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WEAK COUPLING LIMIT OF A POLYMER PINNED AT
INTERFACES

NICOLAS PETRELIS

ABSTRACT. We consider a simple random walk of length N denoted by (S:)icq1,..., N5
and we define independently a double sequence (77 )i>1,;>1 of i.i.d. random variables and
(w;)i>1 a sequence of centered i.i.d. random variables. We set 5 > 0, A > 0, h > 0 and
K € N and transform the measure of each random walk trajectory with the Hamiltonian
AYN (wi+h) sign(Si)+8 Zf:_K SN 1;5,—;1. This new path measure describes an
hydrophobic(philic) copolymer interacting with a layer of width 2K around an interface
between oil and water.

In this article we prove the convergence at weak coupling (namely when A, h and
B go to 0) of this discrete model towards its continuous counterpart. To that aim we
develop a technique of coarse graining introduced by Bolthausen and den Hollander
in [3]. This result shows in particular that the randomness of the pinning around the
interface vanishes as the coupling becomes weaker.

We also introduce a new model of polymer interacting with infinitely many horizontal
interfaces located at heights (Px)rez through the Hamiltoninan 3 Zfil ez v 1(s,=p,}
and we extend the former convergence result to a particular case of this model, namely
when the widths between successive interfaces are equal.

Keywords: Polymers, Localization-Delocalization Transition, Pinning, Random Walk, Weak
Coupling.
AMS 2000 subject classification: 82B41, 60K 35, 60K37

1. DISCRETE MODELS

single interface model. We consider a copolymer of N monomers, and an in-
separating two solvents (for example oil and water). This interface is given by the

Configurations. The possible configurations of the polymer are given by the 2V
different trajectories of a simple random walk (S) of length N. Let (X;);>1 be
i.i.d. bernoulli trials satisfying P(X; = +1) =1/2. Let Sy =0 and S, =Y ;" | X;
for n > 1. Let A; = sign(S;) if S; # 0 and A; = A;—1 otherwise.

Pinning potential. We define a pinning potential in a layer of finite width around
the interface. For every j € {—K,—-K +1,..., K — 1, K}, we let (75)»1 be i.i.d.
random variables, satisfying B

E(exp (ﬁ\’yﬂ)) < oo forevery (32>0.

Copolymer. Let A > 0, h > 0, 8 > 0 and let (w;)i>1 be ii.d., bounded and
symmetric random variables, that are independent of v and satisfy E(w?) = 1.
These variables define the rate of hydrophobicity of each monomer. Indeed, the
higher w; is, the more hydrophobic monomer ¢ is. We remark that the disorders
and w are defined under the law P.
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e Hamiltonian. For each trajectory of the random walk, we define the following
Hamiltonian

N K

N
HYNS) =AY (wi+ A+ 8 > 347 15,25y (1.1)

i=1 j=—K i=1

1.2. A multi-interfaces model. We consider an homopolymer of N monomers, and a
medium composed of a solvent and infinitely many horizontal interfaces that interact with
the monomers.

In what follows and for every x € R we will denote |z] = max{n € Z: n < z}.

e Configurations. The possible configurations of the polymer are still given by the
trajectories of a simple random walk (5).

e Interfaces. Let ¢ > 0 and let (p;);iez\ (o} be a sequence of real numbers satisfying
pi > ¢ for every i € Z '\ {0}. Then, define (P;});cz as

J J
Py =0, Pj:Zpi if j>0 and Pj:—Zpi if j<o. (1.2)
=1 i=—1

The quantity |P;| gives the height of the j* interface. The sequence (Pi)iez\ {0}
will be considered as a parameter of the model and denoted by p.

e Pinning potential. Under the law P, we define a pinning potential along each inter-
face | Py |. Therefore, for every k € Z, we introduce independently of all the other
variables the i.i.d sequence (’yf?)i>1 such that there exists an M € N\ {0} satisfy-

ing, ¥ € {~M,..., M} for every k € Z. We assume also that E(7¥) = E(74) > 0
for every k € Z.

e Parameter. Let § > 0 be a coupling constant, namely the inverse temperature.

e Hamiltonian. For each trajectory of the random walk, we define the Hamiltonian

N
HY 5,09 =8Y > % Lisi=\p)- (1.3)

k€Z i=1

To avoid heavy notation, and to enounce properties which are verified by the two models
we use general notation for the disorders and the families of parameters. Thus, we denote
by x the disorders w,~ (model 1) and 7 (model 2), and by 6 the families of parameters
B, A, h (model 1) and 3, p (model 2). Therefore, the Hamiltonian is denoted by Hffw(S)

and we perturb the law of the random walk as follow

APy o exp (HKW(S))
dpP B Z%,

(1.4)

This new measure Pff, ¢ is called polymer measure of size N.

1.3. Discrete free energies.

Definition 1. For every N € N, we introduce the free energy of the system in size N,
denoted by ®n(0) and defined as

E[ < los 7y, | = () (1.5)
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Proposition 2. For every 0, there exists a real number, denoted by ®(0), which satisfies

lim @ (0) = (0).

The limit ®(0) is called free energy of the model.

In the single interface case (model 1.1), this proposition has been proved in different
articles (see [8] or [9] for example) for some quantities similar to Zy". In our case, the
difference comes from the fact that the disorder is spread on a layer of finite width around
the interface, but the proof remains essentially the same and is left to the reader. We
notice also that ®(3, A, h) is continuous, convex in each variable, and non decreasing in 3.

In the multi-interface case, we give a complete proof of Proposition 2. Notice that,
contrary to what happens in the single interface case, this proof is not based on a Kingman
Theorem.

2. CONTINUOUS MODELS

We define in this section the continuous counterparts of the models 1.1 and 1.2.

2.1. A single interface model.

e Configurations. In the continuous case, the configurations of the polymer will be
given by the set of trajectories of the Brownian motion (Bs) sc04]" We denote by

P the law of B, and by A; the sign of Bs.

e Pinning potential. The pinning potential of this model will be given by the local
time spent at 0 by B between 0 and t. It will be denoted by LY or L; when there
is no ambiguity.

e Copolymer. Let A > 0, h > 0, 8 > 0 and independently of B, let (R;),~, be a
standard Brownian motion with law P. We consider dR, an elementary variation
of R at position s. This quantity gives the hydrophobicity of the polymer around
the position s, and plays the role of w; in the discrete model.

e Hamiltonian: for a fixed trajectory of R we define, for every trajectory of B, the
following Hamiltonian

t
HIY (B) =\ /O A(s)(dRy + hds) + BLs. (2.1)

2.2. A multi-interfaces model.

e Configurations. The configurations of the polymer are still given by the trajectories
of the Brownian motion (Bs) ¢ 4-

o Interfaces. Recall that the sequence (Py)rez is defined in (1.2). The horizontal
interfaces are located at the heights {P, : k € Z}. Along the k*" interface, the
pinning reward is given by Lf ¥, where Ly is the local time spent by B at level z
between times 0 and ¢.

e Parameter. Let § > 0 be a coupling constant, namely the inverse temperature.

e Hamiltonian. For each trajectory of the random walk, we define the Hamiltonian

Hgo(B) =8 Li*. (2:2)

JET
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As in the discrete case, we use the notations x for the disorder R (model 2.1). We use
0 for the families of parameters (5, A, h) (model 2.1) and (3,p) (model 2.2). Therefore,
the Hamiltonian is denoted by HtX@(B) and we define the polymer measure of length ¢ by
perturbing the law of the Brownian motion as follows
dpPX exp (HX,(B
dP zZY,
2.3. Continuous free energies.

Proposition 3. For every 6, there exists a real number, denoted by 5(9), which satisfies

lim E E log Zife} = &(0).

t—o0

This limit is called free energy of the model.

In the single interface case (model 2.1), a proof of Proposition 3 in the case 8 = 0 is
available in [8]. This prove is adapted in [15] to cover the case 5 > 0.

In the multi-interface case (model 2.2), a proof of Proposition 3 can be obtained with-
out difficulty by adapting the proof of Proposition 2, that we give in section 8.1, to the
continuous case. For this reason this proof is left to the reader. Finally we notice that
in both single and multi-interface models, the free energy is continuous convex and non
decreasing in each variable.

3. PHYSICAL MOTIVATIONS

3.1. Single interface model: a more realistic model of interface. Models of polymer
pinned at an interface have attracted a lot of interest in the last years (see [12], [1], [14]).
One of the physical situations that can be modelled by such systems is a polymer put
in the neighborhood of an interface between two solvents (see [3]). It gives opportunities
to study the localization of the polymer with respect to the interface. Nevertheless, these
models do not take into account that such an interface has a width, that is to say a small
layer in which the two solvents are more or less mixed together. The model that we develop
in this chapter gives a more realistic image of an interface. It allows us also to consider
a case, in which microemulsions of a third solvent are spread in a thin layer around the
interface.

3.2. Multi-interface model. Until now, the mathematical works about directed poly-
mers in interaction with a medium have been concentrated on two general families of
environments. On one hand, the media composed by two phases and separated by a flat
interface, on the other hand the i.i.d. media for which every site of Z? is associated with a
reward (these rewards are i.i.d). Recently, new models have been developed to study the
behavior of a polymer in other environments. For instance, in [5] a copolymer is placed
in a media composed by successive horizontal layers of oil and water and in [6], a model
of copolymer in emulsions is investigated. In this article we introduce a model of polymer
pinned by a random potential along infinitely many interfaces. These interfaces are hor-
izontal and the widths between them are not equal. This has not been studied yet, but
should be a consistent way to investigate the motion of a particle in a medium composed
by horizontal traps. For instance, it allows us to model the motion of a dust particle in an
atmosphere which is striated by thin pollution layers.
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4. SINGLE INTERFACE MODEL

4.1. Localization criterium. In the discrete and continuous single interface cases, the
free energy gives us a tool to decide, for every (3, \, h), whether the system is localized
or not. Indeed, in the discrete case we denote by Dy the subset {S : S; > K Vi €
{K 4+ 1,...,N}}, and we restrict the computation of ® to Dy. Then, since P(Dy) =
(1+0(1))e/V/'N as N 1 oo, we obtain

1 |
(B, A, h) > lim inf logE[eXp OASN, (i +h)+ 8K, 7;)1{DN}]

N s K i
7/\ 2iz1 i + lim inf L 2i=1 % + lim inf 710g (P]\([DN))

> \h.
N N—oo N N—oco -

(4.1)

We will say that the polymer is delocalized when ®(3, A, h) = Ah because the trajectories
of Dy give the whole free energy, and localized when ®(3, A, h) > Ah. The (8, A, h)-space
is divided into a localized phase, denoted by £, and a delocalized phase denoted by D

In the continuous case, we consider the subset Dy = {B : Bs > 0V s € [1,t]}. A
computation similar to (4.1) shows that the localization condition remains the same, i.e.
® > Ah.

The separation between the localized and delocalized phases has an interpretation in
terms of trajectories of the polymer. This issue has been closely studied recently and we
refer to [19] or [10] for precise estimates about it. We mention here a result of [2] concerning
the delocalized phase. It shows that the proportion of time spent by the polymer under
an arbitrary level L > 0 is equal to 0, namely

limyor BN (#{i € {1,...,N}: S; < L}) =0, P-as.inw.

> Ah + liminf
N—oo

In the localized phase, since ® is convex in 3, a simple computation shows that the polymer
comes back to the layer around the origin at a positive density of sites.

4.2. Critical curve. For v, K and ( fixed, both the discrete and continuous single inter-
face models undergo a critical curve denoted by A — h2(A) (k2 ()\) in the continuous case),
which divides the (A, h)-space into the two phases £ and D. Namely, ®(\, h, 3) > Ah when
h < h2(N), and ®(A, h, 8) = Ah when h > h2()). The existence of this curve is proved in
[3] for the case B = 0, and can be easily adapted to our case. For this reason we will not
give the details in this article.

