POLYMER PINNING AT AN INTERFACE

NICOLAS PETRELIS

ABSTRACT. We consider a (141)-dimensional hydrophobic homopolymer, in interaction
with an oil-water interface. In Z?, the interface is modelled by the z axis, the oil is
above, the water is below, and the polymer configurations are given by a simple random
walk (Si),~,- The hydrophobicity of each monomer tends to delocalize the polymer in the
upper half plane, through a reward h > 0 for each monomer in the oil and a penalty —h <
0 for each monomer in the water. On the other hand, the chain receives a random reward
(or penalty) when crossing the interface, depending on a local random charge attached
to the interface. At site ¢ this reward is (1 + s¢;), where ((;)i>1 is a sequence of i.i.d.
centered random variables, and s > 0, 8 > 0. Since the reward is positive on the average,
the interface attracts the polymer and a localization effect may arise. We transform the
measure of each trajectory with the hamiltonian Zi\;l (1+5Ci)1gs,—0} +h Zi\;l sign(S;),
and study the critical curve h} (3) that separates the (3, h)-plane into a localized and a
delocalized phase for s fixed.

It is not difficult to show that hg (8) > h2(B) for all s > 0 with the former explicitly
computable. In this article we give a method to improve in a quantitative way this
lower bound. To that aim, we transform the strategy developed by Bolthausen and den
Hollander in [4], by taking into account the fact that the chain can target the sites where
it comes back to the origin. The improved lower bound is interesting even for the case
where only the interaction at the interface is active, i.e., for the pure pinning model. Our
bound improves an earlier bound of Alexander and Sidoravicius in [1].

Keywords: Polymers, localization-delocalization transition, pinning, random walk, wet-
ting.
AMS 2000 subject classifications: 82B41, 60K35, 60K37

1. INTRODUCTION

1.1. The model. Let S = (S,)n>0 be a simple symmetric random walk starting at 0,
e, So=0,8S, =Y ,X;, where {X;};> are i.i.d. random variables such that P(X; =
+1) = 1/2. Let A; = sign(5;) if S; # 0, A; = A1 otherwise. Let {(;};>1 be i.i.d. random
variables, non a.s. equal to 0, such that E(¢;) =0 and E (eMCl‘) < oo for every A > 0.
For h > 0, s > 0 and for every trajectory S of the random walk, we define the hamil-

N N
=1 i=1

and the probability measure Pﬁ,sﬁ b

dngf,ia,h (S) = €xp (HJC\f,Sﬁ,h(S))

dP ZJC\;Sﬂ .
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with the partition function
Zf\}fﬂ,h = E(exp (ng;fs,@h(s))) (1.3)

The law Pﬁ,’%}h is called the polymer measure of size N. Under this measure, two types
of trajectories seem to be favoured: the localized trajectories that come back often to
the origin to receive a positive pinning reward along the x axis, on the other hand, the
delocalized trajectories that spend almost all the time in the upper half plane. The latter
are favoured at the same time by the second term of the hamiltonian and by the fact that
they are much more numerous than the former. Thus, a competition between these two
possible behaviors arises.

1.2. Free energy. To decide, at fixed parameters, if the system is localized or not, we
introduce the free energy, denoted by W*(/3, h), and defined by

1
U5(6, h) v log Z3 -

= lim

N—o0
This limit is non-random and occurs P almost surely in ¢ and L'. The proof of this
convergence is similar to the one given in [8] or [4]. For this reason, we do not detail it in
this article.

The free energy can be bounded from below by computing its restriction to the subset
Dy defined by Dy = {S :S; >0V i€ {1,...,N}}. For each trajectory of Dy, the
hamiltonian is equal to hIV, because the chain stays in the upper half plane and never
comes back to the interface. Moreover, P (Dy) ~ ¢/N'/? as N — oo. Hence,

log (P (Dn))
N

1
(4, h) = liminf — log £ (eth{DN}> > b+ liminf > h,

N—oo
and so the free energy is larger than or equal to h. We will say that the polymer is
delocalized if W*(3,h) = h (because then the trajectories of Dy give us the whole free
energy) and delocalized if W*(3, h) > h.

This separation between the localized and delocalized regimes seems a bit crude. Indeed,
many trajectories that come back only a few times to the origin, and spend almost all the
time in the upper half plane, should also be called delocalized. Thus, taking only into
account the trajectories of Dy could be insufficient. However, the convexity of the free en-
ergy ensures that throughout the localized phase the chain comes back to the interface in
a positive density of sites. Another result helps us to understand the localization phenom-
enon. This result is due to Sinai [17], and we can adapt it to our pinning model to control
the vertical displacement of the chain in the localized area. To that aim, we transform the
hamiltonian to 33N | (1 4 sCyv ) 1is,—0y +h S°N | A;. Thus, the disorder is fixed in the
neighborhood of Sy, while the free energy is not modified. Then, for ¥*(3,h) > 0 and
€ > 0, we can show that, P almost surely in (, there exists a finite constant CE > 0 such
that, for every L > 0 and N > 0,

Py, (ISn] > L) < Ceexp (— (¥°(8,h) —¢) L)

This result cannot hold if we keep the original hamiltonian, because the disorder is not
fixed close to Spy. Therefore, P almost surely in ¢, we meet arbitrary long stretches of
negative rewards, which push Sy far away from the interface.

Some pathwise results have been proved in the delocalized area. In our case, we can use
the method developed in the last part of [3] to prove that P almost surely in ¢, and for
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every K > 0,
Jlim B, i€ f{l,... N} : S;> K}/N) = 1.
—00 g

These results allow us to understand more deeply what localization and delocalization
mean.

