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ABSTRACT. We study the behavior of the two-dimensional Ising model in a finite
box at temperatures that are below, but very close to, the critical temperature. In
a regime where the temperature approaches the critical point and, simultaneously,
the size of the box grows fast enough, we establish a large deviation principle that
proves the appearance of a round Wulff crystal.

1. INTRODUCTION

The Ising model in two dimensions is the first model where phase transition and non
mean-field critical behavior has been established by Onsager [43] in 1944. It is also for
that particular model that phase coexistence was rigorously studied and led to the first
microscopic justification of the Wulff crystal. The first proof by Dobrushin, Kotecky and
Shlosman [23] was valid for temperatures that are much lower than the critical point.
Simplifications by Pfister [44], Ioffe and Schonmann [33, 34, 35] improved the result up
to the critical point. These results in two dimensions rely on the study of contours to
analyze large deviations of surface order. The extension of the Wulff construction to the
Ising model in dimensions greater or equal to three required new techniques such as block
coarse graining and the use of tools coming from geometric measure theory. This was
achieved by Cerf, Pisztora [16] and Bodineau [11]. These results were initially valid up
to the slab “percolation” threshold and recently Bodineau [12] proved that this threshold
is indeed the usual critical point, thus extending the results of [16, 46] up to the critical
temperature T.. A two-dimensional analogue of the coarse graining developed in [46]
is the subject of [19], thereby providing a unified approach to treat the problem for all
dimensions. The appearance of the Wulff crystal has been proved in other ”percolation”
type models as well: [7], [4] in two dimensions and [14], [17] for dimensions greater or
equal to three.

In all the works described above, the temperature has been kept fixed away from the
critical temperature. Our main goal is to study the impact of the presence of a second
order phase transition on the phase coexistence phenomenon. We do this by analyzing
phase coexistence in a regime where the temperature approaches the critical point from
below while simultaneously taking the thermodynamical limit.
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A priori, one can expect that a second order phase transition has a non trivial effect
on phase coexistence. Indeed, when approaching the critical point, the basic quanti-
ties describing the model either diverge or stay finite but have divergent derivatives.
In the second case, they decay as a power law giving rise to critical exponents. This
critical behavior and the existence of these exponents is conjectured for a wide family
of two-dimensional statistical mechanics models. The existence of some of these critical
exponents in a strong sense is an important ingredient in our analysis. This ingredient
is available for the two-dimensional Ising model. For this particular model, the relevant
statistical mechanics quantities can be computed explicitly, giving rise to beautiful iden-
tities such as Onsager’s formula for the magnetization [43] and an explicit formula for the
surface tension that describes the geometry of the Wulff droplet in terms of random walks
[41, 42]. Such results can be obtained, for example, by using the dimer representation of
Kasteleyn [36].

The probabilistic understanding of the critical phenomena is a very active field nowa-
days. In the case of Bernoulli site percolation on the planar triangular lattice, the exis-
tence and the identification of the critical exponents have been rigorously established by
Smirnov and Werner [49] after the groundbreaking work of Schramm [47] and Smirnov
[48]. In [49], the existence of the critical exponents has been explained in a probabilis-
tic manner. Indeed, this work establishes a rigorous link with the conformal invariance
of the scaling limit of critical percolation, described by the Schramm Loewner evolu-
tion process. Regarding the above mentioned results, the reader may wonder why we
don’t investigate the influence of a phase transition on phase coexistence in the a priori
simpler and better understood independent Bernoulli percolation model instead of the
dependent spins of the Ising model. The reason is that despite the spectacular progress
in the understanding of criticality of independent percolation, essential properties of the
critical exponents are still unaccessible by other methods than explicit computation; see
in particular the open question 3 at the end of [49]. And since explicit computations
work only for the two-dimensional Ising model, our results are confined to this particular
model.

2. STATEMENT OF THE MAIN RESULTS

Consider the Ising model at temperature 7' < T., defined on a square box A(n)
of side length n € N\ {0} and submitted to +-boundary conditions. For every spin
configuration o € {—1,1}*™) we associate a random signed measure opn,r on the unit
square Q = [—1/2,1/2]? C R?, defined by

1
In,T = m*(T)n2 Z (2)0z/n
z€A(n)
where 0 is the Dirac mass at xz/n and m*(7T) is the spontaneous magnetization at

x/n
temperature 7. The expectation b, of o, 7 is
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The main result of our paper is a convergence theorem for o,, 7 under a conditioned Ising
measure:

Theorem 1. Let 0 < 6 < 7. Let B(9) be the ball of radius \/6/m and w,, be the random
measure defined by

bn
wy,(x) dx = <1Q(az) -2 13(5)(5 + :U)) dzx .
This is the measure having density —1 on B(J) — b, /2 and 1 on the complement. Under
the conditional probability
1 *
ae () = piim (- ’p > olw) < (1-6)m* (1))

z€A(n)

the difference between the random measures o, and w, converges weakly in probabil-
ity towards 0 when n T oo and T 1 T. in such a way that n(T, — T)*® 7 oo and
log(n)/log(1/(T. — T)) stays bounded. That is, for any continuous function f: Q — R,

(1) Ve>0  lim s (lon(f) —wa(f)l 2 €) = 0.

The probabilities of the deviations are of order exp (—constant(T,. — T')n).

The last sentence of the theorem means the following. For any continuous function
f:0Q — R, any € > 0, there exist positive constants b, ¢ depending on f, e such that

mw(lm > o (5) 2 [5(-Frmdr- [ i )

zeA(n) B(9)
<bexp(—c-(T.—T)n).

The main assertion of the theorem is that conditioning on having a defect of magnetiza-
tion, the random measure o, 7 looks like a measure whose density is an indicator of the
Wulff crystal which turns out to be an ordinary circle near the critical point. In other
words, the defect of magnetization concentrates into a circular region. Note that in our
regime, the shape of the Wulff crystal is no more affected by the geometry of the square
lattice.

Theorem 1 is a consequence of De Giorgi’s isoperimetric inequality [20] and a large devia-
tion principle (LDP) that we prove in this paper. The assumption on log(n)/ log(1/(T.—
T)) is a side hypothesis. Although we believe that a proof in the case where this quantity
diverges is possible using the ideas of the current paper, we could not find a proof that
includes both cases. Since we do like to study regimes that are as close as possible from
criticality, we decided to treat the case where log(n)/log(1/(T. — T')) stays bounded.
The exponent 20 in the statement of the theorem is not optimal. Indeed, if we introduce
the quantity

. v > 0 such that the convergence (1) is valid when n T oo
vy = in
W and T' T T, in such a way that n(T —T.)7 T oo
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then our result states that 1,y < 20. We believe that 1, = 1, i.e., the critical expo-
nent for the correlation length. For percolation type models we can introduce a similar
exponent that characterizes the maximal regime where a Wulff droplet near critical-
ity appears. We believe that in the case of the two-dimensional Bernoulli percolation
For the two-dimensional Ising model, several difficulties have to be overcome to obtain the
right exponent. In a heuristic manner, what prevents us to go from 1, < 20 to 14y < 5 is
the lack of the van den Berg-Kesten inequality for the dependent random cluster model.
Then to go from 1y, < 5 to 1y < 2, one has to have a better understanding of the
influence of the boundary conditions when approaching criticality. More precisely, one
has to understand better how weak mixing properties in the sense of [1] behave close to
the critical point. The gap vy < 2 to vy < 1 is related to the speed of convergence of
the empirical magnetization to its thermodynamical limit in a regime where we approach
the critical point.

The computation of an explicit bound for 14y would have been impossible without the
kind advice of Charles Pfister. We thank him warmly for drawing our attention to the
paper [13].

2.1. THE LARGE DEVIATION PRINCIPLE

Next, we give the notions necessary to state our LDP that describes phase coexistence
near the critical point.

2.1.1 Sets of finite perimeter. A fundamental quantity in our study is the perimeter
of a set. In order to prove our LDP, we need to define this quantity for Borel subsets of
Q = [~1/2,1/2]? that may have irregular boundaries. We give next the distributional
definition of the perimeter.

Definition 2. Let A be a Borel subset of Q), its perimeter is defined as
P(A) = sup {/ divf(z)dL?(x) : f € C2(R? B(0, 1))},
A

where L2 is the Lebesgue measure on R?, C>(R?, B(0,1)) is the set of C* vector fields
from R? to the Euclidean unit ball B(0,1) having a compact support and div is the usual
divergence operator. The set A is said to have finite perimeter if P(A) is finite.

If the boundary of A is smooth then an application of the Gauss-Green theorem gives
that P(A) = H(0A), where H is the one dimensional Hausdorff measure. We denote by
M(Q) the vector space of the finite signed Borel measures on Q). We equip M (Q) with
the weak topology, that is the coarsest topology for which the linear functionals

v e M@Q) H/fdv, f € C.(R%,R)

are continuous, where C.(R? R) is the set of the continuous functions from R? to R
having compact support. The rate function of our LDP is the map
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J :M(Q) — [0, +c]
dv
-P(A) if there exists a Borel set A such that — = —14 +1
Vs T() = TP (A) if there exi r u e A+1o\a

oo otherwise.

The positive constant 7. will be defined later, it plays the role of the unit length by which
we measure the perimeter.

Theorem 3. If T 1 T. and n | oo in such a way that n(T. — T)?° 1 co and such that
log{]p)/log(l/(p — pc)) stays bounded then the law of the random measure o, under
,uj{{n) satisfies a large deviation principle in M(Q) with respect to the weak topology.
The speed of the LDP is (T. — T)n and the good rate function is J, i.e., for any Borel
subset M of M(Q),

. . O .o 1 +.,T
— 1nf{j(V) cveM } S 11171;17%_’Ilf m IOg MA(n)[O-nfT € M]
< li%’?up T —Tm log “X{Z) [onr € M] < —inf{J(v): v eM}.

2.2. STRUCTURE OF THE PAPER

In section 3 we define the Ising model and introduce the basic notions that we will
use in the rest of the paper. In this section we also give the Ising specific properties on
which we rely. This way we isolate and minimize the use of the specificities of the Ising
model. The other techniques are more robust and take their roots in the study of the
Waulff crystal in dimensions greater or equal to three. In section 4 we start by establishing
weak mixing properties that permit then the implementation of an adequate block coarse
graining, and we also establish the block estimates required for the subsequent proofs.
Section 5 contains the proof of the upper bound for our LDP. Finally section 6 finishes
the proof of the LDP by establishing the corresponding lower bound.

3. PRELIMINARIES

In this section we define the Ising model and its representation in terms of the random
cluster model. In a second part, we isolate the Ising specific properties that are required
for our study.

3.1. THE ISING MODEL

Let Q = [~1/2,1/2]? be the centered planar unit box. For a positive integer n, we
define the discrete set of sites A(n) = n@Q NZ? that we turn into a graph by considering
the following set of edges : E(A(n)) = {{z,y} € A(n) : |x —y| = 1}, where | - | is
the usual Euclidean norm. We also define the boundary 0A(n) of the graph A(n) by
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OA(n) = {z € A(n) : Jy € A(n)¢: |x —y| = 1}. For every value 8 = 1/T > 0 of
the inverse temperature, the Ising model in A(n) with +1 boundary conditions is the
probability measure on the spin configurations Q) = {1, +1}A(”) defined by

n 1
Vo € {+1,-1}A™ ,uj\r&i) [o] = 5 &P (=BH} (o)),

where

Mio)=—3 X oo~ X X o

w,y‘eA(n‘)\BA(n) z€A(n)\OA(n) yeaA(n)
x—yl1=1

and Z]+* is the adequate normalization constant.

3.2. THE FK-REPRESENTATION

There exists a useful and well known coupling between the Ising model at inverse
temperature 4 and the random cluster model with parameter ¢ = 2 and p = 1—exp(—20),
see [24, 26]. We will use this coupling in order to derive several probabilistic estimates
from the corresponding FK-percolation model. The coupling is a probability measure P;"
on the edge-spin configuration space {0, 1}EA() x {1 4132 To construct Py we
first consider Bernoulli percolation of parameter p on the edge space {0, 1}*(A() then
we choose the spins of the sites in A(n) independently with the uniform distribution on
{—1,+1} and finally we condition the edge-spin configuration on the event that there is
no open edge in A(n) between two sites with different spin values. The construction can
be summed up with a formula, we have

V(o,w) € {0,1}EAM) o {1 41}A0)

1 w(e —wle
P (o,w) = 7 H PO 1= )1 ) o () (e)=0s
e€E(A(n))

where Z is the appropriate normalization factor. It can be verified that the marginal of
Pt on the spin configurations is the Ising model with parameter 3 given by the formula
p = 1 —exp(—20) and the marginal on the edge configurations is the random cluster
measure with parameters p, ¢ = 2 and subject to wired boundary conditions, i.e., the
probability measure on 5,y = {0, 1}EAM) defined by

p,w 1 cl¥(w w(e —w(e
(2) YweEUm  ORpyl= ¢ [T 90 -pt,
e€E(A(n))

where cl¥(w) is the number of connected components with the convention that two
clusters that touch the boundary 0A(n) are identified. This coupling says that one
may obtain an Ising configuration by first drawing a FK-percolation configuration with
the measure @X”Z , then coloring all the sites in the clusters that touch the boundary
OA(n) in +1 and finally coloring the remaining clusters independently in +1 and —1
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with probability 1/2 each. Also, the coupling permits to obtain a @X&Z ) percolation
configuration by first drawing a spin configuration with ,uj\r(g ) then declaring that all
the edges between two sites with different spins are closed, while the other edges are
independently declared open with probability p and closed with probability 1 — p.

Let A C Z? and 0 < p < 1. In addition to the wired boundary conditions we will also
work with partially wired boundary conditions. In order to define them, we consider a
partition m of A = {x € A : Jy € Z* \ A, |z — y|1 = 1}. Let us say that 7 consists
of {By, - ,By}, where the B; are non-empty disjoint subsets of JA and such that
U;B; = OA. For every configuration w € Q,, we define cl™(w) as the number of open
connected clusters in A computed by identifying two clusters that are connected to the
same set B;. The m-wired FK-measure ®{'" is defined by substituting cl*(w) for cl™(w)
in (2). We will denote the set of all partially wired FK-measures in A by FX(p, A). Note
that @ corresponds to # = {OA}. We define the FK-measure with free boundary
conditions @ﬁ’f as the partially wired measure corresponding to m = ().

