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Abstract: The lace expansion has been a powerful tool to investigate mean-field behavior for
various stochastic-geometrical models, such as self-avoiding walk and percolation, above their re-
spective upper-critical dimension. In this paper, we prove for the first time the lace expansion for
the Ising model, which is independent of the property of the spin-spin coupling. In the ferromag-
netic case, we provide key propositions to prove that, without requiring the reflection positivity
of the spin-spin coupling, the two-point function obeys a Gaussian infrared bound for the nearest-
neighbor model with d > 4 and for the spread-out model with d > 4 and L > 1, as well as that the
critical two-point function exhibits a Gaussian asymptotics for the spread-out model with d > 4
and L > 1. As a result, these models exhibit the ferromagnetic mean-field behavior.
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1 Introduction

The Ising model is a classical statistical mechanical model that was first introduced in [21]
as a model of magnets. We consider the d-dimensional integer lattice Z¢, and a spin variable
¢, = %1 is assigned to each site x € Z?. The energy of the system is formally given by
H(p) = = > (s ycza JoyPatpy, where ¢ = {@s}oeza is a spin configuration and each J,, € R
is a given spin-spin coupling. If the model is ferromagnetic (i.e., J;, > 0), then the energy
becomes lower as more spins align. In addition, if d > 2 and the spin-spin coupling is
translation-invariant and summable (i.e., > ;4 Jo, < 00), then there is a critical inverse
temperature (3. € (0,00) such that the susceptibility x(/3) is finite if and only if 5 < . and
diverges as # 1 (. (e.g., [1]). The susceptibility x(8) is the sum of the two-point function
(¢opz) 3, Where (f), denotes the thermal average of a function f = f(p) at the inverse
temperature (3.

We are interested in the critical phenomena around (8 = .. For example, it is expected
that there is a critical exponent v = (d) such that x(8) =~ (6. — 3)™7 as f T B (in some
appropriate sense). Other observables, such as the spontaneous magnetization, are also
believed to exhibit power-law behavior characterized by their respective critical exponents
that depend only on d and are insensitive to the precise definition of .J,, > 0, as long as its
range is finite (universality).

For such ferromagnetic models, it was proved in [1, 4] that, if > .4 <g00g0$>; is bounded
uniformly in 3 < (., then the aforementioned critical exponents take on their respective
d-independent mean-field values: e.g., v = 1. This sufficient condition for the ferromagnetic
mean-field behavior has been verified above four dimensions for a class of models that
satisfy a special property, called the reflection positivity (e.g., [6, 8, 9]). However, more
general finite-range models do not always satisfy this property, and therefore their mean-
field behavior has not been completely established yet, even in high dimensions. If we believe
in universality, we expect that these finite-range models also exhibit the same mean-field
behavior, as soon as d > 4. (On the other hand, because of the hyperscaling inequalities in,
e.g., [28], the mean-field exponents for finite-range models are incompatible with d < 4.)

In this paper, we prove the lace expansion for the Ising model. The lace expansion has
been applied to various stochastic-geometrical models, such as self-avoiding walk and per-
colation, to prove their mean-field behavior above the upper-critical dimension (e.g., [18]).
The expansion obtained below for the two-point function gives rise to an identity that is
similar to the recursion equation for the random-walk Green’s function, and is valid inde-
pendently of the property of the spin-spin coupling: J,, is not required to be nonnegative,
translation-invariant or Z%symmetric.

For the ferromagnetic case, we obtain bounds on the expansion coefficients in terms
of two-point functions, and prove that, assuming translation-invariance and Z%-symmetry
of the spin-spin coupling, the two-point function obeys a Gaussian infrared bound for the
nearest-neighbor model with d > 4 and for the spread-out model (defined below in Section 2)
with d > 4 and the range of interaction L > 1, and that (pop.)s exhibits a Gaussian
asymptotics for the spread-out model with d > 4 and L > 1. As a result, the aforementioned
sufficient condition for the ferromagnetic mean-field behavior holds.

We emphasize that our approach using the lace expansion does not require the reflection
positivity of the spin-spin coupling, so that it can be used to prove the same results for,
e.g., the next-nearest-neighbor model with d > 4.



In the next section, we define the model and state the main results.

2 Model and the main results

Let A be a finite subset of Z¢ containing the origin o € Z¢, such as a d-dimensional hypercube
centered at the origin. The Hamiltonian represents the energy of the system, and is defined
by

Hy(0) == Y Juypapy (0= {@utaen € {£1}"), (2.1)
{z,y}CA

where J,, € R for 2,y € Z% is the spin-spin coupling. The partition function Zg., is defined
to be the expectation of the Boltzmann factor e #2(¥) with respect to the product of the

single-spin measures dn (@) = [T,ca (3 Lipoms1} + 3 Lipo=—1}), -€.,

Zgn = /duA(gO) e PHA(P) — 9—IA] Z e~ BHA(P) (2.2)
pe{1}A

We define the thermal average of a function f = f(¢) by

1 2—IAl B
(Nl = 7 dpa(p) flp) e M) = N > flp)e @ (2.3)
BiA BiA A
e{+1}
In particular, the two-point function is defined by
2~ ~BHA(p)
<(100907/'>ﬁ;A = Z Z (100901‘ € Al¥ (J; € A) (24)
i pe{£1}A

In this paper, we prove the following identity for the two-point function, in which we use
Tpy = tanh(BJ,,). (2.5)

Theorem 2.1 (Lace expansion). For any A C Z* and j > 0, there exist 7y, (x) and
R(ﬁjx)(x) forx e A andi=0,...,j such that, by defining

M, (0) = 3217 7o), 26)
i=0
we have
<90090x>g;/\ = H,(ﬁj)/\(ﬂﬂ) + Z H,(@])A(U) Tu,v <%80x>5;/\ + (_1)j+13g3\1)(5")- (2.7)
u,vEA
Moreover, if the spin-spin coupling is nonnegative, then we have the bounds

Tr(ﬁi;)/\(x) Z 07 0 S R(ﬁj;\l)(x) S Z Tr}g’],)/\(u) TU,U <90’U(p50>ﬁ;A' (28)

u,vEN



We defer to Section 3.2.3 giving the exact expressions of ﬁé) (x) and R(J“)( ), since we
need a certain representation to describe these functions. We introduce thls representation
in Section 3.1 and complete the proof of Theorem 2.1 in Section 3.2.

Whether the above expansion is useful or not depends very much on the existence of
nice bounds on the expansion coefficients and the remainder. This is indeed the case for the
ferromagnetic models whose spin-spin coupling is translation-invariant and Z?symmetric,
as explained below. Let

. _ Tox 2 9
T = Z To,za D(‘T) — T ) o = Z |$| D((L’), (29)
T€ZA z€Z4
where | - | is the Euclidean norm, and let
G = li 0Pz) g.ps 2.10
5(z) AlTréld (Pop >,@7A ( )

which exists as a nondecreasing limit, due to the second Griffiths inequality (e.g., [8, 9]).
For functions f, g on Z¢, we write (f*g)(z) = >, f(y) g(x—y) and () = (% f)().

Proposition 2.2. Let J,, be nonnegative, translation-invariant and Z%-symmetric, and

define
R()=7-1, F(5) = (D« G)(z). &(ﬁ)—iig(ﬂvl)c:ﬂ() (2.11)

Suppose

F(B) = max F;(p) <4. (2.12)

i=1,2,3

Then, there is a O-independent constant C' < oo such that, for any A C Z4,

S o) Tethe s e

x

This is a consequence of Proposition 4.1 below, which provides upper bounds on ﬂg;)A(x)
in terms of two-point functions (diagrammatic bounds). For W(ﬁO)A( x), for example, Proposi-

tion 4.1 reads

(@) < (popa)a < Go()*, (2.14)

where the last inequality is due to the second Griffiths inequality. These diagrammatic
bounds replace the results of the BK inequality for percolation [5]. For example, the zeroth
expansion coefficient for percolation is bounded, by using the BK inequality, as [16]

70 (z) < Gylx)?, (2.15)

where p is the bond-occupation parameter and the percolation two-point function G,(z) is
the probability of o and x being connected by a sequence of occupied bonds. See [18, 26] for



the diagrammatic bounds on the expansion coefficients for self-avoiding walk, lattice trees
and lattice animals.

We now briefly explain a consequence of Theorem 2.1 and Proposition 2.2. Suppose that
B < B (e, x(B) =>.,Gs(r) < 00) and # in Proposition 2.2 is sufficiently small. Then,
by (2.8) and (2.13), Y-, R " (z) decays as j T co. By (2.10) and dominated convergence,
the Fourier transform of (pop.)s, converges to Ga(k) = 3, Ga(z)e** independently
of the choice of a sequence Ay C Ay C --- T Z% Since Ilgp(x) = Y0 (—1)'mg, (2) is
absolutely summable, there is a subsequence A} C A, C --- 1 Z% such that the limit
[5(x) = limyjeo g ar (2) exists for all @ € Z? (provided that g (z) = 0 for all ¢ A/,
for every n) and satisfies y__|Ig(z)| < 14 O(0) and >_, |z*|IIz(x)| < O(6*)o?. Then, by
dominated convergence, we have I13(k) = 3. Tl(x) ¢, and hence

~ ~

Gy(k) = Tl4(k) 4 Ig(k) 7D(k) Gs(k). (2.16)

Rearranging this identity and using éﬁ(O) = x(), the symmetry of the model and then
(2.13), we obtain

- _ I5(k) I15(0) !
|G(k)| = — - - - e ——
X(B)~t +7(1 = D(k)) + (I15(0) — TIz(k))7D(k) I15(0)
1+0(6)

< _ . (2.17)
(1 — D(k) — O(6?)02d-|k?)

For the nearest-neighbor model (i.e., Jo, = Lyjz=1}), 1 — D(k) > 2r2d*|k|?, and thus

) 1+ 0(6)
Gs(k)| < m (2.18)

Note that we have obtained this Gaussian infrared bound under the assumption that (2.12)
holds. Now, we use (2.18) to verify this assumption. In fact, following the calculations in
the previous lace-expansion works (e.g., [22]), we obtain that F(3) is bounded by c(d —4)~*
for d > 4, where ¢ < oo is independent of d and #. This implies that, if 6 in (2.12) is
initially chosen as, say, 2¢(d — 4)7!, and if d is sufficiently large, then the stronger version
of (2.12) with 6 = ¢(d — 4)7" holds, i.e., F(3) ¢ 75(1,2] if d > 4. Let fy satisfy 7(6y) =
>, tanh(5oJ,,) = 1. It is not so hard to show that F(f,) is indeed bounded by c(d —
4)~! using random-walk estimates (see the footnote around (4.4) below), and that F(3) is
continuous in § € [By, B3.). Therefore, F(3) < ¢(d —4)~! and (2.18) hold for all 3 € |5y, 3.)
if d > 4. (In particular, 1 < 7(8.) = limgg, 7(8) < 14+c(d—4)"1.) As aresult, Y Gg(x)?
is bounded uniformly in 8 < 3., and hence the critical exponents take on their respective
mean-field values [1, 2, 3, 4]'.

