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Abstract

We consider random walks with transition probabilities depending only on the number of consecutive
traversals n of the edge most recently traversed. Such walks may get stuck on a single edge, or have every
vertex recurrent or every vertex transient, depending on the reinforcement function f(n) that characterizes
the model. We prove recurrence/transience results when the walk does not get stuck on a single edge. We
also show that the diffusion constant need not be monotone in the reinforcement.

1 Introduction

Random walks with edge reinforcement were introduced by Coppersmith and Diaconis [1]. Many problems
that are simple to state remain unsolved for edge-reinforced random walks on Z¢, however there are also
many interesting existing results in the general theory of reinforced random walks. There are strong results
for example in 1 dimension [2], on finite graphs [6] and on trees [3]. There is also an interesting connection
with random walk in a random environment (see for example [11]). The most recent survey that we know
of is [12].

A nearest-neighbour senile reinforced random walk on Z¢, {S,},>0 is defined in terms of a function
f : N — [-1,00) such that if the current undirected edge (S,—1,S5,) has been traversed m consecutive
times in the immediate past, then the probability of traversing that edge in the next step is ;dtrf f((mm)) ith
the rest of the possible 2d — 1 choices being equally likely. The reinforcement of the current edge continues
until a new edge is traversed, at which point the reinforcement of the previous edge is forgotten (i.e. the
weight of that edge returns to its initial value).

At the completion of our work we were made aware of two papers [5, 10] in which a different model
with a similar flavour was studied. Their model has the property that the walk prefers (as defined by the
reinforcement function) to continue in the same direction, rather than traverse the same edge, and as such
we might call their model senile persistent random walk.

Let S be a finite subset of Z¢ such that 0 ¢ S, {y € Z¢ : |y| =1} CSand z € S = —v € S. We say
that there is an edge between z € Z? and y € Z? and write x ~ y if  — y € S. Formally, a senile random
walk (SeRWY;) is a sequence {Sy, },>0 of Z%-valued random variables on a probability space (2, F,Py) (with
corresponding filtration {F,, = o(So,...,Sn)}n>0) defined by:

e The walk begins at the origin of Z¢, i.e. Sy = o, Ps-almost surely,
o P4(S1 =2) = D(z), where D(z) = Fﬂl{weS}.



e ForneN, e, = (S,-1,5,) is a random undirected edge (F,-measurable) and
m, =max{k >1:e,_141 =€, forall 1 <1<k} (1.1)

is an N-valued (F,-measurable) random variable.
e Forne Nand x €S,

1 n

]P)f(Sn_;,_l =S, + x) = (1.2)

1
W’ if (Sn,Sn+$) 75671.

Examples of D satisfying the above definition include the usual nearest-neighbour model, where S is the
set of unit vectors in Z% and the spread-out model where S is the closed ball in Z? of radius L for some
L > 1. Many of our results remain valid for more general classes of D, however we at least require that
the distribution of the number of times in succession that the walk traverses the first edge traversed is the
same for each edge incident to the origin. This is ensured by the uniformity and symmetry conditions. The
additional assumptions on S enable us to avoid reducible cases such as where some vertices or edges of Z¢
may not be reachable by the walk. For notational convenience we often write IP for Py when there is no
ambiguity.

If f = 0 then the model is nothing but random walk on Z¢ with transition kernel given by D. If in
addition S is the set of unit vectors in Z¢ we arrive at nearest-neighbour simple random walk. Let N,
denote the number of times the walk S,, visits x.

If P(NV, = o0) = 1 for all  we say that the walk is recurrent(I). If P(N, = oo) = 0 for all = we say
that the walk is transient(I). If E[V,] = oo for every x then we say that the walk is recurrent(II), and if
E[N,] < oo for every x then we say that the walk is transient(IT). For simple random walk (equivalently
senile random walk with f = 0) the two characterisations of recurrence/transience are equivalent and it
is standard that simple random walk is recurrent for d < 2 and transient otherwise. For senile reinforced
random walks the two notions of recurrence need not be the same.

Let 7 = sup{n > 1:5,, € {0,551} V m < n} denote the (random) number of times that the walk
traverses the first edge before leaving that edge for the first time. Note that 7 is not a stopping time
(however 741 = inf{n > 2: S, # S,_2} is a stopping time). Intuitively if the overall effect of the function
f is one of positive reinforcement but such that the probability it gets stuck on the first edge it traverses
is 0, then the walk should in some sense be more recurrent than simple random walk. Similar intuition
suggests that if the overall effect of the function f is one of negative reinforcement, the senile random walk
should in some sense be more transient than simple random walk.

By definition of 7 we have for all n > 1,

n—1

1+ /() IS|-1 =20
= s s o Pr=m =1l (13)

where an empty product is defined to be 1. Moreover the probability that the senile random walk gets
stuck on the first edge it traverses without ever traversing another edge is

o0

P(r =o0) =[] |1+f(l) (1.4)



When f(I) = —1 for some [, the walk cannot traverse the same edge more than [ times in succession (so does
not get stuck), and the definition of the function on integer values greater than [ is irrelevant. If f(1) = —1
then the walk never traverses the same edge on two consecutive steps, a model that is sometimes called
memory-2 self-avoiding walk. In particular for the nearest-neighbour model when d = 1, there are only two
possible paths for the walk, and the path is determined by the first step.

Obviously if f > g then P¢(7 > n) > P4(7 > n), and similarly the probability of being stuck on an edge
is monotone in the reinforcement function f.

2 Results

In this section we state the main results of this paper and briefly discuss some interesting open problems.
As a first step towards recurrence/transience type results, the following proposition immediately implies
that the senile random walk visits either 0,2, or all vertices infinitely often.

