(dH/ KT)

using Tult(Aw) = O(1) with w = u} . Because of the stationarity (homogeneity)
of Z(s,7) in the first component, this holds for any k, hence uniformly. O

VAN VAN VANVAN

We have by (9) and Lemma 1
1
P{(m)a>§ Z(s,7) >w} = (14+0(1))ea L(T) exp(—§A2w2)w2(1—H)/H
s, 7)€l
for any k. We want now to show that for any k& and v — 0 (slowly, chosen as
y=d"asd=d(T) — 0)
1
P{ max Z(s,7)>w} = (1+o0(1))csL(T) exp(—=A2w?)w> /1
(s,7)elLNR 2

holds. This is true since by Lemma 5

P{ sup Z(s,7)>w}<P{ sup Z(s,7)>w}

(s,m)elRxNR (s,m)€El)

< P{ sup Z(s,7)>w—~vy/w}
(s,7)eILNR
+P{ sup Z(s,7)<w-—~/w, sup Z(s,T)> w}
(S,T)EI]JTR, (SvT)EIk:
< (1+0dM)P{ sup Z(s,7) >w —vy/w}
(s,m)€E},
= (14+0@d")+0(7))P{ sup Z(s,7) > w}
(s,m)EI}
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using (w — v/w)? = w? — 2y + o(1) for small . With this result it is also
straightforward to show that for small v

P{lw—y/w< sup Z(s,7) <w} = O(yL(T)p(Aw)w /M) (18)
(s,7)ElL,NR

and

0<P{ sup Z(s,7)<w}—P{ sup Z(s,7) <w}

(s,7)elL,NR (s,7)€E}

= O(cal(T)p(Aw)uw = /M) (19)
where ¢; = y+df = 2d" — 0asd — 0. Hence we get the following statements.
Lemma 6. For d — 0 withy =d" — 0

0<P{ sup Z(s,7)<ur}—P{ sup Z(s,7)<ur}—0

(S,T)Eukfkrﬂ?, (S,T)EUka
and also
KT KT
OgHP{ sup Z(S,T)SulT’H}—HP{ sup Z(s,7) <ub "} —0.
k=1 (s,7)elNR k=1 (s,m)€El

Proof: We have
0 < P{ sup Z(s,7)<w}—-—P{ sup Z(s,7) <w}

(s,7)eUR[kNR (s,7)EUR I
Kr
< Z(P{ sup  Z(s,7) <w}—P{ sup Z(s,7) < w})
=1 (s,7)EILNR (s,m)€El},

Using (19) this term is bounded by

O(Kr L(T)cad(Aw)w /1) = O((T fur)cqd(Aw)u2t =17/

1 _
= O(chui} exp(—iAQué(l H))> — 0

as d — 0. This shows the first claim. It implies also the second claim using
the stationarity (homogeneity) of Z(s,7) with respect to the first parameter
S. O

Now we are considering the proof of (11). We begin with the approximation
of the sum in Berman’s comparison lemma.
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Lemma 7. Under the above definitions and properties of Z(s,T) we have

A2
T = TSk, Tj, Sk I, Tj' )| €XP— — U
Sr=>Y_ > I ( ) exp{ }—0

1+ r(sgy, Ti, Sprp, Tir
k‘;ék?/ (Sk’l,T]‘)EIkXTd ( kJ’ 77 kA ‘7)

(st 1757} €Ly XTa

Proof: Since |s;; — sy | > 0 by definition, 7(sg, 70, Sk, 70) < p < 1. Fur-
thermore we showed that

sup |1 (S, To, Sk, To)| < Cs?
|5k,l75k/,l/|23

for A = 2H — 2 < 0 and some constant C' > 0, since also 7; and 7; tend
to 9. If H = % we have r(sy, 7j, Sy, 7y) = 0if |sg; — spp| is large. Set
B = (1 —p)/(1+ p) and split the sum into two sums Sy and Sro with
lsks — swr| < T8 = (T/ur)? and |sp; — spr| > T?, respectively. For the
first sum there are 7'+ /¢> many combinations of two points sy, sp v € UpJy.
Together with the 7; combinations there are T (27 (ur))?/¢* terms in the

sum St ;. Thus Sz is bounded by

148 (9 wr))? 2,2
T (2q4( ) exp{—f_i_p}

< dpexp {(1 T B)log T + 2log(r*(ur) /) — +10fl) logT}

< toxp { (o) [HLEM 14 o - ok loe(Ten)i )

— 0
since 1+ < 2/(1+ p) by the choice of 3, using log(7*(ur)/q*) = o(log T') and
log ur = O(loglog T') = o(log T').

