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Abstract

We consider a discrete-time random walk on Z¢, d = 1,2, ... in a random envi-
ronment with Markov evolution in time. We complete and extend to all dimension
d > 1 the results obtained in [2] on the time decay of the correlations of the “envi-
ronment from the point of view of the random walk”.
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1 Introduction. Description of the model and state-
ment of the results.

Random walks on Z?, d = 1,2..., in a time-dependent random environment with Markov
evolution have been recently studied by several authors [1] [3] [4] [5] [8]. In the paper [2]
we considered the time decay of the correlations of the jumps of the random walk in
dimension d = 1. Under some standard assumptions we proved that if the random term
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Markov process that describes the evolution of the environment (k = —In |py|, p1 being

the first eigenvalue of the stochastic operator). This result was previously known only
for dimension d > 3. In the paper [2] it is also shown that, under some particular
circumstances, the fall-off can become of the type e 1!, with 0 < K1 < k.

The aim of the present paper is to complete the results of [2] and to extend them to
any dimension d > 1.

The model is a Markov chain consisting of a pair (&, X;), t = 0,1,..., where § is a
random field & = {&(t,2) : w € Z%}, t = 0,1,... and X; is a random walk on the integer
lattice Z?. The field at each site 2 € Z? evolves as an independent copy of an ergodic
Markov chain with finitely many states, and the conditional transition probabilities for
the random walk depend locally on the values of the field.

For such models it was proved that if the stochastic term is small enough, then, in all
dimension d > 1, the annealed random walk is diffusive, i.e., the Central Limit Theorem
(CLT) holds as t — oo for the distribution of X; induced by the field [3]. The “”quenched “
almost-sure CLT, i.e., the CLT for almost-all evolutions of the environment was proved
for d > 3 in [6], and, quite recently, for all dimensions [8].

The correlations of the jumps of the r.w. can be reduced, as in [2], to those of the
”environment from the point of view of the r. w.” n;,¢t = 0,1,... (to be defined below, see
eq. (1.4)). In [5] it was shown in all dimension d > 1 that, under some assumptions, 7,
tends weakly, as t — 0o to a stationary distribution which is absolutely continuous with
respect to the equilibrium distribution of the product Markov chain &;. It was also shown,
only for d > 3, that the time correlations of 7, decay as t’%e_"‘t, where k is, as we said
above, the spectral gap.

is small enough the time correlations fall off as where k is the spectral gap of the

The case of odd dimension is a rather straightforward generalization of the results
in [2], so we will mainly consider the even case d = 2s + 2, s = 0,1, ..., which requires
different estimates.

In this paper we assume for simplicity that the local field takes two values &(t, z) = +1,
and denote by Q = {—1, 1}Zd the space of the environment configurations & at a given
time ¢t > 0. For the pair (&, X;), t = 0,1,... we take conditional independence, i.e., for
any fixed choice of & € Q and X, € Z%, the conditional distributions of X, ; and &, are
independent, and given by the formulas

P Xy =z+ulXy=2,6=&) = P(u) + ac(u)é(x) (1.1)
PE(t+1,2)=s|& =€) =qlé(x),s), z€Z% €, s=+1. (1.2)
Here P is a non-degenerate random walk on Z% a € (0,1) is a fixed number such that
P(u) £ ac(u) € [0,1) for all u € Z%, and 5" c(u) = 0. Q = {q(s,s) : s,s' = £1}, is the
transition matrix of an ergodic Markov chain (“local Markov chain*), which we suppose
for simplicity to be symmetric, so that the invariant measure is 7 = (%, %) Taking the
points of the state space as labels of the components, the eigenvectors are ey(s) = 1,
e1(s) = s, s = £1, with corresponding eigenvalues pp = 1 and p; € (—1,1). We assume
11 # 0 to avoid trivialities.
The environment distribution at time t is a probability measure on the measurable

space (2, S), where S is the o-algebra of subsets of 2 generated by the cylinder sets. If Tl
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is the initial distribution, g, will denote the corresponding distribution of the trajectories
of the product Markov chain {& : ¢ > 0} with initial measure Ily. @, is a measure on
Q= {—1,1}%" where Z" = {(t,z) € Z%' : t > 0}, with the usual o-algebra.

In the papers [3], [4], [5] the local Markov chain was a general ergodic Markov chain
with finitely many states. The generalization of the results of the present paper in that
sense is straightforward.

The pair (&, X:), t > 0, with transition probabilities (1.1), (1.2) is also a Markov
chain. We assume that the random walk starts at the origin: Xy, = 0. The probability
measure on the trajectories of the chain with initial measure dx, o x Il is denoted pr, 0.

For the transition probabilities we assume exponential decay: i.e., P(u) + |c(u)| <
Cq", for all u € Z?, for some constants C' > 0, g € (0,1). Moreover we take P(u) even
in u and c(u) either even or odd.