1.3. Simplification of the model. We transform the hamiltonian to simplify the local-
ization condition. To that aim, we notice that

N N
U*(3,h) — h = A}gnoo % log (E(exp (ﬁ Z(l +5Gi)1ig,—0y + hZ(Ai — 1))))
i=1 i=1

and we define ®°(3, h) = ¥*(8, h) — h. The delocalization condition becomes ®*(/5,h) =0
and the localization condition ®*(3,h) > 0. Finally, we set A; = 1if A; = —1 and A; =0
if A; = 1. Then the hamiltonian becomes

N N
HJCVS,@h (8) =8> (1+56) g0 — 20 Y Ay,
i=1 i=1
¢,s
and we keep Z]C\;Sﬁ h= E(eHN»ﬁvh). Thus, we obtain
1
— 1 <7S
®5(B,h) = A}linoo N log Z3 ' 1,-

The function ®° is convex and continuous in both variables, non-decreasing in § and
non-increasing in h.

2. MOTIVATION AND PREVIEW

2.1. Physical motivation. Systems of random walk attracted by a potential at an in-
terface are closely studied at this moment (see [8]). One of the major issue in the subject
consists in understanding better the influence of a random potential compared to a con-
stant one (with the same expectation). Indeed, while it seems intuitively clear that a
random potential has a stronger power of attraction than a constant one, it is much less
obvious how to quantify this difference.

In this article, we consider a potential at the interface together with the fact that the
polymer prefers lying in the upper half plane than in the lower half plane. Such a type of
system has been studied numerically in [11] and describes, for instance, a hydrophobic ho-
mopolymer at an interface between oil and water. Close to this interface, some very small
droplets of a third solvent (microemulsions) are placed. These droplets have a strong ca-
pacity of attraction on the monomers composing our chain. Thus, the pinning rewards that
the chain can receive when it comes back to the origin represent the attractive emulsions
that the polymer touches close to the interface.

2.2. Preview. In this article, we investigate new strategies of localization for the polymer,
consisting in targeting the sites where it comes back to the interface. We find an explicit
lower bound on the critical curve that lies strictly above the non-random one.

Our result covers, as a limit case when h tends to infinity, the wetting transition model.
Indeed, in the last ten years the wetting problem, i.e., the case of a polymer interacting
with an (impenetrable) interface, has attracted a lot of interest, because it can be seen as a
Poland-Scheraga model of the DNA strand (see [16], [7]). The localization transition with a
constant disorder occurs for the pinning reward log 2, and several open questions are linked
with the effect of a small random perturbation added to the reward log 2. Moreover, with
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the constant pinning reward log2, the simple random walk conditioned to stay positive
has the same law as the reflected random walk (see [10]). That is why, to study the wetting
model around the pinning reward log 2, it suffices to consider the pure pinning model, i.e.,
a reflected random walk pinned at the origin by small random variables.

This pure pinning model has been closely studied. For example, in [12] a particular
type of positive potential has been considered and a criterium has been given to decide
for every disorder realization whether it localizes the polymer or not. But a very difficult
question consists in estimating, for small s, the critical delocalization average u.(s) of a
pinning potential {—u + s(;}i>1, where {(;}i>1 are i.i.d., centered and of variance 1 (i.e.,
Var(—u+ s¢;) = s?). The annealed critical curve, denoted by u4(s), is an upper bound of
uc(s) and verifies

uq(s) = log F (exp(s¢;)) = (1 +0(1))s*/2  when s tends to 0.

Moreover, u4(s) is equal to s?/2 when ¢; follows an N(0,1) law.

In the last 20 years, there has been a lot of activity on this question, mostly from the
physics side, and it is now widely believed that wu.(s) behaves as s2/2. But it is still an
open question wether u.(s) = s2/2 (see [6]) for s small or u.(s) < s2/2 for all s (see [5] or
13).

However, on the mathematics side the only rigorous fact that has been proved is in [1],
where Alexander and Sidoravicius have studied a general class of random walks pinned
either by an interface between two solvents or by an impenetrable wall. If we apply their
results in our case, we obtain that the quenched quantity w.(s) is strictly larger than the
non-disordered one u.(0). In this paper, we develop a new localization strategy, which
allows us to go further, by giving a lower bound of u.(s) which has the same scale as the
annealed upper bound for s small (i.e. —cs? with ¢ > 0).

3. CRITICAL CURVE

In this article, we are particularly interested in the critical curve of the system, namely,
the curve that divides the (h,3)-plane into a localized and a delocalized phase. Before
defining this curve precisely, it is helpful to consider the non-disordered case (s = 0), which
is easier to understand and gives a good intuition of what happens in the disordered case

(s #0).

3.1. Non-disordered case (Proposition 1). Above the critical curve the system is
delocalized, and below localized. In appendix B, we compute the equation of this curve
when s = 0. We obtain

Kl : [0,log2) — R
5 — 12 (8) :—ilog <1—4(1—e—5>2). (3.1)

This curve is increasing, convex and tends to oo when (3 tends to log 2 from the left. When
B > log 2 the system is always localized. In fact, when h is chosen large, the free energy is
strictly positive. That is why this critical curve is only defined on [0,log 2) (see Fig 1).

Our first result concerns s # 0 and shows that the critical curve has a form that is
qualitatively similar to (3.1).

Proposition 1. For s > 0 and 8 > 0 the following properties are verified.
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i) There exists hi(B) € [0, +o0] such that
®°(8,h) >0 if h <hi(B),
®*(B,h) =0 if h=hiP).

ii) The function  — hi(() is conver and increasing.

iii) For s > 0 there exists By(s) € (0,00] such that hi(3) < +o00 when B < Bo(s) and
hi(B) = 400 when B > Bo(s).

iv) The non-disordered critical curve h(f3) is a lower bound for hi((3).

v) Bo(s) < Bo(0) =log 2.