Proposition 2.1. Let A; be the event that the senile random walk traverses exactly i edges infinitely often
and let Aza be the event that every edge in the edge set of Z¢ generated by S is traversed infinitely often.
Then P¢(Ao) + Ps(A1) + Pr(Aza) = 1 and each is a 0-1 event. Furthermore, Pr(Ay) = 1 if and only if
(1+ f(1))~* is summable.

The proof of Proposition 2.1 is easily adapted to show that for any edge-reinforced random walk (or any
senile random walk) on Z? such that the weight attached to any edge is bounded i.e. sup,, f(m) < oo, one
must have that every site is recurrent almost surely or no site is recurrent almost surely. The last statement
of Proposition 2.1 is consistent with the results of [7, 8, 13] for the edge reinforced random walk.

The following theorem is one of the two main results of this paper.

Theorem 2.2. Let SeRW; denote senile random walk in Z2, with f satsfying Ps(1 = 00) = 0. Ezcluding
the degenerate case |S| =2, f(1) = —1, we have the following:

(1) SeRWy is recurrent(I)/transient(I) if and only if SeRWy is recurrent(I)/transient(I).

(2) When E¢[7] < 0o, SeRWy is recurrent(Il) /transient(II) if and only if SeRWy is recurrent(Il)/ tran-

sient(II).
(3) When E¢[7] = 0o, SeRWy is recurrent(II).
Our proof of Theorem 2.2 is via a time change of the process and ultimately by comparison of the

Green’s function for SeRW; to that for SeRWy. We will complete the proof in the beginning of Section 4.

The following Corollary is a simple consequence of Theorem 2.2 applied to senile linearly reinforced
random walk.

Corollary 2.3. The senile random walk with linear reinforcement of the form f(m) = Cm is recur-
rent(I),(II) when d = 1,2 and transient(I) when d > 2. 1t is transient(II) for d > 2 if and only if
C<|S -1

Definition 2.4. The diffusion constant v =vy > 0 is defined as

I 99 _ . L 2 B
v = lim nEHSn| ]_nll—>n<>lon Z |z|“P(S,, = z). (2.1)

n—oo
€74



Note that when f = 0 (simple random walk), .S,, is a sum of independent random variables with mean
squared displacement 02 = " _|z[?D(z), and thus vy = 02 (=1 for the nearest-neighbour model).
The second main result of the paper is the following Theorem.

Theorem 2.5. Suppose that E[717¢] < co. Then

P(7 odd) o?

1-— %P(T odd) E[r]’

v =

(2.2)

In the degenerate case where |S| =2 and f(1) = —1 we have |S,|?> = 0?n?, Ps-almost surely, and (2.2)
should be interpreted as oo = 1/0. It is easy to show that for nearest-neighbour models and for any fixed
reinforcement function f, if one has E[717€] < oo for some e for sufficiently large d, then v = v(d) — 1 as
d — oo. This holds for example when f(m) = C'm for any fixed C > 0.

Our proof of Theorem 2.5 is based on the formula for the Green’s function, and a standard Tauberian
theorem, whose application requires the (1 + €)th moment of 7 to be finite. We expect that (2.2) holds for
all f by a time-change argument of similar flavour to what appears in Section 3.3. When E[r] = oo, the
right-hand side of (2.2) is zero, which suggests that the walk is subdiffusive. When P(7 = o) > 0, E[|S,|?]
is bounded uniformly in n.

The following corollary follows easily from Theorem 2.5 and implies that the diffusion constant is not
monotone in the reinforcement function f.

Corollary 2.6. For f such that E¢[T' 7] < oo, the diffusion constant is a decreasing function of x = f(j)
for each odd j. However for each even j there exist f,g with f(m) = g(m) for m # j and f(j) < g(j) but
Vg > Vf.

Indeed for each even j there are examples where f is strictly positive and increasing yet an increase in
f(4) results in a decrease of the relevant diffusion constant.

Interestingly, when f(I) = [, special hypergeometric functions become relevant and various well known
properties of these functions enable a proof of the following proposition.

Proposition 2.7. The diffusion constant v of the senile random walk with reinforcement f(l) =1 satisfies
0 < v < 02 when |S| > 2. For the 1-dimensional nearest-neighbour model,

logn

1—log2
lim —2"E[|S, 2] o8

=— 2.3
n—oo 1 2log2 —1 (23)

We expect that (2.3) holds with a different constant whenever f(I) = (|S| — 1)/, and that some other
scaling is appropriate when the reinforcement becomes stronger, depending on which moments of 7 are finite.
Note that when f(I) = (|S|—1)I, it is easy to show that E[r(log(7+1))~2] < oo but E[r(log(7+1))"!] = oo.

3 Proofs of qualitative results

In this section we prove Proposition 2.1 which in particular shows that when P(7 = oo) = 0, SeRW is
almost surely recurrent(I) or almost surely transient(I). Two further lemmas, introduced in this section
will be used in the proof of Theorem 2.2. Lemma 3.1 shows that recurrence(I)/transience(I) and recur-
rence(II) /transience(II) are equivalent when E[7] < co. Lemma 3.2 shows that provided P(r = c0) = 0, the
quantity E[7] is irrelevant in determining recurrence(I)/transience(I) of a senile random walk.



Lemma 3.1. IfE[r] < oo then P(N, = 00) =1 if and only if E[N,] = oo.

Lemma 3.2. For every f: N [—1,00) such that Py(T = 00) = 0, there exists g : N — [—1,00) satisfying
E4[7] < 0o such that SeRW is recurrent(l)/transient(I) if and only if SeRWy is recurrent(I)/transient(I).

3.1 Proof of Proposition 2.1

The number of edges that the walk leaves before getting stuck is Geometric with parameter P(7 = o), and
thus P(A;) € {0,1} and is equal to 1 if and only if P(7 = c0) > 0.