Let U C V C Z2. For every configuration w € {0, 1}E(Z2), we denote by wy the restriction
of w to Qy = {0,1}EV). More generally we will denote by w¥ the restriction of w to
QY = {0, 1}EVNEW) If V = Z2 or U = () then we drop them from the notation. We
will denote by ]—"g the o-algebra generated by the finite dimensional cylinders of Qg

Note that every configuration n € Qy induces a partially wired boundary condition 7(7)
on the set U. The partition 7(n) is obtained by identifying the sites of QU that are

m(n)

connected through an open path of V. We will denote by (ID% the corresponding FK

measure.

3.3. PLANAR DUALITY

The duality of the FK-measures in dimension two is well known. In this paper we
will use the notation of [19] that we summarize next. Let 0 < p < 1 and A be a
connected subset of Z2. To construct the dual process of ®X™ we introduce the set of

sites A C Z2 + (1/2,1/2) consisting of the centers of the squares formed by the edges in

~

E(A). To each edge e € E(A) we associate the edge e € E(A) that crosses e. Next, to
each configuration w € 25 we associate the dual configuration & € Q3 defined by

Veec E(A) w(e)=1—w(e).
Similarly, for every event A C 25 we define the dual event
A\:{UGQK: dw e A, ©=n}.
The duality property asserts that
R4 = BT[],

where p=2(1—p)/(2 — p).
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3.4. 'THE CRITICAL POINT

It is known that the critical point of the Ising model on Z?2 is given by the fixed point
of a duality relation (see [29]). For the random cluster model with ¢ = 2, the dual point
p is related to p through the relation

V2
142

(3) % 1%]7 = 2, and the fixed point is p. =

The duality relation (3) is translated in the Ising setting into

R inh(1
sinh(20) sinh(23) = 1, and the critical point is [, = %n()

As we will work in the limit p — p,, it is worth noting that the derivative of the function
p +— P is non-zero at p.. Thus p — p. is of the same order as p. — p when p — p.. Also
B +— p=1—exp(—20) has a non-zero derivative at . and thus p — p. is of the same
order as 3 — (3. when 3 — [..

For the general ¢g-Potts model, the identification of the critical point and the self-dual
point, ie., p. = /q/(1 + /q), is still an open problem for the values 2 < ¢ < 25.
When ¢ > 25.72, this identity has been established and in this situation the Potts model
exhibits a first order phase transition [28,38]. Thus the 2d-Ising model is the only two
dimensional Potts model exhibiting a second order phase transition for which the critical
point has been rigorously identified to be the self-dual point.

We end this section by setting the following convention concerning the use of the word
dual in the rest of the paper: we always consider that the original model is the super-
critical one, i.e., p > p., which is defined on the edges of Z2. The dual model is always
the dual of the super-critical model. That is, it is a sub-critical model defined on the
edges of Z% + (1/2,1/2) and at percolation parameter p = 2(1 —p)/(2 —p) < p.. A dual
path, circuit or site will always denote a path, circuit or site in Z2+(1/2,1/2). The term
open dual will always designate edges € of Z2 + (1/2,1/2) that are open with respect to
the dual configuration, i.e., @(e) = 1. The law of the dual edges € will always be the
dual measure ®P which is sub-critical, i.e., p < pe.

3.5. THE SURFACE TENSION AND CRITICAL EXPONENTS

3.5.1 The surface tension. By duality, the surface tension 73 of the two-dimensional
Ising model at inverse temperature 3 > (3. is given by the directional dependence of the
exponential decay of the correlations at dual inverse temperature 8 < (,.:

Vo € Z* 715(z) = — lim 1 log 12 [0(0)o(nz)] = — lim 1 log ®P_[0 < nz],
n—oo 1 n—oo 1

with p = 1 — eXp(—ZB) and where we have used the FK-representation to derive the
second equality. We will also consider the unique continuous extension of 75 into a norm
on R2.

In this paper, we are interested in the situation where the spatial scale n goes to
infinity and simultaneously 3 goes to (.. To study phase coexistence in such a context,
we first need to define the joint limit surface tension.
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Proposition 4. If n | oo and BT Be in such a way that n(f. — B)/logn — 00, then
uniformly on x € Z2, we have that

1 —~
(4) _lim ——————log p? [0(0)o (nz)] = 7|z,
(5= (00,8¢)  (Be — B)n

where T, is a positive constant and | - |2 is the Euclidean norm on R2.

Note that 7. does not depend on z and that the appearance of the Euclidean norm means
that the surface tension is isotropic near the critical point. The presence of the factor
(6 — B¢) in the denominator of the limit is directly related to the critical exponent for
the correlation length. In the planar Ising model this exponent is equal to 1.

The proof of the last proposition is an extension of the computation [18] of the classical
surface tension at fixed temperature. Using subadditivity, it follows that

Vo e 72 loguP [0(0)o(x)] < 75(2).

Thus the upper bound of (4) follows directly from the formula obtained in [18] describing
73. On the other hand, the corresponding lower bound is harder to obtain. It follows by

extending the asymptotic computations of pio(0(0)o(nx)) from a regime where B < B
is kept fixed and n T oo to a situation where B T B. and simultaneously n T co. This can
be done by using, as in [18], Kasteleyn’s dimer representation of the 2d Ising model [36].
These computations are long and rely on quite different mathematical tools and thus, we
consider here (4) as a starting point and we will present the derivation of proposition 4 in
a separate paper [42]. In words, the extension [42] relies on a random walk interpretation
of the computation [18]. This interpretation allows the derivation of proposition 4 from
classical moderate deviation results for the random walk. In fact, the isotropy of the
right hand side of (4) follows from the isotropy of the rate function for the moderate
deviation principle of the simple random walk on Z2.
The regime in proposition 4 is nearly optimal, since from results of [10] it appears that
if (n, B) T (00, Bc) in a regime where n(f. — B) stays constant then

pLlo(O)(nen)] ~ ey

o0 nl/4

where e; = (1,0) € Z? and c is a positive constant. Thus below the regime of proposition

4 we do not expect phase coexistence to happen. In this situation the critical phenomena
take over and hence we expect that 14y, > 1.

3.5.2 The magnetization. We will need to know how fast the magnetization is going
to zero near the critical point. In our case, from Onsager’s famous formula we know that

(5) ptPo(0)] ~ (8 — Bo)/® when B B

The Ising model is the only Potts model for which this exponent has been computed.
For independent site percolation on the planar triangular lattice, this exponent has been
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derived in [49], along with several other exponents. For the values ¢ = 1,3,4, the
existence of the exponent as well as its values are conjectured by physicists but currently
not proved.

In addition to that, we shall need to estimate the speed of convergence of the empirical
magnetization near the critical point. In order to do so, we rely on correlation inequalities
that are specific to the Ising model. Furthermore, we rely on explicit computations to
control the behavior of the relevant quantities near the critical point. The next result is
inspired by [13], it shows how the speed of convergence of the empirical magnetization
is affected when we approach the critical point.

Proposition 5. Let £ > 0 and a > &+ 1. There exist two positive constants ¢ = c¢(&, a)
and p such that

VB # e, n > ¢lB = fe| % D iaimle(@)] —m*(8) < plB— Bl

z€A(n)

Proof. Let n, k,l be three integers larger than one. For h > 0, we note u:féil the Ising

measure on the box A(n + k + 1) with boundary conditions +, at inverse temperature (3

and where every spin in A(n+ k+1) \ A(n+ k) is submitted to a positive field h/3. Let

x € A(n). The measure ,u:f kﬁl has the property that

3 ) 7h )
Yim gy 50 [ ()] = 30y [ ()]

It is thus a sort of interpolation between the measures uj{(g kD) and ,uj{(g fk). Further-
more, it is easy to check that

a”:ﬁéil [o()]

on  ~ > i o (@)o (y)] — wt o (@)t o ().

yeEA(n+k+D)\A(n+k)

Therefore, we have

0< MXE§+k)[U(x>] - MXE§+k+1)[U(m)] =
> wle @) - o @ o) dn

yeEA(n+k+)\A(n+k)

Next, applying the Ising specific G.H.S inequality [25], we get that

ph o o (@)o(y)] — wl i lo (@)t 5" o ()] < 1P lo(2)a(y)] — pisPlo ()] pd’lo ().

Note that the right hand side depends only on the infinite volume measure. On the other
hand, by using Griffith’s inequalities [25], we may estimate

kB lo(@)a ()] — i lo (@)t 5" [0 ()] < exp(=Aih),
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uniformly in n + k + [, z,y and in 3, where \; is a positive constant.
Combining the two last inequalities with the magnetic field representation of the bound-
ary conditions, we finally obtain

IN

/‘X{QM) [o(z)] — MX&QMH) [o(z)]

[ Y {0k - w @]k o) Aexp(-aih)}.

yeA(ntk+D)\A(n+k)

First, let us consider the case where 0 < 3 < (.. In this situation, the explicit compu-
tation (see [42]) yields that the correlation is bounded above as follows:

(6) piPlo(@)o(y)] — nLPlo(2)] il lo(y)] < exp(=A2(B — Be)la — yl).

Thus

W) =i lo @I < [ Y exp(=(ah v da(8 = Bl —u)
Oy A(ntk-+)\A(n+k)

<[ dnew-Fn Y exp(- 20 - Ol -
0 yEA(n+k+1)\A(n+k)
2 A
il Z exp(—f(ﬁc—ﬁﬂx—yb
L yeA(n+k+D)\A(n+k)
!

<y P = ) D+ ) exp(= S = )

l
SR (-2 (8~ M) Y exp(—= 25— ).
r=0

<c1—
- 1)\150_5

The last inequality has been obtained by bounding n + k + r by (n+ k)(r + 1) and by
choosing ¢; > 0 in such a way that

Bcci 5 exp(%(ﬁc - B)(r+1)).

Vr >0 r+1<
Sending [ to infinity yields

k A
i) < 35 gy B8+ el — B) exp(— T (3~ B)B)

Thus, there exists a positive constant ¢y such that

_;’_’B n+k )\2

(@) < eo s exp(= 2 (B~ B)R).

(&
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Applying this inequality to the box A(n) and the sites in A(n — k), we deduce that for
all £k <n

k A
Z HAimlo(@)] < 2~ +c2ﬁ eXP(—f(ﬁc—ﬁ)k)-

xEA(n)

We fix £ >0and a > ¢+ 1. For all 0 < 3 < 3. we restrict ourself to n > (8, — 8)~¢ so
that we can choose k = (3. — 3)*n and obtain

(7>
Z “A(n)

xEA(n)

SN

PN C2 A2 g M
2(0 ﬁ>+(n(ﬁc—ﬁ)a) exp(( 4(5c g)+logn+1+ )logn).

The last expression suggests to impose a regime on (8. — 3)%n. Indeed, there exists a
positive ng = ng(€, a) such that n > ng implies that n/logn > n%, hence by imposing

o/ (E4)
(5.~ B)yn > (24 )y

2

1V Béng

we obtain that

Z “A(n) )] <2(B. — )¢ + caexp (_%(gc _ ﬁ)é-l—ln)

xEA(n)
A2 (B — )
2+ crexp <1°g o 1 @ﬁ”))] ’

S(ﬁc - 6)6

Finally, note that there exists a positive € = £(&, a) such that for all 5. —e < 5 < 3,

This implies that

1 )\2 (ﬁc - ﬁ)ﬁ—H
)

(o= B |2+ a8 — ) F ]

Z ,UA(n) <(Bc — 5)5

meA(n)

Thus, if we impose that
- 16¢
n [N
A2

(ﬁc - 6>_a7
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we get that

Z paimlo(@)] < (B = B)5[2+ ca(Be — B)").

xEA(n)

Thus, there exists a positive ¢ = ¢(&,a) such that for all g. —e < < (. and for all
n > c¢(B. — )~ we have that

(8) Z MA(n) < p' (B — B)°,

xEA(n)

where p’ is a positive constant. When < . — ¢, (8) also holds, provided p’ is replaced
by p=p' Vet

In order to treat the case where 3 > (3., one proceeds in the same way. In this situation
(6) is replaced by the following bound that can be obtained from the results of [41]: there
exist positive constants A3, c3 and § such that for all z,y € Z? satisfying |z —y|(8—8.) >
1/6 we have that

piPlo(x)o(y)] — m*(8)? < ezexp(—As(8 — Be)|z — yl) .

4. BLOCK ARGUMENTS

Besides the Ising specific properties that we stated in the last section, our analysis
is based on rather robust techniques that have been developed by Cerf and Pisztora
[14, 15, 16, 17] to study phase coexistence in dimensions greater or equal to three. The
probabilistic estimates are obtained by translating the relevant Ising events into the
random cluster model via the FK representation. In this paper, an essential tool in
analyzing the random cluster model is an adaptation of block coarse graining techniques
[46] to the situation where p | p..

4.1. NOTATION AND PREPARATORY LEMMAS

In this section, we introduce the notation used in coarse graining arguments and state
useful preliminary estimates that we will use repeatedly in the rest of the paper.

4.1.1 The rescaled lattice. First we fix a positive integer K, that will typically depend
on p later on and will diverge when p | p.. For each z € Z2, we define the block indexed
by z as B(z) = A(K) + Kz. Let A be a region in R%. We define the rescaled region A:

A={zcZ? : Blz)nA#0D}.
From now on, underlining means that we are dealing with rescaled objects. For instance,

A(n) means the rescaled box A(n). Note that |A(n)| is now of order n?/K?, which is the
order of the number of boxes necessary to cover A(n).
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4.1.2 The lattice L°°. When dealing with block arguments it will be convenient to
equip Z? with another graph structure. We denote by d, the distance associated to the
norm | - | defined by

V($1, mz) c R? |($1, 902)|oo = max(|ac1|, |952|)

Thus doo(2,y) = |7 — y|eo. For every set E C R? and positive real number r, we define
the r-neighborhood of E as

Voo (E,7) = {x € R?, doo(z, E) < 1}.
We will also use the associated diameter given by
diamy, (E) = sup{|z — Y| : x,y € E}.
The new graph structure on Z?2 is induced by the set of edges
E*>* = {{z,y} C Z°, doo(z,y) = 1}.

Then the lattice L°° is the graph (Z2, E*°°). This lattice has the useful property that the
exterior boundary of any connected finite set A in Z? is itself connected when regarded
as a subgraph of IL°°; for a proof we refer the reader to [21].

4.1.83 Block events. For the renormalization to be useful it is almost always required
to use block events on a set of blocks that are overlapping. Thus, in addition to the
partitioning blocks B(z) we define the event blocks B’(x), by setting

Bz)= |J B).
yez?
ly—z[eo<1

4.1.4 Rough estimates on the block process. Given the events that describe a good
block, we define the block process (X(z),z € A(n)) as the dependent site percolation
process on A(n) that indicates if a block is good or not. We cite several rough estimates
on the block process from [15].

