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1 Introduction

In many nonparametric statistical models the parameter of interest is some unknown function
on the real line. This function may, for instance, be a distribution function, a probability
density, a regression function or a failure rate. Often qualitative assumptions such as con-
cavity, monotonicity or unimodality are plausible, and a natural question is how to test such
assumptions.

For testing unimodality of a probability density there exist several proposals. SILVERMAN
(1981) proposed a test based on the critical bandwidth of a kernel density estimate. HARTIGAN
AND HARTIGAN (1985) and MULLER AND SAWITZKI (1991) based a test on the DIP or excess
mass functional. Further results concerning these functionals can be found in MAMMEN,
MARON AND FISHER (1992) and CHENG AND HALL (1997). In the context of regression there
is an extensive literature on testing monotonicity. SCHLEE (1982) proposed a test based on
an estimate of the derivative of the regression function. BowMaN, JONES AND GIJBELS (1998)
extended SILVERMAN’S (1981) test. HaLL AND HECKMAN (2000) proposed a test based on
running gradients, which is related to the DIP/excess mass method in the density context.
GHOSAL, SEN AND VAN DER VAART (2000) discuss a locally weighted version of Kendall’s
tau. DUROT (2003) investigates a test statistic based on the supremum distance between
the empirical distribution function and its concave majorant. For testing a constant failure
rate against a monotone increasing failure rate, ROBERTSON, WRIGHT AND DIJKSTRA (1988)
(Chapter 5) mention several references. COHEN AND SACKROWITZ (1993) compare several
methods for testing an increasing intensity of a Poisson process and DUMBGEN AND SPOKOINY
(2001) study several qualitative hypotheses in the white noise model.

The literature on testing monotonicity in the context of probability densities seems to be
limited. WOODROOFE AND SUN (1999) propose two test statistics for testing the simple null
hypothesis of f being uniform on [0, 1] against the alternative that it is nonincreasing on [0, 1].
The first one is a likelihood ratio test statistic based on the penalized maximum likelihood
estimator for f. The second one compares the corresponding cumulative distribution function
with the uniform distribution function by means of the supremum distance.

In this paper we address the problem of testing the composite hypothesis that f is non-
increasing against the alternative it is not. We will discuss a number of test statistics based
on the difference between the empirical distribution function F),, and its least concave ma-
jorant E,, by which we mean the smallest concave function that lies above F,,. This differ-
ence has been of interest to several authors. KIEFER AND WoLFowITZ (1976) showed that
(logn)~'n?/3 sup ]Fn — F,| converges to zero with probability one, but the precise rate of
convergence or limiting distribution was not given. WaANG (1994) obtained the limit distribu-
tion of n2/3(F,(t) — F,(t)), for t being a fixed point in (0,1). This was extended to process
convergence by KULIKOV AND LoPUHAA (2003). Pointwise convergence was also obtained in a
regression setting by DUROT AND TOQUET (2002).

The test statistic based on sup \Fn — F,,| would be a direct extension of DuroT (2003) and
is similar in spirit to the second proposal of WOODROOFE AND SUN (1999). Similar to their
results we show that for this test statistic the uniform density is least favorable among all
non-increasing densities on [0, 1], and we determine its limit distribution under uniformity.
This enables us to determine critical values and compute probabilities of committing a type I
error. However, if f satisfies additional smoothness conditions, then the results of KIEFER AND
WorrowiTz (1976) imply that sup \Fn — F},| is of smaller order, which causes the probability of
committing a type I error tend to zero. This calls for a more detailed description of the limit



distribution under smooth f, but this is still unknown. Computer simulations demonstrate
that sup |ﬁ’n — F,| is not so powerful at increasing alternatives that are close to the uniform
density.

We propose to construct a test statistic based on the L;-distance between Fn and F,.
We investigate two possibilities, for which we determine the limiting distribution under uni-
formity. To investigate their behavior under additional smoothness assumptions, we show
that for smooth f, the Li-distance between F), and F, is asymptotically normal. This re-
sult is established in Section 2 and is similar to the one in DUROT AND TOQUET (2002) who,
independently of our efforts, obtained a similar result in the regression setting. One of the
main differences between the regression setting and our setup is the embedding of the em-
pirical process. In the regression setting the empirical process can be embedded directly into
Brownian motion itself, whereas in our setup it can only be embedded in the process

s - W(n1/3 (F(t +nY3s) — F(t))). (1.1)

This introduces an additional difficulty of approximating the value of the concave majorant
of the process at zero by the corresponding value of the process s — W( f (t)s). Although the
maximum difference between the two processes is too large, the key observation that makes
things work is that the values of the concave majorants at zero are sufficiently close.

By estimating the normalizing constants in the limit theorem for the Lj distance we derive
two possible test statistics for the null hypothesis that f is strictly increasing. In Section 3
we investigate their limit behavior, as well as that of the supremum distance between F, and
F,,. In Section 4 we discuss the results of a small simulation study in which we compare our
test statistic with other proposals from WOODROOFE AND SUN (1999) and DuroT (2003) at
several underlying densities including the uniform. The tests based on Lj distances appear
to be superior against convex alternatives. All proofs are put in an Appendix at the end of
the paper.

2 Convergence of L;-functionals

Let X1, Xo,...,X,, be asample from a decreasing density f and denote F' as the corresponding
distribution function. Suppose that f has bounded support, which then without loss of
generality may be taken to be the interval [0, 1]. Let F}, be the least concave majorant of the
empirical distribution function F, on [0,1]. Consider the process

An(t) = n2/3 (Fn(t) - Fn(t)>, teo,1]. (2.1)

The limiting distribution of A,, can be described in terms of the operator CM; that maps a
function h : IR — IR into the least concave majorant of h on the interval I C IR. If we define
the process

Z(t) = W(t) —t2, (2.2)

where W denotes standard two-sided Brownian motion originating from zero, then it is shown
in WANG (1994) that, for ¢ € (0,1) fixed, A,(t) converges in distribution to ¢;(¢)¢(0), where
c1(t) is defined in (2.5), and

((t) = [CMRZ] (t) — Z(t). (2.3)



This result was extended to process convergence by KuLikov AND LOPUHAA (2003), where it
is proved that, for ¢t € (0, 1) fixed, the process

c1 () An(t + co(t)sn~3)  for t + co(t)sn= /3 € (0,1),

%():{ (1) An(t + ea(t)sn™1/%) (1 (0,1) 2.0

0 otherwise,

converges in distribution to the process ¢ in the space D(IR) of cadlag functions on IR, where

/ 1/3 4 1/3
o) - ()" s

In the remainder of this section we will prove asymptotic normality of Li-functionals of the
type fol A, (t)Fg(t) dt, where g is continuous. Let us very briefly outline the line of reasoning
how we establish this result.

First observe that, up to constants, A, is the image of F;, under the operator D;, that
maps a function h : IR — IR into the difference between the least concave majorant of h on
the interval I and h itself:

D;h = CMh — h.

We can therefore write A, = n?/ 3[D[071]Fn]. We will approximate F,, by means of a Brownian
motion version and use its image under Dy ;; to approximate A,. To this end, let E;, denote
the empirical process v/n(F,, — F') and let B,, be a Brownian bridge constructed on the same
probability space as the uniform empirical process E, o F~! via the Hungarian embedding
of KéMLos, MaJorR AND TUSNADY (1975). Let &, be a N(0,1) distributed random variable
independent of B, and define versions W,, of Brownian motion by

Whi(t) = Bp(t) + &nt, t€[0,1]. (2.6)
Write F¥ = F, and let FV be its Brownian approximation defined by

EV(t) = F(t) +n 2W,(F(t)), telo,1], (2.7)

where W, is defined in (2.6), and let
sz(t) = nz/g[D[O,l}Fy}(t)' (2.8)
We impose the following conditions on f:

(A1) fisatwice continuous differentiable decreasing density with support on [0, 1];
(A2) 0< f(1) < f(t) < f(s) < f(0) <oofor 0 <s<t<I;

A3) inf |f'(¢ 0.
( )téﬁ,1]|f()|>

Under these conditions, for J = E, W, we first approximate the process s — F7(t + n~Y 35)
by the process Yy:(s) + L7, (s), where

Yot (s) = W,y (n1/3 (F(t+n"13s) — F(t))) + % F(t)s?,

and L;, denotes a linear drift (see Lemma 5.1). Since the operator Dy is invariant under
addition of linear terms, the moments of A;(¢) can be approximated by the moments of



[DrY,:](0) (see Lemma 5.5). By uniform continuity of Brownian motion on compacta, the
process Yp;(s) is close to the process W, (f(t)s) + 5 f/(t)s®. This leads to the following key
result:
2/(t)?
EA(t)F = (
"=\l

where ( is defined in (2.3) (see Lemma 5.7). A direct consequence is that the difference
between the processes A, (t)* and AY (¢)* is of smaller order than n~/ (see Lemma 5.8).
In view of Theorem 2.1, this means that it suffices to prove asymptotic normality for Lj-
functionals

k/3
> EC(0)F + o(n™1/9),

n1/6 / 1 (AnW )k — BAY (t)k) g(t) dt.
0

The fact that Brownian motion has independent increments will ensure that the process A,VLV is
mixing (see Lemma 5.9). This allows us to approximate the integral by a sum of independent
integral terms, which then leads to the following theorem.