If |S| =2 and f(1) = —1 then trivially P(4y) = 1.

Therefore we may assume that P(7 < 0o) = 1 and |S|+ f(1) > 1. Suppose that a fixed edge (y,7') € Z%
is traversed infinitely often and fix (z,2') € Z¢, x # y,y’. Since S contains the unit vectors, there is a finite
set of edges connecting z and y. Since the walk does not get stuck on any edge P-almost surely, it leaves the
edge (y,y’) infinitely often and returns infinitely often, P-almost surely. In particular, there are infinitely
many times (not necessarily every time, e.g. consider the one dimensional nearest-neighbour case) at which
the walk leaves (y,y’) from (without loss of generality) y with probability at least ¢ > 0 (depending on
|z —yl, |S|, f(1)) of traversing the edge (z,z’) before returning. Note that in the nearest-neighbour case
in 1 dimension this does hold for exactly one of y or ¢’ (the one nearest x) using the fact that f(1) > —1.
Each time the walk leaves the edge (y,y’) at y, the event that the walk traverses (z,z’) before the next
traversal of (y,y’) is independent of previous departures from (y,y’) at y. Thus (z,2’) is traversed infinitely
often if (y,y’) is. Since there are countably many edges we have that

P(Aza|(y,y') i.0.) =1, (3.1)

whenever P((y,y’) i.0.) > 0.

Now the number of times that the walk leaves the first edge traversed is Geometric with parameter
p € [0, 1], and therefore P((0, S1) i.0.) € {0,1}. If P((0, S1) i.0.) = 1 then by (3.1) we must have P(Az«) = 1.
Similarly if P((o,S1) i.0.) = 0 then P(Azs) = 0 and (3.1) implies that P((y,y’) i.0.) = 0 for each (y,y’) and
therefore that P(Ag) = 1.

For the last claim of the Proposition, if any f(I) = —1 then P(A;) = 0. Otherwise we may assume that
f > —1. The product (1.4) converges to a non-zero constant if and only if

S|+ f(0)
21 (Hf))<oo. (3.2)

o 5] -1 81+ 7)Y _ IsI -1
— + —
or T S log( ) < <. 3.3
SE¥I0 L0 ) <150 33
Since f > —1, the lower bound is summable if and only if the upper bound is summable, so that (3.2) is
finite if and only if 1/(1 + f(4)) is summable. O

3.2 Proof of Lemma 3.1

Fix f such that E[7] < oo (whence P(7 < 00) = 1) and recall that N, is the number of times that the walk
visits the origin. From Proposition 2.1 we have that P(N, = c0) € {0, 1}.



If P(N, = o0) = 1 then E[N,] = oo holds trivially. Now suppose that E[N,] = oo, and let 73 = inf{n >
0:S, # 0,S,—1 # o} denote the first time that the walk traverses an edge not incident to the origin. Let

7; (‘&' 7) denote the random number of consecutive traversals of the ith edge traversed. Since

T7i—1= Z ZTZ H 1{r; even}1{r, odd} < 71 + Z ZTZ H 1{r; even}, (34)
n=2i=1
(J;ﬁz

we have

E[T1] -1 < E[7] —I—ZZETZ 1:[ P(7; even) i P( even)" 2, (3.5)

n=2i=1 j=1
( j#1)
which is finite since E[r] < oo and f(1) < oo (so that P(7 even) < 1). In particular 77 is almost surely
finite.
Let 09 = 0, and o1 = inf{n > 7; : S,, = o} denote the first time after 7; that the walk returns to the
origin. We then define for i > 2,

T, =inf{n > 0,1 : S, #0, Sp_1 # o}, o; =inf{n >7;: S, = o}. (3.6)

As explained above, 77 is almost surely finite. This is also true of 7; — o;_1, conditionally on {c;_1 < oo}.
In the degenerate case f(1) = —1 and |S| = 2 the claim of the Lemma holds trivially since Ny = 1,
P;-almost surely. Otherwise P(0; < oo) > 0 for every 4, and an easy exercise in conditioning shows that
P(o; < o) = P(0; — 71 < 0).

With probability one,

No <Th + Z(Z - O—ifl)]]-{o'i—1<00} (37)
=2

Therefore

]E[N ] <E ,T1 + ZE — 00— 1)]].{0'1 1<oo} 7'1 +ZE — U¢_1|{Ui_1 < OO}} ]P’(O’l'_l < OO)
=2

=E[7T] —|—ZE[T2 — 01|{01 < oo}] P(oy —T1 < 00) L.

(3.8)

It follows as in (3.5) (with minor modifications) that E[73 — 01]|{c1 < o00}] < co. The left-hand side of
(3.8) is infinite by assumption, which implies that P(c; — 77 < o0) = 1. Since this is true if and only if
P;(N, = c0) = 1, we have the result. O

3.3 Proof of Lemma 3.2

First observe that, since f is such that P;(7 < co) = 1, the sequence of edges {en}n>1 = {(Sn—1, ) }n>1
has the property that, almost surely, for every ng there exists n; > ng such that e,,+1 # en,. Define a



subsequence of edges {en, x>0 C {en}n>0 by the following algorithm: Whenever an edge e appears exactly
2m (resp., 2m — 1) times in succession in {e,},>1, for any m > 1, only the first 2 (resp., 1) successive
occurrences of this edge are listed in the subsequence {e,, }x>1. This sequence is almost surely well defined
by the previous observation, and depends only on the parity of the number of consecutive traversals of each
edge by the walk {S,}.