It has been proved in [3] that, when 8 = 0, the critical curve EO()\) of the continuous
model is a straight line of slope K?. This is still true when we add a pinning term. Indeed,
the critical curve satisfies h)” (N = AK?. 4 Moreover, since ® is non decreasing in 3, K KP is
non decreasing in 3, and we give in Appendix 1 a short proof of the convexity of Kcﬁ . As
a consequence, Kcﬁ is continuous in (§ as long as it is finite.

4.3. Preview and results. In this article, we prove that the discrete single interface
model converges (in a sense that will be specified) toward its continuous counterpart when
the parameters (A, h and ) tend to zero at a certain speed. Such a convergence has
been proved in [3] without pinning (i.e. 5 = 0). However, when § > 0, we know that
some zones, in the interacting layer around the origin, concentrate a large number of high
rewards and play a particular role from the localization point of view. Indeed, the chain
can target when it goes back to the origin in order to maximize the rewards. Consequently,
some zones favor the localization of the polymer more than others (see [1] and [14]). We
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wonder here whether the passage to a very weak coupling conserves the randomness of
these rewards or leads to a complete averaging of the disorder?

We answer this question in Theorems 4 and 5. Indeed, we show a convergence, in
terms of free energy, of the discrete model to the continuous model, when the parameters
tend to 0 at appropriate speeds. The associated continuous model has a pinning term at
the interface, given by the local time at 0 of a the Brownian motion B. Therefore, the
randomness of the pinning term vanishes in the weak coupling limit.

Theorem 4. Let 3, A and h be non negative constants, and let ¥ = ZJKZ_K E(’y{) We
have the following convergence

hr% ﬁ ® (a3, aX ah) = ® (B2, A\, h). (4.2)

This Theorem will be deduced from Theorem 5.
Remark 1. We define the quantities Un(B,Ah) = ®n(B8, A\, h) — Ah and \Tli(ﬂ,)\,h) =
?t(ﬁ, A, h)—Ah. They converge respectively to W(3, A, h) = ®(5, A\, h)—Ah and ¥ (B, A\, h) =
®(8, A\, h) — Ah, which are called excess free energies of the polymeE. Therefore, to decide
whether the polymer is localized or not, it suffices to compare ¥ or ¥ with zero. Moreover,

since "N (w; + h) = hN + o(N) when N 1 oo, we can subtract this quantity from the
former single interface Hamiltonian and associate W with

N,B)\h_ 2)\2 ’U)Z—l-hA + 0 Z Z’yl 1{57]},

—K 1=1

with A; =1 if A; = —1 and A; = 0 otherwise. Similarly, \I/t(ﬂ, A, h) is associated with
- t
Ht}?ﬁ = 2)\/ 1¢B, <0} (dRs + hds) + BLY,
0

and ¥ and U are convex and continuous in each of the three variables, non decreasing in
f and non increasing in h. We emphasize also the fact that, proving Theorem 4 with ¢
and ® or ¥ and U is equivalent.

Remark 2. Stating Theorem 5 requires a slight modification of the Hamiltonian. Indeed,
let 81 and B2 be two non-negative numbers and define

L={je{-K, .. ,K}: E(+])>0} and I, ={je{-K,...,K}: E(y}) <0}.
Then, if E(W{) # 0 for everyj € {-K,...,K}, we define

Nﬁl,ﬁz,)\h =5 Z Z%jl{s =i} T+ B2 Z Z’YZ lig—jy + AZ w; + h)A (4.3)

jel =1 jely i=1
The associated free energy W(f1, 32, A\, h) is defined as in Proposition 2, and satisfies
U(B, A h) = ¥(B, B, h). Thus, in what follows, we will use the notation W(31, 82, A, h)
if 51 # B2, otherwise we will use U(3, A\, h). We let ¥ = ¥ 4+ X9, with ¥; = Zjell E(v])

and Xo =) .0 p. E(v{)
Theorem 5. Suppose E(y ) # 0 for every j € {—K,...,K}. If 51 > 0, B2 > 0, and

(1, p2) € R? satisfy
w1 > G131 + P2Xa > pe,
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and p >0, h>0,h >0, X>0 satisfy (1+ p)h, < h, then there exists ag > 0 such that
for every a < ag

i\Il (afB1,aB2,aX, ah) < (14 p) \T/(ul,)\,h/) (4.4)

~ 1
\Ij(/'Q?)\ah) < +p

(aﬁh aﬁQv CL)\ ah )

This result gives also the convergence of the slope of the discrete critical curve at 0 to
its continuous counterpart. We give the details in the next corollary.

Corollary 6. For every 8 > 0, and even if there exists j € {-K,...,K} such that
E(y]) =0, then

R (A
lim 1) _ KP%,
A—0 A

5. A PARTICULAR CASE: THE HOMOPOLYMER

By fixing A = 1 and w; = 0 for every ¢ > 1, we can model a homopolymer instead of a
copolymer. Indeed, in this case the polymer only consists of hydrophobic monomers, and
its related Hamiltonian is given by

hZA +0 Z 2731{573} (5.1)

—K =1

This type of model, that we call h—model, with a pinning term at the interface in compe-
tition with a repulsion effect (given here by hZfi 1 A;), has already been investigated in
the literature (see [11], or [4]). It has been proved for instance, that some properties of the
h-model can be extended to the wetting model by letting the parameter A tend to oo (see
[15).

The free energy of the h-model is denoted by ®(/3,h) and the localization condition
remains: (5,h) € £ when ®(5,h) > h and (8,h) € D when ®(3,h) = h. The critical
curve of the h-model, which separates the (h, 3)-plane into a localized and a delocalized
phase is denoted by h.(). This curve is also increasing, convex and satisfies h.(0) = 0.
Another particularity of this system comes from the simplicity of its continuous limit.
Indeed, applied to this case, Theorem 4 implies that the continuous Hamiltonian is given
by

t
h/ Ayds + B L. (5.2)
0

Thus, the disorder disappears and we can compute explicitly some quantities related to
this limit. If we denote by ®(8X%, h) the continuous free energy which is associated with
(5.2), then we obtain the following proposition.

For simplicity, we state the proposition for the case ¥ = 1.

Proposition 7. Let 3> 0 and h > 0. Then,
h2 ﬁQ

252 if h< B2

®(B,h)=h if h>p% and O(B,h) =
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Since h?/(263%) + 3?/2 > h when h < (3%, we obtain the continuous critical curve, i.e.,
he(B) = B2 for © =1 (see Fig 1).

Fig. 1:

With the general h-model, i.e. with ¥ not necessarily equal to 1, we can deduce from
Theorem 4, the behavior of some quantities linked to the discrete model as 3 tends to
zero. For instance, we can compute the slope in 0 of the discrete critical curve. It gives

lim fe(P)
B—0 32
This limit is conform to the intuition, to the extend that a stronger pinning along the
interface enlarges the localized area, and consequently, increases the slope of the critical
curve at the origin. It is also confirmed by the bounds of the critical curve found in [15].
With Proposition 7, we differentiate EIVD(h, () with respect to § and we find the asymptotic
behavior of the reward average in the weak coupling limit. Indeed, when h < (2, by
convexity of @ in §, we can write that, a.s. in ~,

= (5.3)

. . 1 2h, K N j h2

limg—o imy— oo afNEXm,@w [Zj:—K 2oim Vfl{Sz':j}} =0~ F-
The same derivative with respect to h gives an approximation, for a small, of the time
proportion spent by the polymer under the interface, i.e.,

. . a?h,w ZAL Ay 2_h
lim, o limy_ o EN,a,B [ i = ﬁwg .

6. MULTI-INTERFACE CASE

6.1. Preview and results. In this section, we want to extend the convergence of the
discrete model towards the continuous model to the case of a polymer interacting with an
infinite number of interfaces. However, for technical reasons, we will consider the regular
interfaces model, i.e., when the widths between successive interfaces are all equal to a
constant r > 0. Therefore, for every k € Z we have P, = kr. Actually, some parts of
the proofs of Theorems 8 and 9 are satisfied by the model with irregular interfaces (i.e.
satisfying the assumptions (1.2)). This is the case for instance of Lemma 11 which is one
of the key of the coarse graining. For this reason, it seems that these two theorems should
also be verified with irregular interfaces, but we do not prove it in this article.

Theorem 8. For every § > 0, we have the convergence

lim % B(aB,r/a) = & (B,r). (6.1)
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Similarly to what we did in the single interface case, Theorem 8 is actually the conse-
quence of a stronger theorem that we introduce now.

Theorem 9. Let p > 0, a > 0, 6/ > B and ﬁ” < %. Then for a small enough we obtain
the two inequalities
1

(1+ p)a®

1
Y

é ®(af,r/a) < 1—1Fp$((1 —|—p)ﬁ/,r) +a, and Cf)(ﬂ r) < ®(af,r/a) + a.

(6.2)

The main difference between this Theorem and Theorem 5 comes from the parameter
a that we introduce here. Notice that we did not use it in Theorem 5, otherwise we could
not have proved the convergence of the slopes in corollary 6.

7. PREPARATION

7.1. Technical Lemma.

Lemma 10. For every K € N and every (f-x, f-k+1,---, fK) in (R*)QKJrl the following
convergence occurs:

pelon(Gs S )] e((£) )] oo

where LY is the local time in 0 of a Brownian motion (Bs)s>o between 0 and 1.

Proof. First, we prove the following intermediate result. For every K € N
K N N w K
LK SN sy =K (S fy) L. (7.2
For simplicity, we only prove that ﬁ(zlj\il 1(5,—0} vazl 1{51.:1}) converges in law to
(L(l), L(l’) as N T co. The proof for 2K + 1 levels is exactly the same. For this convergence
in law, we use a result of [16], saying that we can build, on the same probability space
(2, A, P), a simple random walk (S;),~, and a Brownian motion (By)s>0 such that P
almost surely - ' '
lim sup —L|Uj —L}|=0 (7.3)
n_>ooj€{071} \/ﬁ} n n‘

with U} = > i1 1gs,—j and L} the local time in 2 of B between 0 and n. The equation

(7.3) implies that ﬁ (UY — LYY and ﬁ (U} — LL) tend a.s. to 0 as n | oo. Therefore, the

proof of (7.2) will be completed if we show that ﬁ (LY, L}) converges in law to (LY, L?).

By the scaling property of Brownian motion, we obtain that, for every n > 1, ﬁ (LY, LL)
. Thus, since L7 is a.s. continuous in x = 0, we obtain

immediately the a.s. convergence of (L?,Li/\/ﬁ) towards (L{,LY). This a.s. convergence

implies the convergence in law and (7.2) is proved.

Since the function exp(x) is continuous, (7.2) gives us the convergence in law of Wy =
exp (ﬁ Zfz_K f Zfil l{Si:j}) to exp ((Z]K:_K fi)LY) as N 1 co. The uniform inte-
grability of the sequence (WN) ny>1 Will therefore be sufficient to complete the proof of
Lemma 10. To that aim we will use the following construction.

Let (S!)n>0 be a reflected simple random walk, and denote by ky the number of re-
turn to the origin before time N and 7, 72,..., 75y, N — 71 — -+ — T, the length of the
corresponding excursions out of the origin until time N. Independently, we let (S2),>0

1 n
9, Lyv™)

has the same law as (
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be a reflected simple random walk starting in 0 and we denote by 77 her first passage
time in K + 1. Next, for every i > 1, we let (V,!),>0 be a reflected simple random walk,
independent of all the others, which satisfies Vi = K — 1. We denote by #; the first passage
time in K + 1 of V;'. Finally, we define a sequence (¢;);>1 of independent Bernoulli trials
satisfying P(e; = £1) = 1/2.

At this stage we build a new process (see Fig 2), denoted by (Y;);>1, such that Y; = S2
for every + = 0,1,...,71. Thus, Yy, = K + 1, and we set Yp,4+; = K + S}H for every
1=0,...,71—1,s0 that Y4+, 1 = K. At this stage, either ¢; = 1 and we set Y, 4, 4+i =
K+ S;1+z‘+1 for every ¢ = 0,...,7 — 1 and then Y47 4r,—1 = K, or ¢ = —1 and
Yry4r+i = Vi for every i = 0,...,m and Yp,1r 4y = K + 1. We go on like this, namely,
after the j* excursion of H above K, if e; = 1, Y describes above K the next excursion
of (S1)n>0, otherwise Y describes an excursion between 0 and K until it reaches K + 1.
At this moment, Y describes above K the next excursion of (S}),>0 and so on. ..