Another example is the following spread-out interaction (often called the Kac potential):

Jow=L%(L7'2) (1< L <o), (2.19)

1Since there is a unique translation-invariant measure in the high-temperature phase, our G s(x) coincides
with the infinite-volume limit of the two-point function under the periodic-boundary condition, which was
used in [1, 2, 3, 4] to prove differential inequalities for x(8) and other observables. These differential
inequalities are the foundation of the proof of the ferromagnetic mean-field behavior.
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where? p : [-1,1]?\ {0} — [0, 00) is a bounded probability distribution, which is symmetric
under rotations by 7/2 and reflections in coordinate hyperplanes, and is piecewise continuous
so that the Riemann sum L™4 %" 4 p(L™'x) approximates [g, d*z p(x) = 1. The parameter
L is the range of the spin-spin coupling, and will be taken to be large in the analysis. The
simplest example would be

Lio<|zj<L}

Jo Tz =
> eeza Lo<ps<r)

5

= O(L_d) Ljo<|n-1a)<1}- (2.20)

For this model with L > 1, 1 — ﬁ(k:) is bounded from below by ¢?|k|*> A 1 multiplied by a
d-dependent positive constant [19]. Following the same strategy as explained above for the
nearest-neighbor model, we obtain (2.18) with § = O(L~?), uniformly in 8 < £, if d > 4
and L > 1, and thus prove the ferromagnetic mean-field behavior.

Here, we summarize the above results.

Theorem 2.3 (Gaussian infrared bound and the mean-field behavior). For the
nearest-neighbor model (J,, = Lyz=13) with d > 4 and the spread-out model (2.19) with
d >4 and L > 1, the infrared bound (2.18), with @ = (d —4)~! and 0 = L~ respectively,
holds uniformly in 3 < 8., and hence the susceptibility exponent v and several other critical
exponents exist and take on their mean-field values. In addition, 1 < 7(f.) <1+ O(6).

We emphasize that, to arrive at the above conclusion, the reflection positivity of the
spin-spin coupling has not been required. The class of reflection-positive models includes
the nearest-neighbor model, a “variant” next-nearest-neighbor model, Yukawa potentials,
power-law decaying interactions, and their combinations [6]. For the reflection-positive
models, it has been proved [11] (see also [9]) that, for d > 2,

const.

0< Gy(k) < e uniformly in 5 < £, (2.21)
and hence the susceptibility exponent and several other critical exponents take on their
respective mean-field values for d > 4. However, since this class of models is rather restricted,
and in some cases the Gaussian infrared bound (2.21) is not expected to be sharp, it has
been longed to have different approaches than using the reflection positivity. Our approach
using the lace expansion is one of them.

Furthermore, it has been known for the nearest-neighbor model [27] that the two-point
function also obeys the following x-space bound:

t.
Gp(x) < ﬁ uniformly in 8 < ., (2.22)
x
where || - || = |- | V 1. There has been no similar result for the spread-out model. We can

improve this situation by using the lace expansion (2.7) and the following proposition:

Proposition 2.4. Let J,, be the spread-out interaction defined in (2.19). Suppose %d <
q<d and

T <2, Gp(x) < 0pp + 0| 2] (2.23)

2For the Gaussian infrared bound, the finite-support condition on p can be replaced by the existence of
the (2 + ¢)-moment for some € > 0, but not for the x-space asymptotics (2.26) below.



Then, there is a C = C(d,q) < oo such that, for any A C Z¢ and sufficiently small 6, with
0L being bounded away from zero (which requires L to be large),

0),
1), (2.24)
2

)-
Following the analysis of the lace expansion in [14], we can indeed prove that, if 5 < .,

d >4 and L > 1, then (2.23) with ¢ = d—2 and § = O(L™2%¢), where ¢ > 0 is an arbitrarily
small number, holds [25], and thus

Ooa + (COPllef ™ (i
() < § 000 + (COP ] 7 (i
(COY ]|~ (i

| \/

Tga(2) — 8on] < COGya 4+ OO 2)29 (YA CZY). (2.25)

Since 3(d —2) =d+2+2(d—4) >d+2if d >4, we can say that IIg,(x) is close to 0,4
up to the second moment. As a result, with the help of the continuity in 8 < g, of G(z),
we can prove the following z-space asymptotics at § = . [25]:

Theorem 2.5 (Asymptotic behavior for the spread-out model). Fiz k = 2(d —
4YN2 >0 and € > 0, and let ag = Sx~Y20(% — 1). Then, there exist Ly = Lo(d,€) and
A= A(d, L,e) =1+ O(L7%) such that, for L > Ly,

A ago?

(8) Jall*2

where A — 1 and constants in the error terms in (2.26) depend on €.

G () = (1+ 0@ =) + O(L2 )2 >+)), (2:26)

We note that the factor ago~2||x||~(4=2) in (2.26) is exactly equal to the leading asymp-
totics of the random-walk Green’s function [14]. Therefore, (2.26) reads that the anomalous
dimension 7 takes on the mean-field value n = 0. For the nearest-neighbor model, we may
obtain the same asymptotics for G () (with different A and error estimates) by using the
method in [13].

In the next section, we prove the lace expansion (2.7). In Section 4, we prove the
diagrammatic bounds on the expansion coefficients, mentioned below Proposition 2.2. The
proof of Propositions 2.2 and 2.4 using these diagrammatic bounds is based on a common
philosophy, and is not so difficult as soon as we understand the composition of the diagrams
in terms of two-point functions. For simplicity, we will only prove Proposition 2.4 in detail
in Section 4.

3 Lace expansion

The lace expansion was first invented by Brydges and Spencer [7] to investigate weakly self-
avoiding walk for d > 4. Later, it was developed for various stochastic-geometrical models,
such as strictly self-avoiding walk for d > 4 (e.g., [17]), lattice trees and lattice animals for
d > 8 (e.g., [15]), unoriented percolation for d > 6 (e.g., [16]), oriented percolation for d > 4
(e.g., [23]) and the contact process for d > 4 (e.g., [24]). See [26] for an extensive list of
references. This is the first lace-expansion paper that deals with the Ising model.



There might be several ways to obtain the lace expansion for (@,¢,) s.A Via, e.g., the
high-temperature expansion, the random-walk representation (e.g., [9]) or the FK random-
cluster representation (e.g., [10]). In this paper, we use the random-current representation
(Section 3.1), which applies to the models in the Griffiths-Simon class (e.g., [1, 4]). This
representation is similar in philosophy to the high-temperature expansion, but it turned out
to be much stronger in investigating the critical phenomena [1, 2, 3, 4]. The main advantage
in this representation is the source-switching lemma (Lemma 3.3 below in Section 3.2.2) by
which we have an identity for (pops) s, — (Por) g4 With A C A. We will repeatedly use
this identity to complete the lace expansion for (po¢.) 4.4 in Section 3.2.3.

In the rest of this paper, we omit the subscript 3 and write, e.g., (Popz)y = (PotPz)g.p-

3.1 Random-current representation

In this section, we describe the random-current representation and introduce some notation
that will be essential in the derivation of the lace expansion.

First, we consider the partition function. We call a pair of sites b = {u,v} with J, > 0
a bond. For A C A, we denote by B 4 the set of bonds whose both endvertices are in A. By
expanding the Boltzmann factor in (2.2), the partition function Z4 on A (i.e., J, = 0 for
all b € By \ B4) can be written as

a=20% 0 ] ( > —(5{3’”): 902“’“902“’“)

pe{£1}4 {u, v}eBA Nu,w €L+ o

sEents ) e

beB 4 ! ved N py=+1

where n = {ny }rep,, is called a current configuration. Note that the single-spin average in
the second parentheses in the last line is 1 if ), n; is an even integer, and 0 otherwise.
Denoting by dn the set of sources x € A at which ), ny is an odd integer, and defining

wam = [J V2% ez (3.2)

ny!
beB, 0

we obtain

Za= Z H { bz Mb €Ven} — Z ( ) (33)

nEZ]BA zeA n=9o

To achieve the above representation, we have assumed that J, = 0 for b € By \ B 4.
Instead, we can think of Z4 as the sum of wy(n) over n € ZEA satisfying n| 4 = 0, where
n| 4 is the projection of n over the bonds incident on A° = A\ A, i.e.,

n|_Ao = {nb tb e By \BA} (34)

By this observation, (3.3) can be written as

Zy= Y w(n). (3.5)

on=g2
1’1|Ac =0



®

Figure 1: A current configuration with sources at  and y. The thick-solid line segments
stand for bonds with odd currents, while the thin-solid line segments stand for bonds with
positive even currents, which cannot be seen in the high-temperature expansion.

Following the same calculation, we can rewrite Z4(p.py,) 4 for z,y € A as

e X (I EVIT (] 5 ™)

iy
neZ]iA beB 4 veA pp==%1

= > wam)= > wa(n), (3.6)

on=xzAy on=xAy
n|AcEO

where x A y is an abbreviation for {x} A {y}. If x or y is in A°, then we define both sides
of (3.6) to be zero. This is consistent with the above representation when = # y, since, for
example, if z € A°, then the leftmost expression of (3.6) is a multiple of % Z%: 42 =0,
while the last expression in (3.6) is also zero because there is no way of connecting x and y
on a current configuration n with n|4 = 0.

The key observation in the representation (3.6) is that the right-hand side is nonzero
only when x and y are connected by a chain of bonds with odd currents (see Figure 1). We
will exploit this peculiar underlying percolation picture to derive the lace expansion for the
two-point function.

3.2 Derivation of the lace expansion

In this subsection, we derive the lace expansion for (p,p;), using the random-current rep-
resentation. In Section 3.2.1, we introduce some definition and perform the first stage of
the expansion, namely (2.7) for j = 0, simply by inclusion-exclusion. In Section 3.2.2,
we perform the second stage of the expansion, where the source-switching lemma plays a
significant role. Finally, in Section 3.2.3, we complete the proof of Theorem 2.1.

3.2.1 The first stage of the expansion

As mentioned in the previous section, the underlying picture in the random-current rep-
resentation is quite similar to percolation. We exploit this similarity to obtain the lace
expansion.

First, we introduce some notions and notation.



Definition 3.1. (i) Given a current configuration n € Z:* and a site set A C A, we say
that x is n-connected to y in A, and write x —yin A, if either x =y € A or there

is a path from z to y consisting of bonds b € B4 with n, > 0. If n € ZEA, we omit “in
A" and simply write z «— y. We also define

(o <25y} = {o >y} \ {z — y in A}, (3.7)

and say that x is n-connected to y through A.

(ii) For an event E (i.e., a set of current configurations), we define {E off b} to be the set

of current configurations whose restriction to the bonds other than b are in F. Let
Ch(x) ={y € A:x — y off b}.

(iii) For a directed bond b = (u,v), we write b = u and b = v. We say that a directed
bond b is pivotal for z «— y from z, if {x «— b off b} N {b «— y ¢ C4(z)} occurs.

If {z — y} occurs with no pivotal bonds, we say that x is n-doubly connected to y,
and write ¥ <= .

We begin with the first stage of the lace expansion. First, by using the above percolation
language, the two-point function can be written as

(Popr)n = D waln) _ > wAZ(An) L{oea}. (3.8)

Z
A On=oAx

On=oAx

We decompose the indicator on the right-hand side into two parts depending on whether
there is or is not a pivotal bond for 0 «— x from o; if there is, we take the first bond among

them. Then, we have

Loz} = Toemsa) + O Loemb ot 1) Limy>0) 1ipgct (o)) (3.9)
beBA
Let
wA(n)
ﬂ-;{)) (I’) = Z ZA ]]-{o<?>:c} (310)
on=oAzx

Substituting (3.9) into (3.8), we obtain (see Figure 2)

wA(n
<90090a:>A = 7T/(\O)<x) + Z Z AN ) ]1{O<f>b off b} IL{nb>0} ]1{5793%02(0)}‘ (3'11)

beBA On=oAx
Next, we consider the sum over n in (3.11). Since b is pivotal for 0 «— z from o (# z,

due to the last indicator), ny is an odd integer. We alternate the parity of n,, with changing
the source constraint into o A b A x = {o} A {b,b} A {x} and multiplying

%n Odd((%ﬁ;))z//z!! = tanh(5Jp) = 7. (3.12)




Figure 2: A schematic representation of (3.11). The thick lines are connections consisting of
bonds with odd currents, while the thin lines are connections made of bonds with positive
(not necessarily odd) currents. The shaded region stands for C%(0).

