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Abstract

Let £, &1, &, ... be a sequence of independent and identically distributed

random variables, S, = & 4+ --- + &, and M,, = max Sk. Let 7 = min{n >
SN

1:85, <0}. We assume that £ has a heavy-tailed distribution and negative

finite mean E¢ < 0. We find asymptotics for P(M; € (z,z + T]) as z — oo
for a fixed positive constant T' < oo.

1 Introduction and main result

Let £,&, &, ... be a sequence of independent random variables with a common
distribution F' and mean —oo < —m < 0. Consider the random walk

So=0, Sp=& 4 +&

Let

7=min{n >1:85, <0}, M, = max S,
0<i<r

be the first ladder epoch and the cycle maximum of the random walk respectively.
Note that in this case, E7 < oo and M, < oo a.s. In this work we study local
asymptotics for the cycle maximum

P(M; € (z,2+1T]), z— oo,
where T is a fixed positive constant. We consider the (right) heavy-tailed case, that

is when Ee*t = oo for all A > 0.

The global asymptotics for P(M, > z) (and some related problems) are studied
by various authors. In [13] these asymptotics are obtained for regularly varying
distributions. In [1] (see also corrections in the proof in [2, Theorem X.9.4]) these
asymptotics are found for a more general class S* (see Definition 1 below). Namely,
it is proved that if F' belongs to S* then

(1) P(M, > z) ~ ETF(x)
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(here and throughout a(x) ~ b(x) means lim, .., % = 1). A short proof of (1)
may be found in [8]. Foss and Zachary [12] show that the converse is true: if F' is
long-tailed and (1) holds then F' € S*. They also prove that (1) holds even if instead
of 7 we take any stopping time with finite mean. In [11] this result is generalized to
the case of infinite mean stopping times.

In order to state our results we require some definitions.

Definition 1. A distribution function F' on R belongs to the class S * (see Kliippelberg[14])
if and only if F'(x) > 0 for all z and

/0 ' F(z —y)F(y)dy ~ 2m" F(x),

where m™ = [ F(y)dy < .

Further, it is known that if a distribution function F' belongs to the class S * then
it is subexponential (see [14]). In general, the converse assertion does not hold, i.e.
a subexponential distribution with finite mean may not belong to S*, see [9] for a
counterexample.

Fix 0 < T < oo and write A = (0,77,
r+A=(x,c+T], zeR

Let

Flo+A) =P €a+A) =P € (a,2+T)).
Definition 2. We say that a distribution F' on R belongs to the class L if and only
if F(xz+ A) > 0 for all sufficiently large x and

©) Flx+t+A)
F(x+A)

for all ¢ € [0, 1].

Remark 1. The class Lx is introduced in [3]. Note that Definition 2 implies local

uniform convergence (uniform convergence on each compact t—set in (0,00)) in

(2). Indeed, it follows from Definition 2 that (2) holds for all ¢ > 0. Put f(z) =

F(logx + A), then (2) is equivalent to f(tx)/f(x) — 1 as © — oo. This means
that function f is slowly varying (see [5] for definition and properties). Uniform

—1 as x — o0,

convergence in (2) follows now from the Uniform Convergence Theorem for slowly
varying functions (see, e.g., [5, Theorem 1.2.1]). Moreover, it follows from the
uniform convergence on any compact set that one can choose a function h(z) — oo
such that (2) holds uniformly in |t| < h(z).

Definition 3. Let F' be a distribution on R, with unbounded support. We say that
F is A-subexponential and write ' € Sp if F' € LA and

(FxF)(x+A)~2F(x+A) as z — 0.

If T'= oo we simply say that F' is subexponential.
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The notion of A-subexponential distributions has been introduced in [3]. The
case T = oo corresponds to ordinary subexponential distributions introduced by
Chistyakov [7]. In [3] it is shown that the basic properties of subexponential dis-
tributions carry over virtually without changes to the case of A-subexponential
distributions.

In this paper we introduce a new class of distributions.

Definition 4. We say that a distribution F' belongs to the class S{ if F' € La,
m* < oo and

z/2
/F(m—y—i—A)F(y)dymerF(x—FA) as T — oo.
0

This class is a natural extension of the class S*. It is not difficult to see that
S* =8 o since S* C Lg,00) (see [14]). We will also show that if F' belongs to Sx
for some A then it belongs to Sa.

