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Abstract

For discrete-time stochastic processes, there is a close connection between
return/waiting times and entropy. Such a connection cannot be straightfor-
wardly extended to the continuous-time setting. Contrarily to the discrete-time
case one does need a reference measure and so the natural object is relative en-
tropy rather than entropy. In this paper we elaborate on this in the case of
continuous-time Markov processes with finite state space. A reference measure
of special interest is the one associated to the time-reversed process. In that
case relative entropy is interpreted as the entropy production rate. The main
results of this paper are: almost-sure convergence to relative entropy of suitable
waiting-times and their fluctuation properties (central limit theorem and large
deviation principle).

1 Introduction

Many limit theorems in the theory of stochastic processes have a version for discrete-
time as well as for continuous-time processes. The ergodic theory of Markov chains
e.g. is more or less identical in discrete and in continuous time. The same holds for the
Ergodic Theorem, martingale convergence theorems, central limit theorems and large
deviations for additive functionals, etc. Usually, one obtains the same results with
some additional effort in the continuous-time setting, where e.g. extra measurability
issues can show up.
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For discrete-time ergodic processes, there is a remarkable theorem connecting re-
currence times and entropy [9]. In words, it states that the logarithm of the first time
the process repeats its first n symbols typically behaves like n times the entropy of the
process. This provides a way to sample entropy observing a single, typical trajectory
of the process. This result seems a natural candidate to transport to a continuous-
time setting. The relation between entropy and return times is sufficiently intuitive
so that one would not expect major obstacles on the road toward such a result for
continuous-time ergodic processes. There is however one serious problem. On the
path space of continuous-time processes (on a finite state space, say), there is no nat
ural flat measure. In the discrete-time setting one cannot distinguish between entropy
of a process and relative entropy between the process and the uniform measure on
trajectories. These only differ by a constant and a minus sign. As we shall see below,
this difference between relative entropy and entropy does play an important role in
turning to continuous-time processes. Therefore, there will be no continuous-time
analogue of the relation between return times and “entropy”. In fact, the logarithm
of return times turns out to have no suitable way of being normalized, even for very
simple processes in continuous time such as Markov chains. To circumvent this draw-
back, we propose here is to consider differences of the logarithm of suitable waiting
times and relate them to relative entropy.

Another aspect of our approach is to first discretize time, and show that the
relation between waiting times and relative entropy persists in the limit of vanishing
discrete time-step. From the physical point of view, the time-step of the discretization
is the acquisition frequency of the device one uses to sample the process. We can also
think of numerical simulations for which the discretization of time is unavoidable.
Of course, the natural issue is to verify if the results obtained with the discretized
process give the correct ones for the original process, after a suitable rescaling and by
letting the time-step go to zero. This will be done in the present context.

In this paper, we will restrict ourselves to continuous-time Markov chains with
finite-state space for the sake of simplicity and also because the aforementioned prob-
lem already appears in this special, yet fundamental, setting. The main body of this
paper is: a law of large numbers for the difference of the logarithm of certain waiting
times giving a suitable relative entropy, a large deviation result and a central limit
theorem. One possible application is the estimation of the relative entropy density
between the forward and the backward process which is physically interpreted as the
mean entropy production, and which is strictly positive if and only if the process is
reversible (i.e., in “detailed balance”, or “equilibrium”).

Our paper is organized as follows. In Section 2, we show why the naive generaliza-
tion of the Ornstein-Weiss theorem fails. Section 3 contains the main results about
law of large numbers, large deviations and central limit theorem for the logarithm of
ratios of waiting times. In the final section we consider the problem of “shadowing” a
given continuous-time trajectory drawn from an ergodic distribution on path space.
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2 Naive approach

In this section we start with an informal discussion motivating the quantities which
we will consider in what follows. Let {X;,¢ > 0} be a continuous-time Markov chain
with state space A, with stationary measure y, and with generator