Remark 1. The case 8 = [§y(s) remains open. More precisely, two different behaviors of
the curve may occur. Either limﬁHﬂOﬁ (s) he (8) = +o0, or there exists hf < oo such that

limﬁﬂﬁg(s) he (8) = . In the latter case, by continuity of ®* in 3, we obtain ®(5y(s), h{) =
0 and hc (Bo(s)) = h{.

3.2. Annealed case. We obtain an upper bound of h3((3), as usual, by computing the
annealed free energy. This is, by Jensen’s inequality, an upper bound on the quenched
free energy. The annealed system gives a critical curve (8 — he "*(3)), which is an upper
bound on the quenched critical curve. The annealed free energy is given by

N N
1
(I)Znn.(hv B) = ]\}Enoo N IOg EE (exp (BZ (1 + SC’L) 1{S¢=0} - QhZ Az)) .

i=1 i=1

We integrate over P to obtain

N N
1
P, (b, B) = Jim <-log E (exp ((5 +10g E(e”)) 3" 15,0 — 20 A))
=1

1=1
= ®%(h, B+ log E(e”*)). (3.2)

Finally, we denote by 3%, the unique solution of 3+log E(e#*¢) = log 2, and for § € [0, 52,,)
we obtain h¢™*(8) = h2 (B + logE (e7%¢1)) (see Fig 1).

Remark 2. We notice that he'*(3) and h%(3) are both equal to 8%(1 + o(1)) when 3
tends to 0.

3.3. Disordered model. Up to now, three types of localization strategy have been used
to find lower bounds on the quenched critical curve. The first one consists in computing
the free energy on a particular subset of trajectories, i.e., trajectories that come back
often to the interface ([2]). The second strategy consists in transforming (by using Radon-
Nikodym derivatives) the law of the excursions out of the origin. Bolthausen and den
Hollander have used this second method in [4], to constrain the chain to come back to the
origin in a positive density of sites. Finally, in the same spirit as the work of Alexander
and Sidoravicius ([1]), we use a third strategy which goes further than the former one, by
making the chain choose, at each excursion, a law adapted to the local disorder.
Proposition 1 tells that h2(8) = oo when s > 0 and [ > log2. Therefore, the critical
curve is not defined after log 2. For this reason, we will only consider the case 8 < log 2.
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Theorem 2. If Var(¢;) € (0,00), then there exist ¢; > 0, ca > 0 such that, for every
s<eci and B € [0,log?2 — c25%3?),

hi(ﬂ) > —i IOg (1 —4 (1 _ e_ﬁ_6232ﬁ2)2> _ ms(ﬁ)

On Fig. 1 below, we draw the curves which we have mentioned up to now.

h
A
0 s log 2
Fig. 1: ... ... h?”’s(ﬁ)
m*(0) possible location of hs(3)
............. he(B)

Remark 3. In the proof of Theorem 2, we restrict to P (1 > 0) = 1/2 and E (11, 50y) =
1. In this case, ¢; = 1 and ¢ = 1/(5 x 2'%). With other conditions on P (¢; > 0) and
E (Cl 1{<1>0}), the constants ¢y and ¢ would have to be chosen differently, but the strategy
to obtain the lower bound still works.

4. PURE PINNING AND WETTING MODEL

The pure pinning model is different from the previous one. The h—term is removed,
and the rewards at the interface take the form —u + s¢; with u > 0. The corresponding

hamiltonian is
N

vai (S) = Z (—u+ 8G) 1ig,—03-
i=1
The localization and delocalization conditions associated to the free energy remain the
same. We obtain a critical u denoted by uc(s), such that the system is localized when
u < uc(s) and delocalized when u > uc(s).
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For this model, the annealed model gives an upper bound on u.(s), denoted by u2"(s).
If Var(¢1) = 1, then this annealed upper bound satisfies u2"(s) = (1 + o(1))s?/2 when
s — 0. A corollary of Theorem 2 gives a lower bound on u.(s), which has the same scale
(i.e., cs? as s — 0).

Corollary 3. If Var(¢1) € (0,00), then there exist cs,cq > 0 such that, for every s < cs,
ue(s) > cy8°.

Remark 4. The values of c3 and ¢4 depend on the law of (;. In the proof of Corollary
3, we will consider the conditions of Remark 3 concerning (;. In this case, c3 = log 2 and
cy = 1/(5 x 216).

5. PROOF OF THEOREM AND PROPOSITION

5.1. Proof of Proposition 1. The proof of parts i)-v) are given below.

i) For 3> 0and s > 0,let J3 = {h >0 : ®°(8,h) = 0}. Let h7(5) be the infimum of J3.
Recall that ® is positive, continuous, and non-increasing in h. Hence, Jj3 = [h (B),+00)
and 1) is proved.

iii) The function @ is convex in (3, positive, and ®*(0, h) = 0 for every h > 0. Therefore,
® is non-decreasing in 3, and hZ(3) is non-decreasing. If we define Gy(s) = sup{s > 0 :
Ji # 0}, then the annealed computation gives By(s) > 0. Indeed, J? 5 C Jj because
O%(h, 3) < @3, (h, ). Thus, Fo(s) > 55, > 0 and iii) is proved.

ann.

iv) We want to show that hi(3) > hQ(8) when s > 0. To that aim, we prove that
®(8,h) > 0 when s >0, 3> 0 and h < hY (3). For 8 and h fixed, ®*(3, h) is convex in
s, because it is the limit as N — oo of 3 (3, h) = E(l/N logE((eXp (H]C\,ﬁ h))), which is
convex in s. Moreover, for every N > 0, ®},(3, h) can be differentiated w.r.t. s. This gives

0y (B 1) _ 1 E (ﬁ 5201 Gils,—op exp (va’fg,h))

N E (exp (H3))

But, when s = 0, the hamiltonian does not depend on the disorder (. Therefore, by the
Fubini-Tonelli Theorem and the fact that E(¢;) = 0, we can write

N 0
1 B (ﬁ i1 B (i) 1is,=0) exp (H]C\/Bh))
N ¢,0
s=0 N E (exp (HN,B h))
Hence, the convergence of @5 towards ® and their convexity allows us to write

Mghtq) (ﬁ h) > lim rzght(I) (/8 h)

0s ~ N—oo 0s
s=0

ooy (6, h)

s =0.