Fig. 2:
€9 = -1

g3 =41

T+ 7+
+7p — 1 T2+ M

N :
Yi=5 - - Yrgngi=

1
K+ 57 4iv

1 1
Yy =K+ Si-l—l Yrtr4mti =V,

We denote by k:]lv the number of excursions between 0 and K done by Y before time N,
and by jy the number of steps that ¥ does between 0 and K before N. It comes easily
that kL < ky, and that

. kX
gn Sk + N i+ T < ky + S8 0 + T (7.4)

We denote F' = max{f_x, f-x+1,--., fx} and to prove the uniform integrability of Ky,
it suffices to show that Vy = exp (F in/VIN ) is bounded from above in L? norm, indepen-
dently of N. By definition, ({;)i>1,T1 and ky are independent, and by using the Jensen’s
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inequality we obtain
E(VR) < B| exp (2 (ky + X3 my + 1) | = BBl exp (92| Bl exp (22)]
(

< E[exp [\F(logE(exp(QF—i—QFm)))H Elexp(2FTY)].

To complete our proof, it just remains to prove that for every b > 0 the sequence
(E[exp(ka/\/N)])N>0 is bounded from above independently of N. To that aim, we
notice that ky < ko < N and write the obvious inequality

Bl exp(bhan V)] < SN VI Pk, € [1VEN, (k+ 1)VEN]).  (7.6)

With the help of [7] we can compute an upper bound of P(k:gN € [k\/QN, (k+1)V2N D
Indeed, for every k < |\/N/2| we obtain

max( | (k+1)V2N],N) (11 1).a i
P(kan € [kV2N, (k+1)V2N]) < > P(Soy = 0) A5y (1)
]:Lk\/ﬁJ 2N 2N

The function x — log(1 — x) 4+ = is decreasing on [0, 1) and consequently, for every j €
{lkV2N|,...,max(|(k+1)V2N], N)}, we have log(1 — j/N) —log(l —j/2N) < —j/2N.
Therefore,

C1y (il o -
((113)).“((11]51) <exp (X)) —5) =exp (- U5H) <exp (- & ey,

Moreover L 1)\/2NJ — Lk\/2NJ < V2N + 1 and there exists a constant ¢ > 0 such
that P (Sony = 0) < ¢/v2N for every N > 1 . That is why, the equation (7.7) becomes
P(kon € [kV2N, (k+1)V2N]) < 2cexp (—(k — 1)*/2)..

This results allows us to rewrite (7.6) as

(k=12

E[exp(bkan/VN)] < Y2 y2ceb (k1) e~

and the r.h.s. of this inequality is the sum of a convergent series. Therefore, the sequence
(WnN)n>0 is uniformly integrable and the proof of Lemma 10 is completed.

Before asserting Lemma 11, we recall that ¢ > 0, and that (pi)iez\j0} is a sequence
of real numbers which satisfy p; > ¢ for every ¢ € Z \ {0}. We recall also that Py = 0,
P = ZZ 1 piif j >0, and P; = —Zzz_lpzlfj<0 O

Lemma 11. For every sequence (pi)iEZ\{O} and A > 0 small enough the following conver-
gence occurs

. N P
M B [eXp (ﬁ 2lim1 2 ez 1{si:LPkm})] = E[eXP (A ez le)} (7.8)
Proof. We denote
A TN
Ty = 7 Lim1 Zkez Lis,= povAly
and M3y = exp(Ty). Similarly to what we did in Lemma 10, this proof is divided in two

steps. In the first step, we prove the convergence in law of M ]>\‘, towards exp(A )<z Lf’“)

as N T co. In the second step, we prove that (M3)n>1 is uniformly integrable for A small
enough and this completes the proof of the lemma.
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7.2. Step 1. We begin with proving that TK‘, converges in law to AY ., L) Peas N T
oo. This will be sufficient to complete the proof of this step because the exponentlal is
continuous. For every k € Z we have |Py| > |k|c. Therefore,

1 .
ﬁ#{ze{l,...,N} : 18] > N3/ > Z Yo lpwvny (79
i=1 |k|>c-1N1/10

Moreover, the law of the iterated logarithm gives us that P a.s. in S, |S,|/n*/® tends to 0
as n 1 oo. Hence, P a.s. in S, the set {n € N : |S,,| > n®/°} is finite. This entails that, P
a.s. in S, both the left and the right hand sides of (7.9) tend to 0 when N T co. Thus, the

Slutsky’s lemma allows us to restrict T3 to the sum over |k| < ¢ *N'/10 instead of k € Z.
At this stage we use a coupling result, due to Revesz in [16], which can be enounced as

follows

Theorem 12. For every a > 0 and n > 1, one can build, on the same probabilistic space

(Q,A,Q), an n-steps simple random walk (‘S’i(n))ie{l,...,n} and a local time of Brownian

x,(n))

motion between 0 and 1 (L zcR, Such that @ a.s.

— s SUDgez ‘fo/f — #{ief{1,...,n}: Si(n) = JL’}‘ —n—oo 0.
By using this theorem with a = 1/8, we can build L) and $( such that they satisfy
SUPyez |Lm/\ﬁ(n) #{Z e{l,...,n}: Si(n) = x}/\/ﬁ‘ — £(n)n_1/8,

where £(n) tends @ a.s. to 0 as n T co. Thus, we obtain

S |#ietn. N s = BN} VN - LPNIVE) < 200N
|k|<c—1N1/10

(7.10)
Moreover, for every N > 1 and v < 1/2, the local time LN) can be chosen v Holderian @Q
a.s.. Therefore, there exists C' > 0 such that @ a.s.

3 ‘L%Pkmj/mw)_Lfk,(N)k 3
|k|§c‘1N1/10 |/€‘§C_1N1/10

At this stage we choose v = 1/4, so that the r.h.s. of (7.11) tends to 0 as N | oo. Moreover,
the r.h.s. of (7.10) converges also to 0 when N T co. We notice finally that

S Sl N ppeO), (7.12)
|k\§c*1N1/10 kEZ

which entails, by using (7.10), (7.11), (7.12) and the Slutsky’s lemma, that T3 converges
in law to A) ;.5 LP’“’( ) when N T oo. This completes the proof of Step 1.

7 < CNYI0=/2, (7.11)

7.3. Step 2. To prove the uniform integrability of M ])\‘, for A small enough, we bound from
above the quantities

Ajn =P(Cpep#{i€{L,....N} « ;= PVN|} 2 jVN).
At this stage we recall that the width between two successive interfaces is always larger

than [cV/N |, because p, > ¢ for every k € Z\{0}. Therefore, by applying a coupling
method, we show easily that

Ajn S P(Spep#{ie{l,....N} : S;=klcVN|} > jVN). (7.13)
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Associated with a simple random walk starting from x, we denote by R;‘/ﬁ the law of T,
which is the first passage time of the random walk through —|7v/N|, |7V N| or 0. Then,
we can bound A; y from above by

iVN]+1 N JVN+1 e
TR DR | RO 9 OlC) R (R e
Tt yw SN o=l =1

(7.14)

Thus, we need to bound from above the quantity RS\/N (T <N ), but for symmetry reasons,
7 is independent of the first step of S. Therefore,

RYN(r < N)=RVN(r < N 1),

so that 7 becomes the first passage time of S (a simple random walk starting in x = 1)
through N x {0} or N x {|cV/N|}. It gives

RVN(r < N-1)< RVYN(S, = [ev/N]) + RVN(r < N — 1,8, = 0) (7.15)
=1-RVN(1I>N-1,8,=0). (7.
Then, it remains to find a lower bound of Ri\/ﬁ(T > N —1;5; =0) (denoted by D(c, N))

in the following. To that aim, we consider the quantities R‘f\/N(T = k;S; = 0) (denoted
by Ufy‘k/ﬁ), which are computed in [7] (page 322). We obtain

00 00 LC\/Njfl
C\/N — k— v . v
D(c,N) > Z Uy = Z eV N1 Z cos" ! <L03NJ>SIHQ(LCI\_I/NJ)'
k=N+1 k=N-+1 v=1

(7.17)

We perform the sum over k, and after simplifications (7.17) becomes

[VeN|—1
D(c,N)>2[VeN| ™t 221 cos? <2L\1}ZWJ>COSN (L%J)
By using the equalities cos(IT — 2) = — cos(z) and cos?(IT1/2 — ) = sin?(x), we can write

(LN -1)/2
D(¢, N)>2|VeN|™t Z cos™ (L%ﬂ [0082 <2L\I/IZWJ> + (—1)V sin? <L2\1}5Wj)]'

v=1
(7.18)

Thus, since cos?(x) > sin?(z) for every x € [0,11/4], we obtain

D(c,N) > 2|VeN | teos™ (L\/EIWJ) [cos2 <2L\}_[CWJ) — sin? (ZL\}ICWJ)] (7.19)

Therefore, since the term into brackets in (7.19) tends to 1 as N 1 oo, and since cos™ (IT/[cvV/N |)
tends to exp(—I1%2/2c), we obtain that there exists ¢ > 0 such that for N large enough,
D(c,N) > ¢//v/N. Therefore, recalling (7.15) and (7.14), we can write

RN < (12 4) e (VN (1 e/VN)), (20)

so that there exists ¢’ > 0 such that for N large enough and independent of j, A;y <
exp(—c”j). This completes the proof of Step 2. O
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8. PROOF OF THEOREMS AND PROPOSITIONS

8.1. Proof of Proposition 2. We prove Proposition 2 in the multi-interface discrete
case. To that aim we recall the notations ZQnﬂp = E[exp(H;nﬁp)] and ®9,(8,p) =

E(log( 2n’ﬁ,p) /2n). For simplicity we will not recall every time the dependence of Z, ®
and H in 2 and p.

We also define the partition function and the free energy when the polymer is pinned
at the interface Py = 0 at both extremities, i.e., 23" = Elexp(Hy,)1(s,,—0}] and 5, =
Eflog(Z35)/2n]

The sequence (2n®$,,)n>1 is superadditive and therefore ®§, converges to sup,,~;{®$, }
as n T oo. Moreover, since the variables v are bounded by M, the sequence (@5;),121 is
bounded from above by BM and its limit is finite. At this stage, proving that (®5,)n>1
and (®2,,),>1 have the same limit will be sufficient to complete the proof of Proposition
2. This will be a consequence of the next lemma.

Lemma 13. For every n > 1, we have the mequality
1
Cin = o E[logE[ P 1(g,, 70}]} > —E[log(Z;n)] — &on = Doy, — Eon (8.1)
where £ is a positive function, that tends to 0 as n T oo.

To simplify the proof of this lemma, we denote IM = {—2nM, ..., 2nM} and V;), n, (L, k,7) =
{Sn, =1, Sp, = k, Hy, — H), = r}. By taking into account the position of Sy, and by
recalling that the variables v are bounded by M € N\ {0}, we can write

P(VQ’LATL(k? 07 Tz)) V2 eﬁr2/2

Za= 5] = 3 Y (a0 ) o

1/2
k==2nrelM roeIM ngzop(vzq;z,m(hovr?)) / efr2/2

We apply the Cauchy—Schwartz inequality and obtain

(23 )? Z Z Z P (Vg5 (0,k,71)) efr P (Va4 (k,0,73)) efr (8.2)
k=—2n rleljw T'QEIM
‘/(]Qn(k 0 Tl)) Ary

: Z 2 2 Yrsersr P(Vanan(k;0,72)) €972

=—2n 7‘1611\{ 7nze[M

Then we notice that the first term of the r.h.s. of (8.2) is equal to E[eﬂHZn 1is,.—o})
therefore, by using the Jensen inequality we obtain

Eflog(23,)%] < E[log B[e* 15, 0]

2n Y r 657’1
1 log Z Z [ Z (Vo,zn(kaov 1))

k=—2n rocIM rielM ZTZ =0 (VQZlAn(k’ 0, T2)) efr2

(8.3)
Moreover, by recalling that (¥ )f:ee{zl on} 18 independent of (v¥ )fee{ZQn Ldn} and by applying
the Jensen inequality with the concave function z — 1/ we obtain
E|: P(VaQn(k7 07 Tl)) 657"1 :| < ZHEHQA E[P(%W,Qn(]@ 07 Tl))] eﬁrl
relM ZTQGI% P(VQWnAn(k? 0, TQ)) efr | = Zrzelﬁw E[P(VQ’ZLAn(kv 0, T2>)] efr2 =

(8.4)
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Thus, the relations (8.3) and (8.4) allow us to write
1
4an

and the proof of Lemma 13 is completed.