The sequence {ey, }x>1 defines a random walk {R }rso by setting R} = 0 and (Rk 1 Rf) = ey, . Since
{S.} spends an (i.i.d.) almost surely finite amount of time traversing each edge before moving on, the
walk {R£ } visits a vertex infinitely often if and only if {S,} does, and therefore by Proposition 2.1, {R£ }
is recurrent(I)/transient(I) if and only if {S,} is (0-1 events). Now by construction, and the fact that
P;(7 < 00) =1, the law of the walk {Rﬁ} is completely determined by p = P,(7 odd) > 0.

If p = 1, which is possible only when f(1) = —1, then E¢[r] = 1 so that g = f satisfies the statement
of the Lemma. Otherwise p < 1, and let g(1) = %(|S| —1)—|S] > —1 and g(2) = —1. Then Py(7 odd) =

Py(r =1) = ‘Slﬂig(ll) = p and E4[7] < 2 < oo. The walk {R}} is recurrent(I)/transient(I) if and only

if SeRW, is. However {R}} has the same law as {Rf } since it depends only on p, and hence {R} } is
recurrent(I) /transient(I) if and only if SeRW} is.

3.4 Proof of Corollary 2.3

From Theorem 2.2 we know that the senile random walk with f(m) = Cm is recurrent(I) (and therefore
also recurrent (IT)) in dimensions d = 1,2 and transient(I) in dimensions d > 2. Moreover it is transient(II)
for d > 2 unless E[r] = oo in which case it is recurrent(II). Since E[r] is monotone increasing in the
reinforcement, to complete the proof it is enough to show that E[r] < oo when C < |S| —1 and E[7] = o0
when C' = |S] — 1.

For the latter, observe that when C' = |S| — 1,

n—1

1+ (S| — 1)i S| —1
Z (HSH (IS[ = 1)i >S|+(I51)n

N |S|n S| —1
Z <[S|+ (IS = D)(n —1) S|+ (|S| = D)n = (3.9)

where we have used the fact that |S| + (|S| —1)i = 1+ (|S| — 1)(i + 1) to cancel terms in the numerator
and denominator of the product to obtain the second equality.
When (|S] —1)/C =1+ 2a > 1, observe that

E[ri*e] & nlte M 140\ S|-1 XX L S| — 1
= « 1 S —
14 20 Zl+2a<i1:[|8|+01)|8+6‘n ;n lUI( |S+Cz‘>

(e’ n—1 [e’e] 1+2c
o 14 2 of 1+|S]/C
< - )< S bt Vi )
=2 e"p( 2 z’+|8|/c)—z” (n+|8/c <o (3.10)

n=1

where we compared the sum in the exponential with an integral. Thus E[7] is finite as soon as C' < |S|-1. O



4 Generating function analysis: the proof of Theorem 2.2

For z € [0, 1] we define
G.(x) = Z 2" P(S, = x). (4.1)
n=0

This is the Green’s function for senile random walk, and is obviously convergent for z < 1. Note that
G1(x) = E[N,], so that the behaviour of G, near z = 1 has implications for the recurrence and transience
properties of the walk. For an absolutely summable function F : Z? +— R and k € [—m, 71]¢ we write

F(k)= > " F(x) (4.2)

z€Z3

for the Fourier transform of F. Note in particular that for any |z| < 1, G, is absolutely summable and
G. (0) = (1 — z)~1. Our analysis of the generating function will essentially involve the parity of 7.

In this section we analyse the Green’s function and prove Theorem 2.2. We first expand G, (z) in terms
of two other quantities: wu.(z) and v,(z) (Section 4.1). We use inclusion-exclusion on those quantities
(Section 4.2). After taking the Fourier transform we are left with three equations in three unknowns (i.e.,
G.(k), t.(k) and ©,(k)) and that we can solve for G (k) (Section 4.3), the result of which appears in
Proposition 4.1. From this formula together with Lemmas 3.1-3.2 we easily obtain Theorem 2.2.

Before stating Proposition 4.1, we introduce a number of quantities. For any z € [0, 1] we define

> n = Z"P(t = n) 1{n even}
a, = Z z P(’T > ﬂ) 1{n even}, P = Z ( |S| z 1 s
n Z"P(1 = n) 1{n odd}
bz:Zz P(7 > n) 1{n odd}, qz:Z S-1 .
n=2 n=1

The quantities a, and b, converge for |z| < 1 trivially, and p, and ¢, converge for |z| < 1. It is easy to show
that

z(1—27) b, < za.,
b, =E| — 1{r<x 4.4
Z+az+ z |: 1_2 {< }:la {GZ§Z2+ZbZ7 ( )

and that a; = E[|Z]], b, = E[| =52 ]] and

1—|—a1 +b1 :E[T] (45)

Moreover, by definition we have p; = |S|1711P)(T even), g1 = \$|171]P)(7— odd) and

(IS = D1+ q1) =P(r < 00). (4.6)
Next we define

X.=a(1+p.)—(2+b.)q. +U.,
U. = 1+p. — (18] = Dpa(1+p.) — 62, { (+2e) = (2 45.)a

Y, = (Z + bz)(]- +pz) — x4 — |S|qz'



Note that all of these quantities converge at z = 1 if E[r] < oo, and that U; converges for any f. Moreover,
U, —|Slg: = (1 +ps — qz)(l — (18] = 1)(ps + qz)) >0, with equality iff z = 1, P(r < o0) =1, (4.8)
and

X.+Y.,=1Q+p:—q.)(z+a,+b,)+U, —|Slg: >0, with equality iff z =1, |S| =2, f(1) = —1.
(4.9)

The importance of the quantities discussed thus far in this section is given by the form of the generating
function presented in the following Proposition.