=0.
s=0

Thus, by convexity in s, we can assert that ®° (3, h) is non-decreasing in s. Hence, s > 0
implies ®° (3, h) > ®° (3, h) > 0. That is why h3 (3) > h? (3), and iv) is verified.

v) This is a direct consequence of iv).
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ii) We want to prove that h2(3) is convex, and therefore continuous on [0, Fy(s)). To
prove convexity, we let 0 < a < b and A € [0, 1]. Then, since

HC7S — HC?S

C?S
N, Aa+ (1=\)b, Ahs(a)+ (1=A)hs(b) N, Aa, Ahs(a) T HR,

(1=X)b, (1=A)hg(b)’
the Holder inequality gives

%log E (eXP (chv’is Aashs(a)+ <1—A><b,hz<b>>)) < %log B (eXP (chv’ls a, hz(@))

N)\ log E <exp <Z]<\;7sb7 hg(b))) . (5.1)

Therefore, if N — oo, the r.h.s. of (5.1) tends to zero, because, by continuity of ® in h,
®(a,hi(a)) = ®(b,hs(b)) = 0. Hence,

®*(Aa+ (1= A)b, Ahi(a) + (1 — Ahi(b)) =0,

+

and

hi(Aa+ (1 = X)b) < Ahi(a) + (1 — XN)h(b).
This completes the proof of the first part of ii). To get the second part of ii), we show that
hs (B) is increasing in 3. Indeed, since hg (0) = 0 and A (B8) > h2(8) > 0 for 8 > 0, the
convexity of h? () gives us the result.

5.2. Proof of Theorem 2. In the following we consider h > 0, 3 < log2, P(¢; > 0) = 1/2,
E (C11{<1>0}) =1and s <1

STEP I: Transformation of the excursion law.

Definition 4. From now on, we denote by i; the site of the Gt return to the origin. Thus,
io =0 and i; = inf{i > i;_1 : S; = 0}. Let 7; be the length of the Gt excursion away of
the origin, i.e., 7; = ij — ij—1. Also, let Iy be the number of returns to the origin before
time N.

By independence of the excursion signs, we can rewrite the partition function as

Hy = E(exp <ﬁs li C¢j> exp (L) ﬁ <1 . exp2(_2h7j))

j=1 j=1

" 1—|—exp(—22h(N—ilN))>‘ (5.2)

We want to transform the law of the excursions away of the origin to constrain the chain
to come back to zero in a positive density of sites. For that, we introduce Pg p» the law of
a homogeneous positive recurrent Markov process. Its excursions law is given by

. e (d),  (53)

¥neN\{0} P, (n=2n)= (
a,h

1+ exp (—4hn)) a2”P (1 =2n)

o0

—4hi) +1 , 1 — a2 1 — e—4hg2
Hg’h:Z—eXP( 0+ eﬁamP(T—Zi)—J(l—\/ o+ V1-eta > (5.4)

2 2
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We notice that the term inside the expectation of (5.2) only depends on [ and on the posi-
tions of the returns to the origin, i.e., i1, ..., %, . Therefore, we can rewrite Hy as an expec-
tation under Pg ,» because we know the Radon-Nikodym derivative dP/ de Bt sy })-
Hence, Hy becomes 7

In b —2h(N—iy ) .
a 1+e N P(r>N—ip)
Hy=E", [exp 5s§;<, " N
Oé,h J JHI T] 2 P(f’h (7_ 2 N o ZlN)

Next we aim at transforming the excursion law again, so that the chain comes back more
often in sites where the pinning reward is large. Indeed, we want the chain to take into
account its local environment. For that, we define Pf ’}f’al the law of a non-homogenous

Markov process, that depends on the environment. Its excursion law is defined as follow.
Let

- Pﬁ = 2 Pﬁ T = 2
o < 3 a,h( ) such that 1 =1— a3 a,hﬁ( )) 0,
Pop(r=2) (1-P (r=2)
and let
Pf:}fyal (’7’ = 2) = Pg,h (7_ — 2) (1 + 0(1)1{42>0}
PP (= 9) = PP, (7 = 2r) ut Y for > 2. s

Under the law of this process, if the chain comes back to the origin at time i, then the law
of the following excursion is Pﬁ ik 011 . Thus, the chain checks whether the reward at time
1+ 2 is positive or negative. If §Z+2 > 0, then the probability to come back to zero at time
1 + 2 increases. Else it remains the same.

