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In the context of adaptive nonparametric curve estimation problem, a common as-
sumption is that a function (signal) to estimate belongs to a nested family of func-
tional classes, parameterized by a quantity which often has a meaning of smoothness
amount. It has already been realized by many that the problem of estimating the
smoothness is not sensible. What then can be inferred about the smoothness? The
paper attempts to answer this question. We consider the implications of our results
to hypothesis testing. We also relate them to the problem of adaptive estimation.
The test statistic is based on the marginalized maximum likelihood estimator of the
smoothness for an appropriate prior distribution on the unknown signal.

1 Introduction

Suppose we observe independent Gaussian data X = (X;);en, where X; ~ N(6;,n 1),
0 = (0i)ien € {2 is an unknown parameter. This model is the sequence version of the
Gaussian white noise model dY (t) = f(t)dt+n~2dW (t), t € [0,1], where f € £5[0,1] = L,
is an unknown signal and W is the standard Brownian motion. The infinite dimensional
parameter # € £ can be regarded as the sequence of the Fourier coefficients of f € Lo with
respect to some orthonormal basis in £5. Sometimes we will call 6 a signal.

The white noise model has received much attention in the last few decades and compre-
hensive treatments of it can be found in Ibragimov and Khasminski (1981) and Johnstone
(1999).

Besides of being of interest on its own (the problem of recovering a signal transmitted
over a communication channel with Gaussian white noise of intensity n~'/2), the white noise
model turns out to be a mathematical idealization of some other nonparametric models.
For instance, the white noise model arises as the limiting experiment as n — oo, for the
model of n ii.d. observations with unknown density (see Nussbaum (1996), Grama and
Nussbaum (1998)) and for the regression model (see Brown and Low (1996)). On the other
hand, this model captures the statistical essence of the original model and preserves its
main features in a pure form; cf. Johnstone (1999). Most of the estimation problems are
studied in asymptotic setup (n — oo) from the viewpoint of increasing information. In
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fact, one deals with a sequence of models parameterized by n. Though non-asymptotic
estimation problems are also very important, they are often not tractable mathematically.
Our approach in this paper is also primarily asymptotic, however the intention is to derive
non-asymptotic results as well, to be able to precisely evaluate the influence of different
quantities and constants on the quality of the inference.

An enormous number of problems have already been studied involving statistical in-
ference about a signal as in the white noise model. For example, signal estimation under
different norms, estimation of a functional of the signal, testing hypothesis about the signal,
construction of confidence sets.

A typical approach to the problems mentioned above is to assume that the unknown
vector 6 belongs to some compact set ©g C {2 indexed by 8 € B which has a meaning
of smoothness (here we consider only one-dimensional 5 € B C R). If the parameter (3
is known, then we can use this knowledge in making inference about 6. If this knowledge
is not available, an adaptation problem arises. For example, in the problem of adaptive
estimation of 6, we have a list of models {©3}, § € B. It is then desirable to construct an
estimator that depends only on the data X and asymptotically efficient for any subset ©g
from the list.

Another way to look at the adaptation problem is based on the oracle inequalities
approach (see Cavalier, Golubev, Picard and Tsybakov (2002), Tsybakov (2004)). Suppose
that 6 belongs to one of the compact subspaces ©z of the parameter space © and (3 is
unknown. Let us choose a family of estimators P, for instance, it can be the family of
all possible projection estimators. Then for any fixed 6 we can define an optimal (oracle)
7estimator” from the family P which minimizes the risk over all the estimators from the
family. Of course, the oracle is not really an estimator since it depends on ¢ that is unknown.
The idea of oracle inequalities approach is to find an estimator 6 depending only on the
observations such that its risk can be well approximated from above by the risk of the
oracle for any ﬁxedA 0 € ©. This approximation is called oracle inequality and it upper
bounds the risk of 8. Moreover, this inequality provides us with a correct upper bound to
the minimax risk over the set ©3. Indeed, since the risk of the oracle is minimal among
all the estimators from P, it will be less than the risk of the minimax projection estimator
over the set ©g. Then the risk of the estimator 9 will be also less than the risk of the
minimax projection estimator over ©5. Thus our estimator 0 is adaptive and gives correct
minimax rate of convergence for any 6 € ©. Although this method does provide us with
an optimal adaptation procedure, we do not learn anything about the subspace ©5 our
parameter belongs to. In this paper we try to find a procedure that can give us information
about the parameter class. Our goal is to find out what we can say about the smoothness
of our parameter 6.

However, it is not quite clear how to characterize the amount of smoothness that a
particular signal has. Suppose we are given that 6 € ©4 for some known 3 € B. Using
this information, we can construct an estimator which is minimax over ©3. However, it
can happen that the smoothness of 8 is greater than 3. For example, if the family of sets
©p is nested: ©g, C Og,, 31 > (2, and B is a continuous set, then for any 6 € ©g, we
can find 31 > (3 such that 6 € ©g,. In this case the performance of our estimator under



the assumption 6 € O3 will not be the best possible. Thus even if we know that 6 € Og,
it is still more advantageous to use an adaptive estimator, since the above smoothness
condition on 6 does not exclude the case 6 € O3, with 31 > 3. This actually means that
for each particular 0 € ©g, it might be possible to find an adaptive procedure with better
performance than the minimax one, which leads to the super-efficiency phenomenon. A
good adaptation method should use this fact and provide better quality of the statistical
inference corresponding to the smoothness of this particular signal.

Interestingly, this question is not relevant in the minimax setting. Indeed, in this case
the measure of estimation quality involves taking the supremum over 6 € ©g and therefore,
according to this criteria, adaptive procedures can at best attain the minimax risk. An
intuitive explanation is that, under the minimax criteria, all the estimation procedures are
oriented to the worst signal (sequence of signals) from the class ©3 with the smoothness at
most 3. Thus the generic smoothness is always the one which appears in the definition of
the minimax risk. At first sight, adaptive procedures in the minimax sense may not seem
very attractive, but, fortunately, in many cases they lead to superefficient estimators.

Many estimators considered in the literature are shown to be minimax or nearly minimax
over some functional classes or some functional scales; see, for example, Donoho, Johnstone,
Kerkyacharian, and Picard (1995) and further references therein. However, in practice
only one signal is to be estimated. Practitioners would prefer an estimator with better
performance for the underlying unknown signal rather than an estimator which is minimax
over a functional class (or nearly minimax over a functional scale), unless one wants to
estimate several signals by the same estimator.

The paper is organized as follows. Section 2 describes the empirical Bayes approach.
The main results are given in Section 3. We prove some auxiliary lemmas in Section 4. In
Section 5 we relate our results to the problem of testing the smoothness of the signal. In
Section 6 we discuss some implications of the results to the problem of adaptive estimation
of 6. Some technical lemmas are gathered in Appendix.

2 Empirical Bayes approach

Let {95},868’ B = (1/2,400) be a family of Sobolev type subspaces

0coy={0: ii2ﬂ93<oo}.
=1

We suppose that 6 belongs to a certain ©g C {3 for some unknown 3 € B.
For a particular 6 € ¢, define a function

[e.o]

(1) Ag(B) =) %0},  peB.

=1

It is a monotone function of 5. Note that 6 € O if and only if Ap(B) < co. Throughout the
paper we assume that there exists 8 € B such that 8 = 3(0) = sup{8 € B: Ay(8) < oo}.
We will call 8 = 5(0) the smoothness of §. Two possibilities may occur: either Ay(3) — oo



as B 1 B or Ayg(B) < oo and Ag(B) = oo for all 3 > (3. It is the behavior of this function
Ag(0) that effectively measures the smoothness of the underlying signal 6. Unless otherwise
specified, we assume from now on that Agy(5) = oc.