For all n > 1 we have ®3, > ®§ , hence liminf, .. P2, > lim, .o ®5,. Moreover,
Lemma 13 gives limsup,,_,., P2, < lim, . P5,, and the proof of Proposition 2 is com-
pleted.

1 1
H] 2
E[logE[eﬁ in 1{S4n=0}H > 2nI[-I,[log(Z;n)] ~ log 2n

n

8.2. Proof of corollary 6. In this section, we assume that Theorem 5 is satisfied.

We prove this corollary by applying Theorem 5 with particular parameters. We denote
p=1/n, = BY+1/n, h=1+2/n)KM" h = K", 8 =0 =0, and A = 1. For a
small enough, the first inequality of Theorem 5 gives

BE+1 ﬁm%)

Lw(apaa(l+ 2K ) < (14 HI(s8+ L1 K (8.5)

By definition of Ké‘), the right hand side of (8.5) is equal to zero. Therefore, we have the
inequality liminf, hgﬁ(a)/a < (1+ 2/n)KcBE+1/". Then, we let n T co and since K((;') is
continuous in 3, the former inequality becomes lim inf,_, he? (a)/a < KP% . 1t remains to
prove the opposite inequality. To that aim, we apply the second inequality of Theorem 5
with the parameters p = 1/n, ug = 8% —1/n, h= (1 +2/n)K, b = KI?, 51 = s = 3,
and A = 1. For a small enough we obtain

~ 1 ~ 1
m(gz RN o %) < L/ \If(aﬂ,a, o (K7 - %)). (8.6)
Therefore, we can write limsup,_,., h%°(a)/a > (Kfzfl/n —2/n)/(1+ 1/n) because the

Lh.s. of (8.6) is strictly positive. Finally, since 5 — Kcﬁ is continuous, we let n | oo and
it completes the proof of the corollary.

8.3. Proof of Theorem 4. in this section, we prove that Theorem 4 is a consequence of
Theorem 5. This proof is divided into 3 steps. In the first step, we show that Theorem 4
is satisfied when A > 0, h > 0, and every pinning reward 7, has a non zero average. In the
second step, we prove that the result can be extended to the case in which some ’y{ have
a zero average. Finally, in the last step, we will consider the case h = 0.

Step 1. First, we consider the case A > 0, h > 0 and E(’y{) # 0forevery j € {-K,...,K}.
We can apply the first inequality of Theorem 5 with the parameters p = 1/n, b/

h/(1+1/n)2 B = B2 =B and pu1(v) = B(1+1/v)X1+ B(1—1/v)Es (n and v € N—{0}).
It gives, for every integers n and v strictly positive, that

lim sup,_,q a% \IJ(aﬂ, a, ah) <(1+ %)\Tl(,ul(v), A, (8.7)

)

At this stage, we let successively n and v tend to co, and, by continuity of U in h and 0 we
obtain limsup,_,o 1/a?¥ (a8, a)\,ah) < U(BE, A\, h). The lower bound is proved with the
second inequality of Theorem 5. Indeed, if we choose p2(v) = (1 —1/v)E1 +B(1+1/v)3,
and keep the other notations, we obtain

U (2, \, h(1+ 1)2) < (14 L) liminf,o LT(aB,al, ah). (8.8)

We let n 1 0o, and after, we let v T oc. In that way, we can conclude that lim, .o 1/a?V (a3, a\, ah) =
U (33, A\, h) which implies Theorem 4.
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Step 2. We prove Theorem 4 when there exists j € {—K,..., K} such that E(y]) =

0. For that, we choose p > 0 and small enough, such that, E(y] + ) # 0 for every
j € {—K,...,K}. With these new variables we can use the result of Step 1 with ¥, =
Y+ (2K +1) . Therefore, we can apply Theorem 5 and since the free energy ®,, associated

with the variables v/ + u is larger than ®, we obtain

1 1 ~
limsup - ®(af, a\, ah) < lim —®,(af, a), ah) = ®(B(X + (2K + 1)p), A, h).

a—0 a? 0 a?

As @ is continuous in B, welet | 0 and write limsup,_,, 1/a?® (a3, aX, ah) < &)(62, A h).
Thus, it suffices to do the same computation with —y < 0, and we obtain the other
inequality, i.e.,

1 ~ ~
limiglf — ®(ap, al, ah) < hII(lJ (/X — (2K + 1)u), A\, h) = ®(BE, A\, h).
a— a Y

Therefore, we can say that liminf, . a%q)(aﬁ, aX,ah) = &)(ﬂE, A h).

Step 3. It remains to prove Theorem 4 when h = 0. Since ¥ and U are non increasing in
h, Theorem 4 with strictly positive parameters (proved in Step 2) implies

1 1 . -
limiglfﬁfb(aﬁ, aX,0) = limiélf?\ll(aﬁ,a)\,O) > U(83,N,0) = ®(8X, A, 0).

To prove the opposite inequality, we just notice that ® is non decreasing in h. Effectively

. AN A N
g% (ﬂ7>\70) - llmN_”)oE[Z(Al,...,AN)E{fl,l}N P(/Xl7 e 7AN) 42]\717 eXp (A lel szz—i_ﬁ e

(8.9)
and by symmetry of the laws of the random walk and of the variables {w;}i=12 ., we
can transform w; in —w;, and (Aq,...,Ayx) in (=Aq,..., —Ay), without changing (8.9). It
gives

. AN A N
g%‘ﬁ,_._ = th—’OOE[ZAl,...,AN P(=Aq,...,—AnN) 721\7‘1 exp (=AY L) —wiki + ...

AN A N
:E[ZAl,...,AN P(Ay,...,Ay) % exp (AD i, wiAi+/8'-')] = —g% BA0)

Therefore, this derivative is equal to 0 and since ® is convex in h, ® is also non-decreasing
in h. We let n and v tend to oo in (8.7) and we add Ah on both sides. It gives, for h > 0,
that lim sup,_,g a%@(aﬁ, aX,ah) < <A13(ﬂ2, A, h). Since ® is non-decreasing in h, the former
inequality implies, limsup,_,, a%q) (afB,a),0) < &)(ﬁE,A, h). Then we let A | 0 and the
proof of Theorem 4 is completed.

9. PROOF OF THEOREM 5

9.1. Coarse graining. First, we define a relation (previously introduced in [3]), which is
very useful to carry out the proof.

Definition 14. let fi.s5(a,h, b1, B2) and gics5(a,h, Bi, B2) be real-valued functions. The
relation f << g occurs if for every B3 > B1, Bo > B4, p > 0, and h > R >0 satisfying
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(14 p)h' < h, there exists &y such that for 0 < § < &g there exists eo(8) such that for
0 < e < g there exists ap(e, ) satisfying
11?1 SUD freo(a, h, Br, B2) — (14 PGt p)2.e(14p)2. 6014002 (@(1+ p), B, B3, B1) < 0
for 0<a<ap (9.1)

In this proof we consider some functions of the form

Ft,E,(S(a’ hv /817 62) =K |:% IOg E( exp(aHt,E,é(ay ha /817 62)))] ;

and we denote

hd Ftl,s,(s(av h? ﬁlv ﬁ?) = ?12\I[Lt/a2j (aﬁla aﬁ% a, CLh)

o F]_ s(a,h, Br,B2) = Uy(B151 + Ba¥a, 1, h).

The proof of (4.4) will consist in showing that F'! << F7 and F” << F! (denoted by
Fl ~ F7). To that aim, we will create the intermediate functions Fy, . .., Fg associated with
slight modifications of the Hamiltonian to transform, step by step, the discrete Hamiltonian

into the continuous one. As the relation ~ is transitive, we will prove at every step that
F' ~ F*1 to conclude finally that F' ~ F7.

9.2. Scheme of the proof. To show that F' << F'*l we let H* = H' + H'! and, by
the Holder inequality, we can bound F* from above as follows

Fti@é(a, h,3) < mE[logE(exp(a(lep)Hf))] +ﬁﬂ£[log E(exp(a(1+p~1)H))].

Thus, if we choose H! = HZ(—E}i—p)27E(1+p)2,5(l+p)2 (a(1+ p), R, Bs, B4), we obtain

Fti,a,zs(aa h, ﬂla /32)) - (]‘ + p)Ftia}kp)2,e(l+p)2,6(1+p)2 (a’(l + p)a hlv ﬁ3’ ﬂ4))

< ME[logE( exp(a(l+ p~ ) H))].
Then, it suffices to prove that limsup,_,., 1/tlog EE (exp (a(1+ p~')H!T))) <0 for a, e
and ¢ small enough.

9.3. Step 1. The first Hamiltonian that we consider in this proof is given by

t/a? t/a? t/a?
Ht(,?,g(ayh,ﬂhﬁﬂ ==2> Aj(wi+ah)+ B Y Y Alsepy+ B > > ¥ si—iy
i=1 j=I i=1 j=Iy i=1

We define some notation to build the intermediate Hamiltonians (see Fig. 3).
00=0, i§=0 and i} , =inf{n > ope/a®+6/a®: S, =0}

m = inf{k > 1:4, > t/a?}

i, = 1, for k<m and i, = t/a?

opr1 = inf{n>0:ir1 €](n—1)e/a? ne/a?]},

I, =](ok-1+1)e/a* ope/a®] N]0,t/a%], spi1 = sign( A, —1)
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We define the first transformation of the Hamiltonian
t/a?

a2 (a,h, b1, B2) = —2Zsk [ S wi+ ahuk@ + Zm S lseny + 5> A 1s—y

i€l = jeh JEI>

and we want to show that F; << F5. To that aim, we denote
) Zt/a Aj(w; +ah) +23 " Sk(zz‘efk w; +a(l+ P)h'|7k|>

a? j a?
+(61 — B3) Zje[l Z:/zl ’73 1{Si:j} + (B2 — Ba) Zjelg Zf/:1 'Yg 1{S¢=j}v (9.2)

and it remains to prove that limsup,_ . +log EE(exp(a(1 + p~ 1) HT)) < 0. We integrate
over the disorder v and the third and forth terms of the right hand side of (9.2) give some
contributions of the form

a? — i
exp(Yjep Y45 logE[exp (6, — Basp)all + p~)1))] 1(s,=j) forp=1landp=2.

Since E(exp(A[y?])) < oo for every j € {—K,..., K} and A > 0, we can write a first order
Taylor expansion of log E(exp(Aa~y])) when a | 0. It gives

log E(exp (Aa’y{)) = AaE(’yg) + o(a). (9.3)

We assume in this proof that E(ﬂy{) # 0 for every j € {—K,..., K} (see the assumptions

of Theorem 5) and therefore {—K,...,K} = I; U 5. For every i € I, E(+{) > 0, and
B1 — B3 < 0. Thus, by (9.3), we obtain, for a small enough, that

; L

S jen S5 og E((B1 — Bs)a(1+ p~)7) 15—y < 0. (9.4)
The sum over I satisfies the same inequality for a small enough because 82 — 34 > 0 and
E(fyl) < 0 when j € Iy. Therefore, we can remove the third and forth terms of H'! in

(9.2) and by rewriting ZZ/ L as ) ) /e > icT,» We can rewrite H' as

My /42 My /a2 My /42
——22211)1 i — Sk) 2a1+phzz i —sk)—2a(h—(1+p)h ZZA
k= 1iely, k= 1ier, k= 1iery,

Thus, we integrate over the disorder w which is independent of the random walk. But,
since E(w;) = 0 and E(exp(A|wi])) < oo for every A > 0, a second order expansion gives
that for every ¢ € R there exists A > 0 such that for a small enough

logE (exp(caw; (A; — si))) < Ad?|A; — s, (9.5)
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Finally, we have to prove, for A > 0 and B > 0, that
. m a 2
lim sup;_, o, + logE[exp (Aa® 3,1 ’ Doict, | sk — A —Ba? Zf/:al AZ)] <0. (9.6)

This is explicitly proved in [3] (page 1355), and completes the Step 1 because the proof of
F, << F) is very similar and consists essentially in showing (9.6).