With this new process we can write

In In (P —2h(N—iy,, )

h 1 e N

Hy = 5 exp ( B Z@,) 11 ( = ) (2 + 2)
Jj=1 J=1

&y ( ah TJ) ) P(r>N —iy)

/3747; +.,01 .
th ‘N (1> N —ip)
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We apply Jensen’s inequality to obtain
In
1 Bs b, 5 o (IN) 1 1
E <N10gHN> > EEJL™ (2}4‘]) +1og (HY, ) BESS™ () + v log (5
N

ﬁ
Leppgon Zlog< ﬁglai(zl)( )) +log(P(]7\'r2 )

ah

(5.6)

At this stage, we can divide the lower bound of (5.6) in two parts. The first part (called
E1(N)) is a positive energetic term, corresponding to the additional reward that the chain
can expect by coming back often in ”high reward” sites, namely,

In
Bs
E\(N) =" BEZF™ Y G, -
j=1
The second part (called E5(N)) is a negative entropic term, because the measure trans-
formations we performed have an entropic cost, namely,

o (1 1. (1
Ey(N) =log <H£’h) EEZ o <]]VV> + log <2>

E,@cal 1 5h(TJ) 1
Z 08 PGt (7)) + Nbg (P(rzN)).

ah

STEP II: Energy term computation.

Notice that
N—2

N
Z G, = Z Gi+2 15,20} 1{s;,.=0}
j=

i=0
N N-k

YD ok Lsim0) 1i8i20 v ie (o1, sk1}} 1{Sss 40} (5.7)
k=3 s=0

Let A = 300% Giva 1gs,—0y 1s,,0=0} and

N N—k
B=30"32 0 Cstk 1{5,20} 1{8,0 V i€{s+1,....s+k—1}} 1 (S, =0} -

We compute separately the contributions of A and B. We begin with
N N-k

IEEQ;?;” => 3 EEB P (Corn 118,20} 15120 ¥ ic{s 1, sth-1131{S, x=0}) -
k=3 s=0

By the Markov property,
N N—k
EE)G* (B)=)Y > E (1{<S+2>0}Ea’<’ (1ys.—0}) o, (k) 2 Cs+k>
k=3 s=0

E (11c, oeop BU5™ (Lgs.=0y) Py () Cor)
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But E%¢* (175 _n) only depends on {(i,(a,...,(s}, and the {¢;}i>1 are independent
a,h {Ss=0} >

and centered. For this reason, and since & > 3 we have EEg ’,CL’C” (B) =0.
The contribution of part A in (5.7) is given by

EE£727a1 (4) = Z E (Eg:igz,al (1{Si:0}) Pg,h (2) (T + 1) Ci+21{Cz‘+2>O})

+ E (Eg,’lgal (1{51':0}) Pf,h (2) Ci+21{Ci+2§0}>
=0

=P, (2)E (G 1ey50) BEDY™ (#{i € {0,...,N — 2} : S; = 0}).
Therefore, the contribution of this energy term is

]EEng%al (#{i € {0,...,N —2}:5;=0})

Ey(N) =Bsa1 P, (2) ¥

]EEﬁ’C’al (lN)

¢ o,h
>PBsan P, ), (2) — N
STEP III: Computation of the entropic term.

Notice that the terms 1/Nlog(P(r > N)) and 1/Nlog(1/2) tend to 0 as N — oo,
independently of all the other parameters. Hence, if we denote by Ry the quantity
1/Nlog (P (> N))+ 1/Nlog(1/2), then we can write

S l
Ey(N) = WN +log (HY ) EED 4™ <JJ\§> + Ry,
with
b [ (7))
SN = EEoz,h Z IOg 57Cij,1+.,al . (59)
=t \Pyy (75)
... B,Gi;_q+.,01 8 . . .
The definitions (5.3) and (5.5) of P, "~ and P, immediately give

In
Sy =—EE, ;™ (Z Lic,ysa50) (L 2) 108 (1 00) + 15,0y log (1)) )
j=1

E <E§;,§’“1 (l{s,.:o} 1{si+2:o}) Li¢iio>0p log (1 + 0‘1))

B (Eg,’fcz’al (L(s.=0) 1si20 v ie{st1,....51k—1}} 1S, ,4=0})

X 1i¢, 50y log (1) ) -

By the Markov property, we can write

8., _ 5., 5
1 a0y BV (LisicoyLisiamo}) = Licins0p Eon™ (qs,moy) (1+01) P2, (2),
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and we notice that nglo‘l (1{52:0}) is independent of ;12 and P ({42 > 0) = 1/2. Hence,

Pfh (2) B¢
Sy =— —5— (I +a)log (1 +a) EE 7™ (In-2)

N
pi1 log (p1) 3
=Y P By (k) BB ().
k=3
Finally, the entropic contribution is

0
v\ P22 -
Eo(N) =log (H., ) BEL;™ (ﬁ) — =5 (L o) log (1 + a0 EEJ (J?V?)

N
lo ar [ In—
-y st g(’“) Pl (k) EEDH (%’“) + Ry, (5.10)
k=3
and (5.8) and (5.10) give us a lower bound of formula (5.6) of the form
1
IE(N log (HN)) > By (N) + Es(N). (5.11)

STEP 1V: Estimation of th and choice of o and «;.

Next we want to evaluate H g , With the expression of (5.4), namely,

3 V1—a?2+ V1 —e a2
Ha’h—eﬁ<1— .

2

To compare log (Hg ») with the other terms of (5.11), we denote o = 1 — caf, with ¢ > 0
and y/cay < 1. In this way, we obtain

m+m—\/1—6_4h(1—ca%)—ﬁal
2 2

8 _
Hah—eﬁ 1

)

—4h 52
5 V1= ek V1_€4h<1_ \/1+Cle_e4ahl> —Vea
—A 1Y ) iy
2 — 1 —e4h

Since 1+ z <14 /2 for z € (—1,+00), and since 2 — v1 — e~*" > 1, we obtain

—1h 2 —4h
g gy Vize ™ e, — _Care
log (Ha7h> > log (e <1 5 +log (1 — ey Nier="3

As y/eas <1, we can bound from above the term

/e caZe~h _ e (1 Veaje 4 < Veon (1 1 5 19
cort gy — Ve (1 S | sVen {1+ So——pz ). (512)