Now we are in position to state our main result.
Theorem 1. Let F € S\ and (F(:L‘))Q =o(F(x+ A)). Then

(3) PM, ez +A)~E7TF(z+ A).

The proof of the result is given in Section 3. It will be shown in Remark 6 that the
condition (F(m)f = o(F(z + A)) is essential for the relation (3) to hold. In other
words, Remark 6 shows that asymptotics of P(M, € z + A) may be different from
(3) if we assume only that F' € SX.

The paper is organized as follows. In Section 2, in the form of five lemmas, we
present some properties of the new class S§ . We show that the main properties of
the class § * remain valid for the case of arbitrary positive T'. We also give sufficient
conditions for a distribution to belong to class Si. Using these sufficient conditions
we show that standard examples of subexponential distributions are contained in
the class SA. The proof of our main result is given in Section 3. Proofs of five
lemmas formulated in Section 2 are collected in the Appendix.

2 Basic properties of the class S}

First, we give some conditions for distributions to belong to the class SX. These con-
ditions show that standard examples of distributions from the class S * are contained
in the class SX.

Lemma 1. Let a distribution F' belong to the class L for some finite T > 0.
Assume that there exist ¢ > 0 and xo < oo such that F(x +t+ A) > cF(z + A) for
any t € (0,z] and x > xy. Assume also that m™ < co. Then F' € SX.
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Remark 2. In [3], it is shown that if a distribution F satisfies the conditions of
Lemma 1 then F' € Sa. It is clear that for such distributions F(2z) > ¢F(x), and it
is shown in ([14], Theorem 3.2) that distributions with this property belong to the
class S*.

The Pareto distribution (with the tail F(x) = 27, a > 1, x > 1) satisfies the
conditions of Lemma 1 for any 7" > 0. The same is true for any distribution F' such
that P(§ € x + A) is regularly varying at infinity, i.e., for F(z + A) ~ z7%(x),
where [(z) is slowly varying at infinity.

Let Qa(r) = —InF(z 4+ A) for any finite T and Q(x) = —In F(z). Following,
with obvious changes, the construction presented in [14] (see also [16]), it is easy to
check that for any distribution F' € LA we can always find a distribution G' such
that G € La, F(z + A) ~ G(z + A) as © — 00 and Ra(z) = —InG(x + A) is
differentiable. In view of Lemma 4 we may give sufficient conditions for F' € Si
assuming the existence of derivative Qs ().

/
Lemma 2. Assume that r = lim sup 7@ (7)

T—00 Q(l’)

non-increasing and Flﬂfg(x) 15 integrable for some e > 0. Then F' € S).

< 1, the function Q(x)/x is eventually

Remark 3. Lemma 2 is a generalization of Theorem 2.8 (c) of [15] to the case of ar-
bitrary positive T'. Note that in the case T = oo the conditions of both propositions
coincide, since in this case the fact that Q(z)/x is a non-increasing function follows
from assumption r < 1.

Direct computations show that any Weibull distribution (i.e., distribution with the
tail F'(r) = e™®") satisfies the conditions of Lemma 2 for any 7' > 0 if 0 < v < 1.
One can also show that so-called semi-exponential distributions (i.e., distributions
with the tails F'(z) = e=*"!®) where 0 < v < 1 and I(z) is a slowly varying function
such that I'(z) = o(l(x)/z) as © — oo, see, for example, [6]) satisfy the conditions
of Lemma 2 for any 7" > 0.

It is known (see [3]) that Sa C S for any positive 7. The Lemma below shows that
an inclusion S{ C &* also holds.

Lemma 3. If F' € S} for some finite interval A = (0,T], then F € S§*.

The following Lemma is a generalization of Theorem 2.1 (b) of [14] to the case of
arbitrary positive 7.

Lemma 4. Let F,G € Lx and assume that there exist My, My € (0,00) such that
M, < G(x+A)/F(z+A) < M, for all sufficiently large x. Then F' € S < G € SX.

Let H be a non-negative measure on R such that

/ TR H) < .
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In this case we can define the distribution Gy on R, with the tail

[e.9]

Gy (x) := min 1,/F(x+t)H(dt)

0

The following Lemma is a generalization of Lemma 9 of [9].