Lf(z) = c(z)p(z, y){f(y) - f(z))
yEA

where p(z,y) is a transition probability of a discrete-time irreducible Markov chain
on A, with p(z,z) = 0, and where the escape rates c(z) are strictly positive. Given
a time-step 4, we can discretize the Markov chain to obtain its “d-discretization”
{Xi,i =0,1,2,...}. Next we define the first time the é-discretized process repeats
its first n symbols via the random variable

RY(X):=inf{k > 1:(Xo,...,X(n-1)s) = (Xkss .- -, X(pn-1)3)} - (2.1)

The analogue of the Ornstein-Weiss theorem [9] for this continuous-time process would
be a limit theorem for a suitably normalized version of log RS for n — oo, 6 — 0. How-
ever, for § > 0 fixed, the ergodicity of the é-discretization {Xp, X5, Xas, ..., Xns,-- -}
Ornstein-Weiss and Shannon-McMillan-Breiman theorems [9] yield

1 .
- log hRfL(X)]P(X{")] =0(1) eventually a.s. as n — o0.
Using the fact that X is an ergodic Markov chain we obtain

1 1 1 (&
—=log Ry(X) = - log u(Xo) + — (Zlogpf(XﬁXm)) +0(1)

=1

= E [logp; (Xo, X1)] + o(1) eventually a.s. as n — oo (2.2)

where [E denotes expectation in the Markov chain started from its stationary distri-
bution and where p{ denotes the transition probability of the §-discretized Markov
chain {X;5,71=0,1,2,.. .}, ie,

P5 (@) = (€ )ay = Iy (1 — 8c(z)) + bc(z)p(z, y) + O(8%).

Therefore,
Jim %logRi(X )=
> " u(z)(1 - dc(z)) log(1 — de(z)) + Y ulz)dc(z)p(z, y) log(Sc(z)p(z, y)) + O(6?).
€A T YEA

In this expression we see that the first term is of order § whereas the second one
is of order dlogéd. Therefore, this expression does not seem to have a natural way
to be normalized. This is a typical phenomenon for continuous-time processes: we
need a suitable reference process in order to define “entropy” as “relative entropy”
with respect to this reference process. Indeed, as we will see in the next sections, by
considering differences of waiting times one is able to cancel the §log é term in order
to obtain expression that makes sense in the limit § | 0.
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3 Main results: waiting times and relative entropy

We consider continuous-time Markov chains with a finite state-space A. We will
always work with irreducible Markov chains with a unique stationary distribution.
The process is denoted by {X; : ¢ > 0}. The associated measure on path space
starting from Xy = z is denoted by P, and by P we denote the path space measure
of the process started from its unique stationary distribution. For ¢t > 0, F; denotes
the sigma-field generated by X,,s < ¢, and PI%! denotes the measure P restricted to
Fi.

3.1 Relative entropy: comparing two Markov chains

Consider two continuous-time Markov chains, one denoted by {X; : ¢ > 0} with
generator

Li(z) =Y clz)p(z,y)(f(y) — f(=)) (3.1)

yEA
and the other denoted by {Y; : ¢ > 0} with generator

Lf(zy =" &z)p(z v){(f(v) — f(=))

yEA

where p(z, y) is the Markov transition function of an irreducible discrete-time Markov
chain. We further assume that p(z,z) = 0, and ¢{z) > 0 for all z € A. We suppose
that X, resp. Yp, is distributed according to the unique stationary measure y, resp
[i so that both processes are stationary and ergodic.

Remark 1. The fact that the Markov transition function p(z,y) is the same for both
processes 1s only for the sake of simplicity. All our results can be reformulated in the
case that the Markov transition functions would be different.