The main goal of this paper is to make an inference about the smoothness of the signal
on the basis of the observed data X. The inference will be based on a statistic 3(X) (with
the intuitive meaning of being an estimator of smoothness), which we construct using the
empirical Bayes approach. In the next section we will make this problem mathematically
formal by evaluating so-called probabilities of undersmoothing and oversmoothing for this
statistic. In the rest of this section we describe the construction of 3(X). The idea of the
approach is to put a “right” prior 7(/3) on the parameter 6, find the marginal distribution
of X which will depend on 3, and then use the marginal maximum likelihood estimator of
0 as the test statistic.

We need to clarify the meaning of being “right” for a family of priors 7(3), 8 € B. As
it is well illustrated in a series of papers by Diaconis and Freedman, an arbitrary choice of
the prior may lead to Bayesian procedures that easily fail in infinite dimensional problems.
In order to be “right”, the prior should reflect adequately the smoothness assumption
on the unknown signal. There are many ways to describe this. Here we propose the
following guiding principle, which adapts to the inference problem on 6. For example, the
inference problems can be estimation of #, estimation of a functional of 8, testing hypotheses,
constructing confidence set. Usually these problems come with their own performance
criteria, like the rate of convergence for the estimation problem. According to our principle,
we require a prior that guarantees high performance relative to the given criteria under the
given Bayesian and simultaneously under the corresponding frequentist formulation. For
instance, in the case of an estimation problem, the Bayesian estimator should be a minimax
estimator, at least with respect to the convergence rate. This principle should not be taken
as a precise prescription, but rather as a starting point in the choice of “correct” priors in
infinite dimensional statistical problems. In each particular statistical problem, one has to
investigate the performance of the resulting Bayesian procedure. The choice of the prior
surely depends on the underlying inference problem on 6.

In this paper, we consider the following version of the above principle: we take the
underlying inference problem on 6 to be the problem of estimating € in f3-norm. Thus,
we should choose a prior leading to a Bayes estimator that is at least rate optimal in the
minimax sense over the corresponding class with smoothness 8. The minimax ¢s-rate over
the Sobolev ellipsoid of smoothness § is n?%/(2#+1) (see Pinsker (1980)) and the Bayes
risk of our estimator should attain the same convergence rate. We put the following prior
7w =7(5) on : the 6;’s are independent and for ¢ € [0, 1]

(2) 0; ~ N(0.72(8)),  2(8) = T2(B.6.m) =n2e1i (I ieN.
Recall the following simple fact: if Z|Y ~ N (Y,72) and Y ~ N(u,0?), then

Zo? —|—,u72 7202 )

7—2+O-2 ’7-2_1_0-2

Y|z~ N(

Let E; denote the expectation with respect to the prior 7. The Bayesian estimator of



0 based on the above prior is the vector § = (éi)l-eN with components

. T2 (B) X
(3) 0; = 0:(3) = E(6:| X;) = M

The choice of the prior and the variance (2) is made according to our principle as the
following lemma shows.

We will need the following notation. For 0 < p < 00, 0 < ¢ < 00, 0 < r < 0o such that
pg > r + 1 denote

1€ N.

[ee] T 1 1
(4) B(p,q,r)z/ B du:p_lBeta<qfr+ ,T+ )
o (1+upr) p p

where, for a, 5 > 0, Beta(a, 3) = fl o=1(1 — u)#~ldu is the Beta function.
Lemma 1. Let 0 € ©g for some 3 € B and 0 be defined by (8). Then, as n — oo,
Er |0 — 6| = n YOI B2 4 6,1,0)(1 + o(1)),

Eoll0 — 0] < n=2%/@FT) (44(8)C(B,8) + B(26 + 6,2,0)) (1 + o(1))
(1 + §5-1)2(6+9)/(25+9)
(246671)2

Proof. By (2) and Lemma 8, we have, as n — oo,

where C(f3,0) = and function B is defined by (4).

o —(1-6)(28+1
E.|0—0|? = Z = Z n- (0P = n =28/ D) B(2646,1,0)(140(1))
2 — n(26+0)(26+1) 4 26+ H '

The frequentist risk consists of two terms
- > 2(3)X; 2 & n=26? = nl(p)
Ell0— 6|2 =E _iB)Xi o, =S % N~ nP)
6'” ” 0; (Tlg(ﬁ) +n-1 ) ZZ; (Tz2(/8) + n*1)2 ZZ; (Ti (ﬂ) +n- 1)2

Using again (2) and Lemma 8, we bound these terms as follows: as n — oo,

oo —292 o0 i (2,3+5)92 128+26
p— <
; —1)2 ; (n(26+8)/(26+1) 4 j26+8)2 — Ao (0) rzr'leé}wx (n(2ﬁ+6)/(2ﬁ+1) + 2‘264-6)2

< Ap(B)C(B,8)n 2B (1 1 0(1)) ;

o0 n~lrd(B n(26+20-1)/(28+1)

= n 28/ @D B(26 +6,2,0)(1 + o(1)).
; ( i(ﬁ)‘Fn_l ; n(26+0)/(26+1) 4 j26+6)? " (26+0,2,0)(1 +o(1))
The lemma, is proved. O

Below we present another lemma which justifies in a way the choice of variance of the
prior distribution. Roughly speaking, this lemma says that if 6 belongs to the set ©3, then

the estimator 6 belongs to the same set with probability tending to 1.



Lemma 2. Let § € Og for 3 > 1/2. Then

lim supPg{ZG i > T} 0.

T—o0 n>1

Proof. By Chebyshev’s inequality,

o oo
PH{Z 6226 > T} < T Eg(67)i%.
=1 =1

Note that

2 2 2 -1
oy ) 2 2(2845)/(26+1 07 +n
Eo(0;) = (Tz( _1> Eg X7 = n?F0/( )(n(26+6)(2ﬁ+1) o)z

Therefore,

> > 02 +n~t
2672 1N 28, 2(2846)/(26+1) i
Pe{;z 0; >T} <T Zz n (W0 @) 25402

o) 2502 o0 2851 >

_ p—1,2(26+0)(28+1)
=1 (Z;( (25+6)/(28+1)  j26+6)2 +z; (26+9) /(26+1)+Z2B+5)

It is sufficient to show that the sums in the above display are finite and bounded in n.
Obviously, the first sum is bounded from above by Ag(3). Applying Lemma 8 we can
estimate the second sum. Thus we obtain

Po{ D03 > Th <T7' (A9(B) + B(26+06,2,28)).
=1

and prove the lemma. ]
Remark 1. From now on we assume that § = 1, unless otherwise is specified.

Recall that we have the following marginal distribution of X: the X;’s are independent
and X; ~ N(0,72(8) +n '), i € N. Let L,(8) = Ln(3, X) be the marginal likelihood of
the data X = (X;)en:

-« o
-1l S @) {- 2(2(5) + ) i

Maximizing the function L, () is equivalent to minimizing — log L, (). To avoid compli-
cations in defining the minimum of —log Ly, () under the event {—log L, () = oo}, it is

convenient to introduce Z,(8) = Z,(8, By) = —2log I ((ﬁ )) for some reference value 3y € B.

For any set S C B, define a marginal likelihood estimator of 3 restricted to the set S:

(5) B(S) = (S, X, n) = arg min Zu(9).