Lemma 5. Let F' € S} and assume that sup H((t,t+1]) < b < co. Then Gy € Sa.
t

Remark 4. Here are some examples of such measures H:

(i) if H(B) =1(0 € B), then Gy = F}

(ii) if H(dt) = dt is the Lebesgue measure on R, then Gy is the integrated tail
distribution.

3 Proof of Theorem 1

Put M = sup,~, S, and let 7(B) = P(M € B).

Let n = min{n > 1: 5, > 0} < oo be the first (strict) ascending ladder epoch and
put

Let {¢,, }n>1 be a sequence of independent random variables with common distribu-
tion

(4) P(yy € B) = G4 (B) = P(S, € Bl < ).

Let v be a random variable, independent of the above sequence, such that P(v =
n)=p(l—p)",n=0,1,2,... Then (see [10, Chapter XII] or [2, Chapter VIII])

(5) M2y 4.+,
Let x = S, be the first non-positive sum and
(6) G_(B) = P(~x € B).
Our proof of Theorem 1 is based on the following sequence of lemmas.
Lemma 6. Let M < oo a.s. Then
P(M, € (z,z+T]) ~ /000 Py € —dz)(n(z,o+ 2] —7m(z+ T,z + T +z2])

(7) + / P(x € —dz,M; > z)r(x +z,x+ 2+ 1T)
0



Lemma 7. Let the assumptions of Theorem 1 hold. Then, for any positive integer
n?

/OOO G_(dz) <G*+"((x,x+z])—Gi"((x+T, :17+T+z])) ~ 1%pF(:zH—A) as T — 00.

Lemma 8. (ezponential bound) Let the assumptions of Theorem 1 hold. Then for
any € > 0 there exist numbers K < oo and xo > 0 such that for all n and x > xq,

/Ooo G_(dz) (Gi”((x, z+2]) -G (x+ T, x4+ T+ z])) ' < K(1+&)"F(z + A).

Lemma 6 is an extension of Lemma 1 from [8] to the case of arbitrary 7" > 0. Indeed,
in the case T' = oo the second term (7) is negligible and one obtains Lemma 1 from
8]-

Proofs of lemmas 6-8 are given in Section 4. We now present the proof of Theorem 1.

First, we will analyse the second term (7) in Lemma 6. We have,

(8) / P(x € —dz, M, > 2)P(M €z + z + A)
0

T & _
— @(1 + 0(1))/0 P(x € —dz, M, > x)F(x + z)

T NS T I
<m0+ 0(1))F(.:1:)/0 P(x € ~dz. M, > ) < o (Br)(1 +o(1)(Fle)*

. T _ _
Here we used the facts that P(M € x + A) ~ |E_§|F(I) and P(M, > z) ~ ETF(z)

as x — oo if F' € §* (see [4]). Inclusion S{ C S* proved in Lemma 3 implies that
F € §* under the assumptions of Theorem 1.

In view of our assumption (F(z))? = o(F(z + A)) it remains to prove that
9) / Px€ —dz)(n(z,z+ 2] —nm(z+T, 2+ T +z2]) ~ETF(z+ A)
0

as ¢ — 00. Omne of the ways to show this equivalence is to find the asymptotic
behaviour of

(10) m(z,x+z]—m(z+T,o+ T+ 2|

when z and T are fixed and x goes to infinity. This approach works well when T = cc.
But in the case T' < 0o, we were not able to find asymptotics (10) without imposing
some additional assumptions (for example, it is possible to find these asymptotics
when ¢~ has a finite third moment). Therefore, we use another approach and prove
(9) directly, using lemmas 7 and 8. However, this approach uses almost the same
type of arguments.



It follows from (5) that (9) can be represented in the following form

e}

- ip(l —p)”/

n=0 0

G_(dz) <Gi"((x, r+z2) -G (e +T,2+T+ z])) :
Then it follows from Lemmas 7 and 8 and the dominated convergence theorem that

/OOOP(X € —dz)(m(z,z+z] —7m(x+ T,z + T + z2])

~ 3 p(1 - p)n%F(l’ +A)=ErF(z + A).
n=0

Theorem 1 is proved.