Then, the sum over n in (3.11) equals

wp (N
Z }< ) I]-{0<?>Q off b} Tb]]-{nb even} ]-{ETx%Cg(o)} (313>

on=oAbAx

We note that there are no positive currents on the boundary bonds, except for b, of C(0).
Let A C A be the set of sites at which there is at least one bond that is incident on A, so
that B4 = By \ B4c. Conditioning on C%(0) = A (with denoting k = n|4 and m = n — k)
and then summing over A C A, we can write (3.13) as

ZAc w ’LU_Ac
Z Z A (m) ﬂ{o?g off b} N {C}(0)=A} To L {ky even} 1 {B—sa in A}

ACA 8k=00b Zae
Om=bAx
wA w A (M
- Z Z ]1{0<:>b off b} N {Ck (0)=A} Tb]l{nb even} Z ) ]1{b<—>z}
ACA On=oAb dm=bAx A

wA
= Z Z 1{0{?@ off b} N {C% (0)=A} Tb]l{nb even} <905§0w>_,4c
ACA On=oAb

wa(n)
= Z ZA ]1{0<?>b off b} Tb]l{nb even} <8058033>C£’,(0)C7 (314)

on=o0Ab

where we have omitted “in A°” in the second line, due to the abbreviation rule in Defini-
tion 3.1(i). Since (@5pz)cs (o 18 zero on the event {o <= b} \{o <= boff b} C {b¢€ Ch(0)},

we can omit “off b” in the last line of (3.14). Moreover, with the help of the source constraint
On = o A b, we can also omit 1y, even}- (If 7 is odd, then again b is required to be in Ct (o),
since b is not a source.) Therefore, (3.14) equals

wa(N
Z Z( ) l{o?b} Th <9059093>cg(0)c- (3.15)
A

On=o0Ab

By (3.11) and (3.15), we arrive at

<§Oo§0x>A = 7T§\O> + Z 77-(0) 7—b 901,801> - Rx)(l’), (316>
beBA

10



where

R@=Y 3 BBy n(laeds - edae) @11

beBa On=oAb

This completes the proof of (2.7) for j = 0, with 7’ (x) defined in (3.10) and R’ (x) defined
in (3.17).

3.2.2 The second stage of the expansion
To expand RYy’(x) further, we investigate the difference (p5ps), — (¥50) e (o 11 (3.17).

First, we prove the following key proposition?:

Proposition 3.2. Forv,x € A and A C A, we have

wAc(m) ’UJA(I’I)
vz - v¥Px) gc = 1 v, 1
(Popa)n = (Puu) 4 amiﬁg T 7y s (3.18)

on=vAzx

Proof. Since both sides of (3.18) are equal to 1y,c 43 when v = x (see below (3.6)), it suffices
to prove (3.18) when v # .
First, we let

Z=7Zx—Zs= Y wyn)— Y wa(n)= Y wa(n), (3.19)
on=0o on=g on=9a
n|AEO 1’1‘_,47%0

where we have used the representation (3.5). Similarly, we let Wae = Zac(@0yr) 4o and

W =Zx(pua)y —Wae = > wam)— Y wa(n)= Y wa(n), (3.20)
on={v,z} on={v,x} on={v,z}
n|4=0 n| 4 Z0

where we have used (3.6). Then, we obtain

o WAC"‘W_W_AC o ZACW_WACZ

v¥'r - v¥r/ Ac — = y 3.21
(oo >A (% >A Tt 7 7 ae Z T ( )
where the numerator is
ZaAW — Wy Z = > wa(m)wa(n) - > wy(m)wa(n).  (3.22)
Om=g, m|4=0 om={v,z}, m|4=0
On={v,z}, n|4Z0 On=g, n|4#0

We note that the only difference between these two terms is the alternation of the source
constraints.

3The differential inequalities mentioned in the footnote at the end of the paragraph below (2.18) can be
derived, under the free-boundary condition as well, by simply using Proposition 3.2, instead of using the
random-walk representation introduced in [2, 3, 4].

11



Next, we consider the second term of (3.22), whose explicit form is

(BJp)™ (B )"t Ny
2. ( I =) UH )= 2 e > 1L ()
Om={v,z}, m|4=0 “bEBA\B4¢ beB 4 ON={v,z} Om={v,z} bEB 4¢c

on=g, n|A;7é() N|A;7é0 m|AEO

(3.23)

The following is a variant of the source-switching lemma [1, 12] and allows us to change the
source constraints in (3.23).

Lemma 3.3 (Source-switching lemma).

>, 1l (T]ZZ) =Llpwmar ) ]] (ZZ) (3.24)

Om={v,z} bEB 4c om=2 beB 4c
m| 4=0 m|4=0

We refer the readers to [1, Lemma 3.1] for more general cases in which the number of
sources in m is more than two. Lemma 3.3 will be explained after completing the proof of
Proposition 3.2.

We continue with the proof of Proposition 3.2. Substituting (3.24) into (3.23), we obtain

N,
Z U)A(N) :[]-{m?:c in A°} Z H (mz> = Z w/\(m) U)A(Il) l{vmx in A%}

ON={v,z} om=2 beB 4c Om=@a, m| =0
N|4#0 m|4=0 on={v,z}, n|4#0

(3.25)

Note that the source constraint in the right-hand side is identical to that in the first term
of (3.22), under which 1y, ., is always 1. Using (3.7), we can rewrite (3.21) as
m-+n

wp(m) wy(n)
<90v90x>/\ - <901)§02:>AC = Z ZAC Zn ]l{v:ni_'_;m} (326)

Om=g, m| =0
on={v,z}, n|4Z£0

We can omit “n|4 #Z 0”7 because ﬂ{vrﬁ;z} =0 when m|4 = n|4 = 0 and v # z. Finally, by

using (3.3) and (3.5) to replace wy(m) in (3.26) with w4c(m) and omit m|4 = 0, we arrive
at (3.18). This completes the proof of Proposition 3.2. O

Sketch of the proof of Lemma 3.3. We briefly explain the meaning of the identity (3.24) and
the idea of its proof. Given N = {N,}iep,, we denote by Gn the graph consisting of N,
labeled edges between b and b for every b € B, (see Figure 3). For a subgraph S C Gy, we
denote by 0S the set of vertices at which the total number of incident edges in S is odd, and
by S|4 the subgraph consisting of all edges in S that are incident on A. Then, the left-hand
side of (3.24) is equivalent to the cardinality |S| of

GZ{SCGN 1 0S = {U,ZL’}, S|A:®}, (327)
and the sum in the right-hand side of (3.24) is the cardinality |&'| of

GIZ{SCGN :0S =@, S|A:®}. (328)

12



N 0. N3 N3 NSL NS5 Nl

2

51 5

B

SAw: 0 o @ .5

Figure 3: N = {N,}?_, = (3,3,1,5,1) is an example of a current configuration on [0,5]NZ
satisfying ON = {0,5}, and Gy is the corresponding labeled graph consisting of edges
e = bly, where 0, € {1,...,N,}. The third and fourth pictures show the relation between
a subgraph S with S = {0,5} and its image SAw in (3.29), where w is a path of edges
(11,21,31,41,51).

We note that |S| is zero when there are no paths on Gyn between v and z consisting of edges
whose both endvertices are in A°, while |&'| may not be zero. The identity (3.24) reads
that |&] equals |&'] if we compensate this discrepancy.

Suppose that there is a path w from v to = consisting of edges in Gn whose both
endvertices are in A°. Then, the map

Se6 — SAwe & (3.29)
is a bijection [1, 12], and therefore |&| = |&’|. This implies (3.24). O

We now start with the second stage of the expansion by using Proposition 3.2 and
applying inclusion-exclusion as in the first stage of the expansion in Section 3.2.1. First, we
decompose the indicator in (3.18) into two parts depending on whether there is or is not a

pivotal bond b for v N from v such that v % b. Let

En(v,z;A) = {v % z} N {P pivotal bond b for v «— z from v such that v % b}.
(3.30)

On the event {v % 2} \ Emin(v,z; A), we take the first pivotal bond b for v —— x from

v satisfying v % b. Similarly to (3.9), we have

Lot} = Lpn(oaid) T D LBnntotsd) oft 5} Lm0} Lipe—agct ) (3:31)
beBA

13



Figure 4: A schematic representation of (3.33). The dashed lines stand for A, the thick-solid
lines stand for connections consisting of bonds &’ such that my + ny is odd, and the thin-

solid lines are connections made of bonds b” such that my 4+ ny is positive (not necessarily
odd). The shaded region stands for C ., (v).

m-+n

Let
'[UAC m w n
OvaalX]= Z( ) AZ( : Lpminany X(M+n),  Oyga=Ouaall].  (3.32)
om=g A A
on=vAx

Then, by substituting (3.31) into (3.18), we obtain (see Figure 4)

<90v90x>A - <90v90x>,,46 (3.33)
w4e (M) wy(n) _
= @v,:c;A + Z Z Z_Ac 7 IL{Eern(v,Q;.A) off b} ]]-{mb even, n, odd} IL{b:ﬂ—ﬂ:a:gECfnJrn(v)}a
= g

where we have replaced “my + n, > 0”7 by “m; even, n, odd” that is the only possible
combination which is consistent with the source constraints and the conditions in the indi-
cators. As in (3.13), we alternate the parity of n;,, with changing the source constraint into
on =wv A b A x and multiplying 7,. Then, as in (3.14), by conditioning on C}, ., (v) = B,

multiplying (Zp:/Z5:)*> = 1 and summing over B C A, we can rewrite the sum over m, n in
(3.33) by

wae(m) w(n) ,
Z Z ZAC I]-{Em+n(v,b;A) off b} N{Ct . (v)=B} Tb]]-{mb,nb even} l]-{brmz in B°}

Z min
BCA Om=g A
on=vAbAx

w4e (M) wy(n)
= Z Z Zxc ﬂ{Eme(v,b;.A) off b} N{Cl, ,,(v)=B} Tb]l{mb,nb even} <905S0x>3c

BCA om=o. Z
n=vAb
W 4e (M) wy(n)
=) L B (0:4) o {PBP) b (p)es (3.34)
P Z_Ac ZA m-+n
on=vAb

where we have omitted “off b” and 1y, n, even} i the last line using the source constraints

on m,n and the fact that (¢;0z) () is zero whenever b € C% _(v) (cf., the derivation

m-+n
of (3.15) from (3.14)). By (3.32)—(3.34), we finally arrive at

<90v90:r>/\ - <90v90x>,4c = Opza t Z Ou b, A To <90390:E>A
beBA

-y n @v,b;A[<90590z>A — (Pl e (3.35)

beBA
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where C%, ., (v) is the variable of the operation ©, . 4[---]. This completes the second stage

of the expansion.
3.2.3 Completion of the lace expansion
For notational convenience, we let wg(m)/Zg = 1 im=o}. Then, since Ey(0,7;A) = {0 <=
x} (cf., (3.30)), we can write
T (2) = Opain- (3.36)

Repeated application of (3.35) to (3.16)—(3.17) results in (2.6)—(2.7) in Theorem 2.1 with,
for j > 1,

(J) (1) G—-1) )
Z @Obl [ b1,by co["'Tbjﬂ@zj,hbj;@H [Tbj@Ej,x;éjil] H, (3.37)
bl: 7
R(J)( ) Z @(()0;)1 [ 6211)1, :Co |: @(Z_l)b C [ bj(<<PEjQ0z>A - <Q0bjg0w>c~§_1>] iH,
b1,...,b;
(3.38)

where the operation ©® determines the variable C; = Cnﬁin (b;) (provided that by = o).
If every J, is nonnegative, then, by definition, 7, and w4(n) for any A C A and n € ZBA
are nonnegative. This proves the first inequality in (2.8) and the nonnegativity of R ”1)(:10).