9.4. Step 2. In this step we aim at transforming the disorder w into a sequence (W;)i>1
of independent random variables of law ANp;. To that aim, we use a coupling method
developed in [17] to define on the same probabilistic space and for every j € N\ {0} the
variables (wi)ie{(j_l)e Ja241,... je/a?} and some independent variables of law MNo,1, denoted
by (Wi)ief(j—1)e/a?+1,....je/a?}> Such that for every p > 2 and z > 0

je/a?
IP’(‘ oo wi—iy| > ) < V2 (uh). (9.7)
i=(j—1)e/a2+1
These constructions are made independently on every blocs {(j — 1)e/a® + 1,..., je/a®}.
Thus, we can form the third Hamiltonian as follow
t/a?
H (a,h, b1, B2) = —2 Z sk| > i+ ah|Til | + 251 oAl + 8> v sy
i=1  jeh J€I2

lelk

To prove that F? << 3, we need the Hamiltonian H'!. It takes the value

HI = t(s 5((1 h, B, B2) — 31)+p) £(14p)2,8(14p)2 (a(1+p), hla B3, B4). (9.8)

As in Step 1 (see (9.4)) we delete the two pinning terms in H!! and it is sufficient to
consider

:_QZSkZ — W —I—QCLZSk 1+p)h,)|lk’

= i€l
m o (+1)e/a?
§2Zsk< > > wi—y —(h—(1+p)h’)g>.
k=1 Jj=ok—1+1"i=je/a2+1

We want to prove that limsup, . 1/tlogEE (exp (a(1 + p~t)H!!))) < 0. By indepen-
dence of (w, ) on each blocs {(j —1)e/a®+1,. .., je/a?}, it suffices to show that for every
C>0and B>0

E[exp (C’a‘ Zfﬁf w; — 12)1‘ - BE):| <1 for ¢, and a small enough. (9.9)

We prove this point as follows,

B exp (Ca| S5 ws — )] < 2% € C0F B(| S -

ﬁ) + eC’N\/Ea.
(9.10)
By using (9.7) and the fact that E(w¥) < R¥, we obtain that for every j and k > 1

jela
IP’<‘ o wi— | > \’75) < @Rya) (9.11)
i=(j—1)e/a2+1
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We consider (9.10) with N =5, and we use (9.11) to obtain

E[exp (Ca| /5w, — iy])] < 5OV 4o O yoe (oova Ak

a2

Therefore, for € > 0 fixed, there exists K(e,a) > 0 which tends to zero when a tends to
zero, and satisfies

E[exp (Ca| 355 w; - w1|)} < (14 K(e,a)) &5C=va,

This implies (9.9), and completes the Step 2 because the proof of F3 << F? is exactly
the same.

9.5. Step 3. In this step, we make a link between the discrete and the continuous models.
For that, we take into account the number of return to the origin of the random walk, and
the local time of the Brownian motion. We define, independently of the random walk, an
i.i.d. sequence (l’f)kzo of local times spent in 0 by a Brownian motion between 0 and 1.
The law of this sequence is denoted by . Then, we build the new Hamiltonian

H{Ds(a,h, B, B) = =250 si( Lie, i+ ahlTy]) + BEEEM S ik (9.12)

As usual, to prove that F3 << Fj, we consider H T in which we can already remove the
term —2a(h — (14 p)R’) S_1, sk | I1. | because it is negative. Therefore we can bound H!!
from above as follows

m i m
EET S5 DU SRR TR L ol
k=1

k=1 jel1 i=ip_1+1
m i m
j ﬂ422\/52 k
YD D e, Ul
k=1 jelz i=ip_1+1 k=1

To prove that lim sup,_, ., 1 log EpgyE(exp(a(1+p~1)HIT)) < 0, we first apply the Hélder
inequality (with the coefficients p = ¢ = 2), and then we integrate over the disorder +.
Therefore, it remains to prove for x = 1 and 2 that

m i)
lim sup 1 logEpgy [exp <Z Z Z
t—oo 1 k=1j=I, i=ip_1+1
log E (exp (2@@,; (1+p7h 7{)) 1is—j1 — 28,42V05,(1+ p I ) | <0.
(9.13)

For simplicity, in what follows we will use F instead of Epg,. We begin with the proof of
(9.13) in the case = 1. To that aim, we recall (9.3), that gives

log E (exp <2a,61 (1+p7Y) 75)) = 2E(v)aB (1 + p~) + o(a). (9.14)

Therefore, we can choose 3” such that 3; < $” < 3 and a small enough to obtain for
every j € I; the inequality logE(exp(2a31(1 + p~1)77)) < 2a8"(1 + p~1)E(1]). Finally,
since E(vy]) > 0 for every j, we can replace (ik)ke(t,...m} BY (i) ke(t,...m} (see the notation
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at the beginning of Step 1, and it remains to prove that for B > A > 0

;U
m 1k

lim sup % log B {exp (Z (Aa Z ]E(*y{) Z 1is—j1 — BV6 ¥, l’f))] <0. (9.15)

teo k=1 jeh =it +1

For simplicity, we will use the notation E(fy{) = f(j), and consequently X1 = ../ f(j).
For every N, we build a new filtration, i.e., Fy = o(Ay U 0(l8’1...,l{\[)) with Ay =
o(X1,...,Xy) and the random variable

exp (Yply AaY iep, F(3) v € {iy_, + 1,03} Sy = j} — BV L) Yol 1F)
PV E(exp (Aa Y ep, t{i € {0, 55} 2 S, = j} — BVES 1))

N =

where p is a constant > 1. We will precise the value of u later, to make sure that My is a
positive surmartingale with respect to (Fy)ysq- To that aim, for every j € {-K,..., K}
we introduce PY, = #{u € {i%_; + 1,i%} : Sy = j}, and we define the new filtration
(GN)n>1 by Gy—1 = o(Fy_1 U o(Xig,  +1,--- ,Xi};\[iﬁ((;%)/az,lfv)). Then, we consider
the quantity E (My|Fn_1) and by independence of the random walk excursions out of the
origin we obtain

p E(exp(AaX,_y f(j) Pk — BV i 1Y)|Fy 1)

E(exp(Aa>;_;, £(5) i € {0, %5}« 8i = i} — BVoRul)

(9.16)
We define ty = inf{i > i%_, + (6 +¢)/a® : S; = 0} and notice that ¢y > i% (see Fig 4 for
an example in which tx > 4%;). Therefore, we can write P]{, < B{? N+ Bg’ N With

E(My|Fn-1) = My_1

B{’N:{UE {i%_1+1, .. i% 25} S, =5} and Bg,N:{ve {i%_1+2E+ 1, tn ) Su=j}.
(9.17)

We denote by C' the quantity Elexp(Aa ) ;c;, f(j) P]{, — BV§ %1 1YV)|Fy_1]. Thus, since

B{ y is measurable with respect to Gy_1 and since Fiy_; C Gny_1 we can write

C< E[exp (Aaz (&) B{,N — B\/gEll{V> E[exp (Aaz & BiN)‘GNl} 'FNl

Jjel Jj€l

Fig. 4:
§/a? +¢e/a?

IN—_1 IN tn

" ~Lnnl
I Y

on_1€/a® —¢€/a? on_1€/a? on_1€/a® + & /a>
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If we denote by T the quantity E(exp(Aa)_;c;, f(4) B;N) |GN—_1), the fact that the local
times (11,...,1) are independent of the random walk allows us to write the equality
T = E(exp(Aa) e, f() B;N) |Aiy 1 +(5+¢)/a2)- The strong Markov property can be
applied here. Indeed, if (Vy)n>0 is a simple random walk with Vo = Six 4 (542)/a2, and if
s =1inf{n > 1:V, = 0}, we can write

T = Ev[exp (Aad ;cp, fO)E{i € {1,.,5}: Vi =j})].

Thus, if we denote f = maxjer, {f;}, we can bound Y from above as
YT < Ey|exp(Aaft {i € {1,.,s}: Vie {-K,...,K}})]. (9.18)

We want to find an upper bound of T independent of the starting point S; ;| | (51¢)/42- The
r.h.s. of (9.18) is even with respect to the starting point, therefore we can consider that
V is a reflected random walk. That is why it suffices to bound from above the quantities
W(z,a) = Ez(exp(Aaft {i € {1,.,s} : |Vi] € {0,...,K}})) with = € N. Moreover,
the Markov property implies that W (z,a) = W(K,a) for every z > K, and W (z,a) <
W (K, a) if z < K because the random walk starting in K touches necessarily in x before
reaching 0. Therefore, we can write an upper bound of C, i.e.,

C< E[exp (Aaep, f(G) Bl y — BVEE, l{V)\FN,l} W (K, a),

and since the excursion of a random walk are independent we can assert that B{ N 18
independent of F_1. Hence,

E[GXP (AaY;cp, 1) By — B\fézll{VHFNfl} =

B exp (40X, /() 80 € {0, 85} 5 5 = j} - BVE )|

and (9.16) becomes E(My|Fn-1) < My_1 W(K,a)/u. But W(K,a) tends to 1 asa | 0
and becomes smaller than p for a small enough. That is why for a small enough (My)n>0
is a surmartingale. Since the stopping time m; 42> is bounded from above by ¢/ a?, we can
apply a stopping time theorem and say that E(M,,) < E(M;) < 1. Then, to complete the
proof of (9.15), it suffices to show that, for ¢, €, a small enough the quantity Vs, ,, defined
in (9.19), is smaller than 1.

Vsca = /LE[eXp (AaY ep, FG) i€ {0,555} 2 S, = j} — BVoS, l%)] (9.19)
We recall that the random walk and the local time I} are independent. Therefore,
Vaca = 1E|exp (40X e, FG) 8 € {0,555} 8i = j}) | B[ exp (- BVE 1) .
By Lemma 10, we know that
lir% Vsea = LE [ exp(AVE + €24 l%)]E[exp(—B\/gzl 11)].

Since X is fixed, it enters in the constants A and B without changing the fact that B > A.
For every z in R we denote f(z) = E(exp(xli)). The law of I{ is known (see [18]), and the
derivative of f in 0 satisfies f (0) = E(I}) > 0. Therefore, a first order development of f
gives f(AVE+€) = 1+ f (0)AVS + e+ 0(V/d + €) and f(—BV3) = 1— f'(0) BV +o(\/9).

If we take € < 62, we obtain

FAVE + ) f(=BV3) <1+ f(0)V5(AV1 + 6 — B) + o(V9). (9.20)
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Since B > A, the right hand side of (9.20) is strictly smaller than 1 for § small enough.
For such a 6, for ¢ < 6% and for i > 1 but small enough we obtain lim,_ Vsea < 1.
As a consequence, for a small enough, V., < 1. This completes the proof of (9.15), and
therefore, the proof of (9.13) for x = 1.

The proof of (9.13) for z = 2, is easier than the former one. Indeed, E(’yf) < 0 for every

j € I, and therefore, if we choose 8 such that 3> > 8" > f4, the first order development
of (9.3) gives, for a small enough,

log E[ exp(2a/32(1 + ﬂfl)%j)] <2a8"(1+ p~ HE(+).

By following the scheme of the former proof (for x=1), we notice that it suffices to replace
{fue{i¥ [ +1,i%}: Sy =34} by {ue {i¥_ | +1,i% ,+d+¢e/a*}: S, = j} in the definition
of M. Moreover, there is no need to introduce 1 > 1 in the definition of My, which is in
this case a positive martingale. The rest of the proof is similar to the case z = 1.