This means that Z,(3(S)) < Z,(6) for all 3 € S or, equivalently,

- (72(50) T2(B(9))) X? o T2(B(S)) + n!
Z iQ(B(S))+n1)+;lg 2(ﬂ0)+n1

= Bo) — T2(0)) X? - 2(8) +n~!
< L W) @ et Zzllog 72(f0) + 01
for all 8 € S. It follows also that Z,(3(S),3) <0 for all 3 € S.
Denote for brevity

6)  a; = ai(B, fo) = -5 L 72(6o) — T2(5)

7B+t R (G) + Tt () +n ) () + )

72(8) +n~!
7-12(50) + n~! ‘

Then Z, (8, 50) = Y ooy ai(B, Bo) XZ + D2, log bi(3, Bo), and for all 3 € S
(8) S ai(B(8), X2 <> log [hi(A(S), 8)] .
=1 i=1

Remark 2. It is not so difficult to check that the above B can be related to a penalized
least square estimator with the penalty pen(f, 3) = > 2, [0?7’[2(&) +log (TZ-_Q(ﬁ) +n1)].
Indeed,

(7) by = bi(B, 50) =

3(S) = argrﬂneig Zyn(P) = argmin min {n ZZ;(XZ —0,)* + pen(G,ﬂ)} .

BES 66,

As to the set S, we assume it to be finite, dependent on n in such a way that S = .5,
forms an ep-net in (1/2,sup{Sn}], with &, = 0(1/(logn)) and sup{S,} — oo as n — oco.
The requirement &,, = o(1/(logn)) stems from the fact that n2%1/(201+1) = O (p2%/(2%2+1)
if |81 — 2| = O(1/(logn)). For a set B, denote by |B| the number of elements in the set
B, possibly taking the value co. We also suppose that |S,| < Cj exp{Caon?} for sufficiently
large n for certain positive constants Cp, Co,~. Still there are many possible choices: for
example, ¢, =n~! and S, = {1/2 + ken, k= 0,1,...,n%} meet all the requirements.

Remark 3. We have chosen to maximize the process Z,(/3) over some finite set S = S,, to
avoid unnecessary technical complications. Indeed, we could also take S to be the whole set
B and then study the behavior of a (near) minimum point of Z,(3). The usual technique
in such cases inspired by the empirical processes theory is to consider the minimum over
some finite grid in B and to make sure at the same time that the increments of the process
Zn(0) are uniformly small over small intervals (provided the process is smooth enough).
We do not pursue this approach simply because it boils down to the same considerations as
in the case when we restrict the minimization to the finite set .S, from the very beginning.



3 Main results

Let 6 € ©g,. For any 3 < 3y € S, it is reasonable to call Pg{B(Sn) < ﬁ} the probability

of undersmoothing. Given ¢ € Og,, we would like to prove that Pg{B(Sn) < By — 5n}
converges to zero, with J,, tuned as precisely as possible. Define a set S,, (3) = S,, (3, Sn) =
{p" € Sp: [ < B}. The next theorem claims that the probability of underestimating (3,
for properly chosen §,, converges to zero as n — oo.

Theorem 1. Suppose § € Og, for some By € Sy, and |S;, (Bo)| < C1exp {C’gnl/(mﬁl)} for
some C1,Cy > 0. Then there exists an integer N = N (0o, 0,C2) such that for any C > 0
there exists a positive Cy = Co(Bo, C2, C) such that for all ¢ > Cy the inequality

P&{B(Sn) < Bo— @} < Cyexp { — Cnt/@RFD)}

holds for alln > N.

Remark 4. In fact N = N(Ag(fp),C2). As it follows from the proof, the bigger Ay(fo),
the bigger the corresponding N(Ag(B),C2). Even if Ap(3) T oo as 3 T B(), by some
subtle estimates one can show that there exists a sequence 3, = 3,() such that 3, T 3(6)
(sufficiently slowly) and P@{B ) < ﬁn} — 0 as n — oo. The slower 3, T 3(6), the faster

Pg{ﬂ <Bn}—>0asn—>oo
Proof of Theorem 1. Notice that if By(B) € B, then Ag(By) < oo. From Lemma 4 it
follows that

Po{B3(Sn) < Bo—bn} < > Pe{s=p}
BESR,B<Bo—b

C1 exp { <C2 + (50)) 1/(2Bo+1) 2 1/(2B;g1_5n)}

IN

for all . > N(Bo,6). Set €' = Cy + 1) Then

Crpl/@60t) 4 O _ 1 1/e60+1-6,)

8 16
— (C’ 4 2 -1/t _ in%ﬂﬂ?%)nl/@ﬂwi’l)
8 16
6n/(2B0+1)?
< (C/ L1 n/(ﬁoﬂ)nl/(?ﬁoﬂ)
- 16

< _Cpl/@o+)

for any ¢ > Cy with Cp = (28y + 1)?1og(16(C” + 1 + C)). The lemma follows for Cy =
(260 +1)?log [16(Ca + 1 + C) + 81(5o)]. =



Suppose that 3 > 3(6), then it is reasonable to call Pe{ B(Sn) > ﬂ} the probability
of oversmoothing. To claim good properties of ﬁA as some kind of smoothness estimator,
we would like this probability to converge to zero. However, it turned out to be not the
case without some extra condition. Intuitively, we can explain this by the fact that our
statistics B is based on the prior which is designed for f5-risk based problem. So, the
corresponding estimator 6(32) for some 3 > 3(0) can have a smaller fo-risk than 6(3;) for
some 31 < 3(6). Therefore, our empirical Bayes procedure can pick some values 3 € S,
B > (), with significant nonzero probability. The condition below says essentially that
0 & Og for all 3 > 3(0) (or for all B > 3(0) if Ag(3(0)) = 00) in more strict terms than just
Ag(B) = oo.

For a set S C R, define [z]g =inf{y € S: y > 2} and |z] = [z]n.

Condition A. Let 3 be the smoothness of §. For 3 € S,,, 3> 3+ 64, 4 > 0 there exist
B =B(B) € Sn, B< B < B, aconstant K4 > 0, and an integer Ny = Na(8) such that
forn > Ny

2
> ailB.8) (% - rE(ﬂ’)) > (Ka — Ko(3))n! 20/ 2041,
i=1
where Ky(8) =2+ (23)~ L.
Define a set Vy(da,K4,Na) = {3 € S, : Condition A is satisfied}.

Example 1. If 6? = i=(26+1) then for any 64 > 0, A > 64 there exists Ny = Né(ﬁ,éA, A)
such that Condition A is satisfied for Vy = [+ d4, 5 + A] with K4 =2+ 3/(45).

In the next theorem the probability of oversmoothing is established to converge to zero
under Condition A.

Theorem 2. Let 3 be the smoothness of 6. Let Condition A be fulfilled and the constants 6 4,
K4 and Ny be defined in Condition A. Then there exists an integer N = N (0,04, K4, N4)

such that R ) ) N\ s
Po{(Sn) 2 B+ 0} < ISulexp{—2 (Ca = Ka(3))nV/CH

for all n > N, where Cy = min{KA,‘sESK}, Ky(B) = 1+ (26)7Y, K > 8K»(3)/(1 —
2-1/(25+5/2))

Proof. The proof follows easily from Lemma 7 and remarks to this lemma. Indeed, we have
from Lemma 7 and Remark 11 that for any 8 > 3+ 4 there exists N = N (0,54, K4, Na)
such that for all n > N

P R R
Then
PO{E(Sn) > B+64}) = Z PQ{B(Sn) =B} < |5, exp{—% (CA—KQ(B))nl/(QBH)}
BESRN[B+6.4,+00)
for all n > N. .



Remark 5. If §4 > 1/2 then Condition A is always satisfied (see Lemma 6). Thus there
exists N = N(0, K) such that for all n > N
58K KQ(ﬂ))n1/(2ﬁ+3)}.
Remark 6. Let us give an intuitive explanation of Condition A. Let 3 be the smoothness
of . Then 6 € ©g, for any 1/2 < Gy < 3. For each 8 € S,, consider the Bayesian estimator
5(6) of the parameter 6 given by (3). For this estimator we can define bias and variance
terms of the mean square risk. Denote them by biasy(3) and varg(3). Using Theorem 1 it
is not difficult to show that for any 3 the variance term Varg(ﬂ) has the rate of convergence

n~2P0/(260+1) " The same is true for the bias term if 8 < 3.