Lemma 6. Suppose that there exists 6 > 0 such that
VeeZ?  P[X(z)=0[X(2), ]z~ zle >3] <4,

then for any A C 72, we have

Pz e A: X(z) = 0] < exp (§|A| loga) |

The block process can be viewed as a dependent site percolation process where a site x
is occupied if and only if X (x) = 0. The occupied L>° cluster of the site z, i.e., the L>°
connected component of the occupied sites containing z, is then denoted by C(z). The
next lemma is a standard counting Peierls argument:



ON THE 2D ISING WULFF CRYSTAL NEAR CRITICALITY 15

Lemma 7. Suppose that there exists § > 0 such that
VeeZ?  PlX(z)=0X(2), |z~ 2l 23] <4

There exists a constant b such that, for any bounded open subset O of R?, any s,t > 0,
any K;n e N withn > K,

Pl{z € Z*: B(z)NO # 0, |C(z)| >t} > 5] <

1 1
2Zexpj <¥ log £L2(V(0,2)) 4 log b + 5 logé) ,

Jjzs
where V(0,2) = {x € R? : d(z,0) < 2}.
Here is the last rough estimate:
Lemma 8. We consider the box A(n) rescaled by a factor K :
A(n) = {2+ Bz) N A(n) £ 0},
If there exists 6 > 0 such that
veeZ?  P[X(z)=0[X(2),]z —zle >3] <4,

then for any n, K, e satisfyingn > 6K, < e, we have

1 n 12
S > < —A* -
[A(n)] EZA( )IX@—O—E —9exp( v |5z )

where
1—¢

* — c _
A (5,5)—€log5+(1 5)10g1_5

is the Cramér transform of a Bernoulli variable with parameter §.
We finish with Hoeftding’s inequality that will be useful:

Lemma 9. (Theorem 1 of [32]) If (X;)1<i<n are independent random variables with
values in [—1, 1] and with mean m, then

Vt €]0,1 —m] P[Z(Xi—m) > n t| <exp(—nt?).
i=1
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4.2. WEAK MIXING NEAR CRITICALITY

In this part we establish weak mixing properties in the situation where p | p.. These
results are crucial in order to bound the influence of the boundary conditions and also
in order to decouple spatially separated events. As it appears from [19], in order to
implement a useful coarse graining in dimension two, it is necessary to have a control
of the boundary conditions. When p is fixed, this control can be obtained by using the
weak mixing properties proved in [1, 2]. To handle the situation where p | p., we give an
alternative way to establish weak mixing and generalize the results of [1, 2] to a situation
where the exponential decay of connectivities becomes degenerate.

4.2.1 Control of the number of boundary connected sites. Let p < p.,n > 1. In this
paragraph, we are interested in the control of the number of boundary connected sites

9) M@y = |[{zr € A(n) : 2 < OA(n)}|.

The coming results depend on the speed of convergence of the mean of M,, near the
critical point. We characterize this speed by introducing the following quantity:

(10) Vp < pe, 6 >0 mgup(d,p) = inf {m >1:Vn>m p [Mp )] < (5}.

1
Y
[A(n)] A
Lemma 10. Let § >0, p < p.. If n > 16mgu(6/2,p)/6, then

M) omn 2
logdyVP | ———>§| < - —88 — | .
28w {\A<n>| - } - (Gmsubw/zp))
Proof. First we partition A(n) into translates of the square A(m) where

(11) m = Mmsup(6/2, p).
Next, we take

(12) n > 16m/é,
and consider the set

A (n) = U B(z),

z€7Z2:B(z)CA(n)

where B(z) = mz + A(m). Note that |[A(n)\ A’(n)| < 4mn. The number of partitioning
blocks satisfies

(13)
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Since M, is subadditive, by (13) and (12), we obtain

MAn 1 4dm
A S 2 HveB@ive oAmYl+ 2
z€A/(n)
1 MB(m) 1)
< =+ —.
Fl 2= Bl
By the FKG inequality, we get
wp | MAm) w 1 Mp) _ 36
(14) @’Z{ _5] QUP | = > —|FE
A A (n)] A A (n)] 2. [B(z)| — 4

zeN (n)

17

where E is the increasing event {Vz € A’(n), all the edges of B(z) are open}. The
random variables Mp(,)/|B(z)|, z € A’'(n), take their values in [0,1] and they are inde-

w,p

pendent under ®, [ |[E]. By (11), their mean satisfies
Mp )

Bt 7] = ¥ | fpen] <

Finally, by lemma 9 and by the inequalities (13), (14) and (15) we get

MA(n) 62n?
@wap < o .
A(n) [|A< )~ } = eXp( 32m?

/ w,p
(15) VaelA(n) (NS [

4.3. CONTROL OF THE BOUNDARY CONDITIONS

0
2

In this section, we determine a regime where we can still control the influence of the
boundary conditions when p — p.. The regime will be characterized by the speed by
which the quantity mgy,p defined in (10) diverges near the critical point. We thus need

to give an upper bound for the speed of this divergence.

Lemma 11. Let K > 0,§ > 0. For every a > £ + 1 there exists a positive constant

¢ = c(a, k) such that

—a

Vp <pe M (k(pe — p)%,p) < c(pe — )

Proof. From the Ising-FK coupling it follows that

1
IA(n)] q)A(n)[MA(n) Z 'uA(n)
xEA(n)
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Let a > 1 and £ € (0,a — 1). From proposition 5 we know that for every n € (£, + 1)
there exist two positive constants p and c; such that

—a 1 w
Vp <pe Vn>ci(pe—p) W%g’;)[MA(n)] < p(pe —p)".

Furthermore, since n > £, there exists a positive constant € = ¢(p, &, k,n) such that

Vp€ (pe—cepe)  pe—p)" < Kpe —p)°.

Note also that if p < p. — ¢ then k(p — p.)* > ke and there exists ng(e®) such that

n > ng implies
Vp <p.—e¢ Masub (K(p — pc>€7p) < ng.

Hence the result follows by choosing ¢ = max(c1,e%ng). O

Proposition 12. Letp < p. and a > 5. There exist two positive constants ¢ = c(a) and
A such that if n > c¢(p. — p)~® then

log @7, [0 < dA(n)] < —A(pe — p)n.

Proof. Let A = {0 < 0A(n/2)}. In order to control the influence of the boundary
conditions imposed on A(n) we first write

N0 [A] <@0 [AN{ M) < [A(n)]0}]

16
10 + @0y M) > [A(n)[0 ],

where My () is defined in (9). On the event A" = AN{ M,y < |A(n)[0} of the first term
we can bound the influence of the boundary conditions in an adequate way by using a
judicious trick due to David Barbato [9], while the second term will be made negligible
thanks to lemma 10.

Barbato’s trick: This trick has initially been introduced in order to simplify the proof of
the so called interface lemma in the case of dimensions higher or equal to three. Here we
will use this trick in a different context. From the definition of the FK-measures it is clear
that the influence of the boundary conditions comes from the connected components that
connect OA(n/2) to OA(n). Thus if one can cut all these connections without altering
too much the probability of the event A then one gets a control over the influence of the
boundary conditions. To do this we first define M [’\(n) as

My = {2 € A(n) 1 x> OA(n) in A(n) \ A(2]z|o0)}] -

This is the same quantity as My (,) with the difference that we count only the sites
that are connected to the boundary with a direct path that does not use the edges in
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E(A(2|z]w)). Now suppose that A" = AN {Myn) < |A(n)[6} occurs. Since M, <
M () we also have M} ) < 6|A(n)|. Next, for 0 < h < 1/4, we define the set

b(h) = d[-n(1 —h)/2,n(1 —h)/2]?.
Note that for 0 < h < 1/4, we always have
b(h) NA(n/2) = 0.
Next, we concentrate on the finite set of values 0 < hy < --- < hi that satisfy
b(hx) NA(n) # 0.
We notice that the number K of such values hy satisfies
n n
- —1<K<-+1
8 8 +
Until here, the construction does not depend on the configuration. Next, we scan the
configuration in A(n) from outside inwards and define for each hj the set of bad sites
intersected by b(hy):
V(hi) = M,y Nb(h).

On A’ we have that Zszl [V (hi)| < My ,,) < 6|A(n)| whence, for n large enough,

min |V ()| < A0 5LA(”>| < 166n.
k K g

-1
Thus there exists at least one k € {1,..., K} such that
(17) IV (hy,)| < 166n.

We define h* as the first (smallest) value hj that satisfies (17). Notice that h* is a sort
of stopping time, in the sense that

(18) VO< h<1/4 {h* =h} € FAmNA((1=h)n)-

Then we define the set of bad edges as the set of edges that have one extremity in
A((1 — h*)n) and the other in V(h*):

I, = {e={v,u} € E*: ve A((1—1")n), ue V(h") }.
Even though

(19) L, NE(A(n) \ A((L - h*)n)) = 0,
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we obtain from (18) and from the definition of V' (h*) that

(20) VI CE(A(n) {In =1} € FAm)\A(@-ho)n)-
It is also important to notice that

(21) I, NE(A(n/2)) = 0.

Now, for each site v € V/(h*) there is at most one edge e in I,, with extremity v thus we
get from (17) that

(22) I1,| < 166n.
Let ¥ : A" — Q be the map defined by:

0 ife € I,(w)

w(e) otherwise

Vwe A" Vee A(n) Y(w)(e) = {

_Ijjjﬁ v 1s not a bad site

A(n) T \%\_x\ bad edges

The configurations in W(A’) have the following three crucial properties:

i) We claim that

23 max |0 1(w)] < 21607,
(23) e [0 <

To prove (23), we first write for each w € W(A")

@< Y fweQUm: Ilw) =1, 0" =3"}.
ICE(A(n))
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By (19) and (20), the above sum contains only one term corresponding to I = I(w).
Hence

0H@)| < {w € Qag) @ In(w) = I(@), ' =37} < 2@
and the claim follows from (22). Finally, using the finite energy property and (23)

we get

166n
- P w,
(24) iA1= g, 197 (1 1 —p) Pxin ()

< exp(e10n) VP [W(A')],

where 0 < ¢; < oo is a constant.
ii) By (21), the map ¥ does not modify the configuration inside A(n/2), thus

U(A") C A
iii) By our cutting procedure we disconnect A((1 — h*)n) from OA(n) hence
U(A") c {A(3n/4) «» OA(n) }.

By the property ii) and by duality, if the event W(A’) occurs, there exists an outermost
open dual circuit T in A(n) that surrounds A(3n/4). Let = be the set of such dual
circuits surrounding A(3n/4). For every 7 € £, we define Int(7) as the set of all the sites
of A(n) that are surrounded by 7 and Ext(5), the set of the sites of A(n) that are not
surrounded by 7 . Note that

(25) {I' =7} = Open(7) N G5

where Open(7) = {Ve € 7 : W(e) = 1} and where G5 is a Fpyy(5)-measurable event. By
using properties ii) and iii) and by (25) we can erte

Py [T(AN] < 2 [AN [ J{T =7)]

FEE

= Z @X’EZ) [A N G5|Open(7)] A(n)[Open( M-

FyEE

(26)

Since A is Fints-measurable, G5 is Frxiy-measurable, we can use the independence of
the o-algebras Finy and Frxs under @X(n)[ |Open(7)] and the spatial Markov property
to get

O\ () [A N G5|Open(7)] =@, 7 [A[Open(¥)] @475, [Gy|Open(7)]

(27) y -
:(I){nt(a) [A] (I)A{]:L) [G7|Open(7)].

Also A is an increasing event, so using (27), we get

(28) V€= ®YP [ANGs|Open(7)] < &LP

A(n) A(n) [A] @477, [G5|Open(¥)].

A(n)



22 R. CERF!, R. J. MESSIKH?

Using (26) and (28) we obtain

OUP [W(A)] <2 (4] BUP [G5|Open(9)] BL2, [Open(H)]
(29) JEE
=& [A] DY [FF €2 T =7] <@L [A].
Combining (29) with (24) gives us

(30) CIDXJEZ)[A'] < exp(c16n)PL_[A].

w

Now we turn to the second term of (16), namely CDA&Z) [Mp(n) > |A(n)|d ]. Assuming
that n is bigger than 16mg,(d/2,p)/d, we can apply lemma 10 to get

(31) oy [Magn) > [A(n)]0 ] < exp [_ (m) ] .

Substituting (30) and (31) into (16) one has

(32) © 1oy [A] < exp(cion) L [A] + exp

~(Grmtiran) |

It follows from the comments after proposition 4 that there exists a positive 7. such that
for all p < p. and n > 1,

L [A] < |10A(n/2)]  sup DL [0 < z] < 2nexp(—Te(pc —p)n/4).
z€OA(n/2)

So that (32) becomes

(33) @) o) [A] < 2nexp(—7e(pe — p)n/4 + c10n) + exp

~(Gmmtirar) |

From (33), it is clear that the only way not to destroy our estimates is to take ¢ at most
of order (p.—p). So let us choose § = Z=(p.—p). Let a > 2. By lemma 11 we know that

801

there exists a positive constant co such that mguy(7c(pe — p)/(16¢1),p) < c2(pe — p)
Thus there exists a positive c3 such that for all n > c3(p. — p) =172, (33) becomes

—a

(34) o0 [A] < exp(—(7/16)(pe — p)n) + exp(—ca(pe — p)*T2*n?),

where ¢4 > 0. Furthermore, we require that the first term is the main contribution, we
do this by imposing that n > 7.(p. —p) ~172%/(16c4). We conclude the proof by choosing
¢ = (c3p?) V (1¢/(16¢4)) and A = 7./16. O

Now we are ready to state an analogue of weak mixing in our regime.
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Proposition 13. Let a > 5 and p # p.. Let A C T be two subsets of Z?. There exist
two positive constants ¢ = c(a) and A such that if d(A,0T") > c|p. —p|~* then, uniformly
over all ®1,P5 € FK(p,T'), we have

sup |®1[A] — ®5[A]| <2 Y exp (— Alpe — pld(z,9T)).
AeFa r€dinA

Proof. Once we have proposition 12, weak mixing follows from arguments contained in
theorem 3.1 of [1]. We include the proof for the sake of completeness. Let p1, p2 € Qor.

It is sufficient to prove the claim for the FK-measures @;(p 1) and CIDF(p 2),
It is known, see lemma 3.2 of [1], that there exists a coupling P£""* on Qp x Qr with

marginals ég(pl) and CIDF(’JQ) such that

Each e = {z,y} € E(T') such that x < T
(u)1,(,{)2 : =1.