The proof of Fy << Fj3 is almost the same, we just exchange the role of 31, B2 and 33, 54
in the definition of H'!. Consequently, the role of A and —B in (9.15) are also exchanged,
and, as in the former proof, Lemma 10 implies the result.

9.6. Step 4. We notice that the quantities m, o1, 09,...0m, 1,52, ..., Sn can also be de-
fined for a Brownian motion on the interval [0,¢]. Indeed, we denote o9 = 0,29 = 0, and
recursively zp11 = inf{s > oxe + 9 : B; = 0} while 041 is the unique integer satisfying
Zk11 € ((Uk+1 — 1e, 0k+1e] and sip41 = 1 if the excursion ending in 24 is in the lower
half-plan, siy11 = 0 otherwise. Finally, we let m; = inf{k > 1: 2z > t} and z,, = t. At
this stage, we want to transform the random walk that gives the possible trajectories of
the polymer into a Brownian motion. For that (as in [3]), we denote by () the measure of

(My)q2,01,02, ... Om, 81, 82, . .., Sm) associated with the random walk on [0,/a?] and by
Q@ the measure of (my,01,09,...,0m, 81,82, -.,Sn) associated with the Brownian motion
on [0,¢].

As proved in [3] (page 1362) @ and Q are absolutely continuous and their Radon-
Nikodym derivative satisfies that there exists a constant K ;767 s > 0 such that for every
>0

lim limsup K, s =0 and (1—-K')™ <

=0 40

<1+ K™ (9.21)

QU
@‘@z

We recall that y is the law of the local times (11,13, . .. ,lé’m , which are independent of the
random walk and consequently of Q. Moreover, |I;| = (6, —01_1)e/a?. Hence, the equation

~—

(9.12) gives that Ht(?a(a,h,ﬁ) depends only on (1my/42,01,02,...0m,51,52,...,5m) and

(1513, . .., lé’m). That is why, we can write

Ft%e,é(av h7 ﬁla 62) = % log EX®Q [exp(Ht(i?a(aa ha B))] :

At this stage, we define F; by replacing the random walk by a Brownian motion, namely
by integrating over y ® Q) instead of x ® ). We define

Ht(,Se),é(a’ h, B, B2) = Ht(i),&(a, h, B1, B2) + log(dQ/dQ),

and therefore,

(4) (5)
FtE:E,(S(a’ h, B, B2) = %log EX®C~2 [th,E,(;(a,hﬁh@)] _ %10g Ers0 [th,E,g(aahﬂhﬁQ)]_
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Now, we aim at proving that F* << F°. To that aim, we calculate H'!| i.e.,

HII t(g ((I h ﬁlaﬁZ) 1)+p)5 (1+p)2,5(1+p)2(a(1 +p)7h,7ﬁ3aﬁ4)
= —2(h— (1 +p)h) X4y sk(ok — ok-1)e
+ ((B1 = B3)X1 + (B2 — 54)22)§ S b — ﬁ log %
< =2(h— (14 p)h') Ty sklon — on-1)e — ot log 98-
We do not give the details of the end of this step because it is done in [3] (page 1361 —1362).

To prove that F5 << Fy, we consider the density dQ/d@ in H'', and (9.21) can also be
applied. It completes the Step 4.

9.7. Step 5. From now on, we integrate over x ® @ in I and consequently the term
log (dQ/dQ) does not appear in H®) any more. In this step, transform the local times

(l%, . ,l]f, ...) into the local times of the Brownian motion that determines @ We recall
that L; is the local time spent at 0 by (Bs)s>0 between the times 0 and ¢.

But before, we define (R;s)s>0 a Brownian motion, independent of B, and we emphasize
the fact that, for every k € {1,...,m},

a Z w; 2 Rope — Ry,_e  and  d?|Ty| = (o — op_1)e. (9.22)
ZGIk

Then, we can rewrite the fifth Hamiltonian as

(a h, b1, B2) = i [Sk(Rake — Ry e + h(og — o—1)€) — %\/&ﬂ-
(9.23)
We define the sixth Hamiltonian as,

Zolash, . Ba) = k1 [Sk (Rowe = Roy_yc + o — am)e)} + DzitBa¥a g,
At this stage, we notice that F’ 5 and F% do not depend on a anymore. Hence, to simplify

the following steps, we transform a bit the general scheme of the proof. Indeed, from now
on, we will denote, for i = 5,6 or 7,

ta&(h ﬁl?ﬂQ) logEé[exp(ﬁi,s,é(}%ﬁlvﬂ?))] (9'24)
with ﬁ7675(h,ﬁl,ﬁ2) = aHZ@&(h,ﬁl,ﬁg). Therefore, to prove that F? << FJ we use

H' = Fi,s,é(hvﬂhﬂ?) - lipHJ(ler) e(14p)2,6(1+p)2 (h 537B4) (9'25)
and we show that limsup, . 1/tlog EE(exp((1 + p~ 1) HT))) < 0.

We want to prove that F° << FS but, by the scaling property of Brownian motion, it
is not difficult to show that for ¢ =5 or 6

F;(l—f—p) e(14p)2,6(1+p)2 (h’ /81762) ( +p)ﬁ’;a,5((1 +p)h761752)' (926)
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Therefore, by (9.25), we can write H!! = F;{eﬁ(h, b1, B2) — Ff@(;((l + p)h, B3, B4). Thus,
since (1+ p)h’ < h and — "7, sp(0), — ox_1)e < 0, we obtain

m m
H'' <3151V Y Iy =351 ) Loy — Ly |

k=1 k=1
+ 3351 (Liys — Le) + fo5oV0 Y I = Ba%2 Y Lo — Lay
k=1 k=1

with 27 = z; for every j < m and z;, = inf{t > op,—1€+6 : By = 0}. Finally, by the Holder
inequality, it suffices to prove, for B > A, that

lim sup,_, o %logE[exp (A Vol —BY Ly — LZZ—I)j| <0, (9.27)

and
lim sup,_. 1 log E[exp (AXP Ly —Ly  —BYP, \/Sl’f)} <0, (9.28)

and
lim sup;_, o, 1 log Elexp(B(Ly1s — Lt))] = 0. (9.29)

We denote by C}; the first time of return to the origin after time ¢. Proving (9.29) is
immediate because C; is a stopping time with respect to the natural filtration of B, we
can therefore apply the strong Markov property to obtain, for every w € [t,t + §], the
equality E(exp(B(Liys — Lu))}Ct =u) = Elexp(B(Lit5—u — Lu))]. Thus, we can write

t+6
Elexp(B(Liys — Lt))| = /t " E|exp(B(Li+s—u — Lu))]dCi(u) < E[exp(BLs)]. (9.30)

This implies (9.29), and it remains to prove (9.27), and (9.28). We define a new filtration,
Fy =o0(o((Bs)s<zz, ) Uo(l, - .., 11V)). We notice that (2% )n>0 is a sequence of increasing
stopping times, and consequently, F is an increasing filtration. We denote by My the
quantity
N = ’ :
E[exp(—BLjs+ A\/gl%)] N

which is a surmartingale with respect to Fy. Indeed, L and (I¥);>; are independent,
(Ls)szz}(, is independent of Fy (because By, = 0) and Lz”N+1 — Ly, > Loy 45— Lay, . Thus,
since E(exp ( — B(Lzy 45 — Lzz.))) = E(exp(—B(Ls))), we obtain E(My1|Fy) < My:.
Moreover, m; is a stoping time with respect to Fy and is bounded from above by t/4.
Therefore, to prove (9.27), it suffices to show (as in Step 3) that for B > A and ¢ small
enough, V = Elexp(AV6l} — BLs)] < 1. Moreover, Ls and v/6l} have the same law and
are independent. That is why we can write V = E[exp(Av/dl})]Efexp(—B+/61})], which is
strictly smaller than 1 for ¢ small enough (as proved in Step 3).

We prove (9.28) in a very similar way. Effectively, since Ly, =Lz, < Loy yore—Lay,, we
prove that the inequality (9.27) is still satisfied when A and —B are exchanged. Therefore,
the proof of F® << F° is completed. To end this step, we notice that (9.28) and (9.27)
imply directly that F® << F®. Thus, the proof of Step 5 is completed.
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9.8. Step 6. Let u1 = 131 + B239 and ug = P31 + B4X9. This step is the last one,
therefore, the following Hamiltonian is the one of the continuous model, i.e.,

t
—(7
A 5(h, B, B2) = —2/ 15, <0} (dRs + hds) + pu1 L.
0

For simplicity, we define (¢s)sejo by ¢s = si for every s € (op_1€,0%e]. In that way,

>y $k(Rop. —Roy;, 1)E+h(0'k Ok—1) fo ¢s(dRs+hds). Moreover, the scaling property
of Brownian motion gives, for ¢ = 6 or 7
Hl(f()l-l—p)Z c(14+p)2,6(14p)2 (M5 B) 2 ((1 +0)%h, (1+ p)B1, (1 + p)Ba).

Hence, to show that F® << F7, we consider (as in Step 5) the difference
—(7 ’
H' = gs 5(h, B, B2) — 155 Hg(i+p)2,5(l+p)2,5(l+p)2(h (14 p)Bs, (1 + p)Ba),

which is equal to H§65(h b1, B2) — 1(575)5((1 + p)h', (1 4 p)Bs, (1 + p)Bs). Thus, we can
bound H! from above as follows

t t
1 = _2/0 (65 — L(p,<0y) dRs — 2/0 (hos — 1+ p)h'Lip,<oy) ds + (i1 — pi3) Ly

t t
H < —2/0 (¢s — 1{p,<0y) dRs — 2h/0 (65 — Lip,<0y) ds + (p1 — p3)SLy.

We want to prove that limsup,_,, 7 log EE(exp((1+p~1)H™)) < 0 and after the integra-
tion over E, it remains to prove that for A > 0 and B > 0

limsup 7 logEE[exp (Afo |¢s — 1ip,<0y|ds — BL¢)] < 0.
o0

As in Step 3 (see Fig. 4), we notice that between z;_1 and zy, if we find an excursion of
length larger than § + e, it is necessarily the one which ends at z; and gives the value of
sk. It means that, apart eventually from the very beginning of such an excursion (between
zip—1 and og_1€), s; and ¢5 have the same value along the excursion. Finally, we obtain

t
/ [1¢B,<0) — @slds < Pot5e + me,
0

where P, , 5. is the sum between u and v of the excursion lengths which are smaller than
d+¢€. The term me allows us to take into account the formerly mentioned situation between
zi—1 and op_1€.

With this upper bound, we can write H!/ < APyt 5 + Ame — BL; with A > 0 and
B > 0. Therefore, to complete the proof we must show that for J and € small enough
the inequality lim sup,_,, 1/t log E(exp(1/(1+ p)H!T)) < 0 occurs. Thus, by applying the
Holder inequality, it suffices to prove that, for two strictly positive constants A and B, we
have

1 1
hmsup log Elexp(Aem — BL;)] <0 and limsup ;log Elexp(APy s — BLt)] < 0.

t—o0 t—o0
(9.32)
We begin with the proof of the first inequality of (9.32). To that aim, we recall that, for
every k < m, we have z; > zx_1 + 6. Therefore, we can write

Aem — BLt < Aem — B Zznzl sz_1+5 - sz71 + B(Lt+5 — Lt)
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From the equation (9.29) and the Holder inequality we deduce that the term B(Lyis —
L;) does not change the result. For this reason we just have to consider the quantity
1/tlog Elexp(}_j-y Ae — B(l,, 45 — L2, ))] when ¢ T co. As in (9.58), we define the mar-
tingale

My = W exp (Sh, Ae — B(Ls,_ 45 — Lz,)) with V.5 = Elexp(Ae — BLg)]. (9.33)

Since m is a stopping time bounded from above by ¢/4, it is sufficient to show that V5 < 1
for 4, e small enough. It is the case because Elexp(—BLs)] < 1 for every B > 0. Therefore,
we take € small enough and it completes the proof.

