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1 Introduction

Mandelbrot (1974) introduced fractal percolation as a model for turbulence. In dimension two, the
model can be described as follows. Choose an integer M > 2 and a parameter 0 < p < 1 and define
random sets (K}, )nen in the unit square as follows. Let K be the unit square itself. In the obvious
way, divide K into M? equal sub-squares and, for each of these sub-squares independently, color it
black with probability p and white with probability 1 — p. The set K; will be the set of points that
have been colored black. Similarly, define the set K, by dividing all black squares from K, into
M? sub-squares, each of which is colored black with probability p and white with probability 1 — p,
independently of all other colorings. The sequence (K, ),en is decreasing and we denote the limit set
MNhen Kn by K. See figure 1 for a realization of the sets K, for M = 3, p = 0.7 and n = 1,2,3,4.
We say that K C [0, 1]? percolates if there is a connected component of K that intersects the left and
the right side of the unit square and we denote the percolation function P, (K percolates) by €xr(p).
It is not difficult to show that 6y;(p) is an increasing, right-continuous function in p. Chayes, Chayes
and Durrett (1988) showed that the percolation function exhibits a phase transition in p, i.e., there is
a non-trivial critical value p.(M) such that 0y;(p) = 0 for p < p.(M) and 0y;(p) > 0 for p > p.(M).
Moreover, Dekking and Meester (1990) proved that the percolation function is discontinuous at the
critical value.

For all M > 2, the value of p.(M) is unknown, but through the years various bounds have been
given. A rather trivial lower bound for p.(M) is obtained by observing that the sequence (Z,)nen,
where Z,, denotes the number of black squares in K, is an ordinary branching process. Since this
branching process dies out whenever pM? < 1, we obtain p.(M) > ﬁ A more ingenious branching
process argument enabled Chayes, Chayes and Durrett (1988) to prove that p.(M) > ﬁ and recently
White (2001) gave a computer aided proof that p.(2) > 0.810.

Chayes, Chayes and Durrett (1988) were the first to give a rigorous upper bound for p.(M).
They showed that p.(M 2 < p*(M) for M > 3, where p*(M) is the infimum over p for which z =
(pz)M* 4+ (M2 —1)(pz)™*~1(1 — pz) has a root in the half open interval (0,1]. The proof of this result
was made more transparent by Dekking and Meester (1990) by translating it in terms of set-valued
substitutions (Dekking and Meester use the term multi-valued substitutions). Set valued substitutions
are substitutions on sets of words, rather than on single words. We postpone a formal definition to
Section 2 of this paper. For M = 3, Dekking and Meester (1990) sharpened the upper bound to
pe(3) < 0.991.

In this paper, we generalize the set-valued substitution approach. For each M, we construct se-
quences (P ar)ken and (¥y ar)ken of set-valued substitutions and to each @5, ps and ¥y, ps we associate
a critical value p.(®y ), respectively, p.(Vx as). We prove that the p.(®x ps) monotonically increase
to p.(M) and that the p.(¥}, »r) monotonically decrease as k — oco. Unfortunately, we were not able to
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Figure 1: Sets K1, Ko, K3 and K} of fractal percolation with M = 3 and p = 0.7.

prove that the p.(¥y ar) decrease to p.(M). We give a computer aided proof that p.(®Pr—o p=2) > 0.784,
pc(q)kzl,M:2) > 0.858, pc(q)k:()’Mzg) > 0.715 and pc(\I/k:O,M:?,) S 0.958.

This paper is organized as follows. In Section 2, we define set-valued substitutions and Bernoulli
random substitutions, of which fractal percolation is a specific example. In Section 3, we state our
main results. The construction of the sequences (®y ar)ken and (¥y ar)ren is covered in Section 4.
The proofs of our main results are postponed to Sections 5, 6 and 7.

2 Definitions

To be able to state our main results, we need to introduce (Bernoulli) random substitutions and
(increasing) set-valued substitutions. For ease of exposition, we will give the definitions for dimension
1. At the end of this section we will give some indications on how to generalize these concepts to
dimension 2.

2.1 Bernoulli Random Substitutions and Fractal Percolation

Let A be a finite set called the alphabet and let A* denote the free semi-group generated by A, i.e.,
the set of all finite words in A. A substitutions is nothing but a homomorphism on A. The random
analogue of a substitution is given in the following definition.

Definition 2.1. Let (0% )ren be a sequence of independent identically distributed random maps from
A to A*. Define a random map o on A* by

o(u) = oo(ug) . ..ox(ug)

for u = ug...ur € A*. The random map o on A* is called a random substitution. We define the n-fold
iterate ¢™ to be the composition of n independent copies of the substitution o.