To continue this computation, we need to choose precise values for a1 and ¢. That is why,
recalling that (a? =1 — ca?), we denote

a1 =PBs/ (5x2%)  e=ps/ (3 x 24 (1 + @)) . (5.13)
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Notice that log(1 — x) > —3x/2 if z € [0,1/3], and since s < log(2) the r.h.s. of (5.12)

satisfies 5 5
1
Veay <1+ >§ 15 ® <

Hence log (H 5 h) becomes

1—e4h 3 1
B\ > B Y- = _2 -
log (Ha,h> >log (e (1 5 )) 2\@041 (1 + 2m>
/1 — e—4h
> log (eﬁ ( 176 )

Then, since log(1 + a1) < ay, we can rewrite (5.6) as

E (Jif log (HN)> >|Bsen P, (2) — %Pf’h (2) (1 + 1)

g, _Yi—e )\ 32 B.¢ar (N
+ log (e (1 5 £ 013 E(E.7 N
Ml log (1) 8.Can [ IN=
_ E , " h ———E(E; -~ )T Ry. (5.14)

STEP V: Intermediate computation.

In the following steps, we need some inequalities on p’ h and H ﬂ . As Bs <log2, the
equations in (5.13) show that aq+/c € [0,1/4]. Therefore, a =1- cal >1-1/2* > 3/4,
and we can bound from above and below the quantity H” L1, (introduced in (5.4))

B
3 Veap 1 3e
eﬁszhZe’g<1—2 —2>28.

At this stage, we need to bound from above and below the quantity Pg 5 (2), which has been

defined in (5.3). With the previous inequalities, we have ¢ /H g p=>1land V1I—a? <1/4.
Thus,

2)=1-> Pl (2))<1-Y 5oFZP(r = %)
=2 i=2
1 2
SRR SN e S (5.15)
2 2 8
and 5
1 1 (& 3
I < . .
8 4 2€ﬂ — Poz h (2) (5 16)
Finally, with (5.15) and (5.16), we notice that
B
1 3 1 Pon(2)
-<1-P°,(2) and - < ————<T. 5.17
8 a,h( ) 7 1— Pfh (2) ( )

Hence, the condition oy < Pgh (r=2)/(1- Pfh ( =2)) is obviously satisfied.
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STEP VI: Conclusion

In (5.14), we still have to calculate the term

N I .
PB EE E,&C,al N— .
Z a,h ( ) ( a,h ( N

N
IN—k IN-N,
S Pl (kE (E[j;,gval <N )) =P, ({3,... . No)EES 3! <N )
3 Bcar (INY  No
> (1- P, (2)) EEZH™ (N> N

« lN
N Pf,h ({No + 1:--~7OO})EE5”}§’ 1 <N> ,

and equation (5.14) becomes

1 ﬂ??

Bsa1Pyy (2) = 5P, (2) L+ an)on = =

+ log <ef6 <1 — m)) — (1 — Pf,h (2)) p log (p1)

E (]{,log <HN>> >

2 2

p1 log (p11)

+ P ({No+1,...,00}) 5

No pi1log (p1)
—_— . d

o+ Ry (5.18)
With (5.13) and (5.16), we can now bound from below

2.2
3 Bs Bs (s
Psnfun@) 2 58 = 5o

Moreover, j1 = 1—(a1P£h (2) /(1—Pfh (2) ) and —log(1—z) > x for x € [0, 1). Therefore,
we obtain
1- P’ (2) Pl (2)  oiPl, (2)?

h
7’#110g i) > ) — .
2 ) 2 2(1- Py, (2))

In (5.16) and (5.17) we had P, (2) < 7/8 and P, (2) /(2(1-P7, (2))) < 7/2. Therefore,

1-PLO) WFop®) T}, aFe®

a,h
: 1 >
9 p1logur = 9 o1 =

- 404%.
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In that way, the inequality in (5.18) can be written as

242 a P’ (2
E(&bﬂHﬂ)Z s lps “Fon )

L Zpfo9)(
Fx o2 3 wn (2) (L+ar)ar + 5

+ log <eﬁ <1 — m))

2
—4aq

2

p1 log (1)

+ P ({No+1,...,00}) 5

In
E E@C,Oq ‘N
(225 (%))
N,
+ =% log 1 + Ry (5.19)

N

By (5.17) and (5.16), we know that P7,(2) < 7/8 and P7, (2) /(1 - P?, (2)) < 7. Thus,
we have the inequalities

8
1 a P h (2) ﬁQSZ
—§P£7h (2)(1+a)on + —5— — 103 > 502 > — s (5.20)
B
—_— - 8 .
1— pf,h (2) 5x2% 3

Since 1 < 1 and log (1 —x) > —3x/2 for = € [0,1/3], the second inequality of (5.20)
allows us to bound from below

3 Pf,h@) 210s
pilogpu > =5 —o——ay > -5 > — 1.
21-pP h(g) 5 X2

Then, (5.19) becomes

E (Jiflog (HN)> > [6282 + log (eﬁ (1 - 1_6_4h>>

5 x 213 2

I Y
E (Eg:g,al (&V)) -2+ Ry (521)

As proved in Appendix A.1, Pfh ({No+1,...,00}) tends to zero as Ny — oo, indepen-
dently of h > 0. Therefore, for Ny large enough and for all A > 0,

3 ﬁ282
Pa,h({N0+1""7OO}) S m

— P, ({No+1,...,00})