4 Proofs of lemmas 6—8

Proof of Lemma 6. By the total probability formula
(11) P(M>z)=P(M, >z)+P(M, <z, M >z—Y),
where M = SUP,>0(Sr4n — X). Clearly,
M2 M, M and (x, M) are independent.
The second term in the RHS of (11) is
P(MTSx,ﬁ>x—x):P(M>x—x)—P(MT>x,M>x—X).
Then,
P(M,>z)=P(M >2)—P(M>z—x)+P(M, >z, M >z —y)
= /OOOP(X € —d2)m(z,x+ 2]+ P(M; > 2, M >z — x)

and it implies that

P(MTEx—i—A):/ P(y € —d2)(w(z, 2+ 2] — w(a+ T, + T + 2])
0
—I—P(MT>x,M>m—X)—P(MT>$+T,M>x+T—X).
We have
P(MT>m,M>:E—X)—P(MT>x+T,M>x+T—X)
=P(M, >z, M>z—x)—P(M,>2,M>z+T—Y)
+PM, >z, M>2+T—X)—P(M, >z +T,M>z+T—Y),



where the latter line is estimated as follows

0<PWM, >z, M>z+T—x)—PM,>z+T,M>z+T—Y)
=P(M, € 2+A, M > 2+T—x) < P(M, € 2+A, M > 2+T) = o(P(M, € z+A)).

Finally,

PM, >z, M>z—x)—P(M,>2,M>z+T—Y)

:/ P(x € —dz, M, > z)P(M € x + z + A).
0

O
In the proofs of Lemmas 7 and 8 we will need the following technical result.

Lemma 9. Let I belong to S and (F(x))2 = o(F(z + A)),z — oo. Then

(F(2/2))* = o(F(x + A)), 7 — oo

Proof of Lemma 9. Choose a function h(z) T oo such that h(z) < /2 and (2) holds
uniformly in [t| < h(z). For this function we have

h(zx)
(12) / Flx—y+A)F(y)dy~mTF(z+A) as z— oo,
0

and, since F' € S},

/2
(13) / Flx—y+A)F(y)dy = o(F(z +A)) as x — oo.

h(z)

Consider the LHS of the last relation:

x/2 z/2
/ Fo—y+ AFydy > Fla/2) / Fla—y+ A)dy
h(x) h(z)
- r/2+T z—h(z)+T
— Fa/2) ( / T / N F(y)dy)

> TF(2)2) <F(x/2 T F(a— h@)))

> TF(z - h(z)) (F(x/z +T) = Flo — h<x>)>.
It follows from the latter bounds and (13) that
(14)  F(z/2) (F(m/z +T) = Flo - h(x))) —o(F(z +A) as 2 — oo
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and
(15)  F(z — h(z)) (F(:E/Q +T) — Fx — h(:v))) =o(F(zr+A)) as x— o0.

Summing (14) and (15) we obtain that
F(x/2)F(z/2+T) - F(z — h(x))F(x/2,2/2 + T] — F(z — h(z))* = o(F(z + A)).
First, it follows from (12) and F(z)? = o(F(z + A)) that
F(z — h(x))* = o(F(z + A)).
Second, it follows from (12) and F € Sk that
Fx — h(2))F(x/2,2/2 4+ T) = o(F(z + A)).

Therefore, (F(x/?))2 =o(F(z+ A)).
[l

Proof of Lemma 7. The starting point of our analysis is the well-known Wiener-Hopf
identity (see, e.g. [10, Chapter XII, (3.11)]):

(16) Fla)=(1-p) / T G(d2)C (w4 7).

Recall that G_(dz) = P(—x € dz).
In the case n =1, (16) yields

/Ooo G_(d2) (G+((x,x 4 ) =G+ T, +T + z])) _ %pF(x +A).

n
Denote V,, = > 1. We will use induction arguments. Assume that the assertion of
k=1
the Lemma is valid for n and let us prove it for n+1. For any z > 0, let A, = (0, z].

By the total probability formula,
/ G_(dz) (Gi(nﬂ)((x, x+2z]) — G:(nﬂ)((x +T,2+ T+ z2])
0

— / G_(dz) (P(Vn < /2 Ve €x+A) —P(V, <a/2,Vpp €2+ T +A,)
0

N N N

+/ G_(dz) (P(¢n+1 <z/2,Vppn€x+A) =P <z/2, Vi €ex+T+A,)
0
+/ G_(dz) (P(Vn > 22, > /2, Vo € x+ A
0

—P(V,>2/2, ¢ >2/2, Vo €ex+ T+ Az))
(17) = 11 (z) + L(z) + I3(2).