Let > 3. We believe that the following conjecture holds true. In particular, it implies
that the plug-in estimator g(ﬁ) is an adaptive estimator of 6.

Conjecture. Let § > 3. If there exists 3’ € (5,3) and a constant d > 0 such that

> ai(B, 3)(62/2 — 72(B')) = dn”, where 0 < v < nt/(2A+1) for sufficiently large n, then

Po{(S2) > 7+ 6a) < ISl exp{ 5 (

Py{B = B} ~ exp{—Cn"PN} n - co.
Otherwise, for any 3y < /3 there exist C' > 0 and N (6, 3p) such that for all n > N
biasg(3) < Cn~2%0/(2B0+1),
Shortly, Condition A controls the behavior of bias of the estimator 5(5)
Here we give an example of 6 for which the conjecture holds true.

Example 2. Consider again @ € {3 with components 6? = i~ (A Let By > 1/2 be fixed,
Bo < B. Then certainly 0 € Og,. For any 8 > 3 consider the estimator @\(ﬂ) As it follows
from Lemma 8, for any 5 > 3
s 2(8-0)
biasg(8) = Zz: (n:_zw < B(28+1,2,2(8 — B))n~2%/@0+1),

If 8 < B(260 + 1)/(260) — 1/2 then n=20/(F+1) < =20/(2Bo+1) " Thus we get biasy(3) <
B(B)n~20/260+1) where B(3) = n(26+1) " (sin(r/(26+1))) " upper bounds the constant
B(23+1,2,2(8 — 3)) (see Lemma 9).

Now, if 3 > B+ 1 then Condition A is satisfied as it is shown in the second part of
Lemma 6. If +1> 3> 3(260+1)/(260) — 1/2, then we have from Lemmas 8 and 9 that
there exists an integer N (8o, 3) such that for any n > N, for any 8 > 3 > 3

1., pi2B-8) 1 L p2(8=0)

S (% :
> aulB.8)(5 — 79) :2z;n+z'2ﬁ+1_2z;nz+i25+1

’L:1 1=
o0

a Z n+z25+1 Zl n—i—zzﬂ’“
(2

> 1/(4ﬁ)n1 25/(25+1 > 1/(4/@)”1/(25—#1).
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Thus Condition A is satisfied for any 8 > 3(260 +1)/(260) — 1/2. Then from Lemma 7 it
follows that Pg{ﬂ B} decreases exponentially as n — oo.
4 Auxiliary results

This section provides some auxiliary lemmas which we need to prove the main results.

Lemma 3. Suppose |S,| < co. Then for any By, 3 € S,

A — 7 92 _ 7_2
Po{B(Sn) = B} < eXp{ Z 2( ﬂo J(rﬁ;T)L)(l 2(50)(‘607)1)2}

Proof. We use here the following shorthand notations: a; = a;(53, 8o), bi = bi(5, Bo)-
Since [y € Sy, by (8) and the Markov inequality, we have

Po{B =8} = Po{Z.(8,8)<0VB €S} <Pp{Z.(3,6) <0}
= PO{_ZaiXZ’QZZIOgbi}
i=1 i=1
1 & 1 &
< Egexp{—2;ain}exp{—2;logbi}.

To compute Eg exp{—%aiXiQ}, we use the following elementary identity for a Gaussian
random variable 1 ~ N (u, 02):

E { 2} (1 9 2)—1/2 { 'K@/ﬂ } f < 1
exp{kn°} = (1 — 2ko expl ——— or k< —5
P PAT k02 I 202
Apply this equality for k = —% and n = X; (condition x < ﬁ corresponds to —a; < n

which is always true since |a;| < n for all i € N):

1 —a;0?
Egexp{ 2azX} (1+n"ta;)” 1/Zexp{#}.

2(1 + nilai)

Combining the previous relations, we obtain
b_l/ 2 —a;0?
9 P <Jl—irmew {52}
From the definitions (6) and (7) it follows
-1 2
bi =14+ aiT; (BO) )
1+ n_lai 1+ n_lai

Using this, the elementary inequality 1 + z < e, € R, and (9), we finally arrive at

) DY _ 1 Z z; r2(6) 2B~ 2Af)

1+nla; BT (Bo) + 2n~ 172 (Bo) + n—2

Py{6 = 0} Sexp{%z
=1

1=

O]
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The proof of Theorem 1 is based on the following lemma.

Lemma 4. Let Ayg(By) < oo for some By € Sy, |Sn| < 00. Then for any 5 € Sy, B < Bo,
there exists N = N(fo, ) such that for any n > N
. I(Bo)n/ @) 5 p1/(B+Fo+1)
= < - - -
Po{B(Sn) = B} < exp { =2 —— 4+ 2 - 1.

where 1(Gy) = B(26p + 1,2,0) is defined by (4).

Proof. We make use of Lemma 3:

(10) Po{B=p}< exp{ 2(722 (8) = 77(60)) (07 — 77 (5o)) } — exp {LSQ(G)} |

2 72(8)72 (o) + 20112 (Bo) + 02 2
where
2 2
Sy >+2n<€>2<§§3) =SS
& —aB )l 2 (9) — 77(50))0;
S2(0) = Zl—l—nlalﬁﬂo Zz: 7 (8 ﬁo +2n7172(Bo) + n2 "

The rest of the proof is very much the same as the proof of Lemma 3.1 in Belitser and
Ghosal (2003). First we bound term S;. As § < By, i~ (2841 > j=(260+1) and therefore, by
Lemma 8, we obtain

o0 ,L'—2(2ﬁo+l) _ 0 Z'—2(250+1)
Z; i—2(B+06o+1) 4 2p—1;—(2Bo+1) 4 p—2 — Z; (i=(2Bot+1) 4 n=1)2
1=

1=

S =

[e.9]
1
= (n - 3280+1)2 1/(260+1)
- ; (n + 1260+1)2 < B(260+1,2,0)n +1.

To bound Sj5 from below, note first that the term i~2(F+60+1) i not less than n 2
for i < n'/(B+Fo+1) and not less than n~1i~(F+1) for ; < nl/(2A+1) (which includes all
i < nt/(B+Bo+1) since B < fy). This implies

00 ~2(Bo+5+1) |n1/(B+Bo+1) | i—2(8+6o+1) |}/ (B+00+1) |

S12 = Z 1—2(B+Bo+1) 1 9p—1;—(280+1) 1 p—2 - 4;5—2(B+Po+1) < 4

=1 =1

Combining the last two inequalities, we arrive at
1/(B+Bo+1)
(11) S1 < B(260 +1,2,0)n/ A+ _ "f + Z .
Now note that 72(8) > 72(5) as 3 < fBo. Then, for some integer M, we have

- 2(B)73(Bo) —|— 2n—1 2(Bp) +n~ — 02 4 2ng 2011 2B+t
260+1 2 2ﬁ°92 26092 | n’ > 280 02
< Z TUO Z 2R = Z 07+ J et > ey
i=M+1 i=M+1

12



Take M = M, = M, (0o, 3, Ag(5o)) = £(249(B0)) 'n'/B+5o+1) | 1 1 for some € > 0 so
that lej\il 20092 < £/2 for all n > Ny = Ni(Bp). Since Ay(By) < oo, there exists
Ny = Na(fo,0,¢) such that for any n > No

= € - € 28—

> R0 < D (240(B0)/2) T < D (240(80) /) T

i=Mp+1

which implies that the second term is also at most /2 for all n > Ny. Therefore S3(0) <
en'/(B+5o+1) for all n > max{Ny, No}. We choose ¢ = 1/8 and combine the last relation
with (10) and (11) to finish the proof. O