We say that o has fized base if there is a positive integer M such that o(i) is a word of length M
for all ¢ € A, where M is called the base of the substitution.

Definition 2.2. Let P be a Markov matrix indexed by A x A. We say that a base M random
substitution o is a Bernoulli random substitution with transition matrix P, if for all i € A, the letters

(@())os -+, (0 (D)) ar—1
are independent with P((o(i))r =j) = Pjj for je A, 0 <k < M —1.

All random substitutions in this paper will be Bernoulli random substitutions with fixed base
M > 2.

Fractal percolation can be viewed as a Bernoulli random substitution. Let A be a finite alphabet
and let < be a partial ordering of A, such that A has a unique maximum a and a unique minimum a.



Then fractal percolation on A* with parameters M and p is the Bernoulli random substitution with
base M and transition matrix P, given by

1 ifi£a,j=a

) ifi=a,j=a

Py = 1—-p ifi=a,j=a
0 otherwise.

If we identify the letters a in o™(a) with black squares and the letters a with white squares, then the
analogy with the set representation of fractal percolation is obvious.

2.2 Set-valued Substitutions

Turning to the definition of set-valued substitutions, let A* denote the set of all finite subsets of A*
and consider two binary operations on A*:

VUW = {u:ueVorueW} (union)
VW = {vw:veV and we W} (concatenation).

Definition 2.3. A set-valued substitution ® is a homomorphism on A* respecting unions and con-
catenations, i.e.,

BVUW)=d(V)UBW) and ®(VIW) = &(V)B(W),
for all VW € A*.

Remark 1. 1. Since A* is generated by the singletons, i.e., the sets containing one letter, a set-valued
substitution ® is completely determined by the images ®(i) = ®({i}), ¢ € A, of the singletons.

2. If the sets ®(7) are disjoint for all i € A, then the sets ®(V) and (W) are disjoint for all disjoint
sets V,W € A*.

We say that ® has fized base if there is a positive integer M such that ®(i) ¢ AM for all i € A,
where M is called the base of the set-valued substitution. In this paper, we only consider set-valued
substitutions ® with fixed base M > 2, for which {®(i)};ca is a partition of AM. This special class
of set-valued substitutions appeared under various names in literature, for example as multi-valued
substitutions in Dekking and Meester (1990) and as 0L-systems in Rozenberg and Salomaa (1976). It
easily follows from the second remark above that {®"(i)};c4 partitions AM" for all n, where ®” is the
n-fold iterate of ®.

Ezample 1. Let A= {0,1}, M =2, &(0) = {00,01,10} and ®(1) = {11}. Then

$({10,101}) = ®({10}U{101})

$(10) U ®(101)

®(1)®(0) U D(1)D(0)P(1)

= {1100,1101,1110,110011,110111,111011}.

2.3 Increasing Set-valued substitutions

Consider a partial ordering < of A. For words v,w € A™ we write v < wif v; K w; forall0 < i < m—1.
A set V € A* is said to be increasing (w.r.t. <), if v € V and v < w imply w € V.

Definition 2.4. We say that a set-valued substitution ® is increasing if ®(V') is increasing for all
increasing sets V € A*.



Remark 2. In fact, @ is increasing, whenever ®(J) is increasing for all increasing J C A. To see this,
write

V= U{w:vjw}

veV

and observe that for v € A™
P({w:v=w})=d{a:v9<a}) - P{a:vm_1 2 a}).

Since {a : vy = a} is increasing, the claim follows.

2.4 Two Dimensions

In dimension 2, words are blocks of letters. Some sets of such blocks can be glued together to form a
larger block, but for other sets this may be impossible. The set of all finite 2-dimensional blocks A*
does not possess the nice semi-group structure as it did in dimension 1, so in order to define a two-
dimensional substitution, we have to say what we mean by a homomorphism. By a homomorphism
on A*, we mean a map that respects all valid concatenations, i.e., concatenations of blocks in such a
way that the result is a block again. With this in mind, the generalization of ordinary, random and
set-valued substitutions is straightforward.

3 Main Results

3.1 Bounds on the Critical Value of Fractal Percolation

In Section 4, we construct for each integer £k > 0 and M > 2:
1. a partially ordered finite alphabet Ay ps with unique maximum @ p; and unique minimum ay, ,;,
2. two-dimensional increasing set-valued substitutions ®; s and ¥y 5 on .A; M With base M,
3. an increasing set Jy pr C Ag mr-
Define critical values p.(® ), kK > 0, M > 2, by
Pe(Ppr) =inf{0<p<1: Pp(an(dk7M) € ‘I)?/;M(Jk,M) for all n) > 0},

where o denotes 2-dimensional fractal percolation on Aj ,, with parameters M and p. We define
Pe(Wg,ar) analogously. These critical values provide upper and lower bounds on the critical value of
fractal percolation.