We recall Girsanov’s formula [5):
dplet! (wo) ¢ (Us) : .
e (w) = F exp (/ log c(ws) dNy(w) — fo (c{ws) — &(ws)) ds) (3.3)

where N,{w) is the number of jumps of the path w up to time s. The relative entropy
of P w.r.t. Pup to time ¢ is defined as

s(1P) = [ ape)tog () 3.4)

Using (3.3) and stationarity, we obtain

tim S S‘UPW) = 3wl log Z w(@)(clz) — &z))  (3.5)

t—oc
z€A

= s(P|P)



where s(P|P) is the relative entropy (per unit time) of P with respect to P. We refer
to {4], [11] for more details on relative entropy for continuous-time Markov chains.
Notice also that, by ergodicity,
1 4Pl .
tlirglo g log T (w) =s(P|P) P-—as..

In the case {Y; : ¢t > 0} is Markov chain with generator

Lit@) =) &)z, v)(f(y) - f(=)

yeA

(3.5) generalizes to

sPB) = 3 u@)c(@)p(zv)log SZEY S oyela) ~ oa))  (36)

L dz)p(z,y)

A important particular case is met when {Y; : ¢ > 0} is the time-reversed process of
{Xt > 0}, ie.,
(Y)o<i<t = (X1-t)o<t<r in distribution.

This is a Markov chain with transition rates

(y)p(y, ©)u(y)
@ylz) (3.7

&z, y) = c(z)=

In that particular situation, the random variable

dPIOT

has the interpretation of “entropy production”, and the relative entropy density s(PP|P)
has the interpretation of “mean entropy production per unit time”. see e.g. [6, 7].

3.2 Law of large numbers

For ¢ > 0, we define the discrete-time Markov chain X? := {X,, X, X2s,...}. This
Markov chain has transition probabilities

pf(a:,y) = (eaL)xy
= I(1 - defx)) + dc(z)p(z,y) + O(8%) (3.9)

where 1 is the identity matrix. Similarly we define another Markov chain Y? with
transition probabilities

pi(zy) = ()
1.,(1 - 6&z)) + 8&(z)p(z, y) + O(6?). (3.10)

I
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The path-space measure (on AN) of X%, resp. Y, is denoted by P?, resp. 4. From
now on, we will write P*(X?) instead of P?(X;, Xas. .., Xns) to alleviate notations.
We define waiting times, which are random variables defined on AN x AN, by
setting
WHX|Y)=inf{k>1:(XS,..., X)) =(Yi,,....Y )} (3.11)
where we make the convention inf @ = oo. In words, this is the first time that in a
realization of the process Y'? that one observes the first n symbols of a realization of
the process X°. Similarly, if X* is an independent copy of the process X?, we define

WEX|X')=inf{k > 1: (X, ..., X0) = (X2, X2} (3.12)
We then have the following law of large numbers.
Theorem 1. (P Q P ® P)-almost surely:

6 -
lim Tim — log 22 Y) _ o i) (3.14)

6—0n—oo N W,‘,f(XIX")

Before proving this theorem, we state a theorem about the exponential approxi-
mation for the hitting-time law, which will be the crucial ingredient throughout this

paper. For a n-block z7 := z;,...,2, € A" and a discrete-time trajectory w € AN,
we define the hitting time
Tf?(w) =inf{k>1: Xka)s = Wi, e ooy Xinakt1)s = Wit} - (3.15)

We then have the following result, see [1].

Theorem 2. For all § > 0, there exist gy, 12, C, ¢, 8,  €]0, 00| such that for alln € N
and for all 27 € A", there ezists n = n(z}), with 0 < m <1 < 12 < oo such that for
allt >0

(0> gy =) -+ s o P =2y
< Ce e P, (3.17)

The same theorem holds with P replaced by P.

The constants appearing in Theorem 2 (except C} depend on é, and more precisely
we have § = 3(6} — 0, ;;, =m(8) > 0asé — 0.

This is important in applications, since one wants to choose a certain discretization
8 and then a corresponding “word-length” n(é) for the waiting times, or vice-versa.
From Theorem 2 we derive (see [2]):

Proposition 1. For all § > 0, there exist K1, ke > 0 such that
—k1logn < log (W,f(X|Y)]155(X{‘)) < log(logn®*) P ® P eventually a.s.
and

-&;logn < log (WE(X| X' )PY(XT)) < log(logn™?) P& P eventually a.s.