Theorem 2.1 Suppose that f satisfies conditions (A1)-(A3). Let g be a continuous function
on [0,1] and let A, be defined by (2.1). Then for all k > 1, with

1 ok/3 £(1\2k/3
qummﬂA2vﬂﬁmg@ﬁ,

nt/6 (fol An(t)kg(t) dt — u) converges in distribution to a normal random variable with mean

zero and variance

1 9(2k+5)/3 f(4)(4k+1)/3 o0
H:A THOICERE mNﬁACWMWw@ﬂw

where ¢ is defined in (2.3).

Remark 2.1 The condition (A1) on f in Theorem 2.1 can be relaxed somewhat. At the
cost of additional technicalities, the theorem remains true if we require |f'(z) — f'(y)| <
Clx — y|'/?*¢, for some € > 0 and C' > 0 not depending on f.

3 Testing monotonicity of the underlying density

To test the composite null hypothesis that the underlying density f is non-increasing, various
approaches may be transferred from the regression setting, where this problem has been
studied intensively for regression curves. The most applicable one seems to be the DIP-
type test based on the supremum distance between the empirical distribution function and
its concave majorant. DUROT (2003) has used this approach for testing the composite
null hypothesis that the regression curve is non-increasing. The limiting distribution of the
supremum distance was obtained under the hypothesis of constant regression curves, which
were shown to be least favorable. WOODROOFE AND SUN (1999) investigated a similar test
statistic in the setting of density estimation to test the simple null hypothesis of uniformity,
and obtained the limiting distribution under the null hypothesis. In both cases the test



statistic is easy to calculate and it appears to be powerful at increasing alternatives. This
suggests

S =i sup (Fu(t) = Fu(t)), (3.9)

t€(0,1]

as a test statistic for the composite null hypothesis that the underlying density f is non-
increasing. Similar to DUROT (2003), the uniform distribution is least favorable among all
non-increasing densities on [0, 1]. The limit distribution of S,, under uniformity is given in
the following theorem.

Theorem 3.1 Let f be non-increasing on [0,1] and S,, be defined as in (3.9).

1. For a sample X1, Xo,..., Xy, from f and Uy,Us, ..., U, defined by U; = F(X;), it holds
that Sn(Xl, e ,Xn) S Sn(Ul, .. ,Un)

2. If f =1, then S,, converges in distribution to supco 1] (W(t) —W(t)), where W denotes
the least concave magjorant of W on [0, 1].

Note that if f satisfies additional smoothness conditions, then .S, is of smaller order. This
follows immediately from KiEFErR AND WorrowiTz (1976), who showed that, if f is twice
continuously differentiable, (logn)~'n'/%S, tends to zero with probability one. The exact
limit behavior of S, for smooth f is still unknown. Computer simulations demonstrate that
Sy is powerful at increasing alternatives similar to the ones considered in WOODROOFE AND
SUN (1999). However, these simulations also demonstrate that S, is not so powerful at
increasing alternatives that are closer to the uniform density.
An alternative approach is to construct a test statistic on the basis of

/01 (Fn(t) — Fu(t))" dt.

Its limiting distribution under uniformity can be obtained, but we cannot prove that the
uniform distribution is least favorable. Nevertheless, one could consider the following slight
modification

R, = n*/? / 1 (Bu(t) — Fu(1))" dF(1). (3.10)
0

For R,, the uniform distribution is least favorable among all non-increasing densities on [0, 1],
and its limit distribution under uniformity is given in the following theorem.

Theorem 3.2 Let f be non-increasing on [0,1] and Ry, be defined as in (3.10).

1. For a sample X1, Xs,..., X, from f and Uy,U,, ..., U, defined by U; = F(X;), it holds
that Rn(X1, ..., Xn) < Ra(Ui,...,Uy).

2. If f = 1, then both n*/? fol (Fn(t) - Fn(t))kdt and R, converge in distribution to

fol (W(t) — W(t))kdt, for all k = 1,2,..., where W denotes the least concave majo-
rant of W on [0, 1].

Quantiles of the limiting distributions of R,, and S, as given in Theorems 3.1 and 3.2, can
be obtained by means of computer simulations. They are given in Table 1. The test based on
Sy is similar to the one proposed in DUROT AND TOQUET (2002), and has the same limiting
distribution. For this reason the quantiles for S,, are taken from that paper. Similar to S,,, the



Table 1: Simulated (1 — «)-quantiles of the limiting distributions of R,, and S,,.

o R, Sh

0.99 0.812 1.696
0.95 0.655 1.461
0.90 0.581 1.320

limiting behavior of R,, will be different for smooth f. Undoubtedly, it can be deduced from
Theorem 2.1 that n'/S(n*/SR, — ) = nl/ﬁ( fol A, (t)F dF,(t) — p) is asymptotically normal
with mean zero and variance o2, where ;i and o2 are as in Theorem 2.1 with g = f.

Theorem 2.1 can be used to approximate the distribution of a test statistic based on
the Lj-distance. The quantities depending on the process ¢ can be obtained by simulation.
However, the terms depending on the underlying density must be estimated. This requires
estimation of f and of its derivative f’. Note that when f has almost flat parts, estimation of
the terms with f’ appearing in the denominator of ;1 and o? causes difficulties. To this end
we take g = | f/|(*t1/3 in Theorem 2.1. A possible test statistic then is

/ 1 .
T, = nl i (/ A, (0)F| f1 (8)|*HD/3 dt—ﬁcn>, (3.11)
On 0
with

1 ~ ~

fin = GO [ 255,07 0] (3.12)
0 : 1 .

0 = [ o cF () ds [ 2B ) ar (3.13)

0 0

where f, and f/ are estimates for f and its derivative. Because A, (t) = Op(1) (see Lemma 5.7),
it follows that if f, converges to f and f] to f’ at a fast enough rate, then asymptotic nor-
mality from Theorem 2.1 carries over to T5,.

Theorem 3.3 Suppose that f satisfies conditions (A1)-(A3). Let A, by defined by (2.1) and
T, by (3.11). Define i, and 6y, as in (3.12) and (3.13). Suppose that fori=0,1,

(i) supyeo |F3) (8)] = Op(1) and 1/ inf e | £ (1) = O,(1),
(ii) for some q > 1, fol \f,gf)(t) — fO@)|7dt = 0,(n=9/%).
Then for all k > 1,

/6

1
7= ([ AoA o ).
0

On

converges in distribution to a standard normal random variable.

One possibility is to estimate f and f’ by kernel estimators. Let K : IR — IR be a kernel
function satisfying



(K1) K is a continuously differentiable symmetric probability density,
(K2) K(u) =0 for |u| > 1,
(K3) K'(u) and uK'(u) are of bounded variation.

Define

Fap() = 1j[1¥ (t - ) dF,(z), (3.14)
Ftt) = g5 [ 5 (557) dmto) (3.15)

If f is twice continuously differentiable, then under assumptions (K1)-(K3), the MISE optimal
choice for h is C1(f)Co(K)n~1/5 for estimating f by fn,h (see for instance PRAKASA RAO
(1983)). The constant C(f) can be estimated by several techniques, such as the method of
cross validation or by using a reference family. If f is twice continuously differentiable, K
satisfies (K1)-(K3), and h = O(n~'/5), then the conditions (i)-(ii) of Theorem 3.3 are satisfied
by the kernel estimators defined in (3.14) and (3.15). See Lemmas 5.13 and 5.14.

One may wish to account for the inconsistency of fn’h at the boundaries of the support of
f. A simple family of boundary kernels that modifies K at the left boundary is the following
linear multiple of K:

I/Q’Q(K) — ul,a(K)u
Vo oc(K)V2 a(K) - a(K)2
where vy (K) = [* u‘K(u)du and 0 < o = t/h < 1. Using K~ instead of K in (3.14) leads

to bias of the order (Q(hQ) unlformly for t = ah close to the left boundary (see for instance
WAND AND JONES (1995)). For the right boundary we use

va,5(K) + v1,5(K)u
vo,5(K)ve,p(K) — v1,5(K)?
where 0 < 8= (1 —t)/h < 1. Now define

Kk (u) =

K(u)1(—1,0)(w),

K (u) = K(u)l(—g1)(u),

Kﬁ“) ,0<t<h
Ki(u) = < K(u) yh<t<1-h (3.16)
K ) 1-h<t<l.