Theorem 3.1. Let p.(M) be the critical value of 2-dimensional fractal percolation with base M. Then
1. pe(®Prr) < pe(M) < pe(Viar) for all k € N,
2. (pe(®r,nr))ken increases monotonically and (pe(Vi ar))ken decreases monotonically,
3. limg o0 Pe(Pr, ) = pe(M).

We conjecture (but are not able to prove) that also limy_.c pe(¥g ar) = pe(M), whenever M > 3.
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3.2 Bernoulli Random Substitutions and Set-valued Substitutions

Let A be a finite partially ordered alphabet and M > 2 an integer. Consider a base M Bernoulli
random substitution o with transition matrix P. Motivated by Theorem 3.1, in this section we study
probabilities Pp(c™(i) € ®"(J) for all n) for i € A, increasing J C A and increasing set-valued
substitutions ®. Actually, it turns out that in the context of Theorem 3.1 it suffices to look at
Pp(o™(i) € 2"(J)).

Lemma 3.1. Let < be a partial ordering of A and ® an increasing (w.r.t. <) set-valued substitution.
If
Pp(o(i) e ®(J)) =0 for all increasing J C A and i ¢ J,

then (Pp(a™(i) € ®™(J)))nen decreases monotonically to Pp(c™(i) € ®"(J) for alln) for alli € A
and increasing J C A.

Remark 3. If we take P to be the transition matrix associated with fractal percolation, then the
condition in the lemma above is met by any increasing set-valued substitution ®.

Write
II}(P) =Pp(c"(i) € ®"(j)) i,je€A neN,

so that Pp (0" (i) € ®"(J)) = > jes 5 (P). Theorem 3.1 would not be very useful, if the probabilities
IT75(P) were just as intractable as the percolation probability. Fortunately, the matrices II"(P) =
(L5 (P)ij)i,jea satisfy a nice recursion formula.

Lemma 3.2. For all n € N,
" (p) = (P (P)).

Remark 4. This recursion was obtained by Dekking and Meester (1990, Proposition 3.3) for the case
that A = {0,1} and P = P(p) is the transition matrix associated with fractal percolation.

If we denote the recursion function II'(PX) by Fp(X) = Fpe(X), then Fi(I) = II"(P), where
F5 denotes the n-fold iterate of Fp and I the identity matrix indexed by A x A. Whenever we write
Fp(X) for 0 < p < 1, we mean Fp(,)(X), where P(p) denotes the transition matrix associated with
fractal percolation.

Consider a partial ordering < of A. For Markov matrices X = (Xjj)ijca and Y = (Yjj)ijea we
write X XY if

PIRTED B2

JjeJ jeJ
for all i € A and for all increasing sets J C A.
Lemma 3.3. Let X and Y be Markov matrices indexed by A x A. If ® is increasing w.r.t. a partial
ordering < and X <Y, then Fp(X) < Fp(Y).

3.3 Upper Bounds

An almost direct consequence of Lemmas 3.1 and 3.3 is the following theorem.

Theorem 3.2. Assume that ® is increasing w.r.t. a partial ordering ® and that TI'(P) < I. Leti € A
and J C A be an increasing set. If we can find a Markov matrix Y = (Yj5)i jea such that



1LY<I,
2. Y 2 Fp(Y),
8. ey Yij >0,
then Pp(a™(i) € ®™(J) for all n) > 0.
Remark 5. The assumption in the above theorem that IT'(P) < I is equivalent to
Pp(o(i) € ®(J)) =0 for all increasing J C A and i ¢ J,

a condition that appeared in Lemma 3.1.

The theorem above gives us a recipe to find an upper bound for the value of p.(¥j ar), and hence
an upper bound for p.(M). We fix 0 < p < 1 and search among matrices Y with ¥ < I and
> icJ .y Yas > 0 for one that satisfies Y < Fy, g, ,,(Y). As soon as we have found such a matrix, we

may conclude that p.(Vg ar) < p.

3.4 Lower Bounds
The following theorem is, at least in spirit, similar to Proposition 2 of White (2001).

Theorem 3.3. Let k > 0, M > 2 be integers, let 0 < p < 1, write a = agn, J = Jim, = Py and
let F}, = F,, o denote the recursion function associated with fractal percolation. If

2M* sM —12\\ M
Z(F;(I))<< <4M—3+>> for some n >0,
jes “ p L—p

then P,(c™(a) € ®"(J) for all n) = 0.