PIBMPQ . '
in w; and wy satisfies wy(€) = wa(e)

This means that w; and ws can be made identical on the edges that are not in the union
of the boundary connected clusters of the configurations w; and wy. Using this coupling,
we write
m(p1) 7(p2) Pl(w2,w1)]
BTV [A] = LA < ) T 1w wn)]> Pl(waiwon) Pl(wr, ws)] (1 - 7)

w1 €A P[<w17w2)]
woEAC

P[(Wl,WQ)]

+ 1p[w W Pl(wy,w P[(W%wl)] (1 T DM 0\

;:A [(waw1)]> Pl(w1.w2)] Pl(wg, w1)]
wo €AC

< Z max(P[(w1,ws)], Pl(ws2,w1)]),

w1 €A
woEAC

where we omitted the subscripts and superscripts in the notation of the coupling. Observe
that if w1 € A and wy € A€, then there exists e € E(A) such that w(e) # wa(e). Hence,
using the property of the coupling, we obtain
@A) - oF ) [4])| =| P[4, A9 - P[A%, 4]
<P[(w1,w2) : Je € A : wy(e) # wale)]
<2®YF[Fz e A: x « I

<2 Z PN (20 = OA(r(2))],
TEOMA
where r(x) = 2d(x,0I") > 2d(A, oT).
Let a > 5. By proposition 12, there exist two positive constants ¢ = ¢(a) and A such
that d(A,0") > ¢|p — p.|~® implies
@R (4] - 24l < Y7 exp(—Alp - peld(x, IT)).
TEOMA
0

The just proved weak mixing property permits to establish the following decoupling
lemma:



24 R. CERF!, R. J. MESSIKH?

Lemma 14. Let p # p., a > 5, A a box and ® € FK(p,A). There exist two positive
constants A and ¢ = c(a) such that for every two sets I'y A C A satisfying

log |T'| y 10g\A|)
p—pel  lp—pcl)’

AT, A) > ¢ (\p—pcr“ v

and for every two events A € Fr and B € Fa, we have

|®[AN B] — ©[A] ®[B]| < exp[-A(p — pc)d(I', A)|P[A] ©[B].

Proof. An adaptation of the arguments in lemma 3.2 of [4] establishes the result. [
We conclude this section with a decoupling lemma.

Lemma 15. Letp # p., a > 5 and § > 0. There exist two positive constants ¢ = c(a, )
and X\ such that uniformly over the events A € Fy(yn) and uniformly over two measures
O, Py in FK(A(n(1+6)),p) we have

n>cp—p] T = (1—e NPTPIn/2)2¢ [A] < By[A] < (14 e OAPPeIn/2)20, 4]

Proof. Consider A € Fj(,) and two partially wired boundary conditions 71 and 72 on
the boundary OA((1 + d)n). It is sufficient to prove the statement for the measures

O, = @71{1(’(7i+5)n) and ¢, = @XZ(’(’;M)H). Let m > (1 + 26)n and define the following
}—1[\\((7(73)4— ") _measurable events, for i = 1, 2:

with wired boundary conditions on A(m)
Wi = q w € Qapm) : and the configuration w on A(m) \ A((1+ d)n),
the boundary conditions induced on A((1 + d)n) are 7;

Since m; and 7y are partially wired boundary conditions, it is possible to find a large
enough finite m such that ®3:7 \[W;] > 0,4 = 1,2. We fix such an m and write ®;[A] =

©,imy [AIWi], i = 1,2. Since d(A(m) \ A((1+ d)n), A(n)) > dn/2, it is possible to find a

positive ¢ = ¢(a, §) such that n > ¢|p — p.|~* verifies the hypothesis of lemma 14 and we

obtain that

nep ol ORIV = RG] < R, () =12

m)
Using the last inequality, we finally get

Dy[A] > (1 — e‘“'P—Pcln/?)q,;\u,fn

Al = (1 - e~ ONPmpeln/2)2g, 4],

and

Dy[A] < (1 + e 0 Pmpeln/2)gip.

( )[A] <(1- e—éx\lp—pcln/2)2q>1[14].
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4.4. BLOCK ESTIMATES NEAR CRITICALITY

In this section we establish the necessary block estimates to implement coarse graining
techniques in a regime where p approaches p. from above. In the following we will use
the boxes

A(n) = {z € Z?: d(z,A(n)) < n/10}.

We take this bigger boxes in order to give estimates on events that occur in A(n) uni-
formly over the boundary conditions on A(n). In fact, an adaptation of [2] to our regime
would spare us this precaution. But this would also increase the size of the paper.

We will say that a FK-cluster C' of a box A is a crossing cluster or that C' crosses the box
A if C' connects all the sides of A. Note that in dimension two if there exists a crossing
cluster in a box then it is necessarily unique. We will give estimates on the following
block events:

U(A) = {3 an open crossing cluster C* in A}.
For M > 0, we define

R(A, M) =U(A)N{ every open path v C A with diam(y) > M is in C*}
N {C™ crosses every sub-box of A with diameter > M} .

For > 0, we define

V(A,0) = UA) N{|C7] = (1 = 8)8|A[},

3 an open circuit v enclosing a volume > (1 — ¢)|A|

F(A,0) = and such that supd(z,dA) < §|OA| ’

TEY

W(A§) ={{zreA:z- oA} < (1+6)0|A]},

T(A,&):{) S a(x>)g(se|A|}.

rzEN:x+»ON

Notice that the last event involves the FK-Ising coupling. Let us begin with the first two
events:

Lemma 16. Leta > 5. There exist two positive constants X\, c = c(a) such that if p > p,
andn > c(p — pe) " then

Ve € FK(A(n),p)  log ®[U(A(n))] < =Alp — pe)n-

Moreover, if M is such that
(35)

with £ > 0 small enough, then

Vo € FK(A(n),p) log ®[R(A(n), M)] < —X(p — pe) M.
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Proof. Let ® € FIK(A(n),p). Since U(A(n)) is increasing, we have that ®[U(A(n))¢] <

®LP | [U(A(n))e]. By duality we get that =

S[U(A(n))] <2 q)/f{’(pn) [3 an open dual path in /A\(n) of diameter > n],

Let a > 5. By lemma 15 and proposition 4 there exist two positive constants ¢ = c(a)
and A; such that for all p > p. and for all n > ¢(p — p.)~* we have

@1{’(};)[3 an open dual path in A(n) of diameter > n]
< <I>/f{’(pn) [3 an open dual path in A(n) of diameter > n]

< ®%_[3 an open dual path in A(n) of diameter > n]

< 2n* exp(=A1(p — pe)n)
logn

< 2exp((pe —p)n(A1 — 4m

)

Note that there exists ng independent of everything such that

1 —-1/2
ogn__ _n <

n(p_pc) N D — D¢ o

[

3/2

Vn > max(ng, c(p — pe) %) (p—pe)

Thus, the result follows by choosing A = A\1/2 and ¢ big enough. To estimate the event
R, notice that

D[R(A(n), M) < ®[U(A(n))] + cp/i%(pn) [3 an open dual path of diameter > M].
Then, as before, we use lemma 15 and proposition 4 to get

O[R(A(n), M) < exp(—A(p — pe)n) + n* exp(~A(p — pe) M)

<
< (14 n*) exp(=A(p — pe)M).

Finally, condition (35) ensures that the prefactor does not destroy our estimates and this
concludes the proof. [

Now we turn to the estimation of the crossing cluster’s size:

Lemma 17. Let p > p. and 6 > 0. Let a > 5 and o €]0, (1 + 55)"*[. There ewists

a positive constant ¢ = c(a,a) such that, if n T oo and p | p. in such a way that
n®(p — pe)* > c then

c «@ 5202(]9) 2—2«
sup  B[V(A(n),6)7] < exp(—Ad(p - pe)n®) + exp(— T L2,
PeFK(A(n),p)

where X\ is a positive constant. In particular

li i BV (A(n). )] = 1.
%fil@ef;é?{(n),p) [V(A(n),d)]
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Proof. Let ® € FK(A

(n),p). We renormalize A(n) into A(n) by partitioning it into
blocks B(z) of size N <n

to get the renormalized box
A(n)={x€Z®: (-N/2,N/2)* + Nz C (—n/2,n/2)?}.

Next, we define the following events:
- For {z,y} € E(A(n)), we denote by m(z, y) the middle point of the face between B(z)
and B(g_) We also introduce the box D, , = m(z, y) +A([N/4]) of width [ N/4] and
centered at m(z,y). Then, we define -

Kyy = {3 crossing in Dz,g}v K, = K,

- For x € A(n) and M > 0, we define

R(z) = {3! crossing cluster C} in B(z)}N

36
(36) {every open path v C B(z) with diam(vy) > M is included in C’;}

On A(n), we define the 0 — 1 renormalized process (X (z),z € A(n)) as the indicator of
the occurrence of the above mentioned events:

Vee A(n) X(z)=

{ 1 on R(z) N K(x)

0 otherwise

By lemma 16, we get the following estimate on the probability that a specific box is bad.
There exist x, A > 0 such that if

log N
(37) n>N>A4M > prp—
then
(38) Ve eAln)  [X(z) =0] < exp(=Alp—p)M).

As M will grow, we can restrict ourselves to the case where there is no bad block at all

and where the event R(A(n), N) is satisfied, namely for all & € FIC(A(n),p), we write

D[V (A(n),d)°] <®[3 a bad block | + P[R(A(n), N)°]

(39)
+®[ A a bad block N R(A(n), N)NV(A(n),8)<].

By (38), we get

2
(40) ®[3 a bad block | < % exp(=\1(p — pe) M).
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For the second term of (39),we apply lemma 16 to get

(41) ®[R(A(n), N)° < exp(—Aa2(p — pe)N),

For the third term of (39), we observe that if there is no bad block then there is one
single cluster in the renormalized process that consists of all the blocks of A(n). By the
definition of the events associated to (X (z), z € A(n)), this induces one crossing cluster
C* of Ugep(n)B(z) that contains all the crossing clusters Cy, z € A(n). On the other
hand, since R(A(n), N) is satisfied, we have that C* C C*, where C* is the crossing
cluster of A(n), which is guaranteed to exists thanks to the event U(A(n)). Now, we
define for every z € A(n) the random variables

Y(z) = N7?|{v € B(z) : diam(C,) > M}|
and observe that

(42) C* < (1=8)6n> = > |Cil<(1-0)on>.
zEA(n)

Yet if B(z) is a good box then every cluster of B(x) that is of diameter larger than M
is included in C}, thus using (39), (40),(41), (42) and by the FKG inequality we get

(13) BV(AW),6)] < 21 expl—rap—pin+o[ (2) Y v < -]
zEA(n)

where E is the event that all the edges that touch the boundary of the boxes B(z) are
closed and A3 = min(A1, A\2). Now we choose N and M such that the mean of the random
variables Y (x) is big enough: by using lemma 15 we have for z € A(n)

OLP [V(z)] > N720MP [[{z € A(N —4M) : & — OA(2M) + z}|]

A(N) A(N)
>N Y BLP[r e OA(2M) + 2]
TEA(N—4M)
>Ny I e OA(2M) + 4
xEAN(N—4M)
. (N —4M)?% .,
>(1—e (p pC)M/2)2Tq)A(ZM)[O — OAN(2M)]
o (N —4M)?
> (1 — 2e~(P=Pe)M/2)(1 %)9.

By Onsager’s formula, we have

0 = (p_pc>1/8+0((p_pc>1/8>a plpc-
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Thus if we choose

J
(44) M = 3—2N and M(p—p.) >c,

where ¢ > 0 is a large enough constant we get

4]

(45) YrelA(n) Ny (@) =00~ ).

The random variables Y (z), z € A(n), take their values in [0, 1] and they are independent
under ®[- |E], thus we can use lemma 9 with (45) to bound (43) by

0 VAm.0)T < 2 exp( A - pan) +e (4P

N2 4 N2
Leta>3and 0 < a < 1. If n® > (p— p.)~% and letting N = n®, one gets

D[V (A(n), )] < 2exp( wrﬁ_m) :

25
32

(b= po + 201 = ) togn) + exp (=

Also, under the above regime we have that (p — p.)n®/logn — oo. Thus, by choosing
n, N, M such that (37) and (44) are satisfied and using Onsager’s formula we obtain the
desired result. [

Next, we consider the deviations from above for the size of the crossing cluster.

Lemma 18. Letp > p. and 6 > 0. If n > 8mgup (9, p)/0 where

. 1w,
Msup (0, p) = inf {m >1:Vn>m MQA(Z)[MA(H)] <(1+ 5/2)9} ,

then

(47) log @Y7 W (A(n), 8)°] < - (%) |

In particular, for every a > 5/4, there exists a positive constant ¢ = c¢(a,d) such that
whenever n T oo and p | p. in such a way that n > c(p — p.)~* then

1
. w,p {17 C
(171;2?) (p — pc)2att/4n? log (I)A(n)[ (A(n),0)] <0.

Proof. To get (47), one proceeds as in lemma 10. For the second statement, one proceeds
as in lemma 11 to prove that for every a > 9/8, there exists a positive constant ¢ = ¢(a, 0)
such that meup(0,p) < C(p — pc.)~*. The desired result follows then from (47). O
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Lemma 19. Leta > 5 and 6 > 0. There exist two positive constants \,c = c(a, )
such that for all p > p. and n > 4 such that n > c¢(p — p.) ™%, we have

log q)[F(A(TL)v 5>C] S —A(S’I’L(p - pc)u

uniformly in ® € FIC(A(n),p).
Proof. 1t suffices to note that

O[F(A(n),0)] <P[OA(n(1 —25)) <> dA(n) by an open dual path]

Thus, by proposition 4 and lemma 15, there exist two positive constants A and ¢ = ¢(a)
such that

n>clp—p.)~* = ®[F(An), ) <16n?exp(=Aén(p — p.)).

By making ¢ a bit larger and replacing A by A/2, we get the desired result. [

Finally, we consider the event T" where the edge and the spin configuration of the FK-
Ising coupling P}, defined in section 3.2, is involved.

Lemma 20. Letd >0 anda > 5. Ifp | p. andn T oo in such a way thatn > (p—p.)~ %,
then
lim P [T(A(n),d)] = 1.

n,p

Proof. Let C be the collection of the open clusters which do not touch the boundary
OA(n). Let p,n, M = (logn)/k(p—p.) where  is like in lemma 16. Let w € R(A(n), M).
Using Chebyshev’s inequality,

PY [T(A(m), 6)°le] <BF | o |3 o(C)[C] > 66w
A | 2=,
1 M*
<— 2o —
=5202[A(n) 2 C%'C' = 52022

Imposing logn/((p — pe)vVOn) — 0, using lemma 16 and the previous inequalities we get
the desired result. [J
5. THE UPPER BOUND

Let = be a point of R?. The closed ball of center z and Euclidean radius r > 0 is
denoted by B(x,r). For w in the unit sphere S, we define the half balls
B_(z,r,w) = B(z,r)N{y € R* : (y —z) - w < 0},
By(z,r,w) = B(z,r)N{y € R?: (y —x) -w > 0}.