First,

/2 0o
= [ ara) [ e (G+<<x—y,x—y+z1>—a+<<x+fr—y,x+T—y+zJ>)
x/2
%p [ eranre—y+ ),

Since F' € L5 we can choose a function h(x) T oo such that h(zx) < x/2 and (2)
holds uniformly for |t| < h(z). For this function we have

h(z)
(18) / Gl(dy)Fx —y+A)~F(x +A) as x— o0,
0

and, by Proposition 2 from the appendix,

/2 (/2] 41
(19) / GPdF—y+A) < S GPk+1] sup Flx—k—y+A)
h(x) k=[h(z)]-1 y€[0,1]
1 [x/2]+1
Flx—k+A)=0(F(z+A))
o k=lh(z)

since I’ € S7.
Second, by the induction hypothesis,

L) = [ " | 6@ (G )G (e T ot Ty ) )

(dy)F(r —y+A).

I—pJo

Following the arguments used to prove (18) and (19) we conclude that
x/2
(20) n/ Gi(dy)Flx—y+A)~nF(x+A) as = — 0.
0

Finally, in view of (18) — (20), it remains to prove that I3(x) = o(F(z + A)). We
have,

Iy(x) = / G_(dz) < (Vo> x/2,0n41 > /2, Vo €z + A)
PV, >z/2,¢p1 >2/2, Vo €x+ T+ A, ))
= / G_(dZ) (P(Vn > $/271/Jn+1 > $/2,Vn+1 cxr+ A)
0

PV, > /2, ¢0p1 >2/2, V1 €+ 2+ A))
= 131($) — IgQ(I).
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Here, we have used the fact that for any measurable event B,

PB,V,ex+A,)—P(B,V,ex+T+A,])
=PB,V,>2)-PB,V,>x+2)—PB,V,>2+T)+P(B,V,>x+T+2)
=PB,V,ex+A)-P(B,V, ex+2z+A).

The following estimate is valid:

In(z) < P(V,€x/24+ APy € 2/24+ A)

(21) = G (x/2+A)G(x/2+A).
By Proposition 2 from the appendix,
GM(x/2 + A)Gy(x/2 + A) ~ n—mTF(x/Z)—mTF(x/Q) = O(F(z/2)".
p p

Therefore, by Lemma 9, I3;(z) = o(F(xz + A)). Similarly, using Proposition 2 from
the appendix, we obtain

00 x/242+T
In(r) < / G_(d2) / Gy Ca((e+ 2 — yoa 42—y +T))
0

z/2
~ _ _ z *n x _|_ z —
pm 0 x/2 R Y
< Y Prrp -1 / G_(d2)G ()2, 2/2 + = + T)).
pm 0

Then, by the induction hypothesis,

/OOO G_(d=2)G((x/2,2/2 + 2]) ~ %pf(x/?)

and, by Proposition 2 from the appendix,

/O G (d2)G T () 242, 1) 24+T]) ~ n% /0 G (d2)F()242) < n%Tﬁ(z/?).

As a result, we obtain that
Isy(z) = O(F(2/2)%) = o( F(z + A))

due to Lemma 9.
O

Proof of Lemma 8. We will give only the proof of the upper bound. The proof of
the lower bound is similar. For o > 0 and k£ > 1, put

fooo G_(dz) (Gi‘f((x, r+2) - GF(z+T, 2+ T+ z]))
Ax(@o) = sup Flz + A)
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Take any £ > 0. Pick xy such that for all z > xy the following holds: F(x + A) > 0
and

z/2|4+1 5+
S F(k) supyegoy Flz —k —y + A)

(22) Flz+A) < e/%

/2
(23) J G+(ﬁgi(z)_ R e/2;
(24) % <

It follows from the fact that F' € S}, from Lemma 9 and (20) that such x, always
exists.