For the second sum Spo with [sg; — sp | > T8, we use that

=62
sup  |7(Sk, Tos Sk, To)| < CcT’
|Sk,l_sk/’l’|ZTﬂ

with A = 2H — 2 < 0. In this case there are (T'/¢)? many combinations of two
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points sy, s € Uply. Hence St has the upper bound

~ QT * 2 AQ 2
o EIT L) oy A0y
1+ CTP>
- - 2(1 1)) logT
< Cexp {B)\logT+210gT+210g(7*(UT)/q2) . Lo(c)jzgfg }
< Cexp {(log T)[BX + 0(1)]}
— 0
since A < 0. If H = 1/2, the sum S75 = 0 obviously. O]

With Berman’s comparison lemma we get finally

Lemma 8. Under the above definitions and properties of Z(s,T) we have

Kr
P{ sup Z(s,7) <w}— HP{ sup  Z(s,7) <w}—0
(s;m)€URIENR o1 (TELRNR

as T — oo with d — 0.
Proof: To apply Berman’s comparison lemma (cf. Hiisler 1983, or Lead-

better et al. 1983, for this general form) we have to standardize the Gaussian
field yielding nonconstant boundaries v(7T)w.

P{ sup Z(s,7) <w}— HP{ sup  Z(s,7) < w}

(s,7)eUr[kNR (s,m)elLNR
Kr
= P{ sup Z(s,7)v(r) <v(r)w} — HP{ sup  Z(s,7)v(1) <ov(rt)w}
(s,7)EULILNR Ee1 (s,7)elLNR
(v*(1) + v*(r)))w?
< > > r(ske Ty sk )| exp {— S
k#k" (sg,1,75)€EINR 2<1 + r(sk’l’ Tjs SK/ 15 Tj))
(Sk/,l/,T]{)EIéﬁR
v2(10)w?
< Z Z |7 (Sk, 7, S, 7)) | €xXp {— - }
kAR (sk1,75) EIOR (L +7(ska, 75 S0, 75))
(SleZI,TJ{)GI;‘:mR
which tends to 0 by Lemma 7. O
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So we have proved every asymptotic equality (10) - (14) and thus the
statement of the theorem, showing the limit distribution for M7 with the
appropriate normalization ur = ur(z).

The proof reveals a further result. We considered the maximum on the
discrete process M = SUDP(s ryeu, 1R £ (8, T) besides the maximum of the
continuous process Sup(; -yeu, 1, Z (8, 7). The proof shows that they are asymp-
totically completely dependent. Obviously, this holds also for the maxima
M}é) on the whole time domain not only on the Ul since the grid points
are dense by the chosen ¢(7') and d(T"). This statement holds for any d — 0,
not only for the chosen d(T') = 1/loglogT. Note also that the assumption

q = dup " L 42472 10g T) Y/ 2H) does not depend really on the value z
in the normahzatlon ur = ur(x). Therefore let ¢ = d(2A~21logT)~/2H) for
some d — 0 for the following result.

Theorem 2 Let My = supy<;<7 Y (t) be the supremum of the storage pro-
cess Y (t) with FBM as input, with Hurst parameter H < 1. Then with the
normalizations a(T') and b(T) we have

P{M < b(T) + 2a(T), My < b(T) + ya(T)} — exp(— exp(— min(z, y))).

Proof: Since ur(y) < ur(x) for all T and y < x, we have for y <z

P{MY < up(z), My < ur(y)} = PIMY < up(y), My < ur(y)}
= P{Mr < ur(y)} — P{MY < ur(y), My > ur(y)}

and for z <y
PAM) < up(z), My < ur(y)} = P{MY < ur(z)}-

—P{M}é) < wur(z), My > ur(y)}.

The statement follows by using
PAMY < up(z)} ~ P{My < up(x)}

and
P{MY < up(z), My > up(z)} = o(1)

18



by Lemma 6 for any dense grid with d — 0. a

Note that the grid is dense for the transformed storage process, for the
Gaussian field. However, considering the grid for the storage process Y (t) we
. . _ J1-(1—-H)/H __ , (2H-1)/H _ .

have the grid points ug = du; = duy which tends to oo, for
H > 1/2. It means that we have to observe quite rarely the storage process
to get the complete information on the maximum of the continuous storage

process, assuming that d does not tend fast to 0.
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