Then the bias of the corresponding kernel estimator

anh /Kt< ) dF,(z), (3.17)

is of the order O(h?) everywhere. Let K}(u) = dK;(u)/du and define the corresponding kernel
estimator for f’ by

Fonn(®) h2/K’< - > dFy,(r) — }1th (2) FB.nn(0) — %Kt (t;1> fBan(l). (3.18)

The last two terms are subtracted in order to keep the bias of the order O(h). Using standard
arguments from the theory of kernel estimators, it can be shown that if we take fn = fAB,nyh
and f) = fllB,n,h as defined in (3.16), (3.17) and (3.18), where K satisfies (K1)-(K3) and
h = O(n~'/%), then the conditions (i)-(ii) of Theorem 3.3 are satisfied. See Lemmas 5.13
and 5.14.




Remark 3.1 To show that the kernel estimators, as described above, satisfy conditions (i)-
(ii) of Theorem 3.3, the condition (Al) on f can be relaxed somewhat. At the cost of some
additional technicalities, conditions (i)-(ii) can be shown to hold if we require | f'(x)— f'(y)| <
Clx — y|3/*te, for some € > 0 and C' > 0 not depending on f.

Theorem 3.3 suggests that in order to test the null hypothesis that f is non-increasing at
level «, we reject if T, > z1_o, where z1_, is the (1 — a)-quantile of the standard normal
distribution. It is easy to see that this test is not a test of level a. The probability of
committing a type I error under the uniform distribution may only be bounded asymptotically
by o when f’ is estimated at rate n!/2, which is far too restrictive. In that case rejection
criteria must be corrected. This is also the case for underlying densities that are strictly
decreasing, but nearly flat. However, this deficiency of T;, is completely made up by its high
power on increasing alternatives very close to the uniform distribution. In order to have a
test of level o one can use statistics R, or S,,. They have smaller power close to the uniform,
but the probability of committing a type I error does not exceed level o. A comparison of T},
with R, and S,, can be found in Section 4. The use of T}, is advisable when the price of a false
alarm is not high compared to the price of overlooking violation of f being non-increasing.
This may be the case, for example, when testing the null hypothesis of a monotone intensity of
a Poisson process describing disease cases or fallouts. Although the Poisson model is different
from the one considered here, testing for a monotone intensity is equivalent to testing for a
monotone density (see also WOODROOFE AND SUN (1999)).

4 A simulation study

We have done a small simulation study in order to compare the different test statistics and to
illustrate their advantages and disadvantages. For the underlying distribution we have chosen
a family of exponential distributions restricted to the interval [0, 1] with densities

9€0z

fo(z) = o for z € [0, 1], (4.19)

where 6§ € IR. The value 8 = 0 corresponds to the uniform density. It is a transition point,
in the sense that for 8 < 0 (or 6 > 0), the density is strictly decreasing (or increasing). We
perform the simulation for § = 0,+1/20,4+1/10,4+1/5,41/3 and +1. Note that for smaller
|6|, the density is closer to the uniform. The case § = 1 was also considered by WOODROOFE
AND SUN (1999).

We have simulated one thousand values of S,,, R,, and T}, as defined in (3.9), (3.10) and
(3.11), with £ = 1. The constants depending on ¢ in (3.12) and (3.13) have been determined
by a separate simulation, where we found E[¢(0)] ~ 0.521 and [~ cov(¢(0),¢(s)) ds ~ 0.0171.
For f and f' we used kernel estimators me’k and fjg o as defined (3.17) and (3.18).
The boundary kernel Ky, as defined in (3.16), was constructed with the triweight kernel
K(u) = g—g(l —u?)314jy <13~ Since, we modify both at the boundaries 0 and 1, the bandwidth
should never exceed 1/2. For this reason we took h = min(C} (f)Co(K)n~/°,1/2), where the
constant C1(f) was estimated by using an exponential reference family.

In Table 2 we report simulated probabilities of rejecting the null hypothesis that f is
non-increasing at significance level 0.05, for underlying density fp as defined in (4.19), and
for sample sizes n = 100, 1000 and 10000. The probabilities are simulated for the values of 6



specified above. Critical values for R,, and S,, were taken from Table 1. For 7T,, we used the
95% percentile of the standard normal distribution.

The test based on T, is very powerful, rejecting the null hypothesis already for small
positive #’s. It is not a test of level « since for small negative 6, it rejects the null hypothesis
too often. However, at these decreasing, but almost flat underlying densities, the probability
of committing a type I error disappears rapidly with decreasing 6. Test statistics R, and S,
do produce tests of level . However, the test based on R, is less powerful than 7;,. The test
based on statistic .S,, appears to be least powerful.

We also compared the power of T;, to that of the tests proposed by WOODROOFE AND
SUN (1999) (see their Table 3). At the alternative fy, with § = 1, it appears that T), is
preferable to their D-and P-test for reasonably large samples. For n = 100, we see that the
D-test has power 0.838 and the P-test 0.787, whereas T}, has power 0.960. Furthermore, we
also have simulated the power of T, at underlying density f(z) = 2x. The comparison with
the D- and P-test is given in Table 3.

5 Proofs

We first show that for J = E, W, a properly scaled version of F/ can be approximated by
the process

Yo (s) = nt/® (Wn (F(t+ n_l/?’s)) - Wn(F(t))> + %f’(t)sz, for —oco<s<oo. (5.20)

plus linear term, where W), is defined in (2.6).

Lemma 5.1 Suppose that f satisfies conditions (A1)-(A3). Let F¥ = F, and let FV be
defined as in (2.7). Then fort € (0,1) fized, J = E,W and s € [—tn!/3 (1 — t)n'/3]:

n?BE(t4+n"3s) = You(s) + L7, (s) + R2,(s),

Table 2: Simulated probabilities of rejection at a = 0.05.

0 -1 -033 -02 -01 -0.05 0 0.05 0.1 0.2 0.33 1
n = 100

7, 0.013 0.091 0.114 0.181 0.214 0.241 0.285 0.323 0.413 0.539 0.960

R, 0.000 0.000 0.007 0.016 0.020 0.034 0.043 0.051 0.075 0.161 0.771

S, 0.000 0.002 0.008 0.013 0.022 0.026 0.034 0.038 0.060 0.111 0.625

n = 1000

T, 0.006 0.025 0.042 0.136 0.191 0.286 0.396 0.559 0.809 0.974 1.000

R, 0.000 0.000 0.001 0.008 0.015 0.055 0.109 0.215 0.481 0.871 1.000

S, 0.000 0.000 0.004 0.012 0.022 0.041 0.091 0.163 0.376 0.779 1.000
n = 10000

T, 0.005 0.006 0.015 0.027 0.079 0.282 0.739 0.965 1.000 1.000 1.000

R, 0.000 0.000 0.000 0.000 0.000 0.064 0.360 0.859 1.000 1.000 1.000

Sn,  0.000 0.000 0.000 0.000 0.004 0.059 0.268 0.753 0.999 1.000 1.000




Table 3: Power of T;, compared to the D- and P-test.

n  D-test P-test T,

10 0.542  0.588 0.496
20 0.835 0.875 0.906
40  0.984 0992 0.995

where Yy is defined in (5.20), L7, (s) is linear in s, and where for all k > 1,

E sup |RL(s)|" = Omn*3(1ogn)™),

|s|<log n
uniformly in t € (0,1).
Proof: Taylor expansion together with (2.7) and (2.6) yields that
n?BEV (t 4+ n713s) = You(s) + LY (s) + RV (s),
with Y, as defined in (5.20), LY (s) is linear in s:
Lyi(s) = n*PPF(t) + n S Wo (P (1)) +n' 2 f(2)s,
and RY (s) = in~Y/3f"(6;)s?, for some |0; — t| < n~1/3|s|. Similarly
nBEE( 40~ 13s) = p2BEY (1 40~ V3%)
+n!/6 {En(t +nY3%) — Bu(F(t+ n_1/3s))}
g, {F )+ fon st 3 0o 5
= Youu(s) + Li(s) + Rl (s),

where LE (s) = LW (s) — n'/0¢, F(t) — n=1/0¢, f(t)s is linear in s, and
RE(s) = R (5) = /O { Bo(t 4+ n7/%) = Bu(F(t+071%)) } - %mlﬂgn £(02)5,

for some |6y — t| < n=1/3|s|. It follows immediately from conditions (A1)-(A3) that:

sup ‘RZ(S)!k < Cin~*3(logn)3*. (5.21)
|s|<logn
Note that
1 _
sup [Ri(s)] < sup |Ry(s)] +n'/0S, + 3 sup | f[n 2 (log n)?[&nl,
|s|<logn |s|<logn

where S,, = sup e |En(s) — Bn(F(s))|. From KémLos, MAJOR AND TUSNADY (1975) we have
that

P {Sn > n"Y2(Clogn + a?)} < Ke™®,
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for positive constants C, K, and A. This implies that for all & > 1,
ESF = O(n=*?(logn)*). (5.22)
Next use that for all a,b >0 and k> 1
(a +b)F < 2%(a® 4 b*). (5.23)
Then from conditions (A1)-(A3) together with (5.22) and (5.21) we find that
E sup |R§t(s)‘k

|s|<logn

= O (n_k/3(log n)3k> +0 (n_k/S(log n)k> +0 (n_k/Q(log n)%)

= 0 (n_k/g(log n)3k> .
This proves the lemma. [

The next step is to approximate the moments of A;(¢) by corresponding moments of the
concave majorant of the process Y,;. For this we need to show that the concave majorants
of F/ on [0,1], and on a neighborhood of ¢ are equal at t. This requires some results from
KuLikov AND LoPUHAA (2003). They are listed below for easy reference.