For any k > 1, put Ay, = Ag(zo). Then,

A < max{ L
B inf,<o<on, F(x +A)
sup Jo G-(dz) (G (@, 2+ 2]) = GF((z + T, o + T + 2])) }
r>2x0 F(I’ + A)

Let us now estimate the second term in the maximum. As in the proof of Lemma 7,

n

denote V;, = > ¢y and A, = (0, 2], where z is any positive number. We will use
k=1

representation (17). First, by the same arguments as in Lemma 7, we have

1 z/2 . 1 Zo z/2 .
Ii(z) = T G (dy)F(x—y+A) = T (/ —I—/ ) GV (dy)F(z—y+A).
p 0 b 0 xo
Then,
“up Jo' G(dy)F(z —y + A) < sup TPosyse (w—y+8) _ .
x>2x0 F(ZB + A) x>2x0 F($ + A)

Constant R; is finite since F' € La. Further, it follows from (22) and Proposition 2
from the appendix that

S Gy P —y+ &) SR Gk k41 supye Pl —k =y + )
F(z+ A) - F(x + A)

n Ecx:/[z:li}lq F(k) SUPyeo,1] Flz—k—-y+A)
<Ci(1+¢€/2) Flo+ A)

< Ci(1+4¢/2)"e/2.
Second,
/2 %
L(z) = /0 G+(dy)/0 G_(dz) (G*Jr"((x—y, x—y+z])—G*+”((:B—I—T—y,x+T—y+z])>

< A, /01/2 Go(dy)F(x —y+ A) < A1 +2/2)F(z + A),
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where the latter inequality follows from (22).

Third, we use the same representation I3(z) = I31(x) — I32(z) as in the proof of
Lemma 7. Then, the following estimate holds

In(z) < PV, €x/24+ APy € x/2+ A)
(25) < Ci(1+¢/2)"P(Ppi1 € /2 + A)? < Co(1+¢/2)"F(x + A).

Therefore, for some positive constants C' and R,
A1 < (1+¢/2)A,+C(1+¢€/2)" + R,
and, by recursion,
A1 < (1+¢€/2)"A1 +Cn(1+¢/2)" + Rn(1 +¢/2)".

The latter implies the assertion of the Lemma.

A Appendix

A.1 Properties of A— subexponential distributions

In this Proposition we list properties of A-subexponential distributions that are used
in the proof of Theorem 1. Proofs and some other properties may be found in [3].

Proposition 1. Let F' € Sxn. Then
(i) (see [3, Corollary 2])
F'(z+A) ~nF(z+A4), z— o0

(ii) (see [3, Proposition 4]) for any e > 0, there exist xog = x¢(e) > 0 and V(e) > 0
such that, for any x > xo andn > 1,

F' x4+ A) <V(e)(1+e)"F(x + A).

We also need the following Proposition (see[4]).

Proposition 2. Let E{ = —m € (—00,0) and F € §* be a non-lattice distribution.
Then for any T > 0,

1—p, —
A)~ —TF
Gale+2) ~ —PTT()

and G4 € Sa.

Remark 5. In the lattice case this Proposition holds as well with some obvious
changes.

13



A.2 Proofs

We present here the proofs of the Lemmas stated in Section 2. Throughout the
Appendix, a function h(z) is such that h(x) T 0o as * — oo, h(z) < /2 for all =
and (2) holds uniformly in |t| < h(z).
Proof of Lemma 1. For the function h(z) we have

h(x)

/ Flx—y+A)F(y)dy ~mTF(z+A) as z— oo

and
z/2 /2
— 1 —
/F(x—y+A)F(y)dy§ EF(x—l—A) / F(y)dy = o(F(x +A)) as x — oo.
h(z) h(x)
[l

Proof of Lemma 2. We need to prove that

72F(x—y+A)

Fo+ D) F(y)dy -0 as x — oo

h(z)
for the function h(z). Consider the integrand:

Flz —y+A)

Fra) FO) = ep{Qala) - Qale—y) Q)

Q—y) —Q(@D}

< exp{y(r—i—e) p—y

Q(x)

T

for sufficiently large x. Since the function
y <x/2

is eventually non-increasing and

Qr —y)

U} < e (0= 7 - 90 = F )

exp {y(r +¢)

and the result follows.
0

1’/2_ o
Proof of Lemma 3. Indeed, note that F' € S* if and only if [ F(x —y)F(y)dy ~
0

m*F(z) as x — oo. First,

z/2 z/2
/ Fla — y)F(y)dy > F(x) / Fly)dy = m* (1 + o(1)F(x).