Proposition 4.1. For z < 1,

G (k) = X. +Y.D(k)
’ U. - |S|QZD(I€)-

~ When f =0 we easily get that zU, = [S|g,, X, =U, and Y, =0 which yields the standard result for
G (k) for simple random walk. It follows from (4.10) and the definition of G,(0) that
X.+Y, 1
= <1). 411
U, - |S|QZ 1-2 (Z ) ( )
Proof of Theorem 2.2 using Lemmas 3.1-8.2 and Proposition 4.1. Let f be such that P(7 = oc0) = 0, and
that f(1) # —11if |S| = 2.
We first prove Theorem 2.2(2)—(3) using Proposition 4.1. For z € (0,1), U, is strictly positive, due to
(4.8) and ¢, > 0. By rearranging (4.10), it follows that for z € (0, 1)

(4.10)

z z S zZ B oo
o (k):&+(§z+\§qz)'y'f DU _ X, (X. Y. S (1Sla:
- U. 1-— I‘Z&ﬁ(k}) U. U.  [Slg. U.

)mi)(k)m. (4.12)

m=1

By Fourier inversion we obtain

X X. Y\ = (ISIe:\" e
G.(z) = i 0.z + <UZ + |S|qz> > ( T ) D*™(x), (4.13)

where D*™ denotes the m-fold convolution of D, and [S|q./U, tends to 1 as z — 1 by (4.8).

If E[r] < oo, then a; and by are both finite, and so are X; and Y;. Therefore G1(x) is finite if and only
if -7, D*™(x) is finite. This completes the proof of Theorem 2.2(2).

If E[7] = oo, then a; and by are both +00. Moreover, by the inequalities in (4.4), a, and b, both diverge
in the same manner. However, p, and ¢, are both bounded for all z < 1, and so is U,. Therefore, X, and
Y. both diverge to +o00 as z T 1, and G (x) is infinite. This completes the proof of Theorem 2.2(3).

It remains to prove Theorem 2.2(1). First we note that, by Lemma 3.2, there is a reinforcement
function g with Ey[7] < oo such that SeRW; and SeRW, are type-I equivalent. By Lemma 3.1, the two
types of recurrence/transience are equivalent for SeRW,. Then, by Theorem 2.2(2) proved above, SeRW,
is recurrent(IT) /transient(IT) if and only if SeRWj is recurrent(IT)/transient(IT). The proof is completed by
collecting these statements. O

m=1

We prove Proposition 4.1 in the remainder of this section.



4.1 First stage of the expansion

In this subsection we explain the first stage of the expansion, in which we use the notation
PY(-- ) =P(-| Sy =y).

By definition, we have

G.(x) =0on +2D(x)+ ) 2 (IP’OS—xT>n)+IP’°(S —x7<n))

n>2

= 0o +2D(z —|—Zz P°(S, =z, 7 >n) —|—ZZz}P’O =z, 7=1).

n>2 1>1 n>I+1
First we consider the third term on the right-hand side. If n is even, then we have
Po(S, =z, 7>n)=P°(T >n)dou
If n is odd, then since D is uniform over S, we obtain
o} [0} ]P)O(T Z n) [o]
P°(S, ==z, 7 > n) :;P (1>n, 81 =y)dy. = 5 ;ay =P°(r > n) D(z).

Therefore, we have

Z 2"PO(S, =z, T >n) = a5 + b.D(x),
n>2

where a, and b, are given by (4.3).
Next we consider the last term on the right-hand side of (4.15). First we note that

PO(Sp =, 7=1)=Y P(S, =z, 7=1 5 =y).

y~o

If [ is even, then the right-hand side is

Z P°(Sp =z, Siyi=u, 7=1, S,=0, 5 =v)

Y,u~o
uFy
= Z P(S, =z, Sip1 =u|T=1,8=0,S1=y) P(1=1,8=0,5 =y)
Y, u~o
u7y =3 “‘Sl P°(Sp—i =, S1 = u) = ﬁPO(T:l)
IP’OT—Z o
|S‘—1 Z]P nl—xSlyéy)

y~o
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(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)



While if [ is odd, then the right-hand side of (4.19) is

SN PASy =, Sy =u, T=1,5 =5 =y

Yy~o u~y

—ZZ]P’OS =z, Sy =ulr=1,8=58 =y) P°(r=1,85==5 =y)
yoi sy S| _ 1 po(. _
uF#o ‘ | ]P)y(snfl =z, Sl :u) = ?‘]P) (7_ l)

Po =
= (r = ZZP (Sn—1 =z, S1 # o).

S[=1
y~o
Define
uy(x) = ZZIZ]PO(SI =z, 51 #v), vy(x) = ZZZZ]P”’(SZ =z, S1 # o).
>1 y~o 1>1 Yy~o

Then, by the above computation, the last term on the right-hand side of (4.15) is rewritten as

Z Z 2P Sn =X, T= l Z ZP|ST__1Z ( Z(I) 1{1 even} + UZ(JZ) 1q odd})

I>1n>1+1 I>1
= pzuz(x) + q2 U (1‘),
where p, and g, are given by (4.3). Together with (4.15) and (4.18), we arrive at

G.(z) =(1+a,) oz + (24 b,) D(x) + prus(x) + gv, ().