Remark 7. The above result is not uniform with respect to 8 since the inequality holds
only for n > N(fy,6). In general, the result is not uniform over the the set 6 € ©g, 0,Q) =
{60 : Ay _5(B0) < Q}, which is an ellipsoid of “size” Q around . However, if Az(5y) < oo,
then for a sufficiently small ellipsoid size @), the uniformity does hold. Indeed, we need only
to evaluate the term S2(0). Now, for any 6 € ©4,(0, Q) we have S2() < 252(§)+252(9 0).
As in the proof of Lemma 4, we can find Ny = N1(fBo,0,¢) such that Sz(f) < /4 for all
n > Nj. Next, by taking M = M,, = |(n"/(#*+5o+t1)| 4 1, we derive that for any Q < /4
there exists No = Na(3y, Q) such that S>(0 — 8) < Ay_5(Bo)nt/BHAoFD (1 4 = (B+HF1)) <
ent/(0+60+1) /4 for all n > Ny for any 6 € O, (0, Q). We conclude that for any Q < /4 there
exists N3 = N3(8o,0, Q,¢) = max{N;(fo,0,¢), N2(8o, Q)} such that Sy(h) < en!/(B+fo+1)
for all n > Ns, uniformly over 6 € ©4,(0,Q) . Take ¢ = 1/8 to derive the assertion of the
lemma uniformly over 6 € O, (, Q) for any Q < 1/32.

Below are some auxiliary lemmas, which we will use in the proof of Theorem 12.

Lemma 5. For any B, 3,8 € B such that 5y < 3’ < 3 the following inequality holds:

& 2
S 7 (8) < K220+,
-

where Ko = Ko(8) = 2+ (280) ~*

Proof. Notice that
ni28—26'

[o@)
Zz +n22n+ﬂ+

The sum in the right hand Slde of the above inequality is bounded from above by

[nl/(26+1) | 00
Z i28-28" Z ni—(28'+1)
i=1 i=|nl/(26+1) |41
|nl/(26+1) | 00
< / 226-28" g0 4 Lnl/(2ﬁ+1)J + / ne— 28+ go
1 [nl/(26+D) | +1
1 1 1-28'/(2B+1)
<<2ﬁ—2ﬂ’+1+2ﬁ’+1> |

13



Combining this with 8y < 8’ < 8 completes the proof of the lemma. O

Remark 8. We can also obtain exact constant in the above upper bound using Lemma 9.

Then next lemma shows that Condition A is satisfied for 8 € S,,, 8 > 3+ 1/2 + ¢ for
any € > 0.

Lemma 6. Let 3 € [B+1/2+¢,4+00) NS, for some e >0 and Ka(B) = 2+ (258), where
0 is the smoothness of 6.

1. If 0 < & < 1/2 then there exist 3 € (B+1/2 +¢,3) and an integer N = N(0, K, ¢)
such that for alln > N

iai(ﬁ, ﬁ’)(ej — Tf(ﬁ’)) > (5€8K (B))nl/(25+2+s)’

=1

where 6, = 1 — 271/(26+2+5); K > 8K2(B)/(55.

2. If e > 1/2 then there exists 3 € (B+1,3) and an integer N = N (0, K) such that for
alln > N

= 0? 6K 3
. AY A / - /(28+1)
;az(ﬁ,m(Q 2(3)) 2 (%5 — Ka(B))nt/ 7,
where § =1 — 47Y/20H) | K > 8K,(B) /6.

Proof. First, notice that from Lemma 5 we get that for any 8’ € (3, 3)

oo [e.e] 2 /
Ny (8 2\, 1-26"/(28+1)
, : < .
(12) ;axﬂ,ﬁ )T () < ; 205 a1 < KB
Next, for any 3 < 3,0 <8 <1 — exp{—2(log2)(8 — 3)}) and T,, = [n"/ D | we have
© 2ﬁ+192 5 dn 2,@+192 5 In 2
e Z B+192
Zalﬁ’g ; 2ﬂ+1+n 25+1+n)22;l25+1+n24; 9

Let 3> 3 +1/2+ e. Since Y%, ¢25+8/29§ = oo for any € > 0, there exist infinitely
many ¢ € N such that i25+6/2«92-2 > Ki~'7¢/2 for any K > 0. Thus for § > (3 + 1/2 we have

d - 20+1p2 _ .28—28+1— 5/292 20+e/2 > 6 K T 28-2B+1-¢/2 5, oK (26—26+¢€)/(26+1)
ZZZ i Z —4T1+a/2 n ="

for infinitely many n. Certainly n(28=28+)/(26+1) > nl=20"/@0+1) for any B > B+ e,
Thus for any 3 > 3+ 1/2 + /2, there exists ' € (5 + 1/2 + ¢, 3) such that

T,
n n12ﬂ+1 92

0K /
i28+192 > 1-24'/(2B+1)
(14) Za’ﬁﬁ 1—2212ﬁ+1+n—42 0; 4”

=2
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for any K > 0 and infinitely many n. This inequality holds not just for infinitely many n,
but also for all sufficiently large n. This is true by the following arguments: it is easy to
show that, for any o € (0,1), n ZZ 9 ?;Ziifj is a decreasing function of n. Therefore if
this function is bigger than a certain constant for infinitely many n, then this inequality
must hold for all n > Ny for some Ny = Ny(0, K).

Combining estimates (12) and (14) we get that for 3 > 3+ 1/2 + ¢ there exists 3’ such

that for sufficiently large n

= 0? oK :
Zi 22080 > (2= — 1-28'/(26+1)
> (s (% —23)) = (5~ Ko())n
Notice that if we choose 3 = [3(26 +1)/(26 + 1)]s, then nl_Q?//(MH) > /(A1) and at
the same time 8 < 3 < 3. This choice is possible only for 8 > +1, since only in this case
B> [ +1/2. In this case § — ' > 1/(28 + 1), thus taking 6 = 1 —exp{—2log2/(26+ 1)}
we get from (12) and (13) that for 5 > 3+ 1 there exists 3’ € (84 1, 3) such that

S a8, 8) (% - 725)) = (2 Km0,
i=1

If 3 € [B+1/2+¢e,+00) then choose 3’ = [(B+1/2+¢/2)(28 + 1)(26 + 2 + ¢)]s,,.
In this case 3 — ' > ¢/(2(26 + 2 +¢)) and nt=20'/@0+1) > pl/@F+2+e) - Thus, taking
d=0. =1—exp{—log2e/(28+2+¢)} we get analogously that for all n > N(6,¢, K)

S (5 —20) > (5 ()t

=1

The lemma is proved. O
Remark 9. If Condition A is satisfied then for 3 € (84 64,3 + 1] we have for all n > Na
S a8 (% - 7280 = (Ca = Ko@)

=1

where Cy = min{K 4, .K/8}. This fact follows from the following relation: n!=28"/(26+1) >
nl/@B+1) 5 p1/(28+1) 5 p1/(268+3)

Lemma 7. Let 3 be the smoothness of 0, 3 € Vy(64,Ka,Na) and 3 be chosen as in
Condition A. Then for alln > Ny

Py{B = B} < exp{—é(KA - K2(5)>n126//(2ﬁ“)}.

Proof. For any ' < (8 we have a;(3,3') > 0. For ' chosen to satisfy Condition A we
obtain from Lemma 3

~ 1 o0 a; ) 2(,3/)— 2
Pilp=1) <o {33 e}
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Since 0 < a;(3, ') < n, we have

S B NPV ) 6
Z.z; 1+nta;(8,0) < ;az(ﬂ,ﬁ )(7-1.2(5 ) — 5)

We upper bound the right-hand side using Condition A and prove the lemma. ]

Remark 10. For 8 > 3+ 1/2 the probabilityﬁPg{B = 3} decreases exponentially even if
Condition A is not satisfied. Namely, let 5 € [+ 1/2 + ¢, 4+00) N S,, for some & > 0.