If we denote ¢ (s) = 5@2—25124, then, for N > Ny and h > 0, (5.21) gives

q(s) +log (eﬁ (1 - m)) E (Eﬁ;,ﬁ’“l (ljj\f\’)) + RP
(5.22

2
with RY° = Ry—Np/N. As proved in appendix A.2, E(E7% (Iy/N)) > E(E”, (In/N))
for every N > 1. If we denote by hg () the only solution of

log (¢”(1 — V1 — e 4ho(8) /2)) = —q (s),

E(ébmHm>z
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then, for every h < ho (8) and N > Ny, we have

E (]irbg (HN)> > |q(s)+ log (eﬁ (1 — 1_6_41,1))

2
Consequently,
V1 — e—4h
®* (B,h) > |q(s)+log (eﬁ <1 - 1;))] X lg\rfninfE <E§h (l]]\[\[)) .

Notice also that lim ian_,OO]E(Eg’h (IN/N)) > 0 (because o € (0,1)). Hence, for every 3
in [0,1log (2) — gs), ho(B) is a lower bound for h. (/3), namely,

e (8) = ho (8) = — log (1 41— e—ﬂ—q<s>)2) .

This completes the proof of Theorem 2.

Remark 5. The precise value of cg =1/ (5 X 214) could certainly be improved, by using
more complicated laws of return to the origin. For instance, some laws that depend more
deeply on the environment (by taking into account (;12, (i+4, etc.). However, the compu-
tations would be more complicated, and our aim here is not to optimize the value of ¢y, co
but rather to expose a simple strategy that improves the non-disordered lower bound of a
term c¢s?3? with ¢ > 0.

5.3. Proof of Corollary 3. As shown just before in (5.22), there exists Ny € N\ {0}
such that, for h > 0 and N > Ng,

1 N N
E (N log E <exp (ﬁz; Lis,—oy (sG +1) — Qh; Ai>>>
> [ P9 4 og (eﬂ <1 _Vi—ed 2))

o (1
E (E;f;,@; : (ﬁ)) + R,

Moreover, in appendix A.2, we prove the following inequalities:

E <E§;§;al (%)) >E (Ef}h <ZJJVV>> >E (Eg,oo <ZJJVV)> > 0. (5.23)

Thus, for 8, s and N fixed, we let h — oo and obtain

5 x 214

=1

N
1
E <N log E <6XP (ﬁ D gm0y (sGi+ 1)) 1g,>0v ie{l,...,N}}))
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Since P ({S; > 0,Vi€ {1,...,N}}) = (1+0(1)) D/NY? when N — oo (with D > 0), the
lower bound becomes

E (]iflOgE <exp <521{S¢—0} (sGi + 1)) ‘{Sl >0,Vie {1,...,N}}>>

=1
2.2 1 l
575" g <e52> E <Eg7oo <]]VV>> + Ko

5 x 214
with K0 = RN°—1/Nlog (P ({S; > 0,Yi € {1,...,N}})), so that it tends to 0 as N — oo
independently of all the other parameters. By [10], we can apply the fact that, for an odd
number of steps, the random walk conditioned to stay positive, and pinned by log 2 along
the x axis, becomes the reflected random walk. Indeed,

Prod R () = exp ((log 2) S Lisimoy Lsizo Vi€{0,2N+1}}>

Prweond.to be>0 Vont1

The term % log Vv tends to 0 as N — oo. Hence, we denote § = log2 — u, and we obtain

1 2N+1 2N+1
E <2N+ sl <eXp <1°g(2) > Lsi—op + D 1{si0}(—u+ﬂs@)> ‘

i=1 =1

2.2 I
{S; ZO,Vi§2N+1}>> = [56><S214—u]E(Eg700 (2]2\er1)) + K0,

and

1 2N+1
E <2N+ 1 log &/ (exp ( Z 1{S¢=0}(_u+559)>>> >

i=1
325 lan11 N, 1
[ E E(O)c,oo ON + 1 +K2]\Of+l+m10g‘/2]\[+1.

5x 214
Let N — oo, and recall that § = log(2) — u. Then

N
Jim E (Jif log £ (eXp (; Lis,—oy(—u+ 58@)> >>

and, for u <log(2)/2 (i.e., B > (log2)/2), we have

N
]\}EnOOIE (]{] log E (exp (Z 1ig,—oy(—u+ ﬁSQ)) >> >

i=1

u

Y
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By convexity, the free energy ®, defined by

N
P(u,v) = A}EnOOIE (Jif log £ (eXp (Z Lis=op(—u+ v@)) )) ,

=1
is not decreasing in v. Therefore,

log(2)2s? ) 0 In
P (u,log(2)s) = [W—U A}gnooEa,oo N/

and, for s € [0,log 2],
2

uels) 2 5 om

6. APPENDIX

6.1. A.1. We have to prove that Pfh({No, ...,400}) tends to 0 as Ny — oo independently
of h > 0. To that aim, we bound the quantity in (5.3) as follows:

1+ exp (—4hn 2P (T=2n
Py =2n) = (1R ) e 222 o )
a,h
a®"P (1 = 2n)
TN 5% P (T =2))

The r.h.s. of this inequality does not depend on h, and is the general term of a convergent
series. Hence, we have uniform convergence in h.

6.2. A.2. We want to prove the inequalities of (5.23), i.e.,

(i ()22 ()2 ).

For that, we recall a coupling theorem (see [14] or [15]):

Theorem 5. 1 and pg are two probability measures on 2N\ {0}. If, for every bounded
and non-decreasing function f defined on 2N\ {0}, pu1(f) < po(f), then we define on the
same probability space (2, P) two random variables (Th,T>) of law (u1,pu2) such that, P
almost surely, T1 < T5.