From this theorem we obtain lower bounds for p.(®j ) and hence for p.(M) as follows. We
fix 0 < p < 1 and compute F;'(I) for, say, n = 100. If this value happens to be smaller than

: —2M
(% (4M -3+ Mf%pIQ)) , then we may conclude that p.(®x ar) > p.

3.5 Numerical Results

The following numerical bounds were obtained by calculating the recursion functions Fy ¢, ,, and
Fy ), ,, and applying Theorems 3.2 and 3.3. Since even for small k and M, the entries of Fp,‘bk,M(X)
and Fpy, ,,(X) are huge polynomials in the entries of X, the work was done by a computer.

Theorem 3.4.

Pe(Pr=0,M=2) > 0.858
> 0.958

784 Pe(Pp=1,m=2) >
Pe(Pr—o0,0=3) <

0.
0.715 Pe(Wk=0,M=3)

Remark 6. From the definition of Wy, 5/ it will be clear that p.(Vy ar=2) = 1 for all & > 0.

4 Constructions

In this section, we will construct a partially ordered alphabet Ay as, a set Jpar C Agr and two-
dimensional substitutions ®; »; and Wy, »s, for all integers & > 0 and M > 2. We will fix integers k > 0
and M > 2, and we will suppress dependence on these parameters in our notation. So A will denote
Ay v for example.



4.1 The Partially Ordered Alphabet A
Let

Ly = {(1’ %)7 (%’ 1)7 (07 %)a (%7 0)}
be the set of midpoints of the top, bottom, left and right side of the unit square. Fix M > 2 and k > 0
and let

L=0[0,11>nM¥Z? + L),

be the set of 4M* points equally distributed over the boundary of the unit square [0, 1]2. We define
the alphabet A to be the set of all equivalence relations on L. Let < be the natural partial ordering
on A, ie.,a<bif and only if a C b (a,b € A). The maximum element a w.r.t. < is the relation A x A
and the minimum a is {(a,a) : a € A}.

4.2 The set of letters J

Let f,g > 1 be integers, let B"(f,g) ={0,..., fM"™ —1} x {0,...,gM™ — 1} be the fM™ x gM™ box
in Z? and let W"(f,g) = AB"(1:9) denote the set of fM™ x gM™ blocks of letters in A. To each word
v e W"™(f,g) we associate a graph G(v) as follows. The set of vertices of the graph will be

L"(f,9) = L+ B"(f,9).

Two points z,y € L™(f,g) are connected by an edge if there is z € B"(f,g) and s,t € L such that
r=z+s,y==z+tand (s,t) € v,. We say that the graph G(v) percolates if there is a point = on the
left side of L™(f,g) and a point y on the right side, such that = and y are connected in G(v). Define

J'(f,g) = {w € W"(f,g) : G(w) percolates},

and define the set .J to be J%(1,1). In general, if we suppress n and (f,g) in our notation, we assume
that n =0 and (f,g) = (1,1).

Remark 7. There is a slight discrepancy between our definitions of percolation for sets and for words,
caused by diagonal connections. For example, the set

does not. Consequently, P,(c"(a) € J") < P, (K, percolates) for all n > 1 and 0 < p < 1. However,
it is not difficult to see that P,(c"(a) € J" for all n) = P, (K, percolates for all n).

Ezample 2. For k = 0 and M = 2, label the points of L by zy = (1, %), T = (%, 1), o = (0, %) and
x5 = (3,0). Let v € W1 be defined by

voo = min{a € A: (zg,21) € a}
vor = min{a € A: (x9,23) € a}
vip = min{a € A: (x0,22) € a}
vy] = min{a € A},

where the minima are taken with respect to <. Then the graph G(v) of v is given in Figure 2. Note
that G(v) percolates, so v € J1.



Figure 2: The graph G(v) associated with the word v given in Example 2. The dashed lines represent
(part of) the Z? lattice.

4.3 The Set-valued Substitutions & and ¥

Consider a graph G = (V, E) with vertex set V and edge set E and let R be a set of non-empty
disjoint subsets of V. We say that Ry, Ry € R are connected, if x1 and x5 are connected in G for some
x1 € Ry and 29 € Ry. We say that Ry, Ry € R are weakly connected, if there are R',...,R™ € R
such that R' = Ry, R™ = Ry and R’ is connected with R**! for all 1 <i < m — 1. Finally, we say
that R1, Ro € R are strongly connected, if Ry = Ry or there is a connected component C' of G such
that |CNRy| > (%} and |C'NRy| > (%} Observe that unlike connectedness, weak and strong
connectedness are equivalence relations on R.

For x € 72 + L, let £(x) be the line segment between two neighboring points in the M ~*7? lattice
that contains z. Define R(x) = Ri(x) to be the set of M points in Z? + L that are contained in the
line segment M/{(x). By default, if G is a graph on L™*!, then weak and strong connectedness will be
relations on the set R = {R(z) : x € L"}.