1. If 0 < e < 1/2, then there exists N = N (0, K 4) such that for all n > N

1

Py{ = B} < eXP{—§(

0e K
8

_ Kg(ﬁ))nl/(25+2+€)}.
2. Ife>1/2, foralln >N

PO{B: B} < exp{—%(%f — Kz(B)nl/(ZB-H)}.

The proof is similar to the proof of Lemma 7 and follows immediately from Lemma 6.

Remark 11. For 3 > 3 + 64 there exists an integer N = N(6,04, K4, N4) such that for
alln >N

Po{ = 5} < exp{ 5 (Ca — Fa(3) )25+ )

where Cy = min{K4,dK/8}, K > 8K5(3)/(1 — 2*1/(2ﬂ+5/2))_

This result follows immediately from Remarks 9, 10 and Lemma 7 if we compare the
constants and rates in the upper bounds taking into account that d. < 1/(1 — 2*1/(%*5/2))
and . < 0.

5 Goodness-of-fit testing

In this section we discuss some implications of Theorems 1 and 2 related to hypotheses
testing. We can use the statistic 3(X) from (5) in the following goodness-of-fit problem.

We observe independent Gaussian data X = (X;)22; such that X; ~ N(6;,n™1) where
6 € Ou. Here O5 = UgepOp. Let P = {Py,,, 0 € O} be a set of Gaussian probability
measures with mean @ and covariance matrix n='I. Fix some 3y € B. We would like to
test the hypothesis Hy : 6 € Og,. It would be ideal to test this hypothesis against the
alternative Hy : 0 € O« \ O3,. Unfortunately, as it was realized by many researchers, this
problem has no solution. Typical approach in this case is to restrict the set of alternatives
(see [11]).

Define a set

A= {0 30622000 — oo V(8 Kay Na) 2 (o + 64,00},
=1
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where K4 > K2(fy), 04 and N4 are defined by Condition A, §, is a positive sequence.
Evidently, A%{‘)‘vn NOg, =0, but (O \Ag*g,n) N Og, # 0. In fact, A%{;"n is a set of all 0’s for
which Condition A is satisfied for all § > Gy + d 4.
We are going to test the hypothesis
Hy: 0 €©Og,15, against Hy : 0 € A%A

Bo,m*

The decision rule is a function

Un(X) = 1{B(X) < Bo — 6u}

where 3 (X) is the marginal maximum likelihood estimator (5).
Introduce two disjoint subsets of P corresponding to our hypotheses:

Po={Pon: 0€0Op15,}, Pr={Ppn: € A%ﬁn}-
The probabilities of type I and II errors
a1(Y) = a1(y, P) =Epy, PE€Po; () = a2y, P) =Ep(l—v), PPy

can be written in equivalent form

a1(,0) =Po{0 € A%} 0€Op.5,5  2(t,0) =Po{f € Opys,}, 0 €AY
Notice that {6 € Ag‘o‘,n} C {0 ¢ ©5,_5,}. Consequently, we have

01(1,0) < Po{B < fo—0n}, 0 € Oppis,;  a(),0) =Po{B > fo+0a}, 0 €AY .

Theorem 3. Set 3y € B.

1. Let |S, (bo)| < C1 exp{Cznl/(moJrl)} for some C1,Cy > 0. For any § € ©g, there
exists an integer N = N(0o,0,C3) such that for any C > 0 there exists a positive
Co = Co(Bo, Ca,C) such that for all ¢ > Cy and for all n > N

a1(1,8) < Po{fB < Bo — @} < Cyexp { — Cn}/Pot1))

2. Let 0 € Azg‘n. Then there exists an integer N = N (0, 4, Ka, Na) such that

—% (CA — K>(Bo — 5n)>n1/(2’80+3_25”)},

for all n > N, where the constant C4 is defined in Theorem 2 and Ka(By — 6n) =
2+ 1/(260 — 26,).

Proof. The proof of the first part immediately follows from Theorem 1. As to the second
part, notice that if 6 € Agg‘n then 8 < By — 6, and

as(1),0) = Po{ B > fo + 04} < |Sulexp{

Po{3 > o+ 04} <Po{B>B+6,+0a} <{B>PB+6a}).

Applying now Theorem 2 we compete the proof. O
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Remark 12. If 64 > 1/2 then we can construct consistent test for the problem of testing
Hy: 0 €0Ogy 5, against Hy: 6 ¢ Op,_s,.
In this case for the same decision rule the probabilities of errors have the form

a1(¢,0) = Pp{0 & Op,_s,} = Po{B < Bo— 0n}, 0 € Opyss,
az(1),0) = Pe{0 € Ogy15,} = Po{B > o +6a}, 0 ¢ Op s,

Then as(1),0) < PQ{B > 3+6,+1/2} and from Remark 5 we get that our test is consistent
and asymptotically unbiased. Namely, a;(¢,0) — 0 and ao(¢),0) — 0 as n — oo.

6 Discussion: adaptive estimation

In this section we discuss some implications of our results relating to adaptive estimation.
Let § > 1/2 be the smoothness of § € ¢5. Then for any 1/2 < y < [ the parameter 6
belongs to a subspace ©4,. Define the quantities

o _262 n_174(ﬁ)§2
biasy (3 Z 5 and  varg(8) = Eg Z CEETSE J
i=1 ) Z ﬂ) + n )

which are in fact the bias and variance terms of the risk Eg||0—0(3)||?
0(8) corresponding to the prior m(3) (see also Example 2).

If we substitute the parameter 3 in the Bayes estimator (3) by its estimate B, we get
the estimator 5(3) with components

of the Bayes estimator

. 2(B) X,

0; A .
(15) = 2B 0

This estimator does not depend on the smoothness parameter of the Sobolev class. Define
the risk of this estimator:

(16) R(0(3).0) = Eq10(5) — 0>
Then the following theorem holds true.

Theorem 4. Let 0 € Op,, o < B and Condition A be fulfilled for any 64 € (0,1/2]. Then

lim n250/(250+1)R(§(B),9) < C(Bo, B),

n—oo

where C(6o, ) = Ae([B +50(26 +1)/(260 + 1)] /2) (28)20/(25+1),
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Proof. Notice that from the trivial inequality (z + y)? < 222 + 2y® we get
R(6,0) = Eqg[|6(3) — 0]

= ) e\’
R
=1

2(B)+n"t  TA(B)+n

~ 2
00 2 o —242
Z —1¢2 77 (08) Z n_=b;

ﬂ)—l—n i= 1(%(5)"‘”
— 9 Zé Z 62 it = 9Fy Ry + 2E4R
) i 12ﬁ+1 9i_1 TL+Z2f6+1) o1 oRa.