With these ingredients we can now give the proof of Theorem 1.

Proof of Theorem 1. From Proposition 1 it follows that, for all § > 0, P@P® P
almost surely

n—1 n—1
.1
lim ~ (iog Wa(XIY) —log Wi(X|X') + > logp) (Xi, Xi1) = Y _ logpf (Xaxa-ﬂ)) =0.
i=0 =0

(3.19)
By ergodicity of the continuous-time Markov chain {X; : ¢ > 0}, the discrete Markov
chains X?, Y are also ergodic and therefore we obtain

im ! s — log W? ! z,y)lo i (2,9)
lim 2 (1ogw,,,(X|Y) ogWEXIX') + 3 el o) g (Bl y))) 0.
(3.20)
Using (3.9), (3.10) and p(x,z) = 0, this gives
Jim ~ (1ogW5(X|Y) log W2(X|X"))
= - Zu(x )(1 — de(z)) log(1 — 8&(z)) — > p(x)éc(z)p(z,y)log(d&(z)p(z, v)

TEA z,yEA
+ Y p(@)(1 - dc(x)) log(1 - de(x)) + > wlz)de(z)p(z, y) log(dc(z)p(x, y)} + O(6%)
€A z,y€A
= [ 3wz vios 22 + 3 wa)(ee) - cfz)) | + OF)
z,yEA C(.‘II) €A
= § s(P|P) + O(6%). (3.21)
Combining this with (3.5) concludes the proof of Theorem 1. O

Let us now specify the dependence on § of the various constants appearing in
Theorem 2. For the lower bound on the parameter we have (see [1], section 5)

1

m@) 2 g (3.22)

where C’ is a positive number independent of § and

o0 ni2
K= 22&(1) + Z sup PAXR) = g{nH)y
1=1 k=1 {={""}

Here af(l) denotes the classical a-mixing coefficient:

af{l) = sup sup (P°(S1 N Sp) — PP(5,)P°(S2))

21 s1e78 7 5675,

where F7 is the Borel sigma-field on AN generated by Xt (0<m<n<o0). By tl;le
assumption of ergodicity of the continuous Markov chain, the generator L (resp. L)

-



has an eigenvalue 0, the largest real part of the other eigenvalues is strictly negative
and denoted by —A; < 0, and one has

a(l) < exp(—A;6l). (3.23)
Using (3.9) there exists A; > 0 such that
PP(xX{" = 2("™M) < exp(~Xadn/2)
for k =1,...,n/2. Therefore, there exists ¢ > 0 such that
m(é) > é. (3.24)

Similarly, from the proof of Theorem 2.1 in [2] one obtains easily the dependence on
§ of the constants appearing in the error term of (3.17).

¢=¢(8) > 16,8 = B(8) > 10 (3.25)

for some ¥,y > 0.

In applications, e.g., the estimation of the relative entropy from a sample path, one
would like to choose the word-length n and the discretization 6 = 4, together. This
possibility is precisely provided by the estimates (3.24) and (3.25), as the following
analogue of Proposition 1 shows.

Proposition 2. Let 6, — 0 as n — oo, then there exists Ki,%2 > 0

1 - _
-k o(sgn < log (W,‘f“(XIY)]P‘s“(Xln)) < log (52 :Sogn) P ® P eventually a.s.
(3.27)
and
logn Kz logn

1 B2 < fog (Wi (X|XVP* (X)) < log (

n

) P @ P eventually a.s. .