To prove the local upper bound we need to estimate a FK percolation event which occurs
when the locally averaged magnetization exhibits a jump. We will do this by showing
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that this event implies the existence of an interface. The relevant event is that there
exists a collection G of open clusters in B(nx,nr) such that

Z |C' N B_(nz,nr,w)| > (1 —08)L*(B_(nz,nr,w)),
ceg

Z |C N By (nx,nr,w)| < 60L*(By (nz,nr,w)).
ceg

We will denote this event by Sep(n,z,r, w,d). Next, we state the so-called interface
lemma:

Lemma 21. Let z € Q and 0 < r <1 such that B(x,r) C Q. Let § >0 and w € St. If
p | pe andn T oo in such a way that n(p—p.)?° — oo and such that log(n)/log(1/(p—p.))
stays bounded, then

log VP [Sep(n, z, r,w, 8)] < —2r7.(1 — /6/?),

lim sup Aln)

(n,p) (p - pc)n

where ¢’ is a positive constant.

In [14, 15, 16, 17] a cutting procedure has been used to create an interface from the event
Sep without altering too much the probability. In our context such an approach does
not work. This stems from the fact that the monotone perturbation lemma (lemma 6.3
of [16]) is not appropriate when p | p.. We thus have to proceed differently. We start
by showing that the event Sep is well approximated by a similar event involving filled
clusters instead of clusters with a lot of small holes, then instead of cutting some edges
in order to create the interface we will detect a piecewise interface. Let us fix a small
positive n that will be determined later and p such that

O<n<p<r, 0<2np<~1r?—p?,
and we restrict our attention to the rectangle
R={ye Bnz,nr): —mm < (y—nx)-w<nn, —pn<(y—nzx) w, < pn},

where w is the vector perpendicular to w such that (w, ,w) is a direct basis.
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We define the right to be the direction at which w; points and the top the direction
at which w points and accordingly we define the left and the bottom. We consider the
graph D C A(n) whose edges are the boundaries of the squares centered in Z%+(1/2,1/2)
that intersect R. In this way, the set 9D is a simple closed circuit. We denote by a4 the
upper left site of the square that contains the upper left point of 0D. Going clockwise
we define successively and in a similar way b, b_ and a_, see the figure above. We
define the top boundary 07D as the path of D that joins clockwise a to by . Similarly,
the bottom boundary 0~ D is the path of D that joins counterclockwise a_ to b_. We
define also Dy = By (nx,nr,w)ND and D_ = B_(nx,nr,w)N D. Since the interface is
an open dual path that goes from the left to the right, we need also to consider the dual
graph D of D which is depicted in the previous figure. This permits us to define the
right boundary ORD as the piece of the boundary dD that joins clockwise the center of
the square containing b to the center of the square containing b_. Similarly we define
the left boundary dLD. The definitions of 0TD,0™ D, LD and ORD guarantee that, if
a configuration w € 2p does not contain any open cluster that connects 97D to 9~ D
then, in the dual configuration & € Q 7, there exists an open cluster that connects oD
to 8RD
In order to prove the upper bound, it is sufficient to consider the consequence of Sep(d)
on the configuration restricted to D which is a convenient set for duality arguments. To
depict our restriction to D, we denote by C the clusters in D that connect 97D to 9~ D
and suppose that there exists a collection G of open clusters in B(nx, nr, w) that realizes
Sep(d). In this situation, we can make the decomposition C = C_ UC4, where C_ is the
collection of the open clusters in C that are contained in a cluster of the collection G and
C, is the collection of the open clusters in C that are not contained in any cluster of the
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collection G. By the definition of the event Sep, the cardinality of the intersection of
D, with the clusters in C_ is less than 05£?(B.y (nz,nr,w)) and the cardinality of the
intersection of D_ with the clusters in Cy is also less than 05£%(B_(nx,nr,w)). Thus
the event Sep implies the following event involving only the clusters in D:

Sepp(d) = { there exists a decomposition C = C_ UCy such that

|C N Dy (nz, nr,w)| < 760(nr)?,
(48) cg_

Z |C' N D_(nz,nr,w)| < 7T59(nr)2}.
CcelCy

5.1. ELIMINATION OF THE SMALL HOLES

In our situation it is necessary to fill the small holes of the clusters that enter in the
definition of Sep in order to give an adequate upper bound. Namely, we will replace the
event Sep with an event Sep’ that uses only filled clusters and we will show that the
probability of Sep is well approximated by the probability of the auxiliary event Sep’.
In order to construct our filling procedure we need some definitions. Let C € C. We

—

introduce the notion of holes of C. For this we consider the dual E(D) \ E(C) of the

complement of C. Each maximally connected set F of E(D) \ E(C) that is isolated from
the other clusters of C by C' will be designated as a hole of C. For each hole we also
define the following notion of boundary
~ - =~ - 1
AF ={ec F:d(eEQ)) = 5}
Note that by the definition of a hole, the edges of AF are all open dual edges.
Next, we fix M < n and say that a hole F' is small (respectively big) if diam(F) < M

~

(respectively if diam(F') > M). For each C € C we define its filling fill C' as

fillC=Cul JF,
F
where the union runs over all the small holes of C' and where F' is the set of edges in D
whose dual is F. Note that if C1 # (5 then fill Cy # fill Cs.
For x = —, 4+, let
cil — ANl C:C ecC,}.

We define then a modified Sepp event that involves only the filled clusters:
Seph (n, z,r,w,d) = { there exists a decomposition C = C_ U, such that
Z SN Dy| < én(nr)?, Z |ISND_| §57T(m“)2}.
Secﬁlled Secflrlled

Note that the event Sep’, involves only the filled clusters of D and even if Sep has been
defined originally in B(nx,nr), we will only use with its consequence (48). Now we show
that the event Sepp is well approximated by the event Sep’,:
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Lemma 22. Let § > 0, a > 5 and o €]0, (1 + ;) 7'[. There exists a positive constant
¢ =c(a,a,0) >0 such that if

nrn > M > ¢(p — p) "V,
then uniformly in n, M, x,r, w we have that

1
P —Dc

2
log By [Sepp (n, 7, 7w, 6) \ Seply (1, 2,7,w,48)] < ~A25(p — pe)*/* log

)7

where X\ is a positive constant.

Proof. First we renormalize D into D by partitioning it with blocks B(z) of size M /2.
We say that a block B(z) is good if and only if the event

V(B(z),5) NW(B(z),d) N F(B(x),§) N R(B'(x), M/4)
occurs. Recalling the definitions of V, W, F, R the above event is
3 crossing cluster C* in B(zx)
{and €7 = (1= 0)6|B(z)] }

N {[{z € B@): 2 0B@} < (1+0)0|B()] }

and such that supd(z,0B(z)) < 6|0B(z)]

TEY

N <3 crossing cluster C* in B (z )}

{ 3 an open circuit vy in B(z) enclosing a volume > (1 —§)|B(z)|
m {

Every open path v C B’(z) with
diam~’ > M/4 is included in C*
C’ crosses every sub-box of B'(z) of diam > M/4} :

We define the block process (X (z), z € D) by X (z) = 1p(g) is gooa for € D. We have

S enpi< Y Y IenB@)

cecC_ zeD, CeC_
= 2. Y lenB@l+ >, ) ICNB@)
z€D | CecC_ z€D, CeC_
B(z) is good B(z) is bad

When B(z) is good and fill C' N B(z) # () then C' N B(z) # (). We also have that

(49) |CNBa)] > |C*| = (1-6)6|B(z)]-
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The first inequality holds because when B(z) is good, then every cluster C' € C_ that
intersects B(x) will contain a path of diameter at least M /2 in the box B’(z), this path
is included in C*, thus the cluster C' contains C* which also contains C*. Next

(50) |CNBz)| <[{z e Blz):x< B} <(1+0)0|B(z).
This inequality is true because for reasons of diameter no cluster C' € C_ fits into a box
B(z). Thus all the connected components of C'N B(z) have to be connected to dB(z).
Next, as before, when B(z) is good then C*NB(z) C CNB(z). And since diamy > M/4,
we have that v C C* N B(z) C CN B(z). But the diameter of v is less than M and thus
the interior of ~ is included in fill C', hence
(51) (1—-10)0|B(z)| <0|fill C N B(z)| < 0|B(z)|.
By (49), (50), (51) we get

—260|B(x)| < |fill CNB(x)|0 — |CNB(z)| <260|B(z)|.

Since two different clusters of C can not intersect a same good block, we obtain
3 )\Cmm\—mfﬂwmm\]g 250|B(z)| + > |Blz
CceC_ x good x bad
D: X(x)=0
{zeD |D|@ P~

<200 (nr)? +

Doing the same reasoning for D_ with C;, we get

{eeD: X@) =0},

S )|CmD_| —9|ﬁllC’ﬂD_|’ < 2607 (nr)? + o (nr)2.

celCy
From this, we conclude that

Sepp(d) N {

is included in Sep’,(49). Thus
CIDA( )[SepD(n z,m,w,0) \ Sepp(n, z,r,w,46)] <

» [HzeD: X(z) =0}
i | D] =)
Finally, we show that it is possible to tune our regime so that with probability very close
to one, the fraction of bad boxes in D remains negligible. Fix a > 5 and a €]0, (1+2)7[.
There exists a positive ¢ = ¢(a, a, d) such that by lemmas 16,17, 18,19

sup  P[X(z) = 0X(y), |z — ylos = 3] = p(M,p) | 0,
PeFK(p,D)

HzeD: X(z) =0} _ }
D) — 2

when M 7 oo and p | p. in such a way that M“ > c¢(p — p.)~®. Thus, by lemma 8 we
get that

w,p / 00 nr |2
log <I>A(n) [Sepp(n,z,r,w,d) \ Sep’y(n, x,r,w,40)] < —d0 log m L?)WJ )

By using Onsager’s formula we get that 6 ~ (p — p.)*/® when p | p.. The conclusion fol-
lows from the speed of the convergence p(M, p) | 0 provided by lemmas 16,17,18,19. O
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5.2. THE PIECEWISE INTERFACE

In this section we will detect a piecewise interface from the occurrence of the event
Sep’,. We suppose that the event Sep’, occurs and let C_, C4 be a decomposition of C
realizing it. We define

filled __ filled filled
C = CcITucEe,

where Cil*d has been defined in (48). Note that there is a natural order in C'°d and
thus it is possible to enumerate the elements of Ci'*d from the left to the right from S
to Slcﬁlledl. Next, for each h € R, we define the line

m(h) ={y € R?: (y —nx) -w = h}.

Let
Ey = |J E(SnDy)

Secﬁlled

be the set of the edges in D, that belong to a filled cluster of Cfi"*d. We define similarly
E_ as the set of the edges in D_ that belong to a filled cluster of C1"*!. Then

2nn/3
/ {e € By :enn(h) # 0}dh < |,
nn/3

where 7 has been defined in the paragraph after lemma 21. Since C_, C4 realize the event
Sep’, (n, ,r,w,d), then we have that |[E;| < dm(nr)? and by the previous inequality,
there exists h € [nn/3,2nn /3] such that

(52) Hee€e Ey :enm(h) £ 0} < %5717?7“2.

Let h* be the infimum in [nn/3, 2nn/3| of the real numbers h satisfying this inequality.
If we increase the value of h by a small € > 0 then the inequality (52) still holds and
m(h*+e)NZ?*ND = (). We choose one such h* +¢ and we call it h, . Moreover any edge
of E; which intersects 7(h4 ) has an endpoint in each of the two half spaces delimited by
m(hy). In a symmetric way we get from E_ a value h_ in [-2nn/3, —nn/3]. The edges
in{ec E_:enm(h_)#0}U{ec E;:enm(hy) # 0} will be designated as bad edges.
We end with an horizontal segment 7(hy ) in Dy that crosses at most 3wdnr?/n edges
belonging to a cluster C' € C_ and an horizontal segment 7(h_) in D_ that crosses at
most 3mdnr?/n edges belonging to a cluster C' € Cy. Note that if these 67dnr?/n bad
edges were closed then by duality, there would exist an open dual path connecting 0 D
to OB D. For % = — , +, we introduce the following sets of edges:

I = {ecEMD):enn(h)#0}, . ={ecED):ecll)}.

The set I1, is the set of all the edges that intersect W(h*> and H is its dual set. Note
that II, is always a simple dual path connecting dLD to ORD. R
In order to capture the relevant dual connections, we introduce for each dual path v C D
its w-diameter:

diam,, () = ;r;ae)’(y(y —T)-w].
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Lemma 23. If the event Sep’n(n,z,r,w,d) occurs, then there exists a family of open
dual paths (51 52, e ,EK) such that

diamw(gl) +-F diamw(gK) > 2np — 6—6n7rr2,
n

where p has been defined just after lemma 21. Moreover the number K — 1 is bounded
above by the number of open dual clusters of diameter > M that intersect m(hy)Un(h_).

Proof. First choose w € Sep/(n,x,r,w,d). If there is no top-bottom crossing cluster in
D then by duality, there exists an open dual path connecting dL'D to ORD and we are
done. If there are crossing clusters, then we construct an algorithm that detects in every
dual configuration & of w € Sep’(n, z, 7, w, d), a way to move from LD to %D by using
either open dual paths or paths of bad edges, i.e., edges of (HJr NEL)U (H NE_). Note
that the paths of bad edges are not necessarely open dual paths and we will denote them
by tunnels. Using tunnels will mean following a path of bad edges along H+ UIL_ from
the left to the right until we reach an edge that is not bad. Note already that the total
length of the tunnels is bounded by

Iy NEL)U_NE_)| <65trn/.

Let us first sketch the idea behind the algorithm: we want to move from the left to the

right along open dual paths. The only obstacles preventing us from doing that is the

existence of top-bottom crossing clusters. To overcome the problem, when we meet such

a filled crossing cluster S, we check if S is in Cill or in Ci” . Accordingly, we move to

IT; or II_ and traverse the obstacle using a tunnel. After such a tunnel, we meet holes

F of S that we traverse using open dual paths included in AF. We continue like this

until we reach the right side of S. After this, we find an open dual path that reaches the

next top-bottom crossing cluster and so on. At the end, the total number of closed dual

edges that we have used is negligeabe. But this is not enough as the number of segments

of open dual paths may be very large and this may prevent us from decoupling properly

the probability of these segments. It is at this point that the filling of the small holes

is important. Indeed, with our filling, we are guaranteed that at each time we produce

a new open dual path, we will meet a large open dual cluster that intersects 11, NII_.