4.2 Second stage of the expansion

(4.21)

(4.22)

(4.23)

(4.24)

In this subsection we derive equations for u, and v, in terms of G,. By definition, it is easy to see that

=SS (Pl =) - s = 51 =)

>1 Yy~o

= |‘S|(G2(I) - 60,.%) - Zzl ZPO(SZ =z, 51 = Z-,I) = (‘S| - 1)(GZ(1‘) - 50737)'

>1 Yy~o

Similarly, we can write v, as

=> Y (Py(Sl =z)-PV(S =z, 5 = 0))

>1 Yyn~o
_Z .27— _(Sy,z) - (zao,z+zzlzpy(‘s’l:$7 Sl :0)>7
yn~o 1>2 yr~o

where PY(S; = z, S1 = 0) can be written as

-1
PV(S =z, S1=0)=PV(S =2,7>1,5 =0)+ ZPy(S’l:x7T:m7 S1 = o).

m=1

11

(4.25)

(4.26)

(4.27)



By the uniformity of D and translation invariance, the contribution from the first term to (4.26) equals

Zzl Z]P’y(Sl =z, 72> l, Sl = 0) = ZZZ Z]P)y(’r > l, Sl = O) ((5%1 141 even} + 60737 14 odd})

1>2 yr~o 1>2 Yy~o

= ﬁ PY(r > 1)
1
= Z ZIPO(T > l) E Z (Jy@ 141 even} + (5071 14 odd}) = CLZD(.T) + bzdo,m. (428)
1>2 y~o

For the sum over m in (4.27), we follow a similar course to the proof of (4.23). If m is even, then by
translation invariance we have

PY(S,=x,7=m,S1=0)=PY(S; =2, 7=m, S,, =y, S1 =0)
=Y PV =, Spi1 =ulT=m, S =y, S1=0) PUr=m, S =y, S1 = o)

u~y
e - |5“f—1 Py(Sl_m =, Sl - U) = ﬁPQ(T = m)
PO =

= E;_;n) PY(S;_, =z, S1 # 0). (.29)

Similarly, if m is odd, then we have
PV(S;=a,7=m,S1=0)=PY(S, =z, T=m, Sy =51 =0)
= Z]P’y(Sl =z, Spp1=u|lTr=m, S, =5 =0) P(r=m, S,, =51 =0)

u~o

u#y = |5““S_1 PO(Sl,m =ux, Sl — u) = ﬁpy(’r = m)
BT (S =0, 51 £ 0, (4.30)

Therefore, the contribution to (4.26) from the sum over m in (4.27) equals

Z me Z Zl_m Z (Py(Sl,m =, S 75 0) 1{m even} + PO(Sl,m =, St 75 y) T{m 0dd}>

m>1 ‘S| -1 1>m+1 y~o
:pzvz(x) +Qzuz(x)- (431)
Summarizing the above and using (4.25), we obtain
Uz(-r) - Z (Gz(x - y) - 61/,1) - Z(So,:zz - (GZD(S(}) + bzéo,w) — (szZ(ZC) + qzuz(x)) (432)
y~o

4.3 Completion of the expansion

Now we solve (4.24), (4.25) and (4.32) in terms of G,. Taking the Fourier transform of these expressions,
we have

G—1=a+ (z+b)D+pi+ qb, (4.33)
= (S| —1)(G -1), (4.34)
qi+ (14 p)o =|S|D(G —1) — (z+ b+ aD), (4.35)

12



where we have abbreviated z and k (e.g. G for G.(k)). Let

1 0
M—(q 1+p>’ (4.36)
so that (4.34) and (4.35) are combined as
W\ _ A IS|—1Y 0

M(@)‘“’ 1)( S|D ) (z+b+aD)' (4.37)

Since 14 p > 0, the inverse M ™! exists and hence

a\ _ A S (ISI=1Y 0

(o)—(G M ( sip ) M\ pbrad ) (4.38)

Substituting this to (4.33), we obtain

G—l:a+(z+b)f)+(§)~<

S S

)

IS| -1 (P -1 0
+(+0)D ( > <|S|ﬁ q M z+b+aD
CISI=1 5 1Slg ) (Z+b aq )
+bD (IS D) —|——q+ D], 4.39
+(z + ( - 1+pq +1—+—p 1+pq 1+p ( )
which is equivalent to
A IS|—1 5  |Slg » z+b ag '\ p
—Dl1= -1 _ D) =qg—- "—— — D 4.4
@-n(i-gsi-vp+ Bte - P p) —o - 204 (- D )

or, by multiplying both sides by 1+ p > 0 and using U, X, Y in (4.7),
G(U —|S|gD) = X +YD. (4.41)

Since U — |S|g > 0 for z < 1 (cf., (4.8)), this completes the proof of Proposition 4.1. O

5 Diffusion constant: the proof of Theorem 2.5

In this section we discuss the diffusion constant assuming E[r'*€] < oo for some ¢ > 0 and excluding the
degenerate case where |S| = 2 and f(1) = —1 (see below Theorem 2.5 for the degenerate case).

First we note that, since G, (z) = 8o + Yooe, 2" P(S,, = ), it is easy to see that —V2G,(0) is the
generating function of > |z|*P(S,, = z):

—V2G.(0 Z > |zP(S, (z<1). (5.1)

n=1 rEZ

13



However, by differentiating (4.10) using the symmetry of D, we have

VDY, | ~VDO)(X. +V.D0))[Sla: _ [Sla.X. + VLY.

—VQGZ(O) == = ~ ’ (52)
U. —[Slq-D(0) (Uz - |S|qu(0))2 (U. —Slq:)?
where 0% = Y |z|>D(z). Using (4.11), we obtain
2
V0 - O _I8le-X. + LY.
V°G,(0) = a2 where ¢, = POFSATEE (5.3)

with the denominator (X, + Y,)? strictly positive, as explained in (4.9).
Now we investigate (5.3) using a Tauberian theorem to derive the formula (2.2) for the diffusion constant.
First we rewrite c,, by simple algebra and using (4.11), as

e = Sl ISla((Xa + Y1) = (Xo +Y2)) | ISl(a: —q) | Ye(1—2)
X+ (X1 +Y1)(X. 4 Y2) X, +Y, X, +Y, '

(5.4)

Note that a; — a, and by — b, are O((1 — 2)€), while p; — p, and ¢; — ¢, are O(1 — z), since for example,