In order to prove the theorem we have to show that for £ = 1,2

lim n2ﬁo/(2ﬁo+1)E0Rk —0.

n—oo

Consider first the term Ry. Let 8 = [(Bo + 5)/2]s,., 6n = = ¢/logn as in Theorem 1 and
= (1/2,,8/ — 5n), Uy = [ﬂ, — O, +OO). Then EgRq = E9R11{ﬁ € Ul} + E@Rzl{ﬂ S Ug}
Using the Holder inequality we get

1/2

00 2
(17) BeRi{Fec U} < | By (Z 53’2)) (Pot e Uk})m, k=12
i=1

(n + §2B+1)2

Since B' = [(Bo + B)/2]s, < we have Ap(') < oo and we can apply Theorem 1. There
exists an integer N = N (6o, B,0,C3) such that for any C' > 0 there exists a positive
Co = Cy(Bo, B, Ca,C) such that for all ¢ > Cy we have

(18) Py{B € U1} = Py{B < B — 6} < Crexp{—Cn/ (Bt} yp 5 N,
Notice now that for any B > 1/2 we have

o (St )2 (z@ )2

=1

Zgl +22 +2Z Z£’§j (n+142) (n+])

=1 j=1+1

o0 7’L2 [o SINe S 1
<3y — 4op? S —
; (n41i2)* ;; (n+12)?
=3B(2,4,0)n"%2 + 2B%(2,2,0)n" " + ¢y,

where the last inequality follows from Lemma 8, |¢,,| < Dn~2, D is some positive constant.
Using this estimate, (18), and (17) we get that there exists an integer N = N (0o, 3,0, C3)
such that for all n > N

(19) EyRi1{f € U1} < 2v3B(2,2,0)y/Crn~ /> exp{—%Cnl/(ﬁO"'B"'l)}.
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Let us estimate now the term EgRl]_{B € Us}. Since B > ' — 6, we apply Lemma 8 and
obtain

n
n + 200 =0,)+1)2

EgRll{BE UQ} < EngE(
=1

=D (n+ i2(;—5n)+1)2 = B(28' — 26, + 1,2,0)n 200/ G040 4 g |

where |¢),| < D'n~1. Tt follows from 3’ > By that 3 — 6, > By for sufficiently large n and
n 28" =0n)/(2F"=0n)+1) < =260/ (260+1) - Consequently,

n20/ Bt R 1{3 € Uy} — 0, n — oo.
Combining this relation with (19) we get
(20) n?0/CPFVE R — 0, n — oco.

Consider now the term Ry. Let EgRy = EQRQ];{,/B\ € Us} + EgRgl{B € Uy}, where
Us = (1/2,8+04], Uy = (B+da,+0). Set 3" = [(B+ Bo(26+1)/(260 + 1))/2]s,. Then
Ap(B") < oo and

o 4B+2-2p"

EgRo1{B € U3} = By -
¢ ) {z; (n + i20+1)2

jAB+2-28"

27" 021{p € UQ}}

< Ag(B")Eq {max

i (n+z’25+1)2

j4(B+6.4)+2-26"

1{3 € UQ}}

< Ao max ) Ag(B")Dn /IR 4y

where the last estimate follows from Lemma 8, D = (23)25/ (26+1) upper bounds the constant
D =D(2B+264+1,2,4(8+04)+2—28"), |thy| < D'n~@0"+D/@6+204+1) D' > () is some
constant. Notice that for all n

n—20"/(2B+264+1) _ (n2[30/(2%“))(2B+1)/(2ﬁ+25A+1).

Tending 6 4 to zero, we get
(21) 2P0/ A+t VE Ry 1{B € Us} — C(By, B), n — oo.

Now, using the Holder inequality and Theorem 2 it is easy to show that
R 1/2

N 00 ) ,L'4ﬂ+2 2 / . 1/2

EgRol{B c Usy < |Eg | 6; Y (PotB e Ua})

i=1

n + §26+1

(Ca— Ka(B)n'/ 749}

~ 1/2 1
<617 (Po{B > B+3a}) " = 618l exp{—5
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for n > N4. Thus this term decreases exponentially for properly chosen grid |S,|. Com-
bining this estimate with (21) and tending d4 to zero we get

n2,30/(250+1)E9R2 — C(ﬂOJ IB)J n — 00,

and prove the theorem. O

7 Appendix

In this section we gather several technical lemmas which are used in the proofs of the main
results.

Let by denote the nonnegative part of b. A version of the following auxiliary result
is contained in Freedman (1999). As compared to Lemma 2 from Freedman (1999), our
lemma below provides also bounds for the second order terms suitable for our purposes.

Lemma 8. Suppose 0 < p< oo, 0<g<oo,0<r<oocandpqg>r+1. Let~y, — oo as
n — oo. Then

oo e
7
= B ,q,T (1+r)/p—q + ,
;1 P (P, @,m)m Pn
max — - — D(p, ¢, )7~ + 4,
ieN (yp 4 iP)4 "

where ¢ = én(p,q,7) and ¥y = Yu(p,q,7) are such that w < D(p, ¢, ) TP, ub| <

(r=1)4
p

C(p,q, r)*y;q for some constant C(p,q,r) >0, B(p,q,r fo 1;3;1(] is defined by

(4) and D(p,q,7) = r"/P(pqg — r)?=/P) (pg)~9 = (1- @)q(% - 1) T/p, with the convention
00 =1.
Remark 13. Notice that if » > 1 then 0 < D(p,q,r) < 1.

Proof. Denote g(u) = u > 0. Function g(u) is increasing on u € [0, Upmaz] €n

u’l‘
(ynt+up)?>
decreasing on [Umqz, 00) With wpe, = (r'yn /(pq — 7“))1/ P Therefore,

o0 ur o .7. 0o ur
v ) < o
/0 (14 ur)4 9(tmaz) ; (yn +iP)2 — /0 (1 4+ up)4 + 9(tmaz)

),YT(LT/P)—Q

, which establishes the first relation. To prove the second
! —(pg—rjuPtr !

with g(tumaz) = D(p, q,7
relation, we first compute ¢'(u) =

and then evaluate

(Yntup)atl
-1 +r—1 (r=14
) ynu” (pg — r)uP —g+=—+
max|g'(u)| < max { max {7(% T+ apyatt },Iggf {—(% T up)atl }} <CP:¢:r)m

for some constant C(p,q,r) > 0. Finally, using this bound and the unimodality of the
function g(u) on [0, c0), we obtain
i (T (r—1)4

_ - P
9(tmae) — mas | < max] ()] < (e g r)m ,
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which completes the proof of the lemma. O

The following short lemma that we give without proof follows directly from the prop-
erties of Beta and Gamma functions.

Lemma 9. Let p,q,r >0, pg >r+ 1. Then for ¢ =1,2 we have
—r—1
il , B(p,2,r)= mp—r—1) .
psin(ﬂ(r+ 1)/p> p? sin(w(r—i— 1)/p)

Moreover, if 3> 3> 1/2, we have the following bounds for the function B:

B(p,1,r) =

(20) < B26 +1,1,2(3 - 7)) < =((26 + Dsin(n/ 25+ 1)),
(28+1)7" < B(2B+1,2,2(8 - B)) < 7((28+ 1) sin(r/(28 + 1))>_1.
Lemma 10. Let a;(8,50) be defined by (6) and A% = 322, a?(B,50). There exists an
integer N = N(8, Bo) such that for any n > N
1
16
where v = min((3, By) and B is defined by (4).

(22) nt/ ) <7242 < B(2y +1,2,0)n!/ (),

Proof. Recalling (6), we have

00 00 T4 T~4 . 7_2 T2
n=2Y ai(B,60) =n"") (;2((6;; I n@ff)g = 2( T ()ﬂfn (5)) Si+ Sy — 285,
= i=1 \'t

where

o n2i4ﬁ+2 o n22’450+2

Sl:Z( 2B+1)2 280112 SQ:Z 26112 D80+ 1)2”
£~ (n 4 i20+1)2(n 4 §260+1) C— (n 4 20+1)2(n + §2Po+1)
i=1 =1

g _ > n242(8+6o+1)
o Z (n + 426+1)2(n + 200+1)2"
i=1

By Lemma 8, we evaluate for any (3, 8y
(23) Sy < Z — 1250 Ty = B(200 +1,2,0)nt/ G0+ 4 ¢

(24) Sy < Z 2,8+1 = B(2841,2,0)n"/ @3+ L g o

where ¢n1 = &n(260 +1,2,0), ¢p2 = ¢n(26 + 1,2,0). Thus we have the upper bound for
(22).
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Denote Nﬂ = Lnl/(2’6+1)J, N,Bo = Lnl/(Qﬁo—H)J, NB Bo = Lnl/(ﬁ+ﬁo+1)J.
If B> (o then