To prove the upper bound on RY™(z), we simply ignore (5, 90:r>cc in (3.38) and replace

j by j+ 1, where b;; = {u,v}. This completes the proof of Theorem 2.1. ]

4 Bounds on the expansion coefficients

From now on, we assume that the spin-spin coupling is nonnegative. Then, by (2.8), we
only need to control the expansion coefficients (3.36)—(3.37). In this section, we prove
diagrammatic bounds on the expansion coefficients, and then apply these bounds to prove
Proposition 2.4.

Before going into details, we compare the expansion coefficients (3.36)—(3.37) for the
Ising model with those for percolation; the j'i-expansion coefficient for percolation is (cf.,
[16])

IE;;) [l{oﬁx}] =P,(0 < z) (j=0),

) _
Tp (:E)_ E©|1 E® |1 — 50y BEO ] T A ('>1)
E p | Hos by} PorBp " | LEn, (b1,b5:C0) =+ " PojBp” | LEn, (b),a:Ci-1) J =4
bi,....b;

(4.1)

where each E{ denotes the expectation with respect to the product of the Bernoulli measures
[, (Po L gn;0)=13 + (1 —=Db) Lin,(v)=0} ), With the bond-occupation parameter p = Y ;4 po. (see
(2.15)). Since we exploited the underlying percolation picture to derive (2.7) for the Ising
model, it is not so surprising that the expansion coefficients for both models are quite similar;
in particular, the events involved in (3.36)—(3.37) are identical to those in (4.1). However,
they are indeed different. The major differences between these two models are the following:
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(a) Each current configuration must satisfy not only the conditions in the indicators, but
also its source constraint that is absent in percolation.

(b) An operation © is not an expectation, since the source constraints in the numerator
and denominator in the definition (3.32) of © are different.

(¢c) In each ©© for i > 1, the sum m; + n; of two current configurations is coupled with
m;_ 1 +n;_; via the cluster C;_; determined by m;_; +n;_;. (By contrast, in each ]Eg) in
(4.1), a single percolation configuration n; is coupled with n,_; via C;_; = Chi_ (bi-1).)
In addition, m; is nonzero only on bonds in Béh’ while the current configuration n;
has no such restriction.

Take 7}’ (z) for example, which is
Zan:oAJ} ’LUA(H) l{o?x}
> on—o WA (1)

Due to the indicator function, every current configuration n € ZEA that gives nonzero
contribution to the numerator has at least two bond-disjoint paths (;, (s from o to x such
that ny > 0 for all b € ¢; U (. Also, due to the source constraint, there should be at least
one path ¢ from o to x such that n, is odd for all b € (. Suppose, for example, that { = (3
and that n, for b € (5 are all positive-even. Since a positive-even integer can split into two
odd integers, on the labeled graph G,, with 0G, = o A z (recall the notation introduced
above (3.27)) there are at least three edge-disjoint paths from o to x. This observation leads
us to expect that ©{’(z) is bounded by (pop.)%, as in (2.14), for the ferromagnetic Ising
model.

To state bounds on the expansion coefficients, we first introduce diagrammatic functions
consisting of two-point functions. Let

T) = Z Th <90590x>/\ = Z <90y(PQ>ATb- (4.3)

b:b=y bb=zx

() = (4.2)

We note that (p,p.), < Galy,x) for y # z, since

(Cyoidy <0t Y. Y “’A —5yx+zn 3 “’A ) < 5,0+ Caly). (44)

b:b=y On=yAx b=y  9n=baz
ny odd ng even

Using this notation, we let

=3 (G3) (g, ) —5ym+z >, HGAul 1), (4.5)

j:O UQ,---,Uyj
uo Y, Uj ac

and define (see the first line in Figure 5)
Pu) (Uh ?)1) <¢A (Ula Ul) 51}1,11’1) <§0v1 2 >A’ (46)

“Repeated application of (4.4) results in the random-walk bound: (p,p,), < > oo 7" D*"(z) for A C Z4,
T<1landd>2.
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(W) (%)
o= o, A @7 U EVANAN
A ( 1 1) v v 1 2 ) 1 3) %

Vi
Vi) ()

u

P['X(lqj(m,vl) v@V PX;(;)v vy, V) + other possible combinations
! ! ----- V1

Figure 5: Schematic representations of Pf\j)(vl,v}) for j = 1,2,3, as well as those of

Pf{lﬁ(vl,vl) and PX;;fv(vl,v’l), where the labels in the parentheses stand for the vertices
that are summed over, the sequence of bubbles from v; and v} represents ¥ (v, v}) — Ou; !5
and the sequence of bubbles from v’ to v in Py}, (v1,v}) is ¢a(v', v).

and, for j > 2,
P/(\j)(’ul, v;) = Z (¢A<Ula 1}1) - 5111,?11) <90v1(10v2>A <90v2§0v’1>/\
V2,...,U
Ui,...,v;il
j—1
< (TL ) = 0u) (90, (i) )
=2
X (Y (vj,v)) = Gujr) (s 001) (4.7)
where, by convention, the empty product for j = 2 is 1. Then, we define PI/\(fZ(vl,v;)

by replacing one of the 25 — 1 two-point functions explicitly consisting of P/ﬁj)(vl,v;-) in
(4.6)-(4.7), say, (w.p.), (eg., (2,2) = (v1,v]) for j = 1, and either (z,2") = (v, v2),
(z,2') = (vg,v]) or (z,2') = (vi,v}) for 7 = 2, and so on) with (p.@u),(pup),, and
then summing over all 2j — 1 choices of this replacement (see the second line in Figure 5).
Similarly, we define le(fi)’v(vl,vé) by replacing two distinct two-point functions consisting
of P (v, v}), one of which is among the aforementioned 2j — 1 two-point functions and
the other is among those of which (v, v]) — Oy, for @ = 1,...,j are composed, say,
Hi:l,Q <§02i§0z§>A7 with <§021 ()Ou>A<90u§0zi>A zu' <§022 ¢v’>A<¢v’¢zé>Aw/\ (Ula U)? and then Summing
over all possible combinations of these two distinct two-point functions (see the second line
in Figure 5 again). Moreover, we let

P//\(;(Z(yv T) = <90y90x>i (Pypu)p (Pupz)rs (4.8)
Py (5, %) = (@yPa) s (£yPu) (Pupa)n D (Pypur) s (Puripa) YA (V) 0), (4.9)
and define
PAu y,r ZPAZ y,r Auv ZPX;>v y,r 7 (4'10)
7>0 7>0
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W AVA RSN AVAVAV AN AV

Figure 6: Leading diagrammatic bounds on 7}’ (x) and 7 (x), where, in particular, the line
segments that terminate with b; for i = 1,2 represent 0 + G (cf., (4.11)—(4.12)). The labels
in the parentheses stand for the bonds that are summed over.

where, as shown below in Section 4.3, P\ (y, x) and Py}, (y, z) are the leading contributions

to PA;u(y, x) and Pf,, ,(y,z), respectively. Finally, we define

Quuly, ) =Y (8ye + Galy, 2) Pro(z,2), (4.11)

z

X;u,fu(y’ "L‘) = Z (6972 + éA(yv Z)) Pqu Z’ w) + Z <Q0y(pv’>/\ él\<v,7 Z) lex;u(za JZ) I/JA(U,v U)'

z

(4.12)

Now, we can state diagrammatic bounds on the expansion coefficients as follows (see
Figure 6):

Proposition 4.1 (Diagrammatic bounds). For the ferromagnetic Ising model, we have

Pi9(0,2) = (popa)} (=0,
@) () < - , 4.13
™ (35) B Z Pz/\((;})l 0, b <HTb QA Ji,Vit1 ’L>_z+1>> Tbj@?\;vj (ij x) (j = 1>’ ( )
b1,....b;
Vlyeery Uj

where, by convention, the empty product for j =1 is 1.

We prove (4.13) for j = 0 in Section 4.1 and (4.13) for 7 > 1 in Section 4.2. Then, in
Section 4.3, we use Proposition 4.1 to prove Proposition 2.4.

4.1 Bound on 7}’(z)

The key ingredient of the proof of (4.13) is Lemma 4.2 below, which is an extension of the
GHS idea used in the proof of Lemma 3.3. In this subsection, we demonstrate how this
extension works to prove the bound on 74’(z) and the inequality

wa(n)
Z 7 ]1{0<?>$}Q{O<T>y} < P1,\(70y) (Oa {E), (414)
on=oAx

which will be used in Section 4.2 to obtain the bounds on 7§’ (z) for j > 1.
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Proof of (4.13) for j = 0. Since the inequality is trivial if z = o, we restrict our attention
to the case of x # o.
We note that, for each current configuration n that satisfies On = {o,} and Ly, = 1,

there are at least three edge-disjoint paths on G, between o and x. (See the first term on
the right-hand side in Figure 2. For example, if the thick line in that picture, referred to
as A\; and decomposed as A\ U Ao U A\i3 from o to z, consists of bonds b with n, = 1,
and if the thin lines, referred to as Ay and A3 that terminate at o and x, respectively,
consist of bonds & with ny = 2, then the decomposition into three edge-disjoint paths is
o Uiz, A U A U Az, A U NS}, where )] is the duplication of \;.) Multiplying 74" (z) by
two dummies (Zx/Z4)* (= 1), we obtain

wy(n) wy(m’) wy(m”)
' (x) = Z N N 7 Il{O‘T’I}

on={o,x}
Om’'=0m" =&

. ’IUA<N) Nb'
N Z 7 Z Losma) H ny! my! ml/’ (4.15)

3
ON={o,z} A on={o,x} beBA
Om’'=0m" =&
N=n+m'+m"

where the sum over n,m’, m” in the second line equals the cardinality of the following set
of partitions:

{(80,81782) :Gn = U Si7 S = {O,[E}, 0S5, = 0Sy = g, 0=z in So}, (416)
i=0,1,2
where “0 <= x in Sy;” means that there are at least two bond-disjoint paths in Sy. We

prove below that the cardinality of (4.16) is bounded from above by

: Ny
'{(807S17§2) :Gn = U Si, 0Sg = 951 = 95, = {Oaﬁ}}‘ = Z H nblm—/blm'/l
m !l m/!

1=0,1,2 On={o,x} beBA
Om’'=0m" ={o,z}
N=n+m’+m"

(4.17)
This implies (4.13) for j = 0, since

wa(N) N ,
Z 73 Z H W - <90030$>A- (418)

ON={o,z} A On=0m’'=0m" ={o,z} bEB) ’
N=n+m’'+m”

It remains to prove that the cardinality of (4.16) is bounded from above by (4.17). For
this, we use the following lemma, in which we denote the set of paths on Gn from z to 2’
by QN , and write w Nw' = @ to mean that w and & are edge-disjoint (not necessarily

Z—Z

bond-disjoint).
Lemma 4.2. Given N € Z]EA, E>1,VCAand z # 2z €A fori=1,... k, we let

Gn =S, 8So=V, 8S,i=0%i=1,... .k
S =1¢(Se,S1,.-,Sk) s Tw; €N Vi=1,...k st wiﬂwj:@\’i;éj . (4.19)

. /
2;—z;

wiCSOUSivizl,...,k
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and let &' be the right-hand side of (4.19) with “0Sq =V, 0S; = @ i = 1,...,k” being
replaced by “0Sg = VA{z, 21} A -+« Az, 21}, 0Si = {2,2} Vi = 1,...,k”. Then,
6] =1[&].

We prove this lemma at the end of this subsection.