It remains to prove the second part of (9.32). Notice that Pytse = > pey Py 12000
and that for every k <m P,, | .. 5. < 2(6 + ¢) (still because there can not be more than
one excursion larger than § 4+ € between z;_1 and zi). Therefore, we obtain the following
upper bound

APRyt5e— BLy <2A(0 +e)m — By 3t Ly 5 — Lz, + B(Ligs — Ly).

Asin (9.29) the term B(L;y5—L¢) is removed, and it remains to consider 1/tlog E[> /" | A(e+
0) — B(l;,_,+5 — L-,)] when t T co. To that aim, we build again the martingale

My = (D:[;)N exp (Z]kV=1 A(E + 6) - B(le71+5 - sz)) (934)

with D, s = Elexp(A(d +¢) — BLs)]. The term m is a bounded stopping time, therefore,
it suffices to show, for §,e small enough, that D.s < 1. To that aim, we choose ¢ < 9,
and it remains to consider the quantity E[exp(2A48 — BLj;)]. Moreover, L; =p /0L1, and
if we denote f(x) = Elexp(xzL1)], we can use a first order development of f in 0. It gives
f(=BV3) =1— f(0)BV3 + &1(8)V/3 with f/(0) > 0 and lim, .o & (z) = 0. We also know
that, exp(240) = 1+ 2A6 + &(0)d with lim,_,o &2 (x) = 0. Hence, for ¢ < ¢ and § small
enough, we obtain E (exp (248 — BLj;)) = exp(246) f(—Bv/4) < 1. The proof of Fs << Fj
is exactly the same and the Step 6 is completed.

9.9. Proof of Proposition 7.

Proof. The computation of ® is based on the fact that 5(@ h) is equal to the quantity
h 4 lim; . 1/t log E (exp (—2hI'~ (t)+6LY)), where I'(t) = fot 1¢B,<0}ds. Moreover, the
joint law of (I'"(¢), L;) is available in [13] and takes the value

b2
bteXp <_ STt(t—'r)>
3 — db dr. (9.35)
drr2 (t—7)2

AP0~ 1),09) (1 b) = Lo<r<ty L0y
This allows to perform completely the computation of d. O

9.10. Proof of Theorem 8. Theorem 8 is a consequence of Theorem 9. Indeed, consid-
ering the first equation of (6.2), we let p and « tend to 0 and 3’ tend to . Then, since
® is continuous in B we obtain lim supaﬂoa%é(aﬁ, r/a) < CTD(B, r). The other inequality is
proved with the second inequality of (6.2), namely, we let a and p tend to 0 and 8" to S

to obtain lim supaﬂoa%(l)(aﬂ, r/a) > ®(F,r). This completes the proof of Theorem 8.
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9.11. Proof of Theorem 9. Recall that in this proof the sequence (p;);cz\ {0y is fixed
and equal to (kr)kez. We need to transform some aspects of the former coarse graining to
perform this proof. Indeed, we transform the Definition 14 as follows. We introduce the
relation f < g, for functions of type fg:&(; (a, 3). Two functions f and g of this form satisfy

f < gif for every 3 > 3, p > 0 and « > 0 there exists vy such that for 0 < v < vy there
exists £9(v) such that for 0 < e < gy there exists ag(e, ) which satisfies

lim sup f[:a,,(a, ,3) — (1 + p)g:((llig))z75(1+p)27y(1+p)2 (a(l + P), ﬁ/) S«

t—00
for 0<a<ag. (9.36)

We will still consider functions of the form
F{. ,(a,8) = E[{log E]exp(aH]. ,(a, 8))]],

and we denote
r 1 r &
F)l5(a,8) = —® (/a2 (af, v/a) F(a, 8) = ©4(B.7). (9.37)

Thus, if we can show that F' < F* and F* < F! (denoted by F' ~ F*), the proof of
Theorem 9 will be completed. Indeed, for every p > 0, @ > 0 and 3’ > ( the relation
F! < F* entails, for a small enough, that

1
2®afr/a) < (1+p)2(5,r(1+p)) + o (9.38)
Moreover, by the scaling property of Brownian motion we notice that
14p) P, Py
Sken i E =p (14 p) Sper Li (939)

which implies that (14 p)2®(3,r(1 + p)) = ®((1 + p)@,7) + . This last equality and
(9.38) entail the first inequality of Theorem 9. The other inequality is given by the relation
F* 5 F!. Indeed, since 3" < 3/(1 + p) the relation (9.36) gives directly

® "y < ————®(af,r/a 9.40
(8",7) < o pyan ®abor/a) (9.40)
and it completes the proof of Theorem 9.

At this stage, it remains to prove that F' ~ F4 We perform this proof through 3
steps and we introduce 2 intermediate Hamiltonians, i.e., H?> and H?. We modify also
the scheme of the proof given in the former coarse graining (see (9.2)). Indeed, since we
introduced a parameter a > 0 in (9.36), the relation F?* << F**! will be obtained if we
can prove, for every o > 0, that lim sup,_,, %logE[eXp(a(l + p_l)HHﬂ < «a when v, ¢
and a are small enough. In this coarse graining, H'! is given by

ir i+1,r(1+p) '
Hilea(@:B) = Hy1 e c1pp2 wap (1 2) 5)-
Before starting with Step 1, we define some notation.

Definition 15. For every A € R and v > 0 we define the quantity f(A,v) by

F(A,v) = E[exp (A ey LE)] = E[exp (AVy Spen LY. (9.41)

Notice that the second equality of (9.41) is given by the scaling property of Brownian
motion. We define also some notation, which will help us to introduce the intermediate
Hamiltonians (see Fig. 5).

e 00=0, ig=0 and i}, =inf{n>ope/a®+v/a*:3eZ: S, =|lr/a]}
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m = inf{k >1:4Y > t/a®}

opr1 = inf{n>0:i €](n—1)e/a® ne/a?}

i =10 for k<mand ip =t/a?

s, = 1if 3l € Z such that S;, 1 = |Ir/a| + 1 and s = —1if S;, 1 = [Ir/a] — 1.

Finally, for simplicity, we assume that E(y¥) = 1 for every k € Z.

Fig. 5:
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9.12. Step 1. The function F'! is defined in (9.37), and its associated Hamiltonian is

1, i

Ht,sr,u(av ﬁ) = 21]%:1 Zi]:ij,lJrl [ﬁ ZkeZ %k I{Si:\_kr/aj}] . (9'42)
In this step, we perform the first modification of the Hamiltonian. Indeed, on every interval
{ij-1,...,1;} we replace the discrete number of contacts between the random walk and

the interfaces (i.e., Yz 7 1{s,=|kr/a}) Dy some continuous local times. To that aim, we

define (Bj);>1, a sequence of independent Brownian motions and we denote by Lgf’j their
local time spent at x between 0 and 1. Thus, we define the first intermediate Hamiltonian
as,

2, m kr/\/v,j
H; Y (a,3) = 223:1 {ﬁ > kez L1 /\[J} (9.43)
and it satisfies the relation Hf({f;)rf)s(Hp)Q V(149)2 (a(1+ p), ﬁ)gﬂzgy(a, B). Therefore, we

chose B’ > 3 and H'! takes the value

Ny , . J
HI = 50 | S 1 (B Chen W Lsimtirsay) = V7 Ther L7V (0.44)
Recall that the v variables are bounded by M, that i) = i, for all n < m — 1 and that

im > im. We want to substitute i} to i; for j € {1,...,m}. Then, by definition of iy, we
can write
i1 41 (B Cokez W Lisi=lhr/aly) < il 41 (B kez W Lsi=|hr/a)}) +18M/d®.
(9.45)

Therefore, we can replace i; by 7 in the r.h.s. of (9.44) without changing the value of
limsup,_., 1 log EE[exp(a(1 + p~Y)HIT)].

At this stage we must show that limsup,_,, 1 log EE[exp(a(1 + p~1)HIT)] < 0, but by
independence of the variables 'yg with respect to all the other random variables, we can
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integrate first with respect to E. The pinning rewards become log Elexp(a(1l + 1/ p)ﬁ'yg )]
Then we introduce ﬂ” which satisfies 8 < 8" < 3" and since IE[’yf | =1, a first order Taylor
expansion gives us that for a small enoug log E[exp(a(1 4 1/p)8~v))] < a(1+1/p)3".

As we did in the former coarse graining we use a surmartingale method. Thus, we build
a new filtration, i.e., Fy = U(Az’j\, UU((BI(S), R 7BN<3>)56[071]>) with A = O'(Xl, R ,Xk)
and the random variable

[T exp a0+ 98" S 1 (Chez Lisimthrsany) = 80+ Dv0 Tees L7V

1\ o/ L;E 1 kr/«/v,1 N
E [eXp (a(1 + )BT Yoker L(s,=(kr/aly) — (1 + ;)ﬂ’ﬁzkez Ly )]
(9.46)
With respect to the filtration (Fy)n>1, the sequence (My)n>1 is a surmartingale. Indeed,
for every N > 1, My is measurable with respect to Fy and E[My|Fn_1] = My_1U with

Blexp ((1+5)[a8" S¥i 1 (Tiez Lisimibrsan) = 8V7 Liez 117V ) [Fv-]
v4e r//V )
Blexp (a(l + 1)8" .5 S Usimtirsa) — (14 D)FVD Tper 157V

The local time LV is independent of Fi_; and 4%, , satisfies Sy, = |kr/a] for some
k € Z, therefore by Markov property and since by definition

My=

U=

v %+
iiiyv_lﬂ > okez lis,=|kr/a)y < Zz’Zi}’\,l_lJrl > kez Lisi=|kr/a)}

we obtain that U < 1. Moreover, my/,2 is a stopping time with respect to Fx and is
bounded. Therefore, by applying a standard stopping time theorem, it is sufficient to
prove that for v, € and a small enough,

" LEE kr/\/v,1
E [exp (a1 +1/0)8" i) Chez 1{siLkr/aJ})]E [GXP CUERTEEND LAY )} =L
(9.47)
At this stage we apply Lemma 11 which tells that the first expectation of (9.47) con-
verges to f((1+1/p)B", /v + ) when a tends to 0. As a consequence, it suffices to show

that for A < B the quantity f(A, v +¢)f(B,/v) becomes smaller than 1 as soon as v
and e are small enough.

Lemma 16. For every A € R, we can write

(A v) = Blexp (AVy Yy LTV | = 1+ A BAY) +60)vo (9.48)
where £(v) tends to 0 with v.

Proof. We prove in Appendix 2 that E[Ekez Lllw/ﬁ’l] tend to E[L?’l] when v | 0 and in
Appendix 3 that there exists Ag > 0 and M > 0 satisfying Elexp(Ao D icz Llfr/ﬁ’l)] <M

for every v > 1. Thus, the fact that for every x > 0, exp(z) — 1 — x = z%f(x) with
|f(x)| <exp(x) is sufficient to complete the proof of the lemma. O

At this stage, we choose ¢ < v and with the help of Lemma 16, we obtain the equality
f(Ayjv+e)f(—=B,v) =1+ (A — B)\/v+ & (v)y/v with £&2(v) | 0 when v | 0. Therefore, for
v small enough, the quantity f(A,v+e¢)f(—B,v) becomes smaller than 1 and it completes
the proof of F! < F2.
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To show that F? < F! we follow the proof of F! < F? and we exchange the terms

N Lllm«/ﬁ:j and Zz:j:i;ilﬂ (Ykez 1{Si:LkT/aJ}) in (9.46). Then, the lemmas 11
and 16 allow us to conclude and the proof of Step 1 is completed.