Lemma 5.2 Let g and h be functions on an interval B C IR. Then

1. For any linear function l(t) = at+b on B, we have [CMp(g + )] (t) = [CMpyg] (t) +1(¢)
for allt € B.

2. (CMpyg) +infp h < CMp(g + h) < (CMpg) + supg h on B.

8. Let [a,b] C B C IR and suppose that [CM, y1g](z1) = [CMpgl(z1) and [CM,y9](z2) =
[CMpg|(x2), for z1 < 2 in [a,b]. Then [CM, g](t) = [CMpg|(t), for all t € [x1,z2].

Proof: See KuLiKkov AND LOPUHAA (2003).

Lemma 5.3 Let Z be defined in (2.2) and, for d > 0, let N(d) be the event that [CMRZ](s)
and [CM_q4Z](s) are equal for s € [~d/2,d/2]. Then there exist constants C1 > 0 and
Cs > 0, such that for all d sufficiently large

P(N(d)°) < C exp (—02d3/2) .

Proof: See KuLikov AND LoPuHAA (2003).

Lemma 5.4 Ford >0, let I;(d) = [0,1]N[t—dn~ Y3t +dn~Y3]. For J=E,W,t € (0,1),
let N;J,(d) be the event that [CMg 1 F/](s) and [CMy,,a)F;/](s) are equal for s € Ini(d/2).
Then, for any distribution function F' satisfying conditions (A1)-(A3),

P{NZ,(d)°} <8exp (-Cd*),
where C' > 0 does not depend on d, t and n.

Proof: See KuLikov AND LopPUHAA (2003).
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Lemma 5.5 Suppose that f satisfies conditions (A1)-(A8). Fort € (0,1) fized, let Yy be
defined as in (5.20). Let AE(t) = A,(t) and A)Y (t) be defined in (2.1) and (2.8). Define
Hp = [-n3t,n'/3(1 — t)] N [~ log n,logn]. Then for all k > 1, and for J = E,W

EA;(t)* = E[Da,, Yol (0)F + o(n™ /%)
uniformly fort € (0,1).

Proof: Let I,;(d) and N/,(d) be defined as in Lemma 5.4, and write I,,; = I,,;(logn) and

N;), = N/,(logn). Then by property 3 of Lemma 5.2, on the event N,/,, the concave majorants

CMp,1)F;/ and CMy,, F;] coincide on [t — n~'/3logn/2,t +n"'/3logn/2]. In particular, they
coincide at t, so that

Al (O 1ys =n*PDp, Fl|(O)1y  for J=E,W. (5.24)

nt nt- N

By definition |AZ(t)| < 2n%/® and AY is bounded by 2n?/3 (1 +n~1/2 SUP,e(o,1] ]Wn(s)\), SO
that

k
E ‘A;{(t)’f — 23Dy, F/] (t)k} Ly e < 2k+1n2k/3E<1 +n712 up |Wn(s)]) Lin,)e
sel0,

2%k 1/2
< 2k+1n2k/3{E<1 +n Y2 sup ‘Wn(s)|> } {P ((Nﬁ]t)c)}l/Q.
s€[0,1]

Next, use (5.23) together with the fact that all moments of sup,cp 1) [Wn(s)| are finite. Then
it follows from Lemma 5.4 that

EAJ(t) = n®/ED, F‘]](t)k+E<A7{(t)k—n%/g[DI F‘]](t)k> L

_ an/BE[DImFﬁ]] (t)k + n2k/30(67%02(10gn)3), '
uniformly for ¢ € (0,1). From Lemmas 5.1 and 5.2, we have for s € Hy,; = n'/3(I,; — t):
0/ D5, ] (8) = Dt (Ve + R)] (0) = (Dt Yar] (0) + Au
where Ay = (D, (Yor + R,)] (0) — D, Yoe) (0). We find that
EAJ () = E Dy, Yor] (0 + eny + 0230 (e*%02<1°g”>3) , (5.25)
where, by application of the mean value theorem,

1/2
entl < REI0l | Ane] < b { B10w |2} {BlAw 2}, (5.26)

with |60,: — [Dg,,, Yot (0)] < |Ape|. Since Hyy C [—logn,logn], by application of (5.23)

E|9m\2k*2 < Y2h-2 <E sup ‘Ynt(S)‘2k72 + E!Ant\2k2>, (5.27)

|s|<logn

where according to property 2 of Lemma 5.2 together with Lemma 5.1, for all £ > 1

BlAulf <2"E sup [Rjy(s)F = O (n~"/(10gm)™), (5.28)

|s|<logn
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uniformly for ¢ € (0,1). On the other hand, for |s| < logn, there exist constants C5,Cy > 0
that only depend on f, such that

d
sup |Yiu(s)| < sup  |Wy(s)| + Cy(log n)2 = (Cslog n)1/2 sup |W(s)| + Cy(log n)2.
|s|<log n |s|<C3logn s|<1

Because all moments of sup,<; [W(s)] are finite, from (5.26), (5.27) and (5.28) we conclude
that €, = (’)(n‘l/?’(log n)? 1), Together with (5.25) this proves the lemma. |

By uniform continuity of Brownian motion on compacta, the process Y,,;(s) is close to the
process Wy, (f(t)s)+ 3 f'(t)s%. In view of Theorem 2.1 this difference must be of smaller order
than n~1/¢. Unfortunately, it does not suffice to bound the difference between the concave

majorants by

sup
|s|<logm

Y

W%Qfﬁ(F@+41V%)—F@D)——W@U@ﬁ)

because according to the properties of the modulus of continuity for Brownian motion, this
is of order O(n~%logn). However, Lemma 5.7 follows from the next lemma that ensures
that the two concave majorants at zero are sufficiently close. We only need this lemma for
continuous g, but with a little more effort a similar result can be obtained for non-continuous g.

Lemma 5.6 Let g be a continuous function on an interval B C IR. Let 0 € B° and let
¢ : IR — IR be invertible with $(0) = 0. Let supgg < oo and suppose there exists an
a € [0,1/2] such that

(%)

l—a< == <lta (5.29)

for allt € B\{0}. Then

[CMy-1(5)(g © )] (0) — [CMpy] (0)‘ < do {s%pg — [CMpy] (0)} :

Proof: Consider the function h(t) = g(t) — supg g. For a < b, let [a,b] C B be an interval
containing zero. Then with property (5.29), t and ¢(t) have the same sign. Hence, ¢~!(a) <
¢~1(b) and 0 € [¢p~1(a), ¢~ 1(b)]. This yields the following inequality

1+a h(a)b—h(b)a < h(a)p=1(b) — h(b)p~L(a) < 1—a h(a)b—h(b)a
11—« b—a - ¢~ 1(b) — ¢~ 1(a) T 14+ b—a

(5.30)

First assume that both CMph and CMy-1(py(h o ¢) have non-empty segments containing
zero. Let [11, 7] C B, with 71 < 79, be the segment of CMph that contains zero. Similarly,
let [¢1,&] C ¢~ 1(B) be the segment of CMg-1(p)(h o ¢) that contains zero, with §; < &s.
Denote t; = ¢~ () and x; = ¢(&;), for i = 1,2, so that t; < to and 27 < z3. Consider the
line between (x1, h(x1)) and (x2, h(x2)). Since [x1,22] C B, the intercept at zero of this line
must be below [CMph|(0):

h(z1)wy — h(xa)my < [CMph](0) = h(Ti)m9 — h(TQ)Tl.