Let the set-valued substitutions ® and ¥ be defined by

®(a) = {veW':R(z
if and only if
Ula) = {veW!': Rz
if and only if

and R(y) are weakly connected in G(v),
x,y) € a, forall x,y € L},
and R(y) are strongly connected in G(v),

A~ — M~ —

x,y) € a, for all z,y € L},

for all a € A.

Ezample 3. Let k =0, M = 3 and write L = {xg,x1, 22,23} as in Example 2. At the bottom left of
Figure 3, we see the graph G(v) of a word v in which R(zg), R(x1) and R(x2) are weakly connected.
Hence v € ®(a), where a = inf{b € A : (29, x1), (1, 22) € b} and the infimum is taken with respect to
<. At the bottom right of Figure 3, the graph G(w) of a word w is depicted, in which R(zp), R(z1)
and R(x2) are strongly connected. Hence w € ¥(a).

5 Proof of Theorem 3.1

5.1 Part1l

Fix integers £ > 0 and M > 2. Part 1 of Theorem 3.1 follows immediately from the following lemma.

Lemma 5.1. For alln > 0,
Un(J) C J" Ce"(J).

An important step in the proof of the above lemma is provided by the following.



X2 + + Xo R(-XZ)

Figure 3: Let £k = 0 and M = 3. Top left: the set L = {xg,x1,z2,23}. Top right: the sets R(x;),
i =0,1,2,3. Bottom left: a graph in which R(z¢), R(x1) and R(z2) are weakly connected. Bottom
right: a graph in which R(x), R(z1) and R(x2) are strongly connected.

Lemma 5.2. Letn >0, z,y € L™, and v € W™,
1. If w € ¥(v) and x and y are connected in G(v), then R(x) and R(y) are connected in G(w).
2. If w € ®(v) and R(z) and R(y) are connected in G(w), then x and y are connected in G(v).

Proof. 1. Let w € ¥(v) and suppose z and y are connected in G(v). Then there are z1,..., 2, € L"
such that z; = z, 2, = y and (z;, z;+1) is an edge of the graph G(v), for 1 < i < m — 1. Since
L"=1{0,...,M"™ —1}? + L, we can find

2
TlyeeeyTm—1 € 4", S1,...,8m-1€ L, ti1,...,t;m_1 € L,
such that
2 =7ri+si,  zig1 =71 +ti,  (sit;) € vy, 1<i<m-—1.

Fix 0 <i < m—1. Since w € ¥(v), we have that wyy,, ;g1 € ¥(vy,), where B! = {0,..., M —1}?
and wyy,, 4 g1 denotes the M x M sub-word of w, obtained by restricting w to the indices of
Mr;+B!. So in the graph associated to w)y,.  p1, the sets R(s;) and R(t;) are strongly connected.
Consequently, in the graph associated to w, the sets Mr; + R(s;) = R(r; +s;) and Mr; + R(t;) =
R(r; + t;) are strongly connected. Hence R(z;) and R(zi+1) are strongly connected in G(w).
Since strongly connectedness is a transitive relation, it follows that R(x) and R(y) are strongly
connected in G(w).

2. Let w € ®(v) and suppose R(x) and R(y) are connected in G(w). Then we can find
rl?"'arm—1€Z2a 517""Sm—16L7 t1>"'7tm—16L7
such that

rT=r1+81, Y=TmAtn, Tit+t=rits,



and such that R(s;) and R(t;) are connected in G(wyy,, g1) for 0 < i < m—1. Since wyy,, 1 g1 €
®(vy,), we have that (s;,t;) € vy, and hence, that r; +s; and r;+1; are connected in G(v). Hence,
x and y are connected in G(v).

L]

Proof of Lemma 5.1. Both inclusions are proved by induction. Concerning the first inclusion, let w €
U +L(J). Then there is a unique word v € ¥"(.J) such that w € ¥(v) and by the induction hypothesis,
v e J" Let z,y € L™ be connected in G(v), where z is a point on the left side of L™ and y a point on
the right side. By Lemma 5.2, R(x) and R(y) are connected in G(w). Since R(x) is contained in the
left side of [0, M™*1]? and R(y) in the right side, the word w is contained in J"*1.