T

Proof. The proof is analogous to the proof of Theorem 2.4 in [2]. For the sake of
completeness, we prove the upper bound (3.27). We can assume that §, < 1. By the
exponential approximation (3.17) we have, for all £ > 0, n > 1, the estimates

P* @ B (log (W(X|Y)P(X])) 2 logt) < 7o)t 4 CemPlnneelin)
< e_m5nt + Ce—-n&nne—-yz&nt ] (328)

Choosing t = t, = %21°%€% with ky > 0 large enough makes the rhs of (3.28) summable
5

and hence a Borel-Cantelli argument gives the upper bound. O

Of course, whether this proposition is still useful, i.e., whether it still gives the
law of large numbers with § = 4, depends on the behavior of ergodic sums

Zf(xi)
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under the measure %+, i.e., the behavior of

Z f(Xis,)

under P. This is made precise in the following theorem:

Theorem 3. Suppose that §, — 0 as n — 0o such that —%— — 0 then in PQPRP)
probability:

. Wi (X|Y) ~
 log —n 1"/ . 3.
s 8 e xxy — SEIF) (3:30)
Proof. By proposition 2 we can write
log W (X|Y) - Iog W (X|X")
- Jnc(X o Xs)
1 ] 8,)(3.31
fo,_x,ﬂ 1_5 T735,8(x,) ZIXﬁex._ og (X,-)+O(Ogn/ )(3.31)

The sum on the right hand site of (3.31) is of the form

Z Es (Xisn, X(i41)6n) (3.32)

i=1

with
E(F;, — E(Fs,))? < C6, (3.33)

where C' > 0 is some constant. Now, using ergodicity of the continuous-time Markov
chain {X},t > 0}, we have the estimate

]E((F«sn(Xwn,X(ul)an) — E(Fs, )(Fs,(Xjbn> X(i+1)60) — E(Fan))) < || Fy, |5 et Mk
(3.34)
with A; > 0 independent of n.

Combining these estimates gives
o P i)
Var (Z s, (Xig X (54136 ) < Cné, +Z > Bne il e
i=1 i=1 je{l,...n}\{i}
(3.35)
where C' > 0 is some constant. Therefore,

1
26 —=Var (Z Fan(Xaan,X(m)én)) = O(1/né?). (3.36)

i=1

Combining (3.31) and (3.36) with the assumption %2 — 0 concludes the proof. O



3.3 Large deviations

In this subsection, we study the large deviations of

L (WX
n B\ Wi (XX

More precisely, we compute the large deviation generating function F¢(p) in the limit
d — 0 and show that it coincides with the large deviation generating function for the
Radon-Nikodym derivatives dP®# /dPI%Y, As in the case of waiting times for discrete-
time processes, see e.g. [3], the scaled-cumulant generating function is only finite in
the interval (-1, 1).

For the sake of convenience we introduce the function

1 dP
¥ — 3 6 = 1 -_— =
Elp) i=[im&(p) = fim 3 log Ep (d]l””l“-*i )

i HogEs (a0 (o ( [[106 22 amfo) - [t - et as)) ) - @30

By standard large deviation theory for continuous-time Markov chains (see e.g. [10])
this function exists and is the scaled-cumulant generating function for the large de-
viations of

Lo efws) t N
fo log 523 dN.(u) /0 (clw,) — E(w,)) ds

as t — oo,
We can now formulate the following large deviation theorem.

Theorem 4. For allp € R and é > 0 the function

.1 Wa(X|Y)\*
F(p) = Jim = log Epsgpsgps (W) (3.39)
exists, is finite in p € (—1, 1) whereas
Fépy=o0 for|p|>1.

Moreover, as 6§ — 0, we have, for allp € (—1,1):

F(p) = lim 7*(p) = £(p).

The following notion of logarithmic equivalence will be convenient later on.

Definition 1. Two non-negative sequences an, by, are called logarithmically equivalent
(notation a, ~ b, ) if
1
lim —(loga, —logb,) =0.

n—00 T,
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Proof. To prove Theorem 4, we start with the following lemma.