0<ar—a. =Y (1—=2")P(r > n) L{neven) < (1—2)° Y nP(r >n) < (1-2)E[r'"], (5.5)
n>2 n>2

where we have used the inequality 1 — 2™ < (1 — z)“n¢, which holds for all n > 1, z € [0,1] and € € [0,1] as
follows. For z = 1 the inequality is trivial so we may assume that z < 1. Let h(z) = ((1 — 2)n)* — (1 — 2™).
Then h(0) > 0 and h(1) > 0, and h'(z) = ((1—2)n)* log((1 — z)n) is nonnegative if and only if (1 —2)n > 1.
Thus for each fixed n,z, the function h(z) is either nonincreasing or nondecreasing, and thus is never
negative. The term by — b, can be handled in the same way, and p; — p, and ¢; — g, are handled similarly
using € = 1. Therefore, the last two terms in (5.4) are O(1 —z). Also, the second term of (5.4) is O((1—2)¢)
because X; — X, and Y; — Y, are sums of factors of a; — a, and by — b,, as well as factors of p; — p, and
q1 — 4.
We have proved that

c10? |S|q1

~V2G.(0) = +O((1 — 2)7%), where ¢; = X v

(5.6)

The error term has radius of convergence at least 1 and it follows from [9, Lemma 6.3.3] that its coefficients
in 2" satisfy |a,| < O(n'=92). Since (1 —2)72 =3, . ,(n + 1)2", we obtain

S
|S]q1 o2

1 2 2
v= nlgrolo - Z |z|“P(S,, = z) = c10” = X v (5.7)
reZd
Now use (4.5), (4.9) and the expressions for p1,¢q; (stated above (4.6)) to complete the result. O

Proof of Corollary 2.6. For the first claim, observe that for j odd, P(7 even) is an increasing function of
x = f(j), and therefore P(7 odd) is a decreasing function of z = f(j). Since E[r] is an increasing function
of x = f(j), the first claim follows from (2.2).
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For the second claim, for a fixed even j and reinforcement function F' such that Ep[r!T¢] < oo for
some € > 0, let F, denote the reinforcement function with Fj (i) = F (i) when ¢ # j and F,(j) = =. Let
v(z) = vp,, and P, = Pg, . By (2.2) for every z,

P, (7 odd) o2

o) = 1= ZP.(7 0dd) E,[]’ (5:8)
and elementary differentiation rules show that v’ (x) S0is equivalent to
Sl E,[r]Py(r odd, 7 > j +1) = B,(7 odd) (|S| (1 odd)) Eo[(T — 7)1{r>j+1}]. (5.9)
2 >
Fix 0 < n < %. Let F(j +1) = —1 so that Pp(r < j +1) = 1, and choose F(1),...,F(j — 1) and

J
F(j) = xo sufficiently large such that Pp(7 = j+1) > 1 —n. Slnce jiseven, 1 —n < IP’ (todd) <1
whenever x > x, so that the “>” inequality in (5.9) holds for all z > x¢ if

S )

Blgrna—m> S qy, (5.10)
which holds by our choice of 7. Thus for this choice of F' we have shown that v(z) is increasing for
x > x9 and therefore f = F,, and g = F,;, 4 are reinforcement functions satisfying the second claim of the
corollary. O

6 Critical Senile linearly reinforced random walk in 1 dimension

In this section we fix the reinforcement function to be f(m) = m. As long as |S| > 2 it follows from (3.10)
that this senile random walk is such that E[717%] < oo for some a > 0. In particular by Theorem 2.5 the
diffusion constant for this walk is given by (2.2). The critical case for f(m) = m is when |S| = 2 which
corresponds to the nearest-neighbour model in 1 dimension. In analyzing this model we will use the fact
that for all |S| > 2, when f(m) = m special hypergeometric functions enter the analysis. Special properties
of the hypergeometric functions will be used to prove Proposition 2.7 in the following subsections.

6.1 Special hypergeometric functions and analytic continuation

We begin by investigating the quantities in (4.3) and (4.7) using the hypergeometric function o F; (¢, ¢/, ¢”; z)
defined as

oFi(c,d " 2) = Z 2 (On C/)n7 where (c), = {1’ (n = 0)’ (6.1)

n! ()n (c+n—1)-()p-1, (n>1)

n=0
When f(m) = m, we can rewrite a,,b,,p, and ¢, for |S| > 2 and z € (0,1) as

sy D e, pm Y E W

n>2, even (|S|)n

=15 > g'u)n(l) — b = ¥ %M:_m

n>2, odd OSD n>1, odd

(6.2)
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where, as in the proof of Corollary 2.3 a; and b; do not converge in the critical case |S| = 2. Let
F,=2F(1,1,[S] + 1;2), F =5F1(1,1,[8];2). (6.3)

Represented in terms of these hypergeometric series, a, and p, are given respectively by

sy 5 9 ww e §%<W‘1‘50+<F* 1+w>>

n>2
|§|(F* +F) S, (6.4)
p=3 e Cr i | (GBS B (S S P BN O
Similarly we have
b= Sl e 0= LR FL). (6.6)
Further arithmetic shows that
U.=U e = (8|~ DEF.+ S 4 P,
X=X = (8| - DEF+ S PR, (6.7
v. = —v.=Clpr  _pop)

T2
Of course, the parity of these a,,b.,p.,q.,U,, X, and Y, are invariant for any reinforcement function.
Euler’s formula for the hypergeometric function shows that

—dt 6.8
1—tz (6.8)

2F1(1, 1,C Z) (C — 1) /0 (1 _ t)c_z

is the analytic continuation of 9 F(1,1,¢;2) to C\ [1,00), and of course 2 F1(1,1,¢;1) < oo whenever ¢ > 2.
It follows that a,,b.,p.,q. and hence U,, X,,Y, have analytic continuation (determined by (6.8)) to the
region A = C\ {(—o0,—1]U[1,00)}. In addition (6.8) shows that for z € [0, 1]