The number of such clusters can be controlled in order to decouple the relevant dual

connections.

Next, we give the precise description of our algorithm:

Initialization

First we check the leftest edge e14 of II; and the leftest edge e;— of II_.

1) If e14 is in Cﬁ11 then we use the tunnel included in H+ that starts in €14 and ends
at an edge of H+ that is not bad.

2) if e;4 isin Ci“ , then two subcases arise according to e;_:

2a) Ife;_ € 57, where Sy is the first, from the left, top-bottom filled crossing cluster. We

use the tunnel included in II_ that starts at e;_ and that ends at an edge which is
not bad.
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2b) If ey ¢ Sy, then e;_ is isolated from ORD by S7. So, there exists an | open dual path
from OED to a site in II_. Let 51 be such a path whose endpoint on I_is rightmost.
By doing so, the right successor edge of 51 on II_ must be a bad edge and thus the
entrance of a tunnel. We use this tunnel until we reach an edge that is not bad.

Intermediate steps R R

Next, we suppose that we have reached an edge e; € II; UII_ that is not a bad edge

and describe how to proceed with the algorithm in order to reach an other edge €;,1 €

H+ UTI_ that is not bad. Whether €; is in H+ or II_ is completly symmetric. We thus

suppose that €; € H+ and the other case can be deduced by symmetry. If €; is described

as above, then it is either included in a hole of a cluster in C'"!' or it is at the right of
the rightmost top- bottom crossing path of a cluster in Cfill |
1) If €; is in a hole F of a filled cluster S € C! | then we choose a path from AF that
takes us to the rightmost edge of H+ and then we are again at the entrance of a
tunnel that we cross. We denote by ;11 the successor on H+ of the exit of the just
traversed tunnel. By definition €;4; is not a bad edge.

2) e, is just at the right of the rightmost top-bottom crossing path of a filled cluster
S e Cill | Let S’ be the next filled crossing cluster of Cfill . If S’ € Cfil | then we go
along an open dual path that joins e; to the rightmost dual intersection é\;- 4 of TI
with the top-bottom crossing open dual path that is just on the left of the leftmost
top-bottom crossing path of S’. The edge €}, is the entrance of a tunnel that we
take until we reach an edge in II_ that is not a bad edge. We call this edge €.

The final step is reached when an edge of ORD has been seen. This must happen

in a finite number of steps since we explore partially without repetition the edges of

II_ UTL, from the left to the right. The number of the edges in the tunnels is bounded

by 667r?n/n, thus the created open dual paths &1, ..., £ satisfy

~ ~ )
diam,, (£1) + - - - + diamy, (§x ) > 2np — 6—n7rr2,
n

In addition to that, the just described algorithm has the property that the creation of
a new open dual path corresponds to an additional open dual cluster of diameter larger
than M that intersects II, UII_. Thus we can bound K —1 as stated in the lemma. [

5.3. SEPARATING THE PIECES OF THE INTERFACE

In order to get the right probabilistic upper bound from the existence of the piece-
wise interface, we have to factorize the probability of the dual connections obtained in
lemma 23 without altering too much our estimates. If we were working in independent
Bernoulli percolation then we would simply apply the van den Berg-Kesten inequality.
Unfortunately this inequality does not hold in dependent FK-percolation models. To
decouple our events, we start by constructing a new family of paths from (§ 1, ,& K).
The new paths will be well separated from each other by a distance of at least 0 < E < on.
In order to simplify the notation, we consider without loss of generality that our domain
D is centered at the origin. For —pn < h < pn we define the line v(h) parallel to w and
at a relative distance hnp from the origin:

v(h)={r €R*:x-w, = h}.
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In addition to that we will need vertical strips that separate the events, so we define for
every site x € R? the strip of width ¢ on the right of z:

Hy(z)={yeR*:0< (y—x) -w, </}

Now we give the construction of our new well separated dual open paths. First we start
with the value h = —n and we increase h until the first time we find at least one dual
open path 7 that satisfies:

i) 7 is part of one of the paths of the piecewise interface (El, e 7§K)-
ii) 7 starts at a site on v(h) and does not intersect the left half plane defined by v(h).
iii) diam,, (y) > ¢.

Let us call h; the first value of h where we stopped. Since £ < dn, it is clear that h; < n
as soon as Sep, occurs. Let us pick, among the above mentioned paths, a path 7 of
maximal w-diameter. On 5 we choose two sites T1,y; € 7 that satisfy

(h —71) - wy = diam,, (7)

and we define 71 as a dual open path that joins 7 to y;. Right after this path we put
the strip Hy(y1).

Now suppose that 71,---,7; and H¢(y1),- -, H¢/(y;) have been constructed. Then we
start with the value h = h; + ¢ =y, - w, + ¢, we increase h until we find a path 7 that
satisfies the above three criteria i)-iii) and we define 7;4; in the same way than the way
we defined 7.

We continue this process until we reach the boundary ORD.

After this construction, we end with a sequence of strips separating a family of dual open
paths (71, -+ ,7k) (see the figure below).

~

v(hj-1) or Yj Ho(y;)  Aja

~ N\

2V

2 .

l
The constructed paths verify:

- For every 1 < j < K’ we have that diam,,(7;) > Z.

- The number K’ of the new paths is bounded above by the number of paths K in the
original piecewise interface. Indeed, two different paths %;,7; cannot be part of the
same path ¢ of the original interface because when defining the paths 7; we always
choose one with maximal w-diameter.
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- The total w-diameter of the new family of paths satisfies

K/
~ 60
(53) E diam,, (%) > 2np — —nmr? — 2K/,
n
k=1

Indeed, we lost from the original total w-diameter only for two reasons. The first
reason is the fact that we have chosen paths of w-diameter larger than ¢, this gives
a maximal loss of /K. The second reason is the fact that we have put strips. These
strips are of width ¢, this gives in the worst case another loss of /K.
For each j, we denote by A the region of D between Hg(y]) and Hy(y;+1) and for each
k > 0, we define Z(k) as the set of families (Aq,---,Ay) that partition the set D as
above. Also we define Y (k) as the set of the families (31,- ,8k) C R¥ such that

(54> VJG{I,,]{?} Sj Zﬁ,

M-

66
5; > 2np — —nmr? — 2k0.
Jj=1 "

From lemma 23 and from the last construction, we get the following result.

Lemma 24. Suppose that the event Sep’,(n,z,r,w,d) occurs and let K be the number
of open dual clusters of diameter larger than M that cross w(hy) Um(h_).

Then there exist k < K, (Ay,--+,Ag) € 2(k) and (s1,--- ,s,) € Y(k) such that the

event
~ ~ k ~
A(Aq, - A s1, -0, 8) = ﬂ {EI an open dual path 7; C A; with diam,,y; = s; }

oCccurs.

5.3.1 Control of the big dual clusters.

Let h € (—2rnn/3,—rnn/3) U (rnn/3,2rnn/3). In what follows, we estimate the
number of big open dual clusters that intersect the set II(h) = {¢ € E(D) : en(h) # 0}.
Here big cluster means a cluster whose diameter exceeds a certain threshold M > 0. This
estimate is crucial in order to decouple the different pieces of our spatially separated
piecewise interface.

Lemma 25. Let p > p. and fix h € (—=2rnn/3,—rnn/3) U (rqn/3,2rnn/3). Let K(h)
be the number of big open dual clusters of D intersecting 1I(h). If £ >0 and a > 2§ + 1
then there exist two positive constants ¢ = c(a,&) and A = A(a, ) such that

c(p—p) "< M<rqm/3 = log®K(h)> (p—pe)n] < —Ap—p)2nM,
uniformly over ® € FK(p, D).
Proof. For a given h € (—2rnn/3, —rnn/3) U (rqn/3,2rnn/3), let
M)={yeD:0<(y—na) w—h<M |(y—nz) wi|<n+M},
ﬁ_(M)z{ eD: M <(y—nz) w—h<0,|(y—nz) wi|<n+M}.
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Let C be an open dual cluster of diameter > M which intersects II(h). Since |C| > M,
either IT_ (M )ﬂC’ contains at least M /2 sites connected inside I (M) to oIl (M)nwv(h)

or IIL (M)N C contains at least M /2 sites connected inside H+( ) to Ol (M) Nw(h).
Thus for & > 0, we have that

¢Mn,

4 )
where MT\ =|{z € A :c - 8A}\ We proceed as in lemma 10. We choose a > 2§ +1 and
partition II_ (M) and I, (M) into blocks B(z) of size m = c(p — p.)s~ /4. We assume
that

®[K > (p—pe)*n] < ®[Ma_(r) > (p = pe)* -] + ®[Mii ar) > (P — pe)

1
(55) m1n(6 773 Jn> M > 10¢(p — p.) %,
where ¢ is a positive constant that will be determined later. Next, we define for x = +, —,
I, (M) = U B(z).

2€22: B(x)NIL (M)#0
Also, the The number of partitioning blocks |II’. (M)] satisfies

nM 2(M +m)(n+ M +m) nM
m—<‘ L(M)] < m?2 §7m2'

By subadditivity, one gets

Mg, o T 3 Mp(q)
Mn IH’( )Ixeﬁ,(M)|B(£)l

Thus, by using the FKG inequality we have that

(p B pc)g

Z MB(x) > (p_pc>€ E

O M >

Mn] <® ]
L. (M) zelll (M)

where E is the event that all the dual edges of the boundaries of the blocks B(z) are
open. Furthermore, from lemma 11, we have that for every a € (& +1,a — §), there
exists a positive constant ¢’ = ¢/(a’) such that for every z € II’_ (M) U ﬂ’ (M ) we have

Mp(a) B] < o3 [MB@} < p=po)*
|B()] P B(z)] 56

Observe that the random variables (]/\/[\B@)/|B(§)\,§ ell’” (M) Uﬁﬁr(M)) take their val-
ues in [0, 1], are independent and identically distributed under ®[-|E]. Also, by choosing
c = c/101in (55), we obtain that their mean is bounded above by (p—p.)¢/56. Therefore,
we can apply lemma 9 to get

m>c’(p—pc)_b/ = q)[

Mn nM
—Xp — pe 2¢
S AP —p)T

where * = —, 4+ and A > 0 is a positive constant. [J

logq)[MH o) > (p— pe)
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5.3.2 Proof of the interface lemma. Now we have all the ingredients to give an upper
bound on the probability of Sep that captures the existence of an interface.

Proof of lemma 21. First we approximate Sep with Sep’ and we have
(56) ®[Sep(d)] < @[Sepp(6) \ Sepr (40)] + P[Seplp (49)].

Let a > 5,0 € (0, (1 + o)~ '). Lemma 22 ensures the existence of a positive constant
c1 such that for every M satisfying

(57) c1(p —pe) Y/ < M <qrn/3,
we can bound the first term of (56) by

1
P —Dc

2
n
(58) log [Sepp (9) \ Sep)y (40)] < —e1750(p — pe)'/*log(———).
Next, we turn to the estimation of the second term of (56). We fix £ > 2 and decompose
the event under consideration as follows
(59)
®[Sepr(40)] < ®[3h K(h) > (p—p)*n] + @[{Vh K(h) < (p—pc)*n} N Sepp(4d)],

where K (h) is the number of big open dual clusters that intersect II(h) (II(h) is defined
before lemma 25) and h takes its values in (—2rnn/3, —rnn/3) U (rqn/3,2rnn/3). Next,
we impose further to the exponent a to be larger than 2¢ + 1 so that by (57) and by
lemma 25, there exists a positive A = A(a, £) such that for p close enough to p., we have

(60) OFh  K(h) > (p—pc)*n] < nexp(=Alp — pe)**H*nM).

Now we turn to the second term of (59). By lemma 24 we can bound from above
®[{Vh K(h) < (p—pc)*n} N Sep(49)] by

L(p—pe)®n] R R
(61) Z Z DIA(A1, -, A 81,0, 8K)],
k=1 (A, ,Ap)eE(k)
(81, ,8)EY (k)

where E(k) and Y(k) have been defined just before lemma 24. By Stirling’s formula,
for all 1 < k < [(p — pe)®n], the cardinality of the sets Z(k) and Y (k) are uniformly
bounded from above by

=001 < (') < explato - po)ntogn)

(62)
T(k)| < (Qn; k) < exp(4(p — pc)*nlogn).
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Next, we fix k € [1, [(p—pe)n]], (A1, -+, Ax) € Z(k) and (s1, -+ , sx) € Y (k) and we use
lemma 14 to decouple the occurrence of the k separated dual open connections appearing
in the event A(-). To do so, we must require that the distance ¢ separating the regions
Kj’s is large enough. More precisely, there exists a positive constant co such that if

(63) 51> £ = ea(p — po) ™,
then we can apply lemma 14 k times and use (54) to obtain

(64)

~ ~ k ~
BIA(AL, -+, Ag;s1,---,s5)] <2F H ®[3 an open dual path 7; C A; of diam,,7; = sj]
j=1
60 2k
<@n)*exp | - 7, (w)n(2p — = = =)
n n

Combining (64) and (62) we can bound (61) from above by
(65)
66 Ln(p—pe)* ]
exp < — Tp(w)n(2p — 77“2) + 8(p — pe)*nlog n) Z exp (k(log(2n) + 27, (w)?)).
k=1
In order to satisfy condition (63), we are limited to regimes where n > ¢26~(p — p.) ™%
By making ¢y a bit bigger and by using proposition 4, we can find ng > 1 such that for
every n > ng, we have
(66)
O[{Vh K(h) < (p—pc)Sn} N Sepp(49)]

140
<exp <10(p — pe)*nlogn + Teca(p — p&‘“““ﬂ) exp < — Te(p — pe)n(2p — 7T?“Q))
n
By choosing a > £+1 and logn/log(1/(p—p.)) bounded from above, the first exponential
becomes negligible. It remains to specify a regime satisfying (57) and (63) such that the
bounds (58) and (60) are smaller than (66). That is, we have to choose & > 2,a >
26+ 1,a € (0,(1+ é)_l) and n ] co,p | pe, M such that

3 20 2 s (o =)0, (20m(o = ) + 1) [ (Mo = 72) ).