Lemma 1. 1. Forallé > 0 and for |p| < 1,

Wa(X1Y) \* Sy (PR Xi)
Eﬂaa@ps@w (Wg(XlX') = ]E]pé‘ exp pZ]Og m . (342)

i=0
2. For |p| > 1,
1 WEXIY) \*

Proof. The proof is similar to that of Theorem 3 in [3].
Eps gips ops (M)p
W2(X]X')
_ Z PA(XT = z7) (]1];:5( E—xj))p
P (Y = z})
s ( Ty (V)P (V] = af) )’”
* \ T3 (XX = 27)

- P
= 3 U0 =) BT = o) B ()

where
& = Ton (YO P (Y] = 27)

and

Cn = x?(X'E) IPJ(XT = 7).
The random variables &,, {, have approximately an exponential distribution (in the
sense of Theorem 2) and are independent. Using this, we can repeat the arguments
of the proof of Theorem 3 in [3] -which uses the exponential law with the error-bound
given by Theorem 2- to prove that for p € (—1,1)

r
0<C]SEE-‘5®IP6 (‘E—n) SCQ<OO

where C, C; do not depend on n, whereas for |p| > 1,

Eseps () = 0o 44
Bé P ¢ . (3.44)
Therefore, with the notation of Definition 1, for |p| < 1

WaX1Y) \*
Frabor \ WE(XIX)
g Z ]PJ(Xl =T1;... :Xn -z Z'n)l+pfp‘)5(}/] =T1... aYn = mﬂ)_p

n X
_ S g (B X))
= Epsexp (p 2 log (p?;(Xij-Xt+l) (3.45)
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and for |p| > 1 we obtain (3.43) from (3.44). O

This proves the existence of F%(p). Indeed, the limit

1 P (Xta Xl+1)
Fé hm — 10 Eps ex lo (.s— 3.46
(p) = &R P ( ZI: E\ Y (X, Xort) (349)
exists by standard large deviation theory of (discrete-time, finite state space) Markov

chains (since 6 > 0 is fized).

In order to deal with the limit § — 0 of F%(p), we expand the expression in the
rhs of (3.42), up to order 6. This gives

L X
P (Xi1 Xi-i-l))
Eps ex log{ S%———=
ps €XP (p,Z:l: g (p}{(X.i,X,-H)
— !,BCJ('néz)]E]P's (exp ( Zlog IX:,X-'H + 5E(Xz)p(Xi, Xt+1) - 6?(Xz)))

Ix, x,., + 0 X:)p(Xi, Xit1) — 0&(X.)

i=1

- 30("62)1E|p5 [exp (pzn:M(X; = Xi4) (8(X,) — C(Xi)))

i=1

- c(X,)
+ P 10X # X log Zi |

i=1

— O, [exp (pzn: (X5 = Xipnys) (6(Xis) ~ C(Xiﬁ)))

i=1

+ pZ I(XzJ :Ié X(l+l)6) IOg ~E§ 6; ]

=l
Next we prove that for all K € R

exp (K Sy (6 (Xis = Xz4)s) (E(Xis) — o(Xis)) + I(Xzé # X(i41)5) log E‘%‘)ﬂ}))
exp (Kf (E(Xs) — c(Xs))ds + K [T log SXe1aN, )

log Eps

(3.47)
= O(né?).

This implies the result of the theorem by a standard application of Hélder's in-
equality, see e.g., [4]. We first consider the difference

né
A(n,d) = ‘ Z I(Xis # Xis1)s) log cgi"s) fo log ggi:;st .
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If there does not exist an interval [¢8, (¢ + 1)é[,7 € {0,...,n — 1} where at least
two jumps of the Poisson process { Ny, ¢ > 0} occur, then A(n,d) = 0. Indeed, if there
is no jump in [8, (i + 1)d[, both I(X;; # X.:i+1]5)log%% and fi?“)& log g{%—%st
are zero and if there is precisely one jump, then they are equal. Therefore, using the
independent increment property of the Poisson process, and the strict positivity of
the rates, we have the bound