Concerning the second inclusion, let w € J"*!. Then we can find z on the left side of L™ and 3 on
the right side, such that R(x) and R(y) are connected in G(w). Let v € W™ be the unique word for
which w € ®(v). By Lemma 5.2,  and y are connected in G(v) and hence v € J". By the induction
hypothesis, v € ®(.J) and so w € ®"F1(.J). O

5.2 Part 2

In this section, we will only suppress dependence on M in our notation. So, e.g., ®; denotes ®, /.
The key ingredient in the proof that the sequences (p.(Px))ren and (p.(Vx))ken are monotone, is
the following lemma.
Let a homomorphism p from Aj ;| to Aj, respecting unions and concatenations, be defined by

pla) = {weW}: Mz and My are connected in G(w), if and only if
(w,y) € a, for all T,y € Lk-‘rl}a

for all a € Ag1.
Lemma 5.3. For increasing V C W,?H,
p(Pr1(V)) C Px(p(V))  and  Wi(p(V)) C p(Pr41(V)).

Proof. For w € W2, consider the graph G(w). Let ri(w) and ro(w) denote the weak connectedness
relations on, respectively, {Ri(Mz) : © € Lgy1} and {Rg(z) : @ € L}}. Then for a € Ay,

p(@pr1(J)) = {w e W} : (z,y) € a & (Ry(Mz), Rp(My)) € ri(w) for all 2,y € Ly},
and hence

p(®r1(J)) = {w € W2: thereis a € J such that
(x,y) € a = (Rxg(Mx), Rp,(My)) € r1(w) for all z,y € Lii1},

for all increasing J C Ag41. Similarly,

Or(p(J)) = {we€ WP : thereis a € J such that
(z,y) € a = (Rp(Mz), Rp(My)) € ro(w) for all ,y € L1}

Since {Ry(Mz) : © € Liy1} C {Ry(x) : @ € L}}, it follows that ri(w) C ro(w). Thus, p(Pp41(J)) C

O (p(J)) for all increasing J C Agyq. The first inclusion of the lemma now follows from an argument
similar to Remark 2. The second inclusion of the lemma is obtained analogously. O
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Proof of part 2. If 7 is the Bernoulli random substitution on A; with base M and transition matrix
equal to the identity matrix, then

Py(0" (@r41) € Qi1 (Jrr1)) = Pp(r(0™(@r)) € p(®i11(Jr41)))-
Applying Lemma 5.3 n times, we obtain
Pp(0™(@rt1) € Q1 (Jrt1)) < Pp(r(0™(ar)) € O (p(Jrt1)))-
By Lemma 5.1, p(Jy41) = JE C ®x(J;) and hence

Pp(0"(@rs1) € Oy (Jes1)) < Pp(r(o™(ax)) € 27 (i)
Pp(a™(ar) € @k (Jr))-

It follows from Lemma 3.1 that p.(®r) < pe(Prs1). Monotonicity of (p.(Vk))ken is proved similarly.
O]

5.3 Part 3

Lemma 5.4. Forn >0 and k > n,
Pp(o™(ar) € PE(Jk)) = Pplo"(a0) € Jg)-
Proof. Since JJ! C ®}(Ji) by Lemma 5.1, we have that

Pp(c"(a0) € Jy) = Ppo™(ax) € Ji)

IA
=
=
Q
3
=~
T
m
KA
>3
=

For the reversed inequality, we use that for n > 1,
Py(o™(ar) € Q@ (i) < Pp(r(0"(ar-1)) € x_1(p(Jr))),
an intermediate result obtained in the proof of part 2 of Theorem 3.1. Since p(J;) = Jl%—l’ we have
Pp(o"(ar) € 2R(J)) < Pp(o"(@r-1) € By (Ji1))-
Repeating the previous two steps n times, we obtain

Pp(o™(ar) € PE(Jk)) < Pplo"(@h—n) € Ji—y)

= Py(c"(ap) € Jy).
L]

Fix integers k > 0 and M > 2. For integers f,g > 1 and a € A, let a(f, g) denote the f x g block
consisting of solely a’s. Define

pe(®,1,2) =inf{0 <p <1:Pp(c"(a(1,2)) € ®"(J(1,2)) for all n) > 0}.
The following lemma is similar in spirit to Theorem 5.4 of Dekking and Meester (1990).

Lemma 5.5. For p > p.(®,1,2),

—2
P,(c"(a(1,2)) € ®"(J(1,2)) for all n) > <4M —3+ 8M_12) .