Co —a 2p 2 (P - Pc>7/8 )
n>max | —(p—p.) ¢ —T M ——mF—F"— | .
B ( 4 (P —pe) dcq —log(p — pe)

For the choice £ >2,a =26 +2,a=(1+ L), M = (p—po)*,n=(p—p.) 85,
it is easy to check that there exists ng > 1 such that for all n > ng, the conditions
(67) are satisfied. Since £ has to be larger than 2, we obtain that for every v > 20, if
n T oo,p | pe in such a way that n(p — p.)? — oo then it is possible to find &, a, o, M
such that asymptotically the conditions (67) are satisfied. Finally, we obtain

140
log @ [Sep(d)] < —2p7 + 77“276.

(67)

lim sup
(n.p)—(o0.pe) (P = Pe)n

By choosing 7 = rv/2§/14 and p = r/1 — p, we get the desired result. [
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5.4. 'THE LOCAL UPPER BOUND
In order to prove the upper bound we will need the following approximation result.
Lemma 26. Let A be a subset of QQ having finite perimeter. For any positive €, 9, there

exists a finite collection of dzsyoznt balls B(:Uz,r,) i€ TUIP, such that:

-Viel xzea*AﬂQ andB(a:l,rz)CQ

- Vie I x; € 0"ANOQ and B_(z;,r;, vg(x;)) C Q.

- VieIulrPd L2((AN B(wi, 1)) AB_ (4,75, va(x;))) < 6r2.
- Finally

'P(A)— > o <e

i€ Iyrpbd

Proof. The proof can be found in lemma 82 of [15]. [

Lemma 27. Let v € M(Q) be such that J(v) < 4o00. If | B. and n T oo in such a
way that n(8 — B.)?° — oo, and such that log(n)/log(1/(3 — B.)) stays bounded then for
every € > 0 there exists a weak neighborhood U of v in M(Q) such that

: 1 +.8 _
III(I;,,Sé})lpn(ﬁ_ﬁc)l g1, )(Un ceU) < —(1—-¢e)J(v).

Proof. By definition of J, since J(r) < 400, there exists a Borel subset A of @ such
that v is the measure with density —14 + 1g\ 4 with respect to the Lebesgue measure,
and

\7(”) = TCP(A) = TCP(Q \ A)

If P(A) = 0, there is nothing to prove. Suppose that P(A) > 0. Let dg, e’ €]0, 1] that we
will tune later. Let B(z;,7;),i € ITUI%, be a finite collection of disjoint balls associated
with A, ¢’ and dy/3, as given in lemma 26. For 4 in T U I*? let f;, g; be two continuous
functions having compact support and taking values in [0, 1] such that

Ve € R2\ B_(zi, 74, va(z:))  fiz) =0,
Vo € E-l-(xi?ri?VA(wi)) g2<33') =

1
<%—@ i < [ fidC?, /gid£2 < (%4— 60>7T7”¢27

o N
where v4(z;) is the exterior normal vector of A at z; and where B_ and B, denote the
interior and the closure of the half balls. Also, we require that there exists s; > 0 such
that, if we set

D! = {y € B_(xi, i, va(z;)) : d(y, R*\ B_(z4, 7, va(x))) < 54 } ;
= {y & By(zi,ri,valz;)) : d(y, By (i, ri,va(z))) < s;



ON THE 2D ISING WULFF CRYSTAL NEAR CRITICALITY 45
then we have
Va € B_(xi, 75, va(z;))) \ DX filz)=1,
£*(Dy) < —nr?, Vo € R4\ By (2,5, valw;)) \ DYy gi(z) =0.

These conditions imply that

v(f;) = —/Aﬁ it [ gact < —/fz- 4L2 + 2L (B_ (x5, 11, va(:) \ A)
< (~1+80)5mr?,
v(g) = —/Agidﬁz—k/Q\Agidﬁz > /gidﬁz—2L’2(AﬂB+(xi,ri,uA(:ci)))—252(Di)
> (1- 50)%7””2'2-

Let U be the weak neighbourhood of v in M(Q) defined by

U ={oeMQ):VieT plr)<vlf)+ Tmr? . plgr) > vig) — Dr? ).

Next, we choose v > 20 and consider n T 0o, p | p. in such a way that n(p — p.)? — oo.

We rescale the lattice by a factor M = y/n and choose L = /M. Let § > 0, for z € Z?,
the block variable X (z) is defined as the indicator function of the event

R(B'(z),L)NV(B(z),8) N W (B(z),5) NT(B(z),d).
Let us fix i € I. Let * be a symbol representing either — or +. We define

Bi(n,i) = Bi(nz;,nri, va(z;)),

B,.(n,i)={z€Z:B(z)C l%*(n,z) }.

By the above choice of n,p and M, for n large enough we have

£2<B*(n,z’)\ U B(g))g%L‘Q(B*(n,i)).

z€B, (n,i)

We define S, as the collection of the clusters which are included in one of the boxes
B(z),z € B,(n,i), but which do not intersect their boundaries:

S, = U {C cluster in B(z) such that C NdB(z) =0 }.
z€B, (n,)
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Let z € B,(n,i) be such that X (z) = 1. Then

> ICNB()| > |Bx)| — {z € B(z) : & < dB(2)}| = (1 - 6 —56)|B(z)|.
CeS.

Summing these inequalities, we get:

(68) > ICNB.(n,i)| > (1 -6 — 260)L*(B.(n, ).
CeS.

We define also C as the collection of the B(n, i) clusters which do not belong to S; US_.
For a cluster C', we denote by ¢(C) its color. For z € B_(n,i) U B (n,1i), we have

on2ou(B) = Y o(@ICNB@|+ 3 o).
ceC z€B(z)
0B

Whenever X (z) = 1, the event 7" occurs and the modulus of the last sum is less than
00| B(z)|. Suppose that for x = — and * =

M? ) lx(g—o < 00L%(Bi(n,i)).

z€B, (n,i)

Summing the previous inequalities, we get

On? O’n(B+ (n,i)) < Z C)|C N By (n,4)| + 550L*(By(n,i)),
cecC

On’0,(B_(n,i)) > Y o(C)|CNB_(n,i)| — 560L*(B_(n,i)).
cec

Let us denote by C_ (respectively C; ) the collection of the negatively (respectively pos-
itively) colored clusters of C. Notice that the collections S; US_,C_,C; are disjoint.
Suppose in addition that o,, € U. The very definition of the neighborhood U, the two
previous inequalities and (68) yield that

SO By(n,i)] < 685+ 60) (B (n, 1)),
CeC_uUS_

> CNB_(n,i)] > (1 - 0(86 + 60))L2(B(n,1)).
ceC_uUsS_

Thus the collection C_ U S_ realizes the event Sep(n,z;, r;, w;, 85 + dp). In fact, some
care is needed on the boundary of ) and one needs to define a variant of the event Sep
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for the balls that intersect the boundary. As the same reasoning holds in this situation,
we omit the details. Choosing § < dy/8, we conclude that

iamlon €Ul < Y D P+(M2 > 1X<£>—o>95E2(B*(n,i)))

*=—,+ ;e JUIbd zEB, (n,i)

T q)’l[l\jéz) |: ﬂ Sep(n7 TiyTi, VA<5U7;>, 2(50):| .

i€ IuIbd

Since we chose 7 > 20, p | p., n T oo in such a way that n(p — p.)? — oo, M =
vn,L = VM, we can apply lemmas 16,17, 18,19 to conclude that the block process
(X (z)) satisfies the hypothesis of lemma 8 and that for all i € I U I®? and for x = +, —
the mean of the normalized sum below converges faster to zero than #. Thus

M2
o8BS | ) Mo > 0] = o

z€B, (n,i)

lim sup
(n,p) n(p - pc)

Next, the sets B(z;,7;),i € I U I’ are compact and disjoint. Also I U I*? is finite and
fixed, thus applying lemma 21 with lemma 14 we get

1
lim sup ———— log [LA . [an € U] E 27 7(1 — ' \/280)
(n,B) (ﬁ - ﬁ0> () ieIuIbd

< —71(P(A) — ') (1 — ' /2d),

where ¢’ is the constant appearing in lemma 21. Let ¢ > 0. By choosing &’ such that
e = (14+1/P(A)) and §p such that ¢/\/20g < &', we finally get the desired upper
bound. O

5.5. EXPONENTIAL TIGHTNESS

In order to prove the exponential tightness, we proceed as in [15]. The same approach
works in our context with the exception that one has to be careful with the scales of
renormalization and some extra care is needed because 6 converges to 0 when p | p.. As
in [15], we will first define a roughening &,, of the random measure o,,. This auxiliary
measure will be regular enough to produce suitable surface energy estimates and the proof
will be completed by proving that the two random measures o,, and o,, are exponentially
contiguous.

5.5.1 The rough measure o, and surface energy estimates. In order to construct o,
we will work with the box A(n) rescaled by a factor K that will depend on p in a way to
be made precise in the course of our analysis. The renormalized box will be denoted by

An) = {z€Z*:B)NA(n) #0}.
On A(n) we define the 0-1 valued random field X (z), z € A(n), by

Vz e A(n) X (z) =1gpB/(2),K) >
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where R(B’(x), K) has been defined just before lemma 16. When X (z) = 1 we will say
that the block B(z) is good and if X (z) = 0 the block will be said to be bad. We also
need a very similar filling procedure as before but in the renormalized lattice. Namely,
for every connected subset A of A(n) we define

filA=Au(JR,

where the union runs over the residual L°°-connected components R of A such that
diams R < logn and RN JA(n) = (). For each cluster C, we define its coarse graining
C={zeAn): B(z)NC # 0}. We say that a cluster C is large if diam C > K logn, in
which case we have diam C > logn. For a large cluster C' we define

C =4,

where the union runs over all the connected components A of good blocks such that
CNA#(. Lemma 18.1 of [15] ensures that if Cy, Cy are two distinct large clusters then
01 N 02 = (). We define &, as the random measure on @ whose density with respect to
the Lebesgue measure is 1p, — 1y, + 1(Q\p,)\ M, , Where

o= U U rBwu@\sa-"),

C' large cluster acEC
o(C)=+

' 6K
M= U U S B@\V(@\AG-5).
ORI aeg

This measure 0, is regular enough to establish the required exponential tightness. To
do this, we consider the set F' of all the L°°-connected components of bad blocks in A(n)
that intersect A(n — 6K logn) and one of the sets

0MC ={z ¢ C:3yel,lz—ylew =1}

where C' is a large cluster.

Lemma 28. Let a > 5. There exist two positive constants A and ¢ = c(a) such that if
K > c(p—p:)~* and n is such that n > K logn then, for u > 0,

o [IE] > u] < exp(=A(p — pe) Ku),

and

FEP(P) + POL) 2 ] < exp (A" - pn )

Proof. Let C be a large cluster. By definition, the L°° outer boundary of C consists of
bad blocks whenever C' # (). In the case C' = (), we define 9%"*C as C which again consists
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only of bad blocks. Let F be an L°°-connected component of bad blocks intersecting
9%t C and the rescaled box A(n — 6K logn). As proved in lemma 18.2 of [15], we have
|E| > logn. Thus

DR [IE] = ] < 0 [[{z € Aln — 6K logn) : [C(2)] = logn}| = u] .

where C(z) denotes the L°°-connected component of occupied sites containing z (a site
y is said to be occupied if X(y) =0 ). Let a > 5, lemma 16 ensures the existence of two
positive constants A and ¢ = ¢(a) such that if K > ¢(p — p.)~?, then

sup log ®[X (z) = 0|X(2), |z — z|eo > 3] < —A(p — po)K.
z€EA(n)

Combining this with lemma 7, we get that

o lE1 > <2 % e (3(e= A0 - pK) )

j>u

which yields the first claim.

For the second claim, note that the boundaries of P, and M,, are located either on
dQ U OA(1 — 6K logn/n) or on the faces of the blocks of F . Thus P(P,) + P(M,) <
16 + 8%\E\, so that

PEP(Py) + P(Ma) = u] <@ ||El > (u—16)]

< exp ( — (P = pe)AK (u — 16)8%>

which yields the desired result. [

5.5.2 Ezxponential contiguity.

Here we show that the rough measure o, is a good approximation of the original
random measure o,. Let f : R? — R be a continuous function having compact support.
In order to estimate |0, (f) — o,(f)|, we use another block coarse graining with scale
L = Klogn. We fix ¢ > 0 and define for y € Z? the block variable Y (y) as the indicator
function of the event a

R(B'(y), VL) N V(B(y),£) N W(B(y), ).

Let
A={yeZ®:B(y)NA(n—6L) # 0}.

Note that |[A|L? < n%. We further introduce

VeeAln)  Bu(z) = ~B(2),
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Ao

I
sy
3
S
0N
5
I
=
3
S
:_/

and make the following decomposition

lon(f) = on(f)] < . f(@)(don(x) — don(x))] + | f(@)(don(x) — don(x))]

+ [ f(@)(don(z) — don(@)).
Ay
We bound the first term of (69) as follows:

| [ f@)done) = dzu@)| < 2fllegrg 3 v
Ao =

In a similar way we bound the second term:

5 L2(A(n) \ A(n —6L)) 1 241,
| (@) (@) = dau(@))] < - (34 Dllflloe < 251l
For the third term of (69), we further decompose it into
(70)
~ 1
A yeAY (y)=1 cCB(y) zeC

Ccnain B(y)=0

sl XY e@)ifa/m)

QGAIY(Q):l z€B(y)\C(y)

z— 8 B(y)
+)# 2; U<C<g>>x§y)f<w/n>— /A (@)dza(z),

Y (y)=1

where C(y) denotes the unique crossing cluster of B(y) whenever Y (y) = 1. Using the
definition of the good blocks, we further bound the second term of the right hand side
in (70):

# 3 S (@) fla/n)| < 2| £l

yeA:Y (y)=1 z€Bw\C(y)
- - x«—vainB(g)

Since f is continuous and has compact support, we have for K logn/n small enough that
for all y € Z* sup, .cp. () [f(x) = f(2)| < €llfl|leo. Using this observation and the
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properties of the good blocks we can bound the third term of (70) by

Gz X W) Y Sw/m = [ @), a)

MR
2> ( (COICWI-5u(Balw) ) s )
Y(y) 1
1 T
- * gl U(C@)My) (76— s 1)
Y(y)=1 -
ap3 [ )0 e 1) d5.(a)
Y(u) 1
illee 3 [550(CICE) ~Fa(Baw)] + el + 2| fllo
Yg(;)é:1

Next, we study the sum in the above inequality. Let y € A such that Y (y) = 1. Several
cases arise:

- B,(y) C M, and o(C(y)) = —1. We have then

C
o) Cw) ~7u(Ba)| = | - CL | < 2L

- Byn(y) C P, and 0(C(y)) = 1: This case is symmetric to the previous one and

Bo|

n2

o (CW)ICE] — FalBaly)] < &

- B, (y) N M, # 0 and B, (y) ¢ M,, then B, (y) meets the boundary of M,

- B,(y) NP, # 0 and B,,(y) ¢ Py, then B, (y) meets the boundary of P,.