5.31
xro — I T — T1 ( )
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Similarly, consider the line between (t1, (ho¢)(t1)) and (2, (ho¢)(t2)). Since [t1,t2] C ¢~ (B),
the intercept at zero of this line must be below [CMy-1(py(h o ¢)](0):

(ho¢)(tr)ta — (ho¢)(ta)t (ho¢)(&1)éa — (ho¢)(&2)&
to — t1 62 - 51 ’

=< [CMy-a( (ho 9)](0) =
or equivalently,
h(r)¢™ ! (12) — M)~ (1)
¢ (72) — ¢~ H(71)
Together with (5.31) and (5.30), this implies that

l1ta h(m)¢~ ! (72) = hlr2)¢~ " (1)
a0 < T gy = (el dl)

1—a h(z1)zs —h(z)z;  1—«
. < CMpBh|(0).
I+a T2 — 1 _1+a[ Bh)(0)
Now use that (1 —a)/(14+a) >1—4a and (1 + «a)/(1 — a) < 1+ 4a, for a € [0,1/2] and
apply property 2 of Lemma 5.2 to the function g(t) = h(t) 4+ supp g. This finishes the proof

for the case that both CMph and CMy-1(p)(ho ¢) have non-empty segments containing zero.
If this is not the case, for e > 0 sufficiently small, such that [—e, ] C B, define

< [CMy-1(py(h o $)](0) =

g(t) if t € B\ [—¢,¢€]
9e(t) = 4 9(0) + (9(0) — g(—€))t/e if t € [—¢0]
9(0) + (g(e) — 9(0))p~"(t) /¢~ (e) ift €[0,¢].

Then g, is continuous and linear on [—¢, 0] and the function g o ¢ is linear on [0, ¢! (€)]. This
implies that for the corresponding function he = ge—supp ge, both CMph and CMy-1(p)(hog)
have non-empty segments containing zero. Next, let § > 0 arbitrary and choose ¢ > 0
sufficiently small such that sup |gc — g| < . Then, again by property 2 of Lemma 5.2 and by
(5.29), it follows that |[[CMpg] (0) — [CMpge| (0)] < supyei_ q19(t) — ge(t)| < 6, and similarly

‘ [CM¢—1(B) (g o ¢)] (0) _ [CM(z)—l(B) (g€ o (;5)] (0)‘ < t€[¢—1(S,UI))¢—1( : |(g o ¢)(t) - (ge o ¢)(t)|
= tes[ljp | \g(t) - ge(t)‘ <9,

where § > 0 can be chosen arbitrarily small. [

Lemma 5.7 Suppose that f satisfies conditions (A1)-(A3). Lett € (0,1) and let ¢ be defined
as in (2.3). Let AE(t) = A, (t) and A (t) be defined in (2.1) and (2.8). Then for all k > 1,
and for J = E, W,

Took  [(2f ()
B = <|f'<t>|

uniformly in t € (n"Y3logn,1 —n~Y3logn), and

k/3
> EC(0)F + o(n™1/9),

J ik 27 (1)2\ "/ k4 o(n—1/6
pale) < () ECOF o),

uniformly in t € (0,1).
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Proof: For ¢t € (0,1) fixed let Y,,; be defined as in (5.20) and let
1
Znt(8) = Wi (f(t)s) + §f’(t)52. (5.32)
Let ap; = max(0,t — n=1/3 logn) and b, = min(1,t + n~1/3 logn). Define the interval
Jnt = [n'/3 (F(ans) — F(2)) / f(t), n'/3 (F(but) — F(#)) /f(t)] and the mapping

n'3(F(t +n13s) — F(t))
f®)
Then Hpt = é,1 (Jnt) = 013 (ant — t),n"3(by — t)], and there exists a constant C; > 0

only depending on f, such that for all s € Hy;, we have 1 — ay, < ¢pi(s)/s < 1+ a,, where
a, = Cin~1/3 logn. By definition of Z,,; and Y,

¢nt(s) =

s 2
(Znt © nt)(8) = Yne(s) + %f’(t)sz <¢"t(2 ) 1) .

Since Hy,; C [—logn,logn|, according to property 2 of Lemma 5.2, there exists constant
C5 > 0 only depending on f, such that

[[Dr1,, Yat) (0) = D, (Znt © dne)](0)] < Con™'(logn)®. (5.33)
Now apply Lemma 5.6 with g = Z,4, ¢ = ¢nt, @« = ay, and B = Jy;. This yields that

D1, (Znt © 6)}(0) — Doy, Znt] (0)] < 8o, sup | Znit(s)]-

Together with (5.33) we conclude that there exists a constant C' > 0 only depending on f,
such that

I[Da,,, Ynt](0) — [D,, Znt](0)] < Cn~1/3 logn ((log n)? + Sélg |ng(s)|> ) (5.34)

Similar to the proof of Lemma 5.5, this implies that
EDg,, Y] (0)F = E[Dy,, Zu](0)* + €nt, (5.35)

where [en| < k {E|0,[*2}"? {E|Aw2}?) with Ap = [D,, Yu)(0) — [Dy,, Zut)(0) and
|0nt — [Dr,, Yot (0)| < |Apnt|. Note that with ¢1(¢) and c2(t) as defined in (2.5), by Brownian
scaling one has

c1(t) Zu(ca(t)s) £ Z(s). (5.36)

Since P{sup;c (W (t) — t2) > 2} < 4exp(—23/2/2) (see for instance Lemma 3.3 in KULIKOV
AND LOPUHAA (2003)), it follows that for all k& > 1,

k k
E <sup ]ng(s)|> <CE <Sup \Z(s)|> < 00,
s€lR s€R

for a constant C' > 0 only depending on f. From (5.34) we conclude that for all k£ > 1

E|An]F = O(n*31ogn)®k). (5.37)
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Similar to the proof of Lemma 5.5, using an inequality similar to (5.27) together with (5.37),
we find that e,; = O(n~"/3(logn)?**1), so that from (5.35) we get

E[D#,,Yni)(0)" = E[D g, Zu)(0)* + O(n~"/*(logn)***1).
Together with Lemma 5.5 and scaling property (5.36), we find that
EAL (1) = e(t) B DRZ] (0 +e1() ™ E ([D1,,2) (0)* = [DrZ) (0)*) + o(n™"/%), (5.38)

where I,,; = co(t)"'J,;. First note that for any ¢ € (0,1), on the interval I, the concave
majorant CMy, ,Z always lies below CMpZ. Because I,,; contains 0, this implies that

EAI(t)* < e1(t) " E [DRZ] (0)F + o(n~Y/9),

uniformly for ¢ € (0,1).

When t € (n*1/3 logn,1 —n"131og n), there exist an M > 0, only depending on f, such
that [—M logn, M logn] C I,;. Note that on the interval [—M logn, M log n] we always have
CM[_r10gn,MiognZ < CMy,, Z < CMRZ. Write Npy = N(M logn), with N(d) as defined
in Lemma 5.3. On the event Npps, we have [CM{_pfiogn,m10gn]Z) (0) = [CMp,, Z] (0) =
[CMRZ](0). Hence

B (ID1,,.2] (0)* = [DRZ) (0)")| < B|ID1,, 2] (0)° — DRrZ] (0| 1ng,,
k 2k 1/2
<215 (sup|2()]) 1N5Ms2’f“{E(§gﬂgrz<s>|) } (POVE)I2

Since E(sup|Z|)?* < oo, it follows from Lemma 5.3 that E ([Dy,,Z] (0)* — [DrZ] (0)*) =
o(n~1/6). Together with (5.38) and the fact that ¢ = DrZ this proves the lemma. |

Lemma 5.8 Suppose that f satisfies conditions (A1)-(A3). Let AL = A, and A}V be defined
by (2.1) and (2.8). Then for all k > 1, we have fol |AE(t)F — AV (t)*| dt = 0p(n=1/6).