Remark 6. We notice that, to satisfy the hypothesis of the theorem, it is enough to
show that there exists an integer iy such that, pi(2i) > po(2i) for every ¢ > ip and
11(2i) < po(2i) for every i > ip + 1. We can prove this easily by writing
20 [e’s)
pa(f) = pa(f) =D (pa(20) — pa(20)F(20) + D (p2(24) — pa(20)) £(20).

i=1 i=10+1

As f is non-decreasing, f(2i) > f(2ig) for every ¢ > i9 + 1, and f(2i) < f(2ip) for every
i < ig. Moreover, since p2(2i) — u1(24) is positive when i > ig + 1 and negative otherwise,
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we have the inequality

po(f) = pa(f) = f(2i0) D ma(28)—pm(20) + f(2i0) Y pa(2i) — p(2)
=1 i=10+1

> _f(2i0) (:ul - MZ)({2’ ERRR) 27;0})
+ f(2i0) (p2 — p1)({2(i0 + 1), ..., 00}).

Since (p2 — p1) ({2060 +1),...,00}) = —(p2 — 1) ({2, ..., 2ip}), we obtain

p2(f) = pa(f) = —f(2io) (1 — p2) ({2, .., 2do}) + f(2i0) (11 — p2) ({2, 2i0}) 2 0.

This is why we can use Theorem 5 in this situation.

We want to apply this remark to the following probability measures on 2N \ {0}:
PY Pfh and Pg’;’al, which is the law defined in (5.5) when ¢ > 0. For that, we

a,00)

compare Pg p, and Pf ,j ¥ which is easy because

Pf;,jval (r=2)= Pf,h (r=2)(1+a1)
Pf’fj'val (T = 27’) = Pfh (7‘ — 27“) 1 for r > 2.

Since a3 > 0 and p; < 1, we have the inequalities Pf’:’al (r=2) > Pfh (r=2) and

Pf’,j’o‘l (r=2r) < Pfh (r=2r) for r > 2. Thus, Remark 6 tells us that we can use
Theorem 5 and define on a probability space (2, P) a sequence of i.i.d. random variables

(Til, Ti2)1>1 such that
o Pf’:’al is the law of T}! for every i > 1,
° Pfh the law of T? for every i > 1,
e P almost surely TZ-1 < TZ-2 for every i > 1.
At this stage, for every fixed disorder {, we define by recurrence another process (Tf’)izl
with
3 2 .
7 =17 if <T13+'"+Ti3—1+2 >0
1 .
=T; if CT13+~-+T13_1+2 <0.

With these notations, (Tf)z.>1 is the sequence of the excursion lengths of a random walk
under the law Pﬁh, and (Tf)i21 the one of a random walk under the law Pﬁ’}f’al. By
construction, Ti3 < TZ? for every ¢ > 1. Thus, for j = 2 or 3, we note lgv = max{s > 1:

le + -4+ Tsj < N}, and we have immediately that l}o’v > ZJQV P almost surely. Therefore,
for every (, we have

gosen (WY _ g, (W) s g () — g2 (I
a,h N N/~ N o,h N |’

and, by integration with respect to ¢, we obtain the Lh.s. of inequality (6.1).
To finish with these inequalities, we must show that the same argument allow us to

compare E (Egh (%)) and E (E&OO (%)) Indeed, we want to prove that Remark 6
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also occurs. Recall that
P, (n =2n) = <

Q?"P (1 = 2n)
2H]

1+exp (—4hn)> a2”P (1 =2n)
2

Pgm (11 = 2n) =

If we note 5
P”, (11 =2n) HY
a,h a,00
=————— = (1+4+exp(—4hn — exp(0),
Py =gy (1 089 (= 40) S5 ()
then we immediately notice that L,, decreases with n, but we also have

o o0
Pl (n=2)=Y Pl (n=2)=1
=1 i=1

Hence, there exists necessarily an ig in N\ {0} such that Pfh (1 =2i) > P (11 = 2i)
for i <ip and Pgh (1 =2i) < P) (11 = 2i) for i > ig. This completes the proof.

Ly,

6.3. B. First we recall a classical property, which tells us that we do not transform the free
energy if we force the last monomer of the chain to touch the x axis. This is proved for a
different case in [4], but the same technique can be applied to our hamiltonian. Therefore,
we can write

2N 2N
. 1
(I)O(h’ ﬁ) = ]\}EHOOE (2]\], log (exp (ﬁz 1{S,~:0} — QhZAz> 1{52N=0}>> .
i=1 i=1

We note Zoy gp = E (exp (ﬁ Zfivl 1(g,—0y — 2h Zfivl Ai> 1{52N:0}>, and we remark that
Zan,g,n can be rewritten as

. —2h YN A
ZaNph = E<€B TeHhzin 1{l2N=j}1{SzN=0})

l

\
with Vi,; = P (7 =2l) (e7*" +1) /2. We aim at computing the generating function of
ZaN ,h, called p,(z). This gives

[e.e]

oo N J
2N 2N ;
On(z) =) Zowpn2™ = D 2NN N [ Vay
N=1 N=1  j=1  Jenw i=1
ll|=N

:Z (Z P22 Vh,l) = Z (Z P(T; 2) (1 + e_4hl> eﬁzm) .
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Finally, since
oo

Y Pir=20)"=1-V1-22
1=1
we obtain '
00 Jé] J
On(z) = Z (62 <2 V1 - 2 \/1 — 226_4h))
j=1

This series converges when e’(2 — v1 — 22 — /1 — 22e~%) < 2, and if we denote by R
its convergence radius, then we have ®(3,h) = —log(R). That is why ®(5,h) > 0 if and
only if R < 1. So, we can exclude that (h,3) is on the critical curve if and only if, for

z=1,¢€" (2 —V1—22-1- Z2€_4h> =2, ie, V1—e % =2(1—eP). This gives us

the critical curve equation
1 2
he (B) = Zlog (1 —4(1 —e_ﬁ) > .
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