Second, if F' € S} then

x/2

_ _ o [r/2 _
/ Fo -y F)dy = Y / F(x —y +nT + A)F(y)dy

0
oo

(z+nT)/2
< Z_;/o F(x —y+nT + A)F(y)dy
= (140(1))) m"F(z+nT + A) = m"(1+ o(1))F(x).

n=0

]

Proof of Lemma 4. Indeed, from the assumptions of Lemma 4 we conclude that
M, < G(x)/F(z) < M, for all sufficiently large 2. Suppose F' € Sk. Then G has
finite expectation. Since F, G € L, there exists a function h(z) — oo such that (2)
and the same relation for G hold uniformly in |¢| < h(x). For this function h(z) we

have
h(zx)

/G(a:—y—kA)@(y)dyNG(m+A)/OOO§(y)dy as T — 00

0

and
/2 ( ) 2a:/2 ( )
Glx—-—y+A)~ M; Flx—-—y+A)—
= TG y)dy < —2 | —— 2 JF — — 0.
/ Gz +A) (y)y—m/ Fa+a) [ Wa—0 as w—oo
h(z) h(z)

Proof of Lemma 5.
Note that for all sufficiently large x

Gule +A) = /F(m bt A)H(dE).
0
Thus Gy € LA since F' € La.

Consider two independent random variables n; and 7, both having distribution G .
We need to show that P(n; +n2 € 2+ A) ~ 2P(n; € z+ A). Consider the following
equality:

(26) Pim+mex+A)=2P(m <z/2,m+m €x+A)
+P(mn > x/2,m > x/2,m +m2 € x+ A) =2L(x) + Lr(x).

Choose a function h(z) such that Gy(z +t+ A) ~ Gy(xr + A) holds uniformly in
|t| < h(z) and note that

h(z)
(27) /dGH(y)GH(x—y—i-A)NGH(x—l—A) as T — oo.

0
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The mean value of F is finite. Thus, F(t)H((0,t]) = o(1/t)O(t) — 0 as t — oo and
integration by parts yields, for x large enough,

- /Oo H((0,t — 2]) F(dt).

Hence,
Cul(z,2+1)) = / H((t— 7 — 1, — a]) F(dt).
x/2 x/2 .
Therefore, [ dGu(y)Gu(x—y+A) —»0asz — ocoif [ Gulr—y+A)F(y)dy — 0
h(z) h(z)

as © — oo (we used the last equality and our assumption that sup H((¢,t + 1]) <
t

b < o0). Fix € > 0. Since F' € S}, there exists g such that, for all z > x,

z/2 .
/ F(o—y+ A F(y)dy < eF(z + A),
h(z)

Then, for x > z,

/ Gul —y+ AF(y)dy = /th(/omwwt—yw)ﬂ( >) y)dy

(z)

F(
wo (ot
g/ </ Flz+t—y+AF ) (dt)
0 h(zx)

< 5/ Flz+t+ A)H(dt) = eGu(x + A).
0

Using (27), we conclude that [;(x) ~ Gu(x + A) as © — oo. Consider now

z/2+T

I(z) < Gu(dy)Gu(r —y +A)

z/2

z/2+T
/

©/2
Gr(dy)Grlz —y + A) - / Grr(dy) Gl —y+ A).

Note that

xz/24+T

x/2+T
/ Gu(dy)Gu(z —y+A) ~ / Gu(dy)Gu(x —y+2T + A)
0 0
~ Gz +2T +A) ~ Gz + A)

as r — 00, and
z/2
/ Gu(dy)Gu(x —y+A) ~ Gz + A)
0

as x — 0o. Therefore, Ir(z) = o(Gu(x + A)) and the result follows from (26).
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Remark 6. We will now show that the condition (F(x))Q = o(F(z+ A)) is essential
for the relation (3) to hold. Assume that there exists 0 < y < oo such that § > —y
a.s. Then xy > —y a.s. In this case instead of the upper bound given in (8) we can
give the following lower bound:

P(MT>x,M>:L‘—X)—P(MT>x,M>x+t—X)

:/ P(x € —dz, M, > 2)P(M € z + z + A)
0

= %(1 +0(1)) /O_yP(X € —dz, M, > 2)F(z + 2)

T — T —
> ——(14+0(1))P(M, > 2)F(z) > ——E7(1 4+ 0(1))(F(z))?
e ( (@) 2 g Br(1+ o) (F(w)
where we used the fact that F' belongs to the class £ and therefore is long-tailed.
Since the rest of the proof of Theorem 1 remains valid in this case, the given upper
estimate shows that the asymptotics of P(M, € x + A) may be different from (3) if
we assume only that F' € SX.
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