Proof: By Markov’s inequality is suffices to prove that E|AE(t)F — AV (t)*| = o(n=1/6)
uniformly in ¢t € (0,1). Let I;(d) and N/,(d) be defined as in Lemma 5.4. Write I,,; =
L(logn) and NJ, = N/, (logn), and let K,; = NE N NYW. Then according to (5.24):
BlAZ@" = AV ()| = n*PE|Dy, FAOF - D, FV IO 1, (5:39)
Y E ‘Af(t)k - AgV(t)k] ke,
We first bound the second expectation the right hand side of (5.39). We have that
E ’Af(t)k A (t)k‘ ke, < BEAZ()M ke, + BAY ()M ke,

{EAE(”%}W {PEG)Y? + {EAW 2k} N
(

IN

where, according to Lemma 5.4, P(K¢,) < 16e~¢(log n)? yniformly in ¢ € (0, 1). Since from
Lemma 5.7 we know that EA;(#)2* are bounded uniformly in n and ¢ € (0, 1), we conclude
that

E|AB@)F = AW (1) | 1g, = O(ehC0oEm), (5.40)
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uniformly in ¢ € (0, 1).
To bound the first expectation in (5.39), apply the mean value theorem to write

w23 (D, FE\(0) - Dy, FY (¢ >’f\1xm

< k|0nt|k71n2/3 HDIntF’n ]( ) [Dfnt ‘ 1Knt
<k (AF@ "+ AT @) 022 D me]< O - DL EYI]. (5.41)

By Lemmas 5.1 and 5.2, n?/3 \[Dr,,, FEI(t) — [Dr,, . F)YV1(#)| < |RE,(0)] + |R};(0)]. Hence,
together with (5.41), the first expectation in (5.39) can be bounded by

' {E <Ag(t)k71 " A"W(t)k1>2}1/2 {E (IRE(0)| + \RZZ(O)DQ}”Q 7

From Lemma 5.7 together with (5.23), it follows that the first expectation is bounded uni-
formly for ¢ € (0,1). According to Lemma 5.1, the second expectation is of the order
O(n~'3(logn)3). Together with (5.40) this proves the lemma. |

Lemma 5.9 Suppose that f satisfies conditions (A1)-(A3). The process {AV (t) : t € [0,1]}
1s strong mizing process with mixing function

an(d) = 12¢Cind®
where C1 > 0 only depends on f. More specifically, for d > 0,
sup |P(AN B) — P(A)P(B)| < ay(d),

where the supremum is taken over all sets A € o{AW(s) : 0 < s <t} and B € o{AY (u) :
t+d<u<l1}.

Proof: Let t € (0,1) arbitrary and take 0 < sy < s9 < -+ < sp =t <t+d=u <ug <
- < < 1. Consider events

E = {AW GBl,...,A};V(Sk)EBk},

By = {AV(w)eCh,..., AV (w) e},
for Borel sets By,..., B and C1q,...,C; of IR. Note that cylinder sets of the form F; and FEs
generate the o-algebras o{AY (s) : 0 < s <t} and o{AY (u) : t + d < u < 1}, respectively.

Define the event

S = {[CM[O’HFTIL/V] (u) = [C’M[07t+d/2}FJ;V] (u) for any u € [0, t]
and [CM[O,”FXV] (u) = [C’M[Hd/M]FZV] (u) for any u € [t + d, 1]} )

Let E{ = E1 NS and E) = E>NS. Then by independency of the increments of the process
FW the events E} and E) are independent. Therefore by means of Lemma 5.4

|P(Ey N Ey) — P(Ey)P(Ey)| < 3P (5°) < 48¢~ ¢4

for some constant C' > 0 that only depends on f. This proves the lemma. [
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From Lemmas 5.8 and 5.7 it follows immediately that for proving asymptotic normality
of n'/6 fol (A, () — EAL(t)%) g(t) dt, it suffices to prove that its Brownian version

TV = /o / 1 (A,VLV )k — BAY (t)’“) g(t) dt. (5.42)
0

is asymptotically normal. The proof runs along the lines of the proof of Theorem 4.1 in
GROENEBOOM, HOOGHIEMSTRA AND LOPUHAA (1999) and needs two lemmas that bound co-
variances by the mixing coefficient. The lemmas are analogous to Theorems 17.2.1 and 17.2.2
in IBRAGIMOV AND LINNIK (1971) and can be proven similarly, since stationarity is not essential
in these theorems.

Lemma 5.10 If X is measurable with respect to {c{AW (s):0 < s <t} and Y is measurable
with respect to {o{AW (u) :t+d <u <1} (d>0), and if | X| < Cy and |Y| < Oy a.s., then

|E(XY) — E(X)E(Y)| < 4C1Can(d).

Lemma 5.11 If X is measurable with respect to {o{A (s): 0 < s <t} andY is measurable
with respect to {c{AW (s) :t+d <wu < 1} (d>0), and if for some § > 0,

E|X|* <C3 and E|Y[*" <y,
then
|E(XY) = E(X)E(Y)| < Cs (an(d))”/*),
where Cs > 0 only depends on Cs and Cy.

We first derive the asymptotic variance of T'V'. To this end we introduce the Brownian
version of the process ¢y defined in (2.4). For t € (0,1) fixed and t + c3(t)sn~'/3 € (0,1),

(s) = et () AY (t + eo(t)sn™1/3), (5.43)

where AY is defined in (2.8) and c1(t) and cy(t) are defined in (2.5). From the fact that
(nt converges to ¢ in distribution (see Theorem 4.1 in KuLikov AND LopuHAA (2003)) and
Lemma 5.8, it follows immediately that the process

{¥(s):s € R} — {((s) : s € IR} in distribution. (5.44)

Furthermore, note that Lemma 5.7 implies that for every m = 1,2, ... there exists a constant
M > 0 such that EAY (¢t)*™ < M, uniformly in n = 1,2... and t € (0,1). Hence it follows
from Markov’s inequality, that for all m = 1,2,... there exists a constant M’ > 0

!

PYCY (s)F > ) < an

uniformly in n = 1,2..., t € (0,1) and t + ¢c3(t)sn~'/3 € (0,1). This guarantees uniform
integrability of the sequence (% (s)¥ for s,¢ and k fixed, so that together with (5.44) it implies
convergence of moments of (¢!V(0)*, ¢ (s)*) to the corresponding moments of ((0)¥,¢(s)¥).
This leads to the following lemma.
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Lemma 5.12 Suppose that f satisfies conditions (A1)-(A3). Then for any function g that
is continuous on [0,1], and any k > 1,

1 1 2(2k+5)/3f 1) (4k+1)/3 0o
var <n1/6/0 A,VLV(t)kg(t)dx> —>/O f/(t)‘(gk)JrQ)/g Q(t)2dt/0 cov(¢(0)*,¢(s)") ds.
Proof: We have with ¢!V as defined in (5.43),

Var( 1/6/1AW() ()da:)

—2n1/3/ / cov AW kLAY () )g(t)g(u)dtdu

nt/3(1—t)/ea(t)
co(t )
:2/ 2( ;k/ COV(Cm:( )kaé.?g‘t/(s)k)g(t)g(t‘i‘CQ(t)STL 1/3)dtds,
o c1(t)** Jo
by change of variables of integration u = t + ca(t)sn~"/%. As noted above for s and ¢ fixed,

cov(Gat (0)%, Gt (8)F) — cov(C(0)%,¢(5)").
Lemma 5.7 implies that uniformly in n = 1,2,..., s and ¢, we have E|¢¥ (0)|** < C3 and
E|¢Y (s)]PF < C4. Hence by Lemma 5.11, it follows that

o (G (0%, (Y (9)%) < Craun (nFes(t)s) " < Dy exp(=Dalsf?).

where D1, Dy > 0 do not depend on n, s and ¢t. Substituting c1(t), ca(t) as defined in (2.5),
and using that ¢ is uniformly bounded on [0, 1], it follows by dominated convergence that

(oh+5)/ )/ o0
var <n1/6 /0 Law (t)kg(t)dx) R /0 12%’;5 jﬁgkﬁkﬂ ()2 dt /O cov(C(0)F, C(s)F ds. m

Proof of Theorem 2.1: It suffices to prove the statement for 7))V as defined in (5.42).
Define

Xu(t) 2 (A @F = BAY 0)F) g(0).
Let

1
Lo =n"Y(logn)?, M, =n""*logn, N, — [LH\/[]
n n

where [z] denotes the integer part of z. We divide interval [0, 1] into blocks of alternating
length

Aj = [(] - 1)(Ln + Mn)a (] - 1)(Ln + Mn) + Ln]7
Bj = [(] - 1)(Ln + Mn) + Lny](Ln + Mn)]a
where 1 < j < N,,. Now write T}{V = S;L + S” + R,, where
Nn,
S, = nl/%y" / X, (t) dt,
=174
Nn,
S = nl/ﬁz/ X, (t) dt,
j=1"Bj
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According to Lemma 5.7 and the Cauchy-Schwarz inequality, for all s,t € (0,1),
E|Xn(s)Xn(t)| < C, (5.45)

where C' is uniform with respect to s,t and n. Together with a fact that length of the interval
of integration for Ry, is O(n~'/3(logn)3) this shows E|R,| — 0 and hence R,, = 0,(1).

Next we show that contribution of integrals over small blocks is negligible. To this end
consider

) 1/3ZE</ X, dt) +nl/52/ / EX, ()X, (t)dsdt.

i#j
We have that

[EX(5)Xn(t)] = lg(s)g(t)][cov(AY (s)F, A (1)F)] < Dyem P2l

where Di, Dy > 0 do not depend s, t and n, using the fact that g in uniformly bounded on [0, 1]
together with Lemma 5.11. Moreover, for s € B; and ¢ € B;, we have |s —t| > n™/3(logn)>.
Since N,, = O(n'/3/(logn)?) this implies that

1/32/ / EXp(8)X,(t) dsdt] < n'/PN2M2DyeP20zm)® _ ¢,
7]

Hence, using (5.45) we obtain

11

E(S))? = O(n'3N,M?) + o(1) — 0,

so that the contribution of the small blocks is negligible.