In the two last cases, we bound crudely as follows:

Lo cw)ICw)] - an(Baw)| < 2+ ) 2L

On? = = n2

This will suffice because in this case

Bn(y) C {x € R?: doo(z, (0P, UOM,) N A(1 — 3L/n)) < %}
Moreover
({:c € R? : doo(x, (0P, UOM,) NA(l — 3L/n)) < %})
< (|90 Py] + 107 M) (2E2) < (P(M) + P(P) 2
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- (Buly) € M, and 0,(By,(y)) > 0) or (Bn(y) C P, and 0,(B,(y)) < 0). These
conditions imply that the whole block B, (y) has been added to M, or P, by the
filling operation. Yet the regions which are added by the filling operation have a
diameter at most K (logn — 1), so this case cannot occur.

- B, (y) N M,, =0 and B,(y) N P, = 0. In this case, B(y) CF.
Summing the previous inequalities, we get

o) = Ful] 55| D2 (€)Y Flarfm)|
ces xeC

+ 2 1 BB roey = PM)+PP)>
||f||oo(@yezA Y=o+ g3 |Fl+9(2+ ) T (P(My) + P(P.)

24L
1 oo (T + (e +6)).

where
S= |J {CceB:Cnom"By) =0}.
yeAY (y)=1
Note that by the definition of a good block, any cluster C' of a good block B(y) that

has a diameter larger than v/L = /K logn is connected to the crossing cluster of B’ (v)
and thus, such a cluster C' is connected to 0""B(y). Therefore, any cluster of S has a

diameter that is smaller than /K log n. Next, we analyze the deviations of the first term
in the last inequality.
Since |S| < n?, we have

A= PILCOWCIEETIN

= P+[\S|)Z ‘ Klogn‘ }@X(i)[ )

WELA(n)

where Yo = o (C) 3, co f(2z/n)/ (|| flloc K log n).

Under P}t [ - |w], the sequence (Yo, C' € S(w)) is independent and takes its values in [—1, 1]
(recall that the diameters of the clusters of S are bounded by /K logn). Therefore we
can apply theorem 9 to get

Bl [ A TG el <2 3 e [— ()18

aceC WEQA(n)

w.p (1—¢)(1—(1+¢)0)e%6%n?
<20%7 [|A| ZAly@_o > e| + 2exp (— Klogn? ,

(I)XEZ) [w]

where we used the fact that
{y e A:Y(y) =1}L*(1 - (1+¢)f)
supges(diam?(C)) '

S >
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Therefore, by imposing

24K

(72) n > 7 logn,

we have

ui’ﬁﬁan( ) = onl(f)] > HfHOO(28+1Oe)} <

<¢>wp[|F|>ge }w;[m ) + PP >>g—]

(73) A(n) L2 L2
(1—o)(1—(1+20)20n2 . . 0]
+2exp | — Kloon)3 3©A(Z)[A Z X(w= 023 2
(K'logn) 4

yeA

By lemma 28, for any a > 5, there exists a positive constant ¢ such that if we impose
that

(74) K>c(p—p.)~* and n> Klogn,
then
n? e n?
F>e075] <exp (=Ap—pe .
(7 o3t 1 > 5] <o (A0 -0 G )
If we further impose that
en
76 — > 32
(76) (K logn)? ~
then lemma 28 gives
)‘Ep_pc n2
Py [(P(My) +P(Pa) > e | < exp (5 .
() F[POn) + PR > ] < e (~55 2 )

Furthermore, under the condition (74), lemmas 16,17, 18 imply that the block process
(Y(y), y € A) satisfies the hypothesis of lemma 8 and that the mean of the normalized
sum below converges to zero faster than 6. Thus

1)
T DT
nToo,plpe (p _pc> A(n) |A| ZA (y)=0 B

Finally, we verify that if we choose a > 5 and ¢ large enough and impose
(79) K>c(p—pe)™® andn> K3log®n,

then for p close enough to p. the conditions (72), (74) and (76) are satisfied. Moreover,
if n 7T oo and p | p. in a regime where (79) is satisfied, then (75), (77) and (78) imply
that all the terms of (73) decay exponentially fast with a speed larger than (p — p.)n.
Thus, when n | co and p | p. in such a way that n(p — p.)?° T oo, we have for every
positive €

lim sup log P (|0 (f) — on(f)] > &) = —o0.

(n,p) n(p - pc)

Together with lemma 28, this concludes the proof of the exponential tightness.
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6. THE LOWER BOUND

We are only left with the lower bound in order to finish our large deviation principle.

6.1. PREPARATORY LEMMAS

To prove the lower bound we will consider an event whose probability is of the correct
order. For this we will use the following lemma to approximate sets of finite perimeter
with polyhedral sets.

Lemma 29. Let A be a subset of Q = [—1,1]? having finite perimeter. For any ¢ > 0,
there exists a finite union of polyhedral sets D such that

DcO, L2AAD)<e,  P(D)<P(A) +e.

Proof. For the proof, we refer the reader to [15].

In addition to that, in order to create pieces of the interface that are well localized we
will need a lower bound for the existence of an interface inside a certain region. Let =
be a site in Z2? + (1/2,1/2) and let

H(0,n5, V) = {y € R+ duo(y, [(1/2,1/2),na]) < v/ }

be the region formed by the points of R? that are at a oo-distance less than /n from
the segment [(1/2,1/2),nz]. We will need a lower bound on the following event:

Wall(0, nz, v/n) = {(1/2,1/2) «» nz by an open dual path in H (0, nz,2/n)}.

Lemma 30. Let z € Q+ (1/2,1/2) be a dual site and let a > 5. If p | p. andn T oo in
such a way that n > (p — p.)~* then

1
liminf — 1 log &P [Wall(0, nz, V)] > 7|zl
mint S 108 oy [Wall( )] |22

Proof. We consider the case x = (1,0) + (1/2,1/2), the proof for a general x is similar.
Let M > 0 be an integer. We denote by n = Mq + r the Euclidean division of n by M.
Using translation invariance and the FKG inequality, we get that

log ®2_[Wall(0, nx, v/n)] > qlog ®2 [Wall(0, Mz, vV M)] + log ®2_[Wall(0, 7z, \/T)].
Now, note that the event Wall(0, Mz, /M) is realized as soon as 0 < Mx by an open
dual path and there exists no open dual path from H(0,nz,\/n/2) to H(0,nx,/n)c.
Thus, by proposition 4

PP _[Wall(0, Mx,vVM)] > ®_[0 «+» Mz by an open dual path | — 4n3/2eAp—pe)vn
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where A is a positive constant. This gives us the following lower bound:
(80)

log ®2_[Wall(0, nz, v/n)] >

(p — pe)n

% log ®2_[0 «» Mx by an open dual path ]
P —DPc)n

R B O GGt DIVAD,
(p —pe)n ®L,[0 <+ Mz by an open dual path |

1

+————log ®L_[Wall(0, 7z, \/T)].

(p - pc)n

Now we consider a double sequence M T 0o, p | p. such that M(p — p.)/log M T oo and
we suppose also that (p — p.)v/n/M 1 oo. Then, by proposition 4 we have that

q 1

[ ] ~

(p _pc)n (p _pc)M

1
e lim——log ®? [0 «» Mz by an open dual path | = —7.

M,p (p _pc>M
4n®/2 exp(=A(p — pe
e lim log|1— — " exp(—A(p — pc)v/n)
n,M,p ®L,[0 < Mx by an open dual path ]

= 0.

Since r < M we have by the finite energy property that there exist two constants ¢, A\ > 0
such that ®2_[Wall(0, rz, \/r)] > cexp(—AM) thus, in the regime specified above we have
that

1
lim ——— log ®2_[Wall(0, rz, /r)] = 0.
n.Mp (p — pe)n [Wall )

Thus, from (80) we get that for every sequence (n,p) — (00, p.) such that there exists
M satisfying (p — p.)yv/n/M 1 oo and M (p — p.)/log M 1 oo then

1
lim inf —————— log ®2_[Wall(0, nx, vn)| > 7.
(np) (P = pe)n

The result for the finite volume measure @X’&Z ) follows from lemma 14. [

6.2. PROOF OF THE LOWER BOUND

Now we have all the ingredients to complete the last part of the large deviation
principle, namely the proof of the lower bound.

Proposition 31. Let a > 5 and v € M(Q). Ifn T oo and B | B. in such a way
that n(G — B:)* 1 oo then for any weak neighborhood U of v

1
liminf ——— logut, [0, € U] > =T (v).



56 R. CERF!, R. J. MESSIKH?

Proof. Let v € M(Q). The statement is not trivial only if J(v) < +oo. In this case,
by the definition of the rate function 7, there exists a Borel set A of ) such that v
is the measure with density —14 + 1g\ 4 with respect to the Lebesgue measure and
J(v) = 7. P(A). Let U be a weak neighborhood of v and let £ > 0. By lemma 29, there
exists a polyhedral set D such that D C @, the measure 7 with density —1p + oo
with respect to the Lebesgue measure belongs to U and P(D) < P(A)+e. By definition,
the boundary 9D is a union of s segments included in 52 , which we denote by [a;, a;41],
1 <4 <s. Thus
Z |ai — a,-+1|2 < P(A) +e€.

1<4i<s

Now we will give a lower bound for the probability that o, stays in a neighborhood of
v. Let f be a continuous function on (). For reasons that will be clear a bit later, we
choose

6

(B1) =511 0)(P(Q) + P(D))

In order to evaluate the probability that |o,(f) — v(f)| < €, we assume that we are in a
regime where n T oo and p | p. in such a way that nd T oo and rescale the lattice by a
factor L = [dn]. Next, we define the sets

A={yeZ: B.(y)nQ #0},

and
E={yc€A: B,(yynD°=0}, F={yeA: B.(yynD =0}

By choosing p close enough to p., we can assume that
(82) el U Buw) | <6(PQ) +P(D)s.

Moreover |E| + |F| < 1/62. The set E (respectively F) can be regarded as a coarse
graining of the region inside D (respectively outside D). To evaluate o, (f) — v(f) we
will restrict ourselves to an event £ that gives nice properties to the blocks and such that
& has the right probability of decay. For this let us define the block process (Y (z),z € Z?)
as the indicator functions of the events

R(B'(z), L'®*) NV (B(z),e) N\ W(B(z),¢), zeZ?.
We choose £ to be the intersection of the events

{Y(£>:1}7 ieﬂuﬁu Wau(A’iaAi—Flun? \/,E)? 1 SZ.SS,
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where A; is a site on the dual of A(n) that is closest to na;. Let us evaluate the probability

1<i<s 1<i<s

Py (€)
[ﬂ{ ) =1} () Wall(4;, Aip1,n,v/n)] @30 [ (1) Wall(4y, Ait1,n,v/n)].

First observe that (), .., Wall(4;, Ai11,n,y/n) occurs outside the set UerUF/BV’(g),
where

B'(z) = {yeZ?:d(x,B(z)) <L/10}.

Let a > 5. The estimates of lemmas 16,17, 18 ensure that, uniformly over the boundary
conditions on B’(z), the probability IP+ [Y( ) = 1] goes to one when n T oo and p | p.
in such a way that

(84) n(p —pe)*d(p) T oo

Thus by [40] the first factor of (83) goes to 1. On the other hand, by the FKG inequality
and by lemma 30, if n > (p — p.)~® then

1
hmmfilog@ Wall(AZ,A, 1,7, \/ﬁ) Z— |Az 1_Ai|27_c-

Combining the previous inequalities we get

1
85 liminf ————log P [€] > —7.P(A) — T.c.
(%) ninf ———log P [ (4)

Now we are left with the evaluation of |0, (f) — v(f)| when £ occurs. Suppose that €
occurs and let E;, i € I (respectively F;,j € J) be the connected components of E
(respectively F'). For i € I (respectively j € J), all the crossing clusters of the good
blocks B(z),z € E, (respectively z € F j) are connected and belong to one big cluster
that we denote by C (respectively C’i) The events Wall(Ag, Axy1,m,v/n), 1 <k <s
isolate completely the set E from F, thus for every i € I and j € J, the two clusters C*.
and C’, are disjoint and moreover C*. cannot be connected to dA(n). Now suppose for
a while that all the clusters C? ,i € I, are colored negatively and that all the clusters
Ci, J € J, are colored positively. We will see later that this restriction does not decrease
the probability too much.

Next, we define

S= |J {€cB): Cno"By) =0},

yeEEUE
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and keeping in mind the suppositions made in the last paragraph, we do the following
decomposition

|0n(f)—5(f)|§%)z IS el as] Y @i

z€C yEEUF «€B(y)\C(v)
- zHaan(g)

| 2 (TGRS s [ s i)

yEEUF zeC(y)

+| f(@)(don(x) — dv(x))|.

Q\Uyepur Ba(y)

The second and the third term can be bounded as in the proof of the exponential conti-
guity by using the properties of the good blocks and the imposed coloring of the clusters
(C,ieI)and (C’,j € J). To deal with the fourth term of the last inequality, we use
(81) and (82) to get

oul(f) = B(f)] < W!Z FE)|+ 26l 1o + (e + D)1l

mEC

Thus, the estimate burns down to the analysis of the deviations of the first term in
the last inequality. Let £’ be the event &£ intersected with the color constraint made
above. By the same sort of computations than in the proof of the exponential contiguity,

we obtain
5/] |5|’ Z YC’ 5n 1/4 5/] ’

W)Z 1| > ellfllss
acGC’
where Yo = (C) >, co f(@/n)/(|| fl|oo(6n)'/*). Fix w € &. Observe that under the
measure P, [-|w], the random variables (Y, C € S) are independent and take their values
n [—1,1]. So, we can apply theorem 9 to control this deviation and we get

1 (jon(f) = TN 2 flloo(Te + %)) = W(l —exp (= c20%/20%?) )P [E),

where ¢ is a positive constant.
We can do the same reasoning with any finite number of continuous functions fi,..., fx
to get

P {1, RY o) — P 2 €] 2 s (1 - exp (= e226%20%2) YEE L),

Finally, since |E| + |F| < 1/§%(p) and by (85) we get that if n T oo and p | p. in such a
way that (84) is satisfied, then for every weak neighborhood U of v,

Ve > 0 liminf ———— 1o TJ[”B o, €Ul > —-T(v) —eTe.
m n(ﬁ 5, losH [ ] (v)

Sending ¢ to 0 yields the desired lower bound. [J
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