Now, we use Lemma 4.2 with k = 2 and V = {2z, 2]} = {22,2,} = {0,2}. Note that
(4.16) is a subset of G, since & includes the partitions (Sp, Sy, Ss) in which there does not
exist two bond-disjoint paths on Sy. In addition, &’ is trivially a subset of the set in the
left-hand side of (4.17). Therefore, the cardinality of (4.16) is bounded from above by (4.17).
This completes the proof of (4.13) for j = 0. O

Here, we summarize the basic steps that we have followed to bound 7{’(x) and which
we generalize to prove (4.14) below and the bounds on 7§’(z) for j > 1 in Section 4.2.2.

(i) Count the number, say, k+1, of edge-disjoint paths on G,, that satisfies the source con-
straint (as well as other additional conditions, if there are) of the considered function

f(z), such as 7’ (z) = Z—IA > on—fox) WA(D) Lo,y with k = 2.

(i) Multiply f(x) by (%)k = Hf:l(%\ Y om—g Wa(M?)) (= 1), and then overlap the &
dummies m® ... m™ over the original current configuration n. Choose any k paths
among the (k+ 1)-edge-disjoint paths on Gn+P@_1 m(» and denote them by wq, ..., wy.

(iii) Use Lemma 4.2 to exchange the occupation status of edges on w; between G, and
G, @ for every i = 1,... k. The current configurations after the mapping, denoted by

n,m®, ... m"», satisfy on =0n A dw; A -+ A Owy, and Om® = Qw; fori =1,... k.
Proof of (4.14). When y = o or z, (4.14) is reduced to the inequality for 7’ (x). Also, the

case of o = x # y is trivial, since

wy(n) wy(n) wy(m) _ >
s s 3 OO

on=0m=g

(4.20)
on=9g
due to Lemma 3.3. Therefore, we can assume o # x # y # o.

We follow the three steps described above.

(i) Because of the source constraint On = {0, z} and the events in the indicator function,
there are at least 4 (= k+ 1) edge-disjoint paths on G,,, one of which is from o to y, another
is from y to x, and the remaining two are from o to z. (It is not so hard to realize that there
is an edge-disjoint cycle, 0 — y — x — o, due to the fact that y is not a source, but o and x
are. Since a cycle does not have a source, the existence of another edge-disjoint connection
from o to z is assured by the source constraint dn = {o, z}.)

(ii) Then, by multiplying (%)3, the inequality (4.14) is equivalent to

wy(N) Ny
2 g 2 Aemanegy |1 ol m{ m T

oN={oz} TH on={o.z} beBa
om) =g ¥i=12,3
N=n+} ?:1 m(")
wa(N) Ny!
= Z Z4 Z H O @1 @1 (4.21)
ON={o,z} A on=0m® ={o,x} beB, 0y Ty s Ty

omM={o,y}, om® ={y,z}
N=n+ ?:1 m(®)
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Therefore, it suffices to prove that the second sum on the left-hand side is less than or equal
to that on the right-hand side.

(iii) We note that the second sum on the left-hand side of (4.21) equals the cardinality
of

0<= 1 in Sy, 0+ yin S

Gn = 2. S, Sy = 0S| = 0Sy = 0Ss = &
{(So,ShSQ,Sg): N = Ui S 980 = o2}, 96 = 5. = 85 } (4.22)

and the second sum on the right-hand side of (4.21) equals the cardinality of

{(SmSlaSQaSS) :Gn = U?:o Si, 0Sp = {o,x}, 0S| = {o,y}, 0S; = {y,x}, 0S5 = {0>$}}-
(4.23)

Now, we use Lemma 4.2 with k£ = 3 and V = {z3,24} = {o,z}, {21,271} = {o,y} and
{22, 25} = {y,x}. Since (4.22) is a subset of & for this setting, while &' is a subset of (4.23),

we obtain (4.21). This completes the proof of (4.14). O
Proof of Lemma 4.2. For every QZN_w,, we introduce an arbitrarily fixed order. For w,w’ €
QZN_w,, we write w < ' if w is earlier than ' in this order. For w; € QZ Ly WE denote by
QN “1 the set of paths w € QZN_W, such that w Nw; = @ and that ( ¢ w for any ¢ € Qle—>zl
with C < wy. Moreover, for 1 < | < k, we define QN ll Ly where &; = (w1, ...,w;) with
wy € QZl_)Z,, wy € QZN2ffZ2 S, W € QZNiL,l, to be the set of paths ¢ € le\;r S such that
¢nN Ul ,w; = @ and that § ¢ ¢ for any £ € QZ JZ ' satisfying & < w;, for every i =1,...,1,
where we have denoted Qz o Qleqzl

Using the above notation, we decompose &) disjointly as follows. Given w; € QZIHZ1 ey
wy € QZ i’; ', we denote by 6 . the set of partitions (So,S1,...,Sk) € 8Y such that w; is
the earliest element of in—wgl contained in So US;, for every i = 1,...,k. Then, &) can

be decomposed as

6" = U U U &Y. (4.24)
oN ;

The proof of Lemma 4.2 will be completed if we can find a bijection from &g, to &,
for every &y For (Sp,...,Sk) € S5, , we define

Fi (S0, -, Se) = (F2(So), ..., FY(Sy)) = (SOA UE, wi, SlAwl,...,SkAwk>, (4.25)
where OFS(So) = VA{z, 21} A -+ Az, 2} and OFS(S;) = {z, 2]} for i = 1,... k.
Note that, by definition, we have Fg (Fz, (So,...,Sk)) = (So,...,Sk). Also, by s1mple

arithmetic using w; Nw; =S;NS; = & and w; C SpUS; for 1 < j < k and i # j, we have

F9(S)NFY(S)) = 2, F(So) U FY)(S;) = (SO A Ui wi> USs;. (4.26)

Wk
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Sincﬂe w; C SpUS; and w; N Ui# w; = &, we have w; C‘Fg;) (So) UFS(S;). In addition, since
injzgl is a set of paths that do not use any edge in | J,

in (So A U,

that do not fully contain w; or any earlier element of Q JZ,vl as a subset, w; is the earliest
J

. J w;, its earliest element contained

w;) US; is w;. Furthermore, since each QN9 for i > j is a set of paths

1<j Zi —>Z

element of

((SOA Ui, ) Us, ) A (UD] ) (SOA Us, wz) USs;. (4.27)
Therefore, Fy, is a bijection from &z, to &; . This completes the proof of Lemma 4.2. [

4.2 Bounds on 7{(z) for j > 1

In this subsection, we prove (4.13) for j > 1 using the following two lemmas, in which we
use

(2 23A) = {z <2 2} 0 {z <> 2}, Bz, 0,0 A) = El(z,05.4) 0 {z s o},

(4.28)

/ _ WAe (m) ’LUA(H> " _ W Ae (m) U)A(Il)
z@ A T Z Z pc AN Ig Epin(2,234)5 z,x,0.A T Z gy

om=9g
on=zAx on=zAx

Lemma 4.3. For the ferromagnetic Ising model, we have

@y,:p;A < Z (5y,z + éA(:ya Z)) @/z,z;fh (430)

@y,r;A [l{y<—>v}] S Z (5%2 + éA(:y? @/le A + Z SOZ/()OU GA U Z) @/z,x;.A w/\(vla U)'

z

(4.31)

Lemma 4.4. For the ferromagnetic Ising model, we have

Gé,x;A S Z‘Pfl\,u<y7x>7 GZI'U.A < Z Auv (432>
ucA ueA

Proof of (4.13) for j > 1 assuming Lemmas 4.5—4.4. Recalling (3.37) and using (4.30), (4.32)
and (4.11), we obtain

LD SR [ S P (e x]

Vj EC] 1

Z@oﬂ e [n{gjfl%vj}} 7y Qv (b 7). (4.33)

If 7 =1, we use (4.14). Otherwise, we use (4.11)—(4.12) and (4.31)-(4.32) j — 1 times and
at last use (4.14). This completes the proof of (4.13) for j > 1. O

We prove Lemma 4.3 in Section 4.2.1, and Lemma 4.4 in Section 4.2.2.
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4.2.1 Proof of Lemma 4.3
Proof of (4.30). Recalling (3.30) and (4.28), we have

Bu(y, w: A) = By (y, 1, A) (4.34)
u U {{E;,(B,x;A) off b} N {ny > 0} N {y —— bin A°, b ¢ cf;<x>}}.

Therefore, we obtain

Opzia = O 4u (4.35)
wAc wy (n)
+ Z Z Zn L, bm:A) off b} Limy+n,>0} 1{y<—>b in A°, bgCt,, (2}
bEB) OmM=2
On=yAzx

It remains to bound the second line of (4.35), which is nonzero only if my is even and n,
is odd, due to the source constraints and the conditions in the indicators. By alternating
the parity of n, with changing the source constraint into On = y A b A  and multiplying
7, as in (3.33), and then conditioning on Cl ., (x) as in (3.34), the second line of (4.35) can
be written as

ULAC QUA
Z Z ( ) ]]-{Em+n(b z;A) off b} Tb]]-{mb,nb even}

beB, Om=2 Za
On=bAzx

% Z wAcﬂCf’nJrn (h) ngqun(m)c(k)

]l «——bin c c
ZAcﬂCb ( Je Zcb {yh+kb A mcfn—‘—n( )°}

m+n( )c
P yAb
=Y > 2 U, B oft 0} T Ly even) (yo) aerncn @y (4:36)
beBy om=0 Zn
n=eAzx

where we have used Lemma 3.3 for y # b to obtain the last line. Since (py¥p) 4or oo () is
- m-+n

zero on the event El (b, z; A) \ {ELn(b,2;A) off b} C {b € C5 . (z)}, or on the event
that my, or ny is odd (cf., the argument below (3.14) or below (3.34)), we can omit “off b”
and 1, n, even} t0 Obtain that (4.36) is

w AC m) wy(n)
Z Z IlE;n A (B;A) Th <¢y¢b>Acmcb Z ©yPp) AT © A (4.37)
beB) Om=2 2 beB
On=bAz
due to the second Griffiths inequality. This complets the proof of (4.30). ]

Proof of (4.81). Recall (4.34). Since b in (4.34) is the last pivotal bond for y «+— z from y,
we have

En(y,z; A) N {y < v} (4.38)

= FE!(y,z,v; A) U U {{Eﬂ(l_y,x,v;/l) off b} N {ny >0} N {y —bin A, b ¢ Cf;(a:)}}

beBA

O U {0Bubz:A) oft b} 1 > 0} 1 {y e bin A%, y v, bg o)}

beBA
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where v € C8(z) in the event subject to the first big union, and v € C%(y) in the event
subject to the second big union. By the same computation between (4.35) and (4.37), the
contribution from the second line of (4.38) is bounded by

wAc ( ) _
@//gj A + Z Z A ]]-El/_:l+n(b,x,’u;./4) Tb <90y(PQ>AcmC?n+n($)c
bEB) OmMm=g
On=bAx
< Z 5?JZ+GA(y7 )) zxv.A (439)

Similarly, the contribution from the third line of (4.38) is bounded by

'UJ_AC m wA
Z Z ( ) H{Em+n(b z;A) off b} Tb]l{mb,nb even}

beB, Om=2 Zn
On=bAzx

m-+n

« Z wAcm cb Z’)C (h) /LUCb

1 : c b c : b c
{ymb in A°NCY, 4 (@)€, Vi (in Cpyn(®)9)}

ZACﬁCb ( )c ZC?IH_D(I)C
3k yAb
wAc m) wy(n)
< Z Z 1E1’n+n(£7$§~A) Tb \I/y b U5 .A Cm+n(‘z)7 (440)
beBy Om=2 Za
On=bAzx

where we have omitted “off 0" and L, n, eveny using 0 < Wy, gcv () < (Pyon) b

mjtn(‘r)C
and the fact that (oy@p)er (e 1 zero when b € Ch . n(x), where
- m-+n

W Acn Be (h) WpRe (k)
v 2,0 AB — 1 — ) 4.41
L 76 6hZ_Q ZAcch ZBC {yh+k } ( )