The Fourier transforms po(A) = ), P( e N()\) = Y, c(u)e'™¥ are analytic in
the complex neighborhood W = {A = AW + A3 : AU € T4 \@ ¢ R |N?| < —Ing}
of the d-dimensional torus 7%, and, moreover po()\) is real and even. (Here and in the
following we use the norm |A| = [A] 4 |Aa| + - -+ + [Ag| for A € R%)

In analogy with condition VIIT* of [5] we need that min{py(\) : A € T¢} > 0, so that
the Fourier coefficients r(u) = [ ;O?)\; (A) exist. (dm(\) = (2‘”‘) is the Haar measure
on T.) We in fact assume the following condition (which implies miny po(A) > |p1]):

il Zlrtw] <1 (1.3)

The environment from the point of view of the particle (hereafter "e.p.v.” for short)
is the field n; = {n(t,z) : © € Z*} € Q defined by the relation

n(t,x) =&t X(t) + x), t=0,1,--- (1.4)

7; is a Markov chain, and its transition probabilities, for t > 1, A € S, 77 € Q, are

P(mi € Ay = 1) = (P(y) + acy) (0)) P(n € 7,Aln) = P(Aln). (1.5)

)

Here 7, denotes the translation operator: (7,n)(z) = n(x —y), and 7,A = {7,n,n € A}

As Xy = 0, the initial measure for 7; and & are the same. The distribution on the
space of the trajectories of 7, with initial measure Il is denoted Pr,: it is a kind of
projection of the full distribution pr, o under the application which maps the trajectories
of the full Markov chain {(&;, X;) : ¢ > 0} on the trajectories of the chain {7, : t > 0}.

Let f,g be two functions on the state space {—1,1} and x,y any two points on ZZ.
We consider the correlation

(Fm()), 9(m0(Y)))en, = ()90 en, — F () on, (9(0(W)) o, (1.6)

(The angular brackets (-),, denote expectations with respect to the measure m.) ().



Theorem 1.1 Under the assumptions above, the correlation (1.6) has the following asymp-
totics, ast — oc.
i) If a < ag, with ag > 0 small enough, we have

(1+ O(%et)) d even

(f(ne(2)), 9(n0(W))) gy, = Cortit™ :
(1+0(L) d odd.

(f (ne(x)), g(’r](](y)»pn(y0 = Coplt™ (1.7)

[SIISWE V1I-W

it) if some conditions on the parameters, to be specified later, hold, then there is some
a > ag and an open set I C (ao, a) such that fora € T

m

CF (), 9 (00 (y)) g, = €0 D pa(t) cos(Bit) (1+O(e")) . (1.8)

k=1

Here 0 < ay < —In ||, 0 € (0,3), pi(t) is a polynomial of order k =0,...,m —1, and
the constant 61 > 0, and m > 0 depend only on the transition probabilities (1.1), whereas
the coefficients of the polynomials py(t) and the constant Cy depend also on f,g, z,y, and
on the initial distribution 11,.

Let Ay = X; — X; 1 denote the increment (jump) of the random walk at time ¢. If
f1, f» are bounded functions on Z%, we consider the correlation

(F2(Br), [1(A1)) g o - (1.9)

We state the result on the correlations of the jumps (1.9) as a second theorem. We
will however only prove Theorem 1.1, because it is not hard to see that the correlation of
the jumps can be reduced to the correlation of the e.p.v. (1.6), and behave in the same
way (see [2], end of §2).

Theorem 1.2 The asymptotics of the correlation (1.9) has again the form (1.7 ) (1.8),
under the same conditions.

The constants o, 01, m, 0, k =0,...,m — 1 are the same. The constant Cy and the
polymomials py(t) are replaced by a constant Cy and polynomials qp, k = 0,...,m — 1,
which, in analogy with the previous ones, also depend on Iy, and the functions f1, f.

The starting point for the proofs is a representation of the correlations based on
transfer matrix techniques. This part is independent of dimension and is carried out in
detail in [2]. We repeat in §2 some of the results, without proofs, for convenience of the
reader. The main part of the paper is the analysis of the final representation leading to
the asymptotics, which depends on dimension, and is carried out in Sec. 3, 4.

2 Recalling some preliminary facts.

We start with some preliminary constructions which are carried out in detail in [2]. In
what follows C' and ¢ may denote different positive constants, always with ¢ € (0, 1).



Consider the Hilbert space H = Lo(£2,1I), where IT = 72" is the invariant measure of
the product Markov chain &. The transfer matrix 7 of the chain {n, : t =0,1,...} is a
linear operator on H, which acts as

/¢ B, neQ oM, (2.1)

where the measure P(-|7j) is given by (1.5).

As shown in [4, Th. 3.1], H is decomposed into a direct sum of subspaces, which are
invariant with respect to 7,

H =Ho+Hy + Ha, (2.2)

where Hj is the one-dimensional space of the constants, and the properties of H;,i =
1,2 are described later. Correspondingly the correlation {(¢1(m), $2(10)) gy, of any two
functions ¢, ¢ on €2 can be represented as

(010m): 0210)) o, = ((T*81) (), S2000))my = (161N o), G2y 5
(TS ) 0), d2m0))my

where 7; T|H , 7 = 1,2, and qbl ,gbl are the components of ¢; in the expansion

o=V + o+ ¢1 , with ¢>§ )€ Ho, ¢ € Hy, and ¢\¥ € H,. In [2] it is shown that if
¢ is a function of the e.p.v. at some site z, ¢(n) = g(n(z)),n € €2, then

||7—1t¢||711 Z K1(¢)(’M1| min)\ﬁ0<)‘) + O(a))tv (2 4)
173 |lr. < Ka(6)(ui + O(a))’, '

for some constants K7, Ky depending on ¢. So if ¢ is such a function the first term on
the right in (2.3) is the leading one, if a is small.
Furthermore in the space H; one can find a basis {h, : y € Z?} on which 77 acts as

Tih. =) (T):yhy  