9.13. Step 2. As we did in the fourth step of the former coarse graining, we will use this
step to integrate with respect to the law of the brownian motion B instead of the ran-
dom walk S. For that we define the continuous counterparts of (m,o1,...,0m,S1,...,5m).
Indeed, we denote og = 0, 2§ = 0 and recursively 2, = inf{s > oje+v : Ik € Z :
B, = kr} while 041 is the unique integer satisfying 27, ; € ((0j41 — 1)e, 0j41€]. We let
my = inf{j > 1: 27 >t} and for j < m we let z; = 27 whereas z,, = t. Finally we let
sj+1 be equal to 1 if B is above the interface that it touches in 27, ; and sj41 = —1ifit is
below. At this stage, we want to transform the random walk that gives the possible tra-
jectories of the polymer into a Brownian motion. For that, we denote by ) the measure of

(M4)42,01,02, ... Om, 81,52, . . ., 5m) associated with the random walk on [0, |t/a?]] and by
@ the measure of (my,01,02,...,0m, 51,82, --.,Sm) associated with the Brownian motion
on [0,¢].
At this stage, we introduce the second intermediate Hamiltonian. It is given by
3, k J dQ
YL (0, 8) = 2577, (V0 Sper, LY7] + L10g 98, (9.49)
Therefore, we can bound H!! from above as follows
_ B=B_ ﬁ k?‘/xfﬂ dQ dQ
! VU 3T Yker In a(1+p) log 75 < (l+p) log & (9.50)

The next lemma gives us an important tool to estimate the Radon-Nykodim density
dQ/dQ. Then for every ¢ >0, a > 0,1 € N and y € {—33,0} we set

pe=P({inf{i> % —y:WeZ:Si= |2 enyn{s =1} (9.51)
and for y € [—¢, 0], the continuous counterpart, i.e.,
Ql.=P({inf{s >v—y:Ike€Z:By=kr} € [} N {51 =1}) (9.52)

Lemma 17. For every a > 0 and n > 0, there exists an €y such that for all ¢ < €q there
exists an ao(e) such that for all a < ap(e),

ls

Y,a
Ql,s

sup sup  max { ‘ gl ud } < (1+n)ee (9.53)
0] l,e

ye{—e/a?,..,0} y€[—e,...,

We give a proof of Lemma 17 in the Appendix 4.
Then, since m < t/v, the inequality (9.50) and Lemma 17 allow us to write

-1

Bles+ ] < Elloxp (aL45" (mlog(1 + 1) + 57, alie))] < e batton o,

Therefore lim sup,_, ., 1 log E‘[exp(a(l+p‘1)HII)} < % log(1+4mn) 4+« and the r.h.s. of this
inequality is smaller than 2« for 7 small enough. This completes the proof of F? < F3.

The proof of F3 < F? is very similar, indeed the only difference with respect to the
former proof is that the quantity d@/ dQ in (9.50) is replaced by dQ /d@, but Lemma 17
can still be applied. This completes the proof of Step 2.
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9.14. Step 3. By integrating over P instead of P we can rewrite Fggy(a,ﬁ) under the

form 1 log E[exp(ﬁi’;y(ﬂ)] with ﬁfgy(ﬂ) = B>, VY Ykez Llfr/ﬁ’j}. Therefore, as
we did in the former coarse graining we do not consider the quantity a any more. At this
stage, we introduce the final Hamiltonian, i.e.,

H2y(8) = B her L (9.54)
and the difference H!! is given by ﬁiﬁy(ﬁ) - ﬁlpﬁf(’ﬁ:)é’?s(lﬂ)g’y(lﬂy (3). Since the scal-
ing property of Brownian motion gives the equality (14 p) > rcz LF™ =D > ez Lfa(iz)pz),
we obtain

m m
HT =By S L -8y L = [ﬂz Lird =gy " (Lhr - L’;;“,l)]- (9.55)
j=1keZ kEZ j=1 kEZ kEZ

Moreover, by definition of 27, we have Y~ ., (LT, —L") >3, (L’Z“gl — L}"). Therefore,
kr,j !
H! < >t (B ker L = B Pker (L’zg}c - L’z“?_l)] + B Lhez (L, — LET). (9.56)

It remains to prove that limsup,_ ., log E(exp((14 p~Y)HT)) < 0. Trough an Holder
inequality, we can remove the second term of the r.h.s. of (9.56) and it remains to show
that for A < B we have limsup,_, %log Ry <0 with

Ry = E[exp (X751 [AXkez I8 = B en (L — L8 )])] < 0. (9.57)

To that aim, we use a martingale method, as we did in Step 1. We recall that for every
j > 1 the local time L7 is associated with the Brownian motion Bj. Then, we define for all
N > 1, Fx = 0(0((Bs)s<zz,) Uo((Byg, ... ,BY)s>0)) such that (Fy)n>1 is an increasing
filtration and we denote by My the quantity

N kr,j T T
v exp (Zj:l Azkez Ly ' —B ZkeZ (LI;]” - leﬁgil)) (9 58)
N = = kr N . :
E[exp (A > kez Lv '-B D keZ Lzlir)]

Since LV is independent of Fy_; and B we obtain

Elexp (= BSyen L&, — L8, )[Fn1]
EMy|Fy-1] = My—1 = p
Elexp (= B ey L))

Moreover, z}; > 2§ + v and B,y = = kr for some k € Z. Therefore by applying the

Markov property we obtain that E[My|Fy_1] < My_1. As a consequence (My)y>1 is a
surmartingale with respect to Fy. The term m; is a stopping time with respect to (Fn)n>1
and is bounded. Thus, to complete the proof of F? < F* we must show that for v small
enough the quantity

Elexp (A ey L = BY oy L] (9.59)

is smaller than 1. However, the two local times of (9.59) comes from independent Brownian
motions and therefore it suffices to prove that f(A,v)f(—B,v) < 1 for v small enough.
This comes directly from Lemma 16.

The proof of F'* < F3 is similar to the former and we do not give it in details here.
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10. APPENDIX
10.1. Appendix 1. We prove the convexity of K in (. For that, we consider 51 and (s
such that K" and K2* are finite. Then, we denote a € [0, 1], and obtain

tR — o HR

_ 1 o\ PR
LaK2 4+ (1—a)KP2 0B +(1—a) B2 1,K%1 g +{1—a)H}

LK 6y
We apply the Holder inequality (with p = 1/a and ¢ = 1/(1 — «)), and we let ¢ T oo, it
gives
O(LaK? + (1 - a)KP2,af + (1 - )B) < a®(1, KD, B1) + (1 — a)®(1, K2, )
<aKP' 4+ (1 -a)KP.

c
Since ®(1, h, 3) > h (see remark 2), we have
B(1,aK? + (1 — a)K2, af + (1 — a)B) = aK? + (1 — a) K>,
which implies that
aKP 4 (1 — a)KP > Kehit-a)s
and then the convexity is proved.
10.2. Appendix 2. We give an exact expression of the quantity N (v) = [ dorez L kr/ \f]

and we prove that Ni(v) tends to E[LY] when v | 0. Let 7, be the first passage t1me of
the Brownian motion B at kr//v.

kr/\/v
M) = Y B[ ey BLTV|E, )] = B / EILY_JdP,(u) (10.1)
kez keZ\{O}

(10.2)
Since the density of 75 is known and takes the value dP;, (u) = \/2];;% exp(—E& o ) we can

write

2 2
r 1 Vi-u
Ni(v) = E[LY] [1 + ) J’;ny Lo e” b du] (10.3)
keZ\{0}

and then, by setting v = % — 1 we obtain

0 ! b B o yp R
N1 (V) = E[Ll] |:1 + 5T ZkEZ\{O} 77;767 2v fO Hi’lfu e 2w d?]:| . (104)

k2r2v
1+v v dv
by a constant C' > 0 independent of v and k. Moreover the function z — x exp(—x2/2) is

decreasing on [1,00) and therefore for every v < r? we obtain

By considering v < 1, we can bound for every k € Z\ {0} the quantity fo

k%2 k2r2y (kr)?
lcr o oo — kr —
f 2v 0 I+v € v dv S C E kEZ\{O} W@ V17N (105)
keZ\ {0}

The r.h.s. of (10.5) tends to 0 when v | 0 and this is sufficient to conclude that Nj(v)
tends to E(L{) when v | 0.
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10.3. Appendix 3. We denote ¢ > 0 and r > ¢ > 0. We prove that there exist A\g > 0
and M > 0 satisfying Elexp(Ao > ez LY)] < M for every r > c.

Proof. We denote Hy = ﬁ Zfil > okez Lis,—hrV/N ]} and H = > okez LY. Moreover, for

every j € Z we denote V; y = E[exp(AHN)l{HNE[MH)}] and Pj = E[exp()\f[)l{ﬁe[j’jﬂ)}].

We proved in Lemma 11 that Hy converges in law towards H. This entails that V; N tends
to P; when N T oo. Moreover, we showed in the second step of the proof of Lemma 11 that
there exists ¢ > 0 depending only on ¢ such that for N large enough and independent of
j we have P(Hy > j) < exp(—cj). Therefore, by the Fatou’s property we obtain

Z lim inf Vj v < I}HQfZ VN (10.6)
JEZ JEZ
) P Ao(G+1) . Xo(G+1)—cj _
ZPJSI}\r[IngfZe P(HN23)§26 =M< oo. (10.7)
JEZ jeN jeN
This completes the proof of the property. O

10.4. Appendix 4. We give here the frame of the proof of lemma 17 by asserting two
facts that are sufficient to complete the proof. However, we will not prove in details these
two facts because the computations that are required are to heavy to be exposed here.
For this reason, we assert these two facts and show how they allow us to prove Lemma
17. Moreover, for simplicity we will consider only the quantity Q/Q in (9.53) because the
proof of (9.53) for é /@ is completely similar.

We let o and 7 be two strictly positive constants. We let also & be strictly positive and
satisfy (1+&)2/(1 —¢€) <1+mn.

Fact 18. For every € > 0 there exists c. > 0, C: > 0, ly(e) € N\ {0} and ap(e) > 0 such
that for 1 > lo(e) and a < ap(e) we obtain
c-exp (£ log (cos(Z2))) < Qi < Ceexp (%5 log (cos(Z))) Vy € {—5,...,0}

lem?

2 =~ ~
and cc exp ( — l;‘;g ) < Q%{f < C.exp ( — W) Yy € [—¢,0].

Then, by using Fact 18 we obtain for I > lp(¢) and a < ag(e) that

y7a

l,e
Y

l,e

< Ce ele(ﬂ%log(cos(%)) + %)

— ce bl

(10.8)

M. = sup sup ‘
ye{—¢/a?,...,0} ye[—e,0]
but we notice that Jy log(cos(Z%)) + % — 0 as a | 0. Therefore, there exists a;(a,e) <
ap(e) such that for a < ai(a, ) and | > lp(e) we get M, < [(C./c.)e=e/2)ee | Therefore,
there exists I1(a, €) > lp(€) such that for I > I;(a, ) the quantity (C./c.)e~ /2 becomes
smaller than 1. Thus M, < e for 1 > Iy (o, €) and a < ay(a, €).
At this stage, it remains to prove that there exists €1(a,n) > 0 such that for all ¢ < &1
there exists ag(a, €) > 0 such that a < ay entails My, < (1+ n)e?’s for all I € {1,11(e)}.
To prove this we begin with recalling that for every I > 1, by the Donsker theorem

2
the quantity @ e/a’.a

le
a < as(a,e) and | <[i(a,¢€) entails |Q;;/a2’a/@;; < 14¢&. Then, with the following fact,
we can complete the proof of Lemma 17.

tends to @l_; as a | 0. Therefore, there exists as(c,e) such that
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Fact 19. There exists e1 > 0 such that for every e < e there exists a’(¢) > 0 such that
a < d'(e) entails

|Qif — Q;E/CLQ’GI < fQiE/a{a for every 1 > 1 and y € {—/d?,...,0}

£ l,e

|@§/~,a - Qvljf] < f@vljf for every 1 > 1 and y € [—¢,0].

Therefore, wet set az(a, €) = min{a’(¢), ag(a,e)} and fore < e1,a < ag, y € {—¢/a?,...,0},

y € [—¢,0] and I < li(a,e) we can write
Qe
Q.

2 2 2
—e/a“,a y,a —e/a“,a —e/a“,a
‘ Qlyg ‘ ]-'HQL’8 _Ql |/Ql7g

,E
A—€
Ql,s

< Y AN—€| /—E
1_|Ql’5_Ql’€ ‘/Ql,a

<1+ <149 (10.9)

This completes the proof of Lemma 17.
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