1-p
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Proof. Define sets B, I, [1,[4,K,71 C A as follows. Let L;, L, L; and L denote, respectively, the points
on the left, right, top and bottom side of L. Define

H = {ae€ A: there are z € ; and y € L, such that (z,y) € a}
M = {a€ A: thereare z € L; and y € L such that (z,y) € a}.
Let
B = {a€ A: there are z € L; and y € L such that (z,y) € a, but a ¢ B or [}

and define P, ¥ and [3 likewise. Finally, define B C W (1,2) by
H = {weW(1,2): there are z € L;(1,2) and y € L.(1,2) such that x and y are connected in G(w)},

where L;(1,2) and L,(1,2) denote, respectively, the points on the left and right side of L(1,2).
Consider a word v € ®(H). It follows from the definition of ® that at least one of the following
should hold for the letters vpj, 0 < 7 < 2M — 1 in the first column of v:

1. ZO’J'“ € B for some 0 < j < 2M — 2,
0j

2. vpj € M for some 1 < j < 2M — 2,

3. voj €eRlfor j=0o0rj=M,

4. voj €Bfor j=M —1orj=2M—1.
A similar requirement holds for the last column of v. Hence,

P,(o"(a(1,2)) € ®"(H) ¥n) < ((zM — 1)p*P,(c"(a(1,2)) € " () Vn)

H@M — 2pP, (0" (@) € B(T) Yn) + 4pP,(0"(@) € "(5) V)

where we used that the probabilities P, (c™(a) € ®"(H) Vn) are equal for H =&],7],[9,[4. Hence
P,(o"(a(1,2)) € ®"(H) Vn) < ((4M — 3)P,(c™(a(1,2)) € ®"(H) Vn) + 4pPPp(c"(a) € "(8) Vn))2, (1)

where we used that P, (0" (a) € ®"(m) Vn) < P,(c™(a(1,2)) € ®"(H) Vn).
Consider a word v € ®(&]). Then at least one of the following conditions should hold for the letters
in the first column of v:

1. Zo’jﬂ cHforsome 0 < j < M — 2,
07

2. vpj € Mfor some 1 < j < M —2,
3. vgo € KL

One might wonder whether there is a v € ®(&J) with vy a7—1 € FI such that none of the conditions
above apply. To see that this is not the case, observe that for such v there are x € L,, y € L; and
z € Ly such that R(x), R(y) and R(z) are weakly connected in G(v). But then v € ®(I) and thus
[MNK # (), which contradicts the definition of &1.

12



Hence, we have that

P,(c"(a € O"(E) ¥n) < (M —1)p2Py(c"(a(1,2)) € 3™(B) Vn) + (M — 2)pP, (0™ (a) € B™(W) ¥n)
9P, (0"(a) € 3"(E) Vi)
< (2M —3)P,(c"(a(1,2)) € B"(B) ¥n) + pP, (0" (@) € B" () Vn),
and so
P,(0"(a € B"(2) Vn) < 2]1”;311%(0”(@(1, 2)) € &"(F) V). )

Combining inequalities 1 and 2, we obtain

2
Pttt 2) e @t v < <4M R 8]\14—_pl2> P, (0™ (a(1,2)) € ®"(H) ¥n)*.
Hence,
-2
IPp(U"(fL(172)) € d"(J(1,2)) Vn) > <4M — 34+ 8]\14__})12> ,

whenever P, (c™(a(1,2)) € ®"(J(1,2)) Vn) > 0. It follows from standard arguments (conform e.g. Chayes
et al. (1988)) that P,(c™(a(1,2)) € ®"(J(1,2)) ¥Yn) is a non-decreasing right-continuous function of p,
and hence we have obtained the statement of the lemma. O

Proof of part 3. By a trivial extension of Lemma 5.4, we have that for n > 0 and k > n,
Py(o™(ak(1,2)) € O (Jr(1,2))) = Pp(o"(ao(1,2)) € J5(1,2)).
Fix any 0 < p < p.(M, 1,2), where
pe(M,1,2) =inf{0 <p <1:P,(c"(ap(1,2)) € Ji'(1,2) for all n) > 0}.

Since (P,(c™(ao(1,2))) € J§(1,2)))nen converges to 0, we can choose n such that

SM — 12\ 2
P, (0" (ao(1,2))) € J&(1,2)) < <4M 34 1_p> .
Choosing k& > n, we obtain
8M — 12\ 2
P, (0" (ax(1,2)) € B2 (Jx(1,2))) < <4M _34 1_p> 7

and it follows from Lemma 5.5 that p < p.(®g,1,2). Since obviously p.(P,1,2) < p.(Pr) and since
Pe(Pr) < pe(M) by Theorem 3.1, part 1, we have p < p.(Pr) < p.(M). Using a qualitative analogue
to the classical RSW theorem from ordinary percolation, Dekking and Meester (1990, Lemma 5.1)
proved that p.(M,1,2) = p.(M). Hence, for all 0 < p < p.(M), we can find k such that p < p.(Px) <
pe(M). O

13



6 Proofs of Lemmas 3.1, 3.2 and 3.3

For notational convenience, we will assume in the Lemmas 3.2, 3.1 and 3.3 that the substitutions are
1-dimensional. Generalizing the proofs to higher dimensions is trivial.