Define
Ny,
Y]—n1/6/ Xp(t)dt and 0'2—Var ZY ,
j=1
so that S, = Z L Y; and 02 = var(S,). We have
i o Nn i
Fexp{ — Y. » — FEexp {Y}
On ; J 1;[1 On !
Jn i X = U
Z FEexp Z —Fexp{ — Y; Eexp{Yk}
< 4(Ny, — 1o (M )

where the last inequality follows from Lemma 5.10. Observe that (NN, — 1)oy,(M,) — 0,
which means that we can apply the Central Limit Theorem to independent copies of Yj.
Asymptotic normality of S), follows if we can show that the independent copies of the Y;’s
satisfy the Lindeberg condition, i.e., for all € > 0,

ZEY Ly |>eony — 0,
noj=1
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as n — o0o. Note that by the Markov inequality E}/}zl{|3/j‘>50n} < E|Y;|?/(e0y). Again using
the Cauchy-Schwarz inequality and uniform boundedness of the moments of | X,,(¢)| we obtain

sup  E|Y;[> = n'20(14,?) = O(n~?(log n)?).
1<j<Ny
Hence

N,
1 = 1
il EY21,. <__N ElY:13 = O(c=3n"1/5(1 6y,
U%; j TYjl>eon = 60% nlgsjugg\fn ‘ J| (Jn n (Ogn) )

Note that
o2 =var(S,) = var (V) + var(S,, + R,) — 2ET) (S, + R»).

Using the already obtained results (S, )% = o(1) and ER2 = o(1), together with the Cauchy-
Schwarz inequality, we conclude that

1

var(S, + Ryp) = E(S.)? + ER2 4+ 2E(S,. R,) — 0,

and that according to the Lemma 5.12

ETY (S, + Ry) < \E(TV)? var(S) + Ra) — 0.

So we find that o2 = var(S,,) = 0 + o(1), which implies

N,
L B
= 2 BV 1y e,y = o(n” 0 (logn)®) — 0. m
n ]:1

Proof of Theorem 3.1: Let G,, be the empirical distribution function of the U;’s and let
Gy be its least concave majorant on [0,1]. Then F,(t) = G,(F(t)) for all t € [0,1]. When f
is non-increasing, then F is concave, so that G, (F(t)) is also concave. Moreover, G, (F(t))
lies above Gy (F(t)) = Fy(t). Since E,(t) is the least concave function on [0,1] that lies above
F,, it follows that F,(t) < G,,(F(t)). We find that for all ¢ € [0,1],

By

(t) = Fu(t) < Gu(F (1) — Gu(F (1)) (5.46)

It follows that S, (X1, Xo,..., X,) < Sp(U1,Us,...,Uy). When f =1, then F(t) = t, so that
according to property 2 of Lemma 5.2,

nl/z(pn(t) - Fn(t)) = n1/2 (Fn(t) - t) - (Fn(t) - t) = [D[O,I]En] (t)’ (5'47)

where Ep(t) is the uniform empirical process. Since the mapping h — supycjo17[Djo,12](t)
is continuous, it follows that S, converges in distribution to sup,c( 1)[Djo,1;B](t), where B
denotes Brownian bridge. Because B(t) has the same distribution as W (t) — tW (1) and,
according to property 2 of Lemma 5.2, Dy 1] is invariant under addition of linear functions,
this proves Theorem 3.1. ]

Proof of Theorem 3.2: Using F,(t) = G,(F(t)) and (5.46), we find

IN

1 1
/0 (Fu(t) — Fa(t)) dFu() /0 (Gu(F (1) — Ga(F (1)) dGu(F (1))
1
~ [ PGl 6o,
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which means that R, (X1, Xo,...,X,) < R, (U1,Us,...,U,). When f = 1, then similar to the
proof of Theorem 3.1, using that the mapping h — fol [Do,11h](t) dt is continuous, it follows

that
nk/Q/ (Fn(t)—Fn(t))kdtH/ (W) — W) dt.

To prove the same for R,, it suffices to show

1
n’“/g/o (Fn() = Fu(6) d(Fa(t) = F(t)) = 0p(1).

To this end, let G,, be the class of functions (F; — Fg)k, where F} > Fy are distribution
functions satisfying sup |F; — Fy| < n='/2logn. According to Theorem 3.1, we have that
(F,, — F,)* is in G,, with probability tending to one. Therefore, we can restrict ourself to
proving

1
sup / h(t) d(F,(t) — F(t)) = 0,(n"*/?). (5.48)
heGn JO

First, note that the total variation of (F} — Fg)k in G, is
V =TV((F, — F2)*) < ksup(Fy — F)*'TV(F — Fy) < 2kn~#=D/2(log n)k~1.

Therefore, (Fy — F2)¥ in G, is of bounded variation and may be represented as a difference
of two monotone functions, both bounded by V. Hence, if F denotes this class, then G, C
{f1— f2; f1, fo € F}. This implies that the entropy with bracketing Hg (0, G,, P) with respect
to Lo(P)-norm is bounded as

Hp(6,Gn, P) < 2Hp(8/(2V), F, P) < Dn~k=D/2(logn)k=1 /s, (5.49)

where the constant D > 0 does not depend on 6 > 0 and P. Next, we will apply Theorem
5.11 in VAN DE GEER (2000). Application of this theorem involves a suitable bound on the
generalized entropy with bracketing Hp i (9, Gn, P) with respect to px, defined by

phlg) = 22 [ (e~ 1 Jgl/xc)" ap

(see Definition 5.1 in VAN DE GEER (2000)). With K = 4n~*/2(logn)¥, it follows from
Lemma 5.10 in VAN DE GEER (2000) that

Hp.i(6,Gn, P) < Hp(6/V?2,Gn, P) < 2Dn~F=1/2(1og n)k=1 /6. (5.50)
Furthermore, it is easy to see that there exists a constant B > 0, such that for any g € G,,
pr(9) < Bpr,p)(g) < Bn~**(logn)*.

Now, (5.48) follows from Theorem 5.11 in VAN DE GEER (2000), with K = 4n=*/2(logn)*,
R = Bn*?(logn)¥, a = C(BD)'/2n=k=D/4(logn)(2k-1/2 €y = 1, and Cy = C'/2, where
C' is a universal constant. |

Proof of Theorem 3.3: First note that for v = (k +1)/3,

(o = 1700) de| <7 s [ A0 - ol G

te€[0,1]
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where & is between | f/ ()| and | f/(t)]. Since both sup |f| = Op(1) and 1/inf |f| = O,(1), it
follows that sup |&|7~! = O,(1) for any +. By application of Holders inequality, the integral
on the right hand side is bounded by

([ woma)” ([ - o)

where p > 1, is chosen such that 1/p+ 1/¢ = 1. According to Lemma 5.7 the first integral is
of the order O,(1), and according to condition (ii), the second term is of the order o,(n~1/6).
Next, consider

L . 1
‘/ f"(t)zk/glfé(t)!”gdt_/ f(t)Qk/3!f/(t)!1/3dt‘
0
/ f 2k/3 ( ’1/3 /(t)‘l/?)‘ dt+/1f/(t)’1/3‘fn(t)2k/3_f(t)gk/;g’ dt
0

< sup(fo)?/? /0 A1 =103 dt + sup | /]2 /0 a5 — ] a

Conditions (A1)-(A3) imply that sup |f’| is bounded and sup | f,| = O,(1). The two integrals
can be treated in the same way as in (5.51). It follows that y, — u = o,(n"'/%). Finally,
on — 0 = 0p(n"1/%) can be shown similarly. This proves the theorem. |

Lemma 5.13 Let f and K satisfy (A1)-(A8) and (K1)-(K8). Suppose that h = O(n~1/%),
then for 1 =0,1,

(i) supyeo [F3, ()] = Op(1) and 1/ inf e | £, (8)] = Op(1),
(ii) for any 1 < q < 6/5, fol \ﬁ(f)(t) — fO@)|7dt = Op(nfq/6)_

Proof: Following the proof of Prakasa Rao (1983) page 38, we have that

A A 1
sup [ fn,n(t) = Efan(t)] < o sup [Fu(y) — F(y)| TV(EK),
te(0,1] y€[0,1]

where TV (K) denotes the total variation of K. Note that since K is differentiable, it is of
bounded variation, so that TV(K) < oo. This implies that the above supremum is of the
order O,(h~'n=12) = 0,(n=3/19). Similarly,

R A 1
sup [fyp(t) = Efp (Bl < 75 sup [Faly) = F(y)] TV(K') = Op(h™*n™1%) = Oy(n=1/10).
t€(0,1] y€[0,1]