S|
F, < ;
—Isl-1

with equality only when 2z = 1. (6.9)

Also, (6.8) shows that F_, > 0 for z € [-1,1]. It is easy to show that (lslg"") = (|S] + 1)n/(1), is an
increasing sequence and thus taking the first two terms in the series for F_; (the remainder is guaranteed

to be positive) we have

00 <1
(1)n -

= e 1 S|—-2 6.10
D (610
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One of Gauss’ relations for contiguous functions is that for z € C\ [1, c0),
,Y(l - Z) . 2Fl(a7ﬁ57; Z) -7 2F1(a - 175)77 Z) + (’7 - ﬁ)Z . 2F1(04aﬁ»7+ 1"2) =0. (611)
At o« =08 =1 and v = |S| we have

ISIFZ = (S| =DF: _ 1

SI0 = 2)F = 8]+ (18] - 1)=F. = 0. SI=(S-DF. —1-s

(6.12)

This is equivalent to (4.11), with ¢,,U,, X, and Y, in (6.6)—(6.7). It may be of interest to see what formulae

the relation (4.11) gives for |z] < 1 for more general choices of reinforcement. Of course one can also obtain

the relation (X, +Y,)/(U,—|S|g.) = (1—2z)~! for all z € A using the fact that both sides of this inequality

have analytic continuation to A (provided U, — |S|q, # 0 in this region) and they agree on 0 < z < 1.
When |S| = 2 (i.e. the 1-dimensional nearest-neighbour model), since

1
1 1 1
FZ*:/ dt = —log

0o 1—tz z 1

(2 <1), (6.13)

while Fy, F_; and F*, all converge, by (6.7) we have

X,=-F.F ,+F‘F_,+F*F, .
} ~ — as z — 1in A. (6.14)

Y. = F*F_, — F*_F, 2 B1_y
6.2 Proof of Proposition 2.7

Fix d > 2 for the first claim. Then |S| > 2, and (2.2) holds as we noted at the beginning of Section 6. By
(6.6)—(6.7) and (6.10) with F} =|S|/(|]S] = 1) and F} = (|S| — 1)/(|S| — 2), we have

o2 —(S|—- V)R F_, +|S[FfF., 2

S|
v 5 (L= Foy) _1s/-2 S| _
2 <F1(|S = 1) € (0,1). (6.15)

To prove the final claim, we apply the following trivial extension (to the case where there are 2 singu-
larities) of a result of Flajolet and Odlyzko [4].

Proposition 6.1 (Flajolet-Odlyzko). Suppose that f(z) = Y, <, 2" fn has analytic continuation in the
region A = C\ {(—o0, —1] U [1,00)}, and that N

£z) = {K(l —2)"2(log 1712)_1 (1 + (’)((log 11’2)_1)) (2 — 1), (6.16)

O(log(1 + 2)) (z — —1).
Then f, ~ Kn/logn.

To verify that we can apply Proposition 6.1, it suffices to prove the following Lemma. Once the lemma
is proved, the integral (6.8) with ¢ =3 (= 2+ 1) and z = 41 shows that Fy/F_; = (2log2 —1)~! and that
the constant below in (6.17) takes its value of (2.3).
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Lemma 6.2. Let f(m) =m. Then —V2G.(0) has analytic continuation in the region A = C\ {(—o0, —1]U
[1,00)}. In particular, for the I-dimensional nearest-neighbour model,

B (1—2) 2 (log 1) (14 0((log 125) 1)) (2= 1 in A),

1—2

(6.17)
O(log(1 + 2)) (z — —1in A).

—V2G,(0) = {

Proof. Observe that U, — |S|qg, = (—(|S| — 1)F, + |S|)F_. is non-zero for z € (—1,1) and is the product of
two non-zero complex numbers (and hence non-zero) when z is not real-valued. The fact that —-V2@, (0)
has analytic continuation in A then follows from (5.2), (6.6)—(6.7) and the fact that (6.8) gives analyticity
of F, and F} in C\ [1, 00).
Now cousider the 1-dimensional nearest-neighbour model. From (5.2) and using the parity of ¢,, U, X,
and Y., we have
(2qZXZ + UzYz)
U. +2q.

due to (6.14) and the fact that the denominator converges to 4¢; > 0 as z — 1. This verifies the limit in
(6.17) as z — —1. R
To prove the other limit in (6.17), we use (5.3)—(5.4) for z € A: —V2G,(0) = ¢, (1 — 2)~2, where

—V2G_.(0) = —

= O(log(1 - 2)), (6.18)

_ 2QI + 2((]2 - Q1) Yz(l B Z)
X, +Y, X, +Y, X, +Y,

(6.19)

Cz

It is immediate from (6.14) that the first term is O((log 125)~'), while the last term is O(1 — z). The
second term contains ¢, — q1 = 1((F. — Fy) — (F_. — F_1)), due to (6.6). Using (6.8) for z € A, we have

Fo—F=(1— z)/o 1?; dt = (1 - 2) O(log(1 — 2)), (6.20)
F,—F,=(1- z)/0 m dt = O(1 - 2), (6.21)

so that the second term in (6.19) is also O(1 — z). Therefore, the first term is the slowest term. Using
(6.14) and isolating the main factor F} = Llog ;=—, we can rewrite ¢, in (6.19) as

FO(1-2) = Fq—jl%(l—i—(?((log i)—l)) +O(1 - 2). (6.22)

_ 2¢:
 2F*F_, - F.F_,

Cz

The proof of (6.17) is now completed by using (6.6) at z = 1. This completes the proof of Proposition 2.7. [
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