Ok=yAz

To complete the proof of (4.31), it thus suffices to show

‘I]y,z,v;A,B < Z <50y90v’>/\ <(70v’90z>A ¢A(U’> U)' (442>

U/

We note that, by Lemma 3.3, ¥, . .58 = (©y¥0v) g (Pv@z) g However, to deal with a general
A C A, we use

{yeovt={y— U {{y o v} \{y —v}}, (4.43)

h+k

and consider the two events in the right-hand side separately.
The contribution to (4.41) from {y — v} is bounded, similarly to (4.20), by

WpRBe k Wwpe k WpRe k,
Z Z( ) I]-{yTv} S Z Z( ) Z< ) ]]-{y<—>lv} = <90y9011>6c <90U<102>BC
Ok=ynz B Ok=yAz B¢ Be etk

ok/=2
< <‘Py90v>/\ <90v90z>m (4.44)
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due to the second Griffiths inequality.
Next, we consider the contribution from {y 0 v\ {y — v} in (4.43). We denote by

Cx(y) the set of k-connected sites from y. Since y is (h+k)-connected, but not k-connected,
to v, there is a nonzero alternating chain of mutually-disjoint h-connected clusters and
mutually-disjoint k-connected clusters, from some ug € Cy(y) to v. Therefore, we have

Ly—vp\yrv} < > > Ly—uo) ( 11 ﬂ{umTuM}) (H ﬂ{umlTugl})

j=1 U0yl 1>0 1>1

wFuy VIA
uj=v

X ( H ]]-{Ch(um)ﬂch(um/):@} I]-{Ck(UQZ)ﬁCk(u2l/)®}> . (445>

1L,I'>0
1Al

Because of this bound, we can now treat the sums over h and k in (4.41) separately.
Fix 7 > 1 and a sequence of distinct sites uo, ..., u; (= v), and consider the contribution

to the sum over k in (4.41) from the relevant indicators in the right-hand side of (4.45),
which is

'l,UBC(k)
> T ﬂ{yTuo}(H ﬂ{umlTuﬂ}) ( 11 ﬂ{ck<u2mck<u2u>—®}>~ (4.46)

Ok=yAz >1 1,I'>0
147

Conditioning over Uy,; = U121 Cx(ug) and using (4.44), we obtain

(1) weerngg, ()
Z e <H1{U211‘T’u2l}>( H IL{C'k(um)ﬂck(uzz/)=g}) Z %:ﬂ_{y?uo}

k=2 1>1 L>1 ok'=ynz BNUiy
1#l
— <§0y90u0>/\ <(10UO902>A Z Z . H {U2171<T>U2l} H {Ck(UQZ)mck(UQZ’):g} .
k=0 B >1 LI'>1
1#l

(4.47)

Then, by conditioning on Uy.s = Uzz2 Cx(ug), following the same computation as above and
using (4.4), the sum in (4.47) is bounded by

’UJBc<k) wBCﬂZ/{C; (k/)
Z 7 (H]l{uzl_lTum})( H H{Ck(um)ﬁck(ugl/)g}) Z #H{MTW}

k=g 1>2 l,l122 Ok/— o ZBCﬁuﬁﬂ
1T
<G 2 5w (k) (g 1 4.48
= A(u17 u2) Z Z— H {U,Ql_lTUQZ} H {Ck(UQl) ﬁck(um/):@} . ( . )
ok—z B° 1>2 LI'>2
141

We repeat this computation until all the indicators for k are used up. Also, we apply the
same argument to the indicators for h. Summarizing these bounds with (4.44) and replacing
up in (4.45)—(4.47) by ', we obtain (4.42). This completes the proof of (4.31). O
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4.2.2 Proof of Lemma 4.4

We note that the common factor 1y, .} in O, 4 and O , , 4 can be divided as
m+n thadt] 1My

ﬂ{yﬁlx} = ]l{y?x} + l{yﬁlx}\{y‘?x}' (4.49)
We first estimate the contribution from 1y, to © , 4 and Oy, 4, and then estimate
the contribution from ﬂ{yﬁx}\{y?‘”} to ©) .., and ©F . 4.
Contribution to @;yw;A from 1yy—,y. For a set of events Fy,..., En, let Eyo---0 Ey be

the event that Fi, ..., Ex occur bond-disjointly. Then, we have

ﬂ{ynﬁx} N {y?ﬂ» < ﬂ{y%x} n {y<?>ac} < Z l{yTu} o {WTI} ) {yTx}a (450)
ucA

where the right-hand side does not depend on m. Therefore, the contribution to ©; . , is

bounded by

’LUA(H)
> 7 Hyrupo fupayo {yay < > POy, x), (4.51)
u€EA In=yAzx A ueA
where we have applied the same argument used in the proof of (4.14). O

Contribution to O , . 4 from 1,y of (4.49). First, by using (4.43), we have

l{ynﬁ;x}ﬂ{y$w}ﬁ{ymv} < ﬂ{y%x}ﬁ{?ﬂfnﬁ <ﬂ{y<7>v} + l{ymv}\{yTv}>' (4.52)

We investigate the contributions from the two indicators in the parentheses separately.
We begin with the contribution from 1.}, which is independent of m. Since

lye=atn{ye— v} c{yerato{y o, y v} (4.53)
vt ¢ Jly —— u}o{u— a}, (4.54)
ueA

the contribution to ©j , ., is bounded by

wa (n)
§ : E : T ﬂ{yTu}O{uTw}O{yTﬂc, ye v} (4.55)
A

u€A In=yAzx

We follow Steps (i)—(iii) described in Section 4.1. Without loss of generality, we can assume
that all four sites y, u, x and v are different; otherwise, the argument below can be simplified.
Similarly to the argument below (4.20), since y and x are sources, but u and v are not, there
is an edge-disjoint cycle y — u — x — v — y, with an extra edge-disjoint path from y to x.
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Therefore, we have in total at least 5 (= 4 + 1) edge-disjoint paths. By multiplying (Z—A)4,
(4.55) equals

Ny!
Z Z wA Z ﬂ{yTU}O{uTI}O{yTI, ye—v} H '4—b(i)!, (4.56)

u€A ON=yAz on=yAx beBA Tp- Hi:l my,
m® =g Vi=1.4
=1

where the sum over n,m®, ... m® is bounded by the cardinality of & in Lemma 4.2 with

k = 47 V= {yw%'}a {21,21} = {yvu}a {227Zé} = {u,:z:}, {237Zi,’>} = {y,U} and {247Z4,l} =
{v,z}. Bounding |&’| for this setting, we obtain that (4.56) is bounded by

’LUA Nb'
2 > Mo

ueA ON=yAz On=yAzx beBA
omV =yau, dm@ =yazx
om® =y Ay, OmD =paz

N=n+ ?:1 m(®)

<Y {0ypr)  (PyPu) p (Puspe) g (0400} (PoiPz) o (4.57)
ueA

Next, we investigate the contribution from 1y, .3y} of (4.52). On the event
m-+n n
ly = 2} n{{y — v} \ {y «— v}}, there exists a vy such that {y «— 2} o {y «—

T, Yy vo} occurs and that vy and v are connected via a nonzero alternating chain of

mutually-disjoint m-connected clusters and mutually-disjoint n-connected clusters. There-
fore, by using (4.45) and {y % v} C Uyealy ¢+ u} o {u +— z}, we obtain (cf., (4.55))

Liyetat nfyemol 0 Hycmo Ny}

< Z Z Z ﬂ{yTu}O{U‘T’x}O{yT’I’ yenvo} (H IL{”%T”WH})

uceA j>1 V0, >0

v Fvy Vl;él’
l)j:’L)
X (H 1@211‘7%1}) ( H ﬂ{Cm(Um)ﬁCm(”zl/):@} H{Cn(vm)ﬂcn(vzz/):@})‘ (4.58)
>1 1,I'>0
14T

For the products of indicators, we repeatedly use the “conditioning-over-clusters” argument,
as in (4.46)—(4.48). As a result, because the first indicator in the right-hand side of (4.58)
does not depend on m, we can apply (4.55)—(4.57) to obtain

Z W Ac (m) WA (n) 1 B
" ZAC ZA {mi}m{y<?$}m{{ymv}\{y<?v}}
On=yAz

< Z (@DA{UO, — Oy, v Z Z wA ﬂ{yTU}O{uTI}O{yT% Yo}
vo

u€EA On=yAzx

< Z <¢A(U07 U) - 5110,1)) <‘py90x>A <‘py90u>/\ <90u90x>A <(Py<on>A <90vo‘Pcc>A' (4'59)

u€A, v
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Figure 7: An element in £
and ssty = {5, 8}.

0, which consists of sit1 = {0,3}, sat2 = {2,4}, s5ts = {4,6}

Summarizing (4.52), (4.57) and (4.59), we arrive at

we(m) wy(n)
Z 7 re 7 ﬂ{yrﬁx} Nysatn{yg ool < Z P/I\/;ﬁ?v(y, z). (4.60)
om=2 A A ueA
on=yAzx
This complets the bound on the contribution to Oy, . 4 from Ty, of (4.49). O

Contribution to ©), .4 from ﬂ{yﬁ.x}\{y?x} of (4.49). When L{on=yaa}\{y=a} = 1, then y

is n-connected, but not n-doubly connected, to z, and therefore there exists at least one

pivotal bond for y «— z. Given an ordered set by = (by,...,br), we define
T
HH;I;T(y,a:) ={y<=b}n ﬂ {{bl = bt N {nbi > 0, b; is pivotal for y «— as}},
i=1
(4.61)
where, by convention, by, = z. Then, the contribution to @;@; 4 can be written as
wAc wx(n)
>0 > Liytoayn b, 5 )0 {y e veso) ) (4.62)
T>1 §, Om=o Zn
on=yAx

On the event H,_; 5, (Y, ), we denote the n-double connections between the pivotal bonds
bi,..., by by

Cbl( ) (1=0),
Dpi = { CEH )\ Cli(y) (i=1,...,T—1), (4.63)
Ca)\CiI(y)  (i=T).