Next, we use that

Efn n(t / K(u)f(t — hu) du (5.52)

and
Ef,,t)= [ K@)f'(t— hu)du. (5.53)
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Then, it follows for ¢ = 0, 1, that

sup |fO.(0] < sup |f9.(0) — A0+ sup [EFY ()]
te(0,1] te[0,1] t€[0,1]
< Op(n7V10) + sup |FO(1)] = 0,(1).
t€[0,1]

The infimum can treated similarly, using that

£ /9@ > inf |E - i 6y — EFY (¢
SO 2 e B0 s 1756 - B0
1 (0)
> — inf [fO@)] - sup fn Ef 5 (@)
5 it OO1 = s 1750 - B 0)
This proves (i).
For (ii), use the triangle inequality for the L,-norm || - |4
1£S% = £l < 155, — BAS) e (5.54)
For the second term, we can write
1 4 .
(1B75 = 191)" = [ 1880 - 1O

This integral can be decomposed into three integrals over the intervals [0, k), [k, 1 — h], and
(1 —h,1]. According to conditions (A1)-(A3), (5.52), and (5.53), the integrals over [0, h) and
(1 — h,1] are of order O(h), and for h <t <1 — h, we use that

Efon(t) / K () f(t — hu) du / e KW du  (5.55)
and .
/ K(u)f'(t — hu)du = f'(t) — h/ " (&) uK (u) du. (5.56)
—1
This implies that also
1—h , ‘
| B0 - 10w = o),
It follows that for ¢ = 0, 1,
1B~ fDllg = O0Y/) = o(n™1).

To bound the first term in (5.54), write

1
i ~(i q (7 A2
(15, = 2750)" = [ 1750 — BES o1 ar

Again we can decompose the integral into three integrals over the intervals [0, k), [h,1 — h],
and (1 —h,1]. On [0,h) and (1 — A, 1] we bound

00 = BEO@1 < sup 1(0) = EFS (0] = 0,n=1/1).
t€(0,1]
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This implies that the integrals over [0,h) and (1 — h,1] are of the order O,(hn~%/10) =
O(n~(@+2/10) For the integral over [h, 1 — h], we write

1-h . . 1-h , s 2
[ - eieras ([ (190 -Bi0) @)

Now, also use that

q/2

Varfn n(t / K(u)*f(t — hu) du (5.57)

and that
var f,, , (t) nh3 / K'(u)?f(t — hu) du. (5.58)

According to (5.57) and (5.55), we have that

1-h , ) )
h
Similarly, by means of (5.58) and (5.56),
- h 2 sup | f| [*
< 1) duy — —2/5y
E/ font) = Ef; ()) di < —53 /_1K(u) du = O(n=2/%)

It follows that for ¢ = 0,1

1-h o I-h q/2
[ - i wac< ([ 100 - B 0ra) - o)

It follows that

1
. = Op(n_l/ﬁ)’

1EFD, — fOlq = (Op(hn_q/lo) + O(n—q/5))
which proves (ii). .

For boundary kernels we prove the following lemma. Both properties imply the two
conditions of Theorem 3.3.

Lemma 5.14 Let f and K satisfy (A1)-(A3) and (K1)-(K3). Suppose that h | 0 such that
nh* — oo, then fori=0,1,

(i) supyepoy \fg?n,h@) — FO1)] = 0p(1).

(ii) fo Bnh — f(")(t))2 dt = op(n_1/3).

Proof: For the boundary kernel estimator fB,n,h we can use the same Taylor expansion
(5.52), when h <t <1—h. For 0 <t = ah < h, we have

ot 2 a
Efpnn(t) = / K (u)f(t— ) du = £() + % / RACHEAOLT
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and for 1l —h<t=1-pgh <1, we have
1
Efsnn(t) = / K2(u)f(t — hu) du / P () K B ) du.
-8
Hence, incorporating the definition of K; given in (3.16), this means that for every ¢ € [0, 1],
R h2 1 )
Efpnn(t) = f(t)+ 2/ F7 (&u)u” Ki(u) du. (5.59)
-1
For the boundary kernel estimator of the derivative

Finn®) =13 /K/< - ) Fy(x) — %Kt <2> FB0n(0) — ﬁKt (t;Ll) FBan(1),

we use the Taylor expansion (5.53), when h <t < 1— h. Note that in that case Ky = K, and
that Ky(t/h) and K;((1 —t)/h) are both zero. For 0 <t =ah < h <1/2,

t—1
() -

1, <2) Efpan®) = TKHa)f(0)+ 2Kk / 1 (o) u2 K (u) du

h
1 ,(t—x ,
ﬁE K; . dF,(x) = K f(t — hu)du

= [hKL( )ft—hu} /Kt '(t — hu) du

and

1
= GEHQLO)+ £O - [ P uit) de
It follows that for 0 <t =ah < h <1/2,
R h 0 a
Efsun®) = £+ 5KE@) [ 1otk du—h [ (6 0ukitn) du.
—1 -1
where |§py| < hu and [§, —t| < hu. For 1/2<1-h<t=1-ph <1,
t
K (+) =
(i) = o

k(S Bfnan) = FRECOI0+ FRECH [ it

= =

and

" 1
>an(x) = % K (u)f(t — hu) du

= [11(5( )ft—hu] /Kt f(t = hu) du

h
= SRECOI) 10 [ )
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It follows that for 1/2<1—-h<t=1-ph <1,

B nt) = 1'(0) + S~ /f" €L 2K () du— h / F(Enyuky(u) du,

where |£;1 4| < hu and |&,, — t| < hu. Putting this together, we obtain for every t € [0, 1],

1
Efynt) = () —h / (G ) du (5.60)

1
+ gKt (Z) /_1 £ (&0,u)u* Ko(u) du
. 1
+ gKt <th1> /_1 f”({Lu)uQKl(u) du.

Furthermore, there exist constants A, B > 0 not depending on ¢, such that
|K¢(u)| < (A+ Blu|)K(u). (5.61)
We proceed as in the proof of Lemma 5.13. First note that

|Ki(z) — Ki(y)l = el K(z) — K(y)| + coplzK(z) — yK(y)|
< Gi|K(z) = K(y)| + ColzK (2) — yK(y)|,

for some C7 > 0 and Cy > 0 that do not depend on ¢t. Hence, if L(u) = uK (u) then

sup TV(K;) < C1TV(K) + CoTV(L).
t€[0,1]

Because L'(u) = uK'(u) + K (u), it follows that L is of bounded variation. This means that

N A 1
sup |fBan(t) — Efpnn(t)] < 7, Sup |Fo(y) — F(y)| sup TV(K;) = O(n/2h71).
te[0,1] ye[0,1] t€[0,1]

On the other hand according to (5.59),
1
sup |Efpnn(t) — f(t)] < h2 sup | f”| sup / u?Ki(u) du = O(h?).
tel0,1] t€f0,1]
This proves (i) for ¢ = 0. Similarly, for the estimator of the derivative first note that
|Ki(z) — Ki(y)] < C1|K'(z) — K'(y)| + ColaK'(z) — yK'(y)| + C2| K (2) — K(y)],
so that if M(u) = uK'(u), then

sup TV(K]) < CiTV(K') + CoTV(M) + C2TV(K).
t€0,1]

This implies that

sup |anh( ) _Ef/B,n,h(tM
te[0,1]

1
< 5 sup [Fu(y) — F(y)| | sup TV(K}) + sup |Ki(u)| sup TV(Ky)

b2 yelo.1) te[0,1] tuel0,1] te[0,1]
= 0,(n"Y2n72).
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With (5.60),

sup |Efpnn(t) = f'(8)] < Csh,
t€[0,1]

for some C'3 > 0. This proves (i) for i = 1.
For (ii) we also need that

~ Cl
var fg . n(t) < v
for some C7 > 0 only depending on K and f. For the derivative we can write

Foaa) = g5 [0 (55) aruto) = 150 (§) Fraa - 5 (50 ) fa)

- hz/Lt< . )an(ac),
Lt(u):Kg(u)—Kg(]i)KO(u—;) Kt< h1>K1< 1h_t>

This means that

(5.62)

where

1 1L()2f(t—h)d <&
nh3 J_, i\ W= s

for some Cy > 0 only depending on K and f. According to (5.62) and (5.59), we have that

1, 112 1 2
E/O (fB,mh(t) — f(t)>2 dt % + Supllf’h‘l (/_IUQKt(u) du>
= O(n*?),

var fig () < (5.63)

IA

which proves (i) for ¢ = 0. Similarly, by means of (5.63) and (5.60),

Y Cs
E /0 (o —f’(t)) It < L4 O3 = O,

which proves (ii) for i = 1.
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