N,
00 2:48+2 Bo 24842 1
S1=Y ~2,a£ . e % > 17)}(n1/(260+1) _ /@841y
Lo (n+ PP+ PRI S L P (2P )

Taking into account (24) we can neglect Sy because it is smaller in order than n!/(2f+1),
Let us estimate S3. We have

2(B+Bo+1) gl n2z2(ﬁ+50+1) n2i2(B+6o+1)

3 = Zn 2ﬂo+1+n) (12841 4 n)2 < : ez T Z 4(B+Bo+1)
=1 1= Nﬁﬂ0+1

= C(B, Bo)n 1/( ﬂ+ﬂo+1)(1 +0(1)),

where C(3, 3y) is some constant. Combining the estimates for S, So, and S5 we get the
lower bound of (22) for the case 5 > (5. The proof of (22) for 8 < 3y is analogous. O

At the end of this section an alternative proof of Lemma 7 is given. It is based on the
following result which is essentially contained in Cavalier, Golubev, Picard and Tsybakov
(2002) (see Lemma 2 in that paper, cf. also Lemma 4 in Freedman (1999)). We provide the
proof for the completeness.

Lemma 11. Let &;’s be independent standard normal variables, a = {a;}ien € l2, i.c.

Ha||2 Zla < 00 and cq = sup;ey |ai|/||all. Then for any u >0
1=

2

u
QZMQ‘W >§%W{MMWumwwﬂ}'

Proof. Denote V = 3%, a;(¢2 — 1). Recall that for £ ~ N(0,1) and A < 1/2,

Eexp{A(&2 —1)} = (1 —20) "2,

Using this relation, the Markov inequality and the expansion log(l —z) = — > 22 %, we
have that

P(V > u) < o exp{ — i ()\ai + %log(l — 2)\(11'))}
=1

1=

for A such that Aa; < 1/2 for all i = 1,2,..., which is in turn true for all A\ < (2¢q||al|)~!
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Now we evaluate

i(m log1—2)\az> Z( . +Z 2)\az)

i=1 =1

= - = lled®
o0
20" lall® - 2)\Ca||a||
< D g 22
k=2 2k Cak‘ 2
_log(1-2xcalal) _ Al
2c2 Ca

which leads to

log (1 = 2Xcqllall) — Allall
2¢2 Ca

P(V > u) Sexp{— —/\u} =exp {gu(N)}

for all A < (2¢4|a|)~!. Minimizing the function g,()\) defined above, we derive the optimal

u

Ao = Ao = .
) = Sl el T vea)

For each u > 0, we obviously have that \, < (2c,||al|)™! so we can use this A in the above
bound:

P(V > u) <exp{gu(Xo)} = exp{2 D (log (1 + ucqllal™ 1) — ucaHaH*l)} .

Finally using the elementary inequality for any x > 0

2

x
log(1 —r < ————
og(l+e) —w < —557 05
we obtain
callall~? u’
V>u <exp{ }:exp — .
PV >0 < 0P {551 el ) AP (1 ueaflal 1)
The lemma is proved. O

Lemma 12. 1. Let Condition A be fulfilled, 3+ 6 < < B+ 1 and the constants 64, Ka,
N4 be defined in Condition A. Then there exist an integer N = N (0,54, Ko, Na) such that

. C _ o n—1/(45+6) /ﬂC _
Po{3(S,) = B} < 2exp — (2B-1)/(2(28+3)%) _HCA 1/(2B+3)
o{(80) = B} < 2ep{ - fo e e e

forallm > N, 0 <§ <1- 2-1/(2B+5/2) 0 < 4 < 1/2 — 4K5(3)/(2C.), where Cy =
min{K,0K/8}, C'= C(B,Ka,0,p) = (1 = 20)Ca — K2(B) > 0, K2(8) =2+ (28)~"
B=n((28+1)sin(r/(28+1))) .
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2. If B> 3+ 1 then there exist an integer N = N(0,K) such that for alln > N

_ —1/(48+2 2 _
Lnl/@(zﬁm)} L exp{ CAnl/@ml)}
8vB py/Ca 2

where 0 < § < 1 —47YC@AD) 0 < p < 1/2 — 4K )/(2CA), where Cy = 0K/8, C =

C(,B,/lj,,K) = (1—2,u)CA (ﬁ) >0, K2(B8) =2+ (28)"", and B = n((28+1) sin(n/(28+
)

Proof. For the sake of brevity, in this proof we use denote a; = a;(3,3), b; = bi(3,5'),
B = [Ba(28 + 1)/(264 + 1)]s,. According to the formulas (6) and (7), we have that
b;' =1+ a;(7?(Ba) +n~'). Therefore, the elementary inequality log(1 +z) < z, x > —1,
implies that

i(logbi—l—n_lal = i logb L _pt al > Zaz
i=1 =1

Note that a;(5,5) > 0 for 5’ < 8. Using (8) and the last relation, we get for any p > 0
Pp{B(Sn) =B} = Po{Zu(8,8") <0VB" € Sp} < Py{Za(B,3) < 0}

= P =D ai(5.8)X2 > 3 logbi(55) )
=1 =1

= P = L (04 84 ) =Y wosns )

Po{B(Sa) = B} < 2exp{ -

IN
)U
B
—
|
[~]e
£
™
3|7
|
=
vV
i
—
N |
|
2
)
X
S~—
~—
|
=
i
s%
—

= 2ai0;&; =
(25) +P9{ ; N < —uZa,ﬂ?}.

Let B+ 64 < B < B+ 1. Using Lemma 5 and Lemma 6, we get that there exists an integer
N1 = Ni(0,64, K4, N4) such that for all n > N,

Ei (92—7-2 ) Zaz92 1—2u)ial<92i2_712(5’)> _2,“53@2‘7}2(5/)
= i=1

>Cn 2B+3 ,

where C = C(B3,Ka,6,11) = (1 —2u)Ca — Ko(B) is a positive constant for sufficiently
small p with C4 = min{K4,6K/8}, 0 < § < 1 —271/(2045/2) (see also Remark 9). Using

1
Lemma 10, we can estimate |al|? = Y22, a? < B(28' + 1,2,0)n2+25/+1 and then upper

i=1 4
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bound the constant B(28" + 1,2,0) by B = n((28 + 1) sin(r/(28 + 1)))_1 using Lemma 9.
Taking into account that ¢, < 1 and ||a|| is smaller in order than u, we apply Lemma 11 to
bound the first term in the right hand side of inequality (25):

ai(éz‘Q - 1) - “
Po{ - "z < zexp{‘zlua\\?(l +wfaHa“‘1>}

=1

U C 3 5.13)2
< - L = ,28-1)/(2(26+3)°)
< Zexp{ Sllal } < 2exp{ 8\/§n }

for all n > Ny = N2(9,5A,KA,NA).
As to the second term in the right hand side of (25), notice first it is of the form
P{n >z}, with n ~ N(0,0%), 02 = n~1 3% a?6?, x = £ >°7°, a;6?. Since |a;| < n for all

171

i € N, we have 2%, a;60? > n~1 32 a26?, and consequently

171

- = >
2 -1\~ 292 =
o dn=1%"*, azo;

2
22 FLQ < Z?il aieiz) MZ
4

From Lemma 6 it follows that there exists an integer N3 = N3(0,4, K4, N4) such that for
all n > N3

oo

Z alﬂg > 2C’An1/(2’8+3).

i=1
Thus we obtain ﬁ—z > u2Cynt/ (28+3) for all n > N3. Applying the elementary inequality
P{n >z} < Zexp{ — ’”722} and taking N = max(N;.N2.N3) completes the proof of the

2 '

first part. Similarly, we can prove the second part for 3 > § + 1 using the second part of
Lemma 6. 0
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