We can think of C,(y) as the interval 0,7, where each integer i € [0,7] corresponds to
Dii and the unit interval (i — 1,7) C [0,77] corresponds to the pivotal bond b;. Since y is
(m+n)-doubly connected to x, for every b; there must be an (m+n)-bypath (i.e., an (m+n)-
connection that does not go through b;) from some z € Dy with s € {0,...,7—1} to some
2" € Dyy with t € {4,...,T}. Let EE))T = {{0T}}, £[0 = {01, 2T} : 0 < 5o <ty <T}
and, generally for j < T (see Figure 7),

‘CE(J)?T] = {{Sltz}le 0=851 <89 <t <3< --- < tj,Q < §j < tj,1 < tj = T} (464)
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By this definition, we have (J,,.p[s,t] = [0,T] for any I' € Efé)T]’ for every j € {1,...,T}.
Using this notation and Ly, A, 3 A {an=yaz} < Lye?iz} n{on=yas) and conditioning over Cy(y),
m-+n n

we can bound (4.62) by

J
ZZ Z wA Il{y<—>a:}mHng (y,x) Z Z Z (Hl{ziepn;sw Z;ED";”})

T>1 . on=ysx =L L0 st} 21, 2 i=1
wAc( wcn
x D H Lo ) [ [ Lenncconcmaomar ). (465)
Z_Ac ZC y)c .
Om=0k=2 i=1 il
where the first line determines C,(y) that contains vertices z;, z. for i = 1,..., 7 in a specific
manner, and the second line determines the bypathes Cpik(2;), for i = 1,..., 7, joining z;
and 2/.
First, we estimate the second line of (4.65). Since Cpyik(2;) for ¢ =1,...,j are mutually-

disjoint, we can treat each cluster separately by using the “conditioning-over-clusters” argu-
ment. By abbreviating Cn(y) to C and conditioning over Vimyx = ;59 Cmyxk(2i), the second
line of (4.65) equals

> U}AZCA e (H IL{ZMZ'}) ( 11 H{Cm+k<2i>“cm+k<2’)‘z})

Om=0k=02 i,1>2
i£l
/ /
wAcmv;Hk(m) Weenve, | (k)
X E A ; 7 ; ]l{zl ‘,—’/zi}' (4.66)
Om/'=0k'=2 ANV ik CNVmix itk

Since z; # 21 € C = Cyu(y), they are connected via a nonzero alternating chain, which
starts and ends with m’-connected clusters (possibly with a single m’-connected cluster), of
mutually-disjoint m’-connected clusters and mutually-disjoint k’-connected clusters. Fol-
lowing the argument around (4.45)—(4.48), we can bound the second line of (4.66) by

> s (GQ) *@- 1)(21, z1). By repeating this argument, (4.66) is bounded by

1
ﬁ(z *(2[ 1) Zz, l) (H Z x(21—1) Z“ 2)(311 w/\ Ziy Z; _521722))7
i=1 i=1,7 (>1 =2
(4.67)

where, by convention, the empty product is regarded as 1
Therefore, (4.65) is bounded by

S 5 (I E @) (M=) ¥ 401

7>1 217 7Z] 1=1,7 I>1 on=yAx A
215 ,z]

J
% Z Z Z llHn;gT (v,2) H L{Duie; 52, Doy 320} (4.68)

T>j by Efg’)T]:{Siti}gzl i=1
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Figure 8: Schematic representations of I1(y, z, x), I>(y, z’,x) and I3(y, z, 2', x).

which depends only on a single current configuration, and hence we can apply the GHS idea
to obtain its upper bound. To do so, we first simplify the second line of (4.68), which is, by
definition, equal to the indicator of the event

Ju U {Han Y, ﬂﬂ{Dmlazl, D, 92’}}

T2 br ﬁfbj)T]:{Siti}gﬂ =1

U {U U U {Han Y, ﬂﬂ{DnSza %, Dax, 92}}} (4.69)

€1,-.4,€ T>] bT E(J) 7{5“5} =1

bt 1=eip1 Vi

where, by convention, t; = 0. On the left-hand side, the first two unions are for the number
and location of pivotal bonds for y «— =, while the third union identifies the double

connections that are associated to z;, 2z, for i = 1,...,j. Let (see Figure 8)

Il(y,z,:v):{y?x, y<T>z}, Ly, 7, x) U{{y<—>u}o[1(u Z :L')} (4.70)

I(y, 2,2, x) = U {{Ig(y,z,u) o I(u, 2, 2)} U {{y e u}o{h(u,z2)N(u 2,z }}}

u

(4.71)
Then, (4.69) becomes a subset of
U {{h(y, z21,€1) 0 I3(@1, 22, 21, €9) © -+ 0 I3(€51, 25, 25y, €;) 0 I5(€;, Z;,I)}
€1,.-€5
J
N ﬂ {ne, >0, e; is pivotal for y «— x}} (4.72)

=1

To bound the sum over n in (4.68) using the GHS idea, we further consider an event that
contains (4.72) as a subset. Without loss generality, we can assume that y # e, €,_1 # ¢;
fori =2,...,7, and €; # z; otherwise, the argument below can be simplified. Since every
ne,; is an odd integer, to consider each event I; in (4.70)—(4.71) individually, we can assume
that y and x are the only sources of dn. On Ii(y, z,x), according to the observation in
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Step (i) described below (4.20), we have two edge-disjoint connections from y to z, one of
which may go through z, and another edge-disjoint connection from y to x. Therefore,

Li(y, 2z,2) C {Pwi,ws € Qv “wy € QP such that w; Nw; =@ (i #1)}. (4.73)

y—z

Similarly, we have (cf., Figure 8)
Ly, 2 2) C {Pwi,wy € Q2 w3 € Qp ., such that w; Nw; =@ (i #1)}. (4.74)

On I3(y, z, 7', x), there are three edge-disjoint paths, from y to z, from z to 2/, and from 2’
to . This is not so difficult to be seen from |, {l2(y, z,u) o Ir(u,2’,z)} in (4.71). For the
remaining event in (4.71), take a look at the last picture in Figure 8 for one of the worst
topological situation to extract such three edge-disjoint paths. Since there are at least three
edge-disjoint paths between u and z, say, (;, (s and (3, we can go from y to z via (; and a
part of (5, and go from z to 2’ via the middle part of (5, and then go from 2z’ to x via the
remaining part of (; and (3. The other cases can be dealt with similarly. As a result, we
have
Ii(y, 2,2, 2) C {Pw € Q). Ywy € Q2 Twy € Q% such that w;Nwy =@ (i #1)}.

zl—x

(4.75)
Since
U {{{Hw e Yofwer Mnin > 0}} c Pwear ), (4.76)
the event (4.72) is a subset of
le,wg € Q;ll_w 3&]3 S Qg—wg 30)4 € Q;;*’ZI 3&)5 S Q?/HZ s
~ 1 17743
I;;)Zﬂ,v (y,l’) = cee Elng S QZHz; ) EIWQJ'_H < Q?; - 3w2j+2,w2j+3 € Q;clﬂz;v , (477)
I 7 —_ —
such that w;, Nw; =@ (i #1)
where Zél) =Y, ,z](./)). Therefore, the sum over n in (4.68) is bounded by
wy(m)
Z 7 1{y<—>a:} ]lI(_J)# (y,z)- (478)
A n ). 25

on=yAzx

Now, we apply the GHS idea to bound (4.78). For the moment, we ignore the first
indicator in (4.78) and consider the contribution from the second one. Without losing

generality, we assume that the sites y, z, 2;, 2/ for ¢ = 1,...,j are all different. Since there
are 2j + 3 edge-disjoint paths on G, as in (4.77), we first multiply (4.78) by (%)2j+2

following Step (ii) of the strategy described in Section 4.1. Overlapping these 2j + 3 current
configurations and using Lemma 4.2 with £ = 2j + 2, V = {y, 2} and so on, we obtain

2
U <§Oz]-90z;71>A <90z;.71§0z>A <§0:v90z;>A‘ (479)
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Therefore, (4.68) (= (4.78)) without 1y, 4.,y is bounded by

> > (ﬁ(%(%zz‘)—ézi,z;))(Z(%%JﬁZ(éi)*(””(zl,zg)) (4.80)

G 22002 N =2 o 1
2y 5oy z;;l
2 o\ #(20—1)
X <90y()0z2>A e <(pz;71§0x>A ( Z <S0x(PZ§>A Z (G?\) Zj, 2; ) Z P(J) y7
2, >1 i>1

J

If ﬂ{y%x} is present in the above argument, then at least one of the paths w; for i =

3,...,2j + 1 has to go through A. For example, if ws goes through A, then we can split
it into two edge-disjoint paths at some u € A, such as wj € Q)Y and wf € Q. The
contribution from this case is bounded, by following the same argument as above by (4.79)
with (py@z,), being replaced by > . 4 (©y@u) A (Pupz),. Bounding the other 2j — 2 cases
similarly and summing these bounds over j > 1, we obtain that (4.68) is bounded by
Y uea Z]>1 P\(y,x). This, together with (4.51), completes the proof of the bound on
O a0 (4.32). O
Contribution to O . .. 4 from l{yﬁx}\{y?aj} of (4.49). By using (4.61), the contribution

Y,T,V;

to ©y , ,.4 can be written, similarly to (4.62), as

wAC wy(n)
Z Z Z ﬂ{y;ﬁ*‘x}ﬂHn;gT(y,I)ﬂ{{yrﬁx}\{y(?)x}}ﬂ{ymv}- (4.81)
T>1 om=g A
br on=yAzx

To bound this, we will also use a similar expression to (4.65). We split (4.81) depending
on whether or not there is a “cluster” that corresponds to Cpix(2;) in (4.65) for some
i€ {l,...,7} such that v € Cppyx(z;).

(i) If there is such a cluster, then we use l{yﬁ)x}m{an:ym} < Lgyetnyn{on=yac}, 85 in

(4.65), to bound the contribution from this case to (4.81) by

D) D ST LTIRITNIN SEED SIS Dl | T

> = 1 Z15nes
T>1 p. On=yLz Jj= {sit; }] IE‘CE(J))T] o z;

77777

X Z ngC weatul (H ﬂ{zz<—>z/}> (H L4 mii(2:) N Conic (220) @}) Z LiCmii(zi) 30}

om=0g C (®)* i#£l
k=02

(4.82)

(z1)>0}- Then, as in (4.66), by abbreviating Cy(y) to C
and conditioning over Vy x = Uzzz Cmix(2i), the contribution to the second line of (4.82)

Consider the contribution from I .,
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equals

Z ng ch (H ]1{ZZ<—>Z }) ( H H{Cm+k(zi)ﬂcm+k(zl)g})

dm=0k=0 0,1>2
i#l
!/ /
WANVE (m) Weenve, | (k)
x> 7 Z Lz o oy U om0y (4.83)
Om’'=0k'=2 ANVE i CNViix m’+K! m/ 4K

If the last indicator is absent, then, as discussed below (4.66), the second line of (4.83) is
bounded by a “chain of bubbles” | (GQ) we 1)(21, 21). If 1{z — v} = 1, then one of the
m/+kl

bubbles has an extra vertex v’ that is connected to v with another chain of bubbles 1 (v/, v).
(This argument can be made precise following the argument around (4.45)—(4.48).) That
is, the effect of the last indicator in (4.83) is to replace one of the Ga’s in the bound, say,
Ga(a,a), by 32, Ga(a,v") (pypa) ,a(v',v). The remaining terms in (4.82)(4.83) can be
estimated in the same way as before.

(ii) If there are no such clusters containing v, i.e., v ¢ Cyix(2;) foralli € {1,..., 7}, then
there is a v’ € Dy, for some [ € {0,...,T} such that o' e and Cpmik (V') NCrnix(2) = @

for all 7. In addition, since all connections on Cy(y) U ngl Cm+k(2i) from y to = have to go

through A, there is an i € {1,...,j} such that z; % z!. Therefore, the contribution from
this case to (4.81) is bounded by

T J T
)DLV DEED DEEED DI | | CIRESIRENE) ) ppTEe
i=1 =0

T21 by n=yse R O e
2 5eerZ]
w e (m wcn e (
o 30 e 8 (T ) (Tt sconiion) (St
m=92 y 1F
= Z
J
X Ly —o) | [ o) nCanincz=23 (4.84)
=1

The contribution from the indicators in the third line is bounded, by the conditioning-
over-clusters argument, by ¢, (v, v). Then, as in (4.66) and (4.83), by abbreviating Cn(y)
to C and conditioning over Zuy k(i) = U;/; Cmx(zir), the second line of (4.84) is bounded
by

J
Z Z w4 (M )wCC (Hﬂ{zu—w/})( H ]].{Cm+k(zi/)ﬂcm+k(z¢/’)z})

“ Z pc
i=1 Om=0k=90 ) i 1" i
/#Z//
W Ac \c m/ Wee \c k,
% Z AZﬂIm+k(z) ( ) CZﬁZm+k(2) ( ) ]1{,21 A 2 (4.85)
om’'=0k' =2 AN Lo () CNIm (i) m’ +1

33



If we ignore “through A” in the last indicator, then, as discussed above, the second line
of (4.85) is bounded by >, (GQ) ha 1)(zi,zz'»). However, because of this “through A”-
condition, one of the G x’s in the bound, say, Ga(a,d'), is replaced by Y uea Ga(a,u) (Qupar) -
Then, the summand of Y 7_, in the first line of (4.85) is bounded by a product of “chains

of bubbles”, similarly to (4.67).
Therefore, (4.84) is bounded by

Z Z Pa(v',v) (bounds described below (4.85))