Proof of Lemma 3.1. Since Pp(o(i) € ®(J)) = 0 for all increasing J C A and i ¢ J, we have that
Pp(o(i) € ®({j:j=i})) =1foralli € A, and hence Pp(o(w) € ®({v:v 2 w})) =1 for allw € W".

Fix i € A, J C A increasing and suppose that w € W™ is not contained in ®"(.J). Since w € ®™(J)
and ®"(J¢) is a decreasing set, it follows that {v : v < w} C ®"(J°) and thus ®({v : v < w}) C
®"+1(J¢). From this we have that

Pp(o(w) € <I>”+1(JC)) >Pplo(w) € 2({v:v 3 w})) =

and hence Pp(o(w) € ®F1(J)) = 0. Taking w = o"(i), it follows that {o"*1(i) € ®"T1(J)}
{c"(i) € ®"(J)} a.s., which implies the statement of the lemma.

LN

Proof of Lemma 3.2. For i,j7 € A and n € N,

H?j—H(P) _ IPP( n+l( ) e (I)n+l(]))

- X TS e, )

veED( )m 0 keA

= Z HPH” )i

veEd(j
= IPPHn(P) (U(Z) € CI)<]))

= (I'(ru (P)),;-

O]

Proof of Lemma 3.3. Fix i € A. Observe that if X < Y, we also have that PX < PY. Since ® is
an increasing set-valued substitution, it suffices to prove that pux = Px(co(i) € -) is stochastically
dominated by py = Py(o(i) € -), whenever X < Y. Fix X =Y, 0 < k < M —1 and define
pk =Px((o(i))x € -). Then by definition,

/]].] d,u])“( < /]lJ dué“/ for all increasing J C A.

In fact, since every increasing function from A to R can be written as a positive linear combination of
indicator functions of increasing sets, we have that ,u];( is stochastically dominated by ,u]f/. From this,
it easily follows that pux is stochastically dominated by py. O

7 Proofs of Theorems 3.2 and 3.3

Proof of Theorem 3.2. We start by proving that Y < Fp(I) for all n € N. Indeed, for n = 0 this
follows from assumption 1 of the theorem. Suppose that Y < FA(I). Then Fp(Y) < Fpt(I) by
Lemma 3.3 and hence Y < F;H(I ) by assumption 2, establishing the claim. So we have for all n € N,

P(o"(i) € ®"(J)) = > (Fp(I);; = > Yij-

JjeJ jedJ
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Since (Pp(0"(i) € ®™(J)))nen decreases monotonically to Pp(c" (i) € ®™(J) for all n) by Lemma 3.1,
it follows that

Pp(c"(z) € ®"(J) for all n) > ZYU >0,
JjeJ
by assumption 3. .
Proof of Theorem 3.3. Fix p > p.(®,1,2). By Lemma 5.5 we have that

M —12\ 7
IPp(O'n(d<1, 2)) € q)n(J( )) for all n) <4M 3+ 81_p>
For z on the left side of L(1,2) and y on the right side, define
J(1,2;2,y) = {w € J(1,2) : x and y are connected in G(w)}.
Then of course

8M—12) < Py(e"(a(1,2)) € "(J(1,2)) for all n)

<4M—3+
1—p

< ZIP )€ ®"(J(1,2;z,y)) for all n),

where the sum extends over all z on the left side of L(1,2) and all y on the right side. Since both the
left and the right side of L(1,2) contain 2M* points, we may fix  and y such that

P, (0™ (a(1,2)) € ®"(J(1,2:x,y)) for all n) > <2Mk <4M g 8]\14_p12>>

For z = (21, 22) € Lg, let Z = (1 — 21, z2) denote the reflection of z in the vertical line {%} x R. By
symmetry, we have that

Py(o™(a(1,2)) € "(J(1,2;z,y)) for all n) =Py(c"(a(1,2)) € "(J(1,2;2,7)) for all n).
Define a set V C W' by
Vi1

V={vew: o € J(1,25,y) if i is even, Z“ e J(1,2;4,9) if i is odd, 0 <i < M —1}.
i0 i0
Observe that V' C J!, i.e., every word in V percolates. Hence,

P,(0"(a) € ®"(J) for alln) > TP,(c"(a) € ®"(V) for all n)
> VP ("(a(1,2)) € 8 (J(1,2 2,y)) for all n)

oMF M—12\\ M
< <4M—3—|—8 >> .
D 1—p

This result implies that p.(®) = p.(®, 1,2). Hence for all p > p.(®) and n > 0 we have

Y (FD),, = Pyo"(a) € @"()))

jeJ

Y

> Py(c"(a) € ®"(J) for all n)

a
—2M
> 7M <4M 3+8M_12)> .
1-p
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