An,8) < C3 (x> 2)

i=1

where the x;s, i = 1,...,n, form a collection of independent Poisson random variables
with parameter §, and C' is some positive constant. This gives
EMeZKA(n,é) — (0(52)82K + O = 0(6"62) _ (3.48)

Next, we tackle

n nd
B(n, ) = | 3 64(Xis = Xerna) @Xis) — (X)) — [o (&(X,) — o(X.))ds| . (3.49)

i=1

If there is no jump in any of the intervals [i6, (¢ + 1)4], this term is zero. Therefore is
is bounded by

n
B(n,6) < C'6) 1(x: 2 1)
i=1
where the x;s, ¢ = 1,...,n, form once more a collection of independent Poisson
random variables with parameter 4, and C’ is some positive constant. This gives

EPGZKB(n,J) < (0(660"6) 41— 5)n — O(en62)

where C” is some positive constant. Hence, (3.47) follows by combining (3.48) and
(3.49) and using Cauchy-Schwarz inequality. O

The following propoisition is a straightforward application of Theorem 4 and [8].

Proposition 3. For all § > 0, F° is real-analytic and convez, and the sequence
{log W2(X|Y) — log W2(X|X") : n € N} satisfies the following large large deviation
principle: Define the open interval (c_,c.), with

cy = lim d_5‘5<0
i'—p—til dp

Then, for every interval J such that JN(c_,cy) # @

! N 1 W3(X|Y)
1 “logP’ ® — Sl ket S I inf )
Jim = logP @ P @ P {n log (Wg(X|Xf)) € J} e 2

where I° is the Legendre transform of F°.
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Remark 2. In the case {Y; : t > 0} is the time reversed process of {X; :t > 0}, the
cumulant generating function function E(p) satisfies the so-called fluctuation theorem
symmelry

E(p)=&(-1~-p).
The large deviation result of Theorem 4 then gives that the entropy production esti-
mated via waiting times of a discretized version of the process has the same symmetry
wn its cumulant generating function for p € [0, 1}.

3.4 Central limit theorem

Theorem 5. For all§ > 0,

converges in distribution to @ normal law N (0,0}), where
1 P (X?
o3 = lim -~—Va.r(log(~ ( I))) .
n—00 7 PA(XT)

1
hin E 92

[0,¢]
62 = lim lVa.r (log (dﬂj’ )) .
t—oo | dplo.t

Proof. First we claim that for all § > 0

2
WJ(le K pé (-XI)Xl-l‘l)
nlgxgonmmmw (log (Wé X1 X,) > log (X Konr) =0. (3.53)

i=1

Moreover

where

This follows from the exponential law, as is shown in [3], proof of Theorem 2.
Equation (3.53) implies that a CLT for (log Wi(X|Y'} — log Wi(X|X")) is equiv-
alent to a CLT for 3 _;_, log %%(fc"—i‘}:% and the variances of the asymptotic normals
are equal. For § fixed, > ., log%% satisfies the CLT (for § > 0 fixed, X, is
a discrete-time ergodic Markov chain), so the only thing left is the claimed limiting
behavior for the variance, as § — 0.
As in the proof of the large deviation theorem, we first develop up to order é:

P5 Xn XH-I)
21 27 (Ko Kor)
= Z 1(Xi = Xis)8(EX0) = o(X0)) + D 1(X; # Xipn) log %

=; Z(&f +¢f).
i=1
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It is then sufficient to verify that

&

3 2 . 2
. . 1 n s (i+1)é B 5 {i+1)é C(.Xs) B
}ﬂ%,}ﬁﬂoﬁszE (fi —[ (6(Xs) —c(Xs)ds | + |G ~/ﬁ log E(Xs)st =0

i=1

which is an analogous computation with Poisson random variables as the one used in
the proof of Theorem 4. O

4 Shadowing a given trajectory

Let v € D(]0,00), X) be a given trajectory. The jump process associated to 7 is
defined by

Ni(y) = Y T(7s- # 7).