321 vz,
2y z;-
: : : : : : : : : :I]'Hnb (y$ ]‘{DHZSUI}H ]]‘{Dns D%, Dnt 92/} (486>
On=yAzx T>j by {St}] IGCE5>T] =0

The desired bound on the second line can be obtained by reproducing the argument between
(4.68) and (4.80), and we refrain from giving its details.
Summarizing the above (i) and (ii), we finally obtain that (4.81) is bounded by

D Py ). (4.87)

ji>1 uceA

This, together with (4.60), completes the proof of the bound on ©F , ., in (4.32). O

4.3 Proof of Proposition 2.4

In this subsection, we prove Proposition 2.4 using Proposition 4.1 and the following:

Proposition 4.5. (i) Leta>b>0 and a+b > d. Thereis a C = C(a,b,d) such that

1 1 8.
= : 4.88
Eyi ly = ol Tz —ylI° = Jlo = vfferdo=d (4.88)
() Let %d < ¢ <d. Thereis a C" = C'(d,q) such that

1 1 1 1 (04
< . 4.
2 < (4.89)

— 2| e =zl Iz = ylle Iz = y'lle — e = yllolle” — vl

Proof. The inequality (4.88) is identical to [14, Proposition 1.7(i)]. We use this to prove
(4.89). By the triangle inequality, we have 1[lz) — y|| < [lz) — z|| V ||z — y||. Suppose
that [lz — 2|| < |lz — y|| and ||z’ — z|| < ||z — ¥/||. Then, by (4.88) with a = b = ¢, the
contribution from this case is bounded by

924 3 1 1 _ 2Clla—
lz = ylllla’ — y'lle = Nl — 2 fla" = 219~ fle = yllofl=" — y'|*

.',U/ |||d72q

(4.90)

where ||z — 2/||*729 < 1, due to d — 2¢g < 0. The other three possible cases can be estimated
similarly (see Figure 9(a)). This completes the proof. O
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Figure 9: (a) A schematic representation of (4.89). (b) A schematic representation of (4.106),
which is a result of successive application of (4.89), with x = 2’ or y = ¢/'.

Before going into the proof of Proposition 2.4, we summarize a few prerequisites. Recall
that (4.11)—(4.12) involve G, and note that

(Potpa)s < 0o+ Galo,2)3, (4.91)
We first show
~ O(9) O(6)
Galo,x) < , T 5I+GAb$ < 4.92
©.2) < o] 2.0t Calba) S (192
Proof. By (2.23), we have
Ga(o,) =7D(x) + Y 7D(y) (pyps), < 2D(z) + > 2D(y —y), (4.93)
y#o,x y#o,x

where, and from now on without stating explicitly, we use the second Griffiths inequality
and the translation invariance of G(z). Using the definition (2.19) and the assumption in
the statement of Proposition 2.4 that L% 9, with ¢ < d, is bounded away from zero, we
obtain

O(L~*1) _ 0()
[ E—

D(z) < O(L™) o< uljwzL) < (4.94)

For the last term in (4.93), we consider the cases of |z| < 2v/dL and |x| > 2v/dL separately.
When |z| < 2VdL, we use (4.94), (2.23) and (4.88) with 1d < g < d to obtain

B O(L~+1) 4 O(BL~"+1) _ O(6)
2 PWOE-<) e S e S (49

y#o,r Y

When |z| > 2v/dL, we use the triangle inequality |z — y| > |z| — |y| and the fact that
D(y) is nonzero only when 0 < [|y|le < L (so that |y| < vVd|yll < VAL < %|z]). Then,
we obtain

3 D) Gl —9) <3 D) o = (1.96)

q q
P Y il el

This completes the proof of the first inequality in (4.92). The second inequality can be
proved similarly. O]
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By repeated use of (4.92) and (4.88) with a = b = 2¢ (or (4.89) with z = 2’ and y = ©/),
we obtain

: O(6%)
¢M(U7U>§<%QU+HWT:77WE. (4.97)
Together with the naive bound G(z) < O(1)]||z|~? (cf., (2.23)), we also obtain
560! ) Gl — ) Ualw ) < Glo ) Gz ) + Y o
" = Nl = ylllz = v'll“llo — v

o)
= o =wlllz =l

where we have used (4.89) (with z = 2’ or y = ¢/). The O(1) term in the right-hand side

is replaced by O(8) or O(6?) depending on the number of replacement of G' by G in the
left-hand side.

(4.98)

Proof of Proposition 2.4. Since (4 91) (4.92) immediately imply the bound on 7\{’(x), it

suffices to prove the bounds on 7\’(z) for i > 1. To do so, we first estimate the building

blocks of the diagrammatic bound (4.13): >, 7 Q. (b, x) and >, T Qb ).
Recall (4.8)—(4.12). First, by using G(z) < O(1 )|||x|H 7 and (4.98), we obtain

o)
Py, x) < , (4.99)
. Iz = ylPflu = yll*l — wll
0(1)
PO (y,z) < : (4.100)
i Iz =yl = yllelle = wll*flo — yll<fle — o]l
We will show at the end of this subsection that, for j > 1,
O(j) O(6*)
P/(Jf;(y? )_ , (4101)
. lz = ylPflu = yl|*l — wll
, 02)J
P (1.2) < oo (1102)

= = yll“llv = yll“llz = ullello = yll“lz — vl *

As aresult, P\ (y, z) (resp., Py (y, x)) is the leading term of Py, (y, z) (resp., Py., ,(y, z)),
which thus obeys the same bound as in (4.99) (resp., (4.100)), with a different constant in
O(1). Combining these bounds with (4.92) and (4.98) (with both G in the left-hand side
being replace by G, ), and then using (4.89), we obtain

O(0) O(0)
75 Q. (b, T) <
2. E:W—ymW—ZWWU—ﬂWM—UW Il = yllefle — wll*e”

b:b=y

O(6)
T Q U’U
E%b . Z;(W—MWM—4WM—dWW—MW%—dMW—MW
0(6?) )

lo =yllellz = vllellz = z[**llu = z[|*]l2 = w]*
O(6)

= o —ylllz = vllellz — ul*e

(4.103)

+

(4.104)
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This completes the bounds on the building blocks.
Now, we prove the bounds on 7{’(z) for j > 1. For the bounds on 7§’ (z) for j > 2,
we simply apply (4.99) and (4.103)—(4.104) to the diagrammatic bound (4.13). Then, we

obtain

W(j)(x) < Z O(l) (ﬁ 0(9) )
AN ludlPafivrflofur = vallo \ 23 o — will 2llwies — visa | flwis — il

U yeeey Uy
V1 ,eeesVj

O(6)

ll = wusllellz = v;]|>

(j>2). (4.105)

First, we consider the sum over u; and v;. By successive application of (4.89) (with z = 2
or y =9'), we obtain (see Figure 9(b))

Sy 90) )
i llv; —wi—af|2llw; — vl —vi—1 |2 |2 — ugf|9)lz — vy]]2e

0(6?) 0(?)
<2, :

= uj—1)|lvj—r = vill9lle = vl = vilPe Tl — wialllle — v
(4.106)

This implies that the right-hand side of (4.105) is bounded by itself with j being replaced
by 7 — 1, multiplied by an extra O(f). Therefore, by repeating the application of (4.89), we
end up with

ECEDWN o oo S e 0100

ey = vill? fle — wall2llz — oal?e = flffe

For the bound on 7§’ (), instead of using (4.99), we use

0(6?)
lull?flolleflu — v]|e’

where O(6)? arises when u = 0 and v # o, and is due to (4.4) and (4.92). In addition,
instead of using (4.103), we use

/ A O 0 /(0 /(5
> Q. (bx) <> m (541@@ + (1= 6.0020) Piol(z,2) + ) Pz, x))

Pllx(?v)(o, U) = 0pu0op + (1 — 00u00) Pllx(?v)(o, w) < 00600 + (4.108)

b:b=u z 7>1
o) O(6°)
S M 51},:{3 +
llz = wlle Z Iz = wlllle = =[*eflo — =[]}z — v
o) O(6°)
=~ . 51)7@ + 5 (4109
llz = wll® l = ullellz — vl )

due to (4.92), (4.101) and (4.108). Applying (4.108)—(4.109) to (4.13) and then using (4.89),
we end up with

7\ (1) < O(0) 6y +

0(0?) 0(6?) 00) 6,0 0(6?)
*; TulPo] ( " )

fl[|>4 lu—olls \ |z = ulls ~ flo — ufjf|lz — v]>
O(6?)

< O(0) Gy + L. (4.110)
ll[|>
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To complete the proof of Proposition 2.4, it remains to show (4.101)—(4.102). To do so, we
first recall Py (y,z) in (4.6)-(4.7) and the definition of P\’)(y, ) and Py} (y, ) described
below (4.7). Then, by recalling the pictures in the second line of Figure 5, (4.101)—(4.102) for
j = 1 follow from (2.23), (4.97)-(4.98) and the following bound on ¥ (y, ) —d, , with one of
the consisting G'x, say, Ga(ur_1, uy), being replaced by S, G (ur_1,0") (o Puy ), ¥a (W, 0):

S % (T Gatucrn) Galunss ) Galunst) o)y (0

[e's) l
0(0%) ) 0(6%)
<
DYDY , ( H lwi = wizall?? ) flur — - l|*lv — we-r[|2llux — ]|

cs omoey 0(*)

(4.111)

where we have used (4.89).
For (4.101)—(4.102) with j > 2, we first note that P{’(y, x) is bounded, by using (4.97),
as

D0y o 0(0?) T 0(6?)
P 2 (M5 )

vty 10T = ylPllvz = yll*llvr — vl P40 visr = vial9flv; = vigall?

2
X 2)(9 ) , (j > 2). (4.112)
Iz = v;l* ]l — vj_4 ]|

By definition, the bound on Pﬁl(y,x) is obtained by “embedding u” in one of the 25 — 1
factors of || -+ |7 (not || - - - ||**) and then summing over all these 2j — 1 choices. For example,
the contribution from the case in which ||vg —y||? is replaced by ||u—y||%||ve —u||? is bounded,
similarly to (4.107), by

5 0(6?) O(62)~!
o v = yllPflw — yll2flve — wlj2lvy — va|e lz — vifleflz — ve|>
0(62)! 0(6%)!
SZ rull2ally — ullelle — wllalle — o2 12e — — ull2allyy — ullelr — 2lle” (4'113)
" lvi = yl*allu — yll2)lz — ul|eflz — 4] lz = yllPlw — yl|2flz — ]|

The other 2j — 2 contributions can be estimated in a similar way, with the same form of the
bound. This completes the proof of (4.101).

With the help of (4.111), the bound on PX?U (y,x) is also obtained by “embedding u and
v” in one of the 2j — 1 factors of || - - - || and one of the j factors of || - - - ||*? in (4.112), and
then summing over all these combinations. For example, the contribution from the case in
which [Jvy — y||? and |Jv] — y||*? in (4.112) are replaced, respectively, by [Ju — y[|9]lvy — w4
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and [[oy — yl|*llv — y[|?llv; = v[}?, is bounded by

0(6?) O(62)~!

221 lor = yllellv = wllellvr = vll“llu = yllellve = ulleflor = vall* 2 = villellz = val|*

<y oy
T vy = yllellv = yllellvy = vlleflv — yllolle — ulleflz — vi]>

0(6?)

< . (4.114)
lz = yll“llu = yll*llz — ull*lv = yl*llz — v

The other 2(5 — 1)? contributions can be estimated similarly, with the same form of the
bound. This completes the proof of (4.102) and thus Proposition 2.4. O
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