0<s<t

For a given ¢ > 0, define the “jump times” of the é-discretization of ~:
So(vy={ie{l,...,n} : yu_1)s # s}

For the Markov process {X},t > 0} with generator

Lf(z) =) de)p(z,y)(f(y) - f(2))

yEA

define the hitting time
To(v1X) = inf{k > 0: (Xis, ..., X(esnys) = (6, ... ,n8)}.

In words this is the first time after which the d-discretization of the process imitates
the é-discretization of the given trajectory <y during n time-steps. For fixed § > 0,
the process { X5, n € N} is an ergodic discrete-time Markov chain for which we can
apply the results of [1] for hitting times. More precisely there exist 0 < A; < Ay < 00
and C, ¢, > 0 such that for all v, n € N, there exists A; < A7 < A such that

'P(T,‘f(ﬂX)P(XM =y,Yi=1,...,n+1) > t) —e M| < Cee ™. (4.1)

As a consequence of {4.1) we have

Proposition 4. For all§ > 0, there exist ky, k3 > 0 such that for ally € D([0,00), X),
PP eventually almost surely

—#1logn < log (T,‘f (AWY)P(Ys = s,..., Yns = m)) < log(log n?)

and
—k1logn < log (T2 (7| X)P(Xs = Vs, - - -, Xns = Tns)) < log(logn*2).
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Therefore, for & > 0 fixed, we arrive at

log T2(7]X) = (4.3)
> log(8c(vi-ns)p(Ya-ne, ¥is)) + > log(l — éc(y—nys)) + o(n).

i€ () ie{l,..n\Z4 (v}

The presence of the log(d) term in the rhs of (4.3) causes the same problem as we
have encountered in Section 2. Therefore, we have to subtract another quantity such
that the log(d) term is canceled. In the spirit of what we did with the waiting times,
we subtract log T2(7|Y), where {Y; : ¢t > 0} is another independent Markov process
with generator

Lf(z) =Y &=)p(z,y)(f(y) — f(x)).

yEA

‘We then arrive at

(1 — Sc(ri-1s))

U Z log = +o(n)
ie{1,...n\Z4 (4) (1 = é&(v6-1)s))
(4.4)

og TivX) Z c(Yi-136)P(Yii-1)6, Vis)
T5(7| ) T ) &(¥i-1)6)P(Via-1)6, Yis)

We then have the following law of large numbers

Theorem 6. Let P (resp. P ) denote the stationary path space measure of {X; : t > Q}
(resp. {Y;:t > 0} and lety € D([0,00), X) be a fized trajectory. We then have PQP-
almost surely:

1 TalY) ™ )P, vt ™ o — el s
P s, (long‘f('rlX) fo = (¥s)P(s- ,’rs+)dN“’(7) /o () (%))d)

=0. (4.6)

Moreover, if v is chosen according to a stationary ergodic measure QQ on path-space,
then Q-almost surely

i Yim, g (log T3(~Y) —log Th (7| X)) = EE:A q(z,y)log g)g( ,y)+m€ZA g(z)(&(z)-c(z))

(4.7)
where

f—00

g(z) = Qv ==z)

and where N;¥(v) denotes the number of jumps from = to y of the trajectory -y in the
time-interval [0,1].

N=Y
g(z,y) = lim ]Eo( : )

Proof. Using proposition 4, we use the same proof as that of Theorem 1, and use that
the sums in the rhs of (4.4) is up to order &% equal to the integrals appearing in the
lhs of (4.6). The other assertions of the theorem follow from the ergodic theorem. O
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Remark 3. If we choose v according to the path space measure P, i.e., v is a “typical”
trajectory of the process {X; : ¢ > 0}, and choose p(z,y) = #(z,y), then we recover
the limit of the law of large numbers for waiting times (Theorem 1):

}ﬂ,}ﬂglo"g(logTJ 1Y) = log Ti(41X)) Z# )e(z) log +Z# )(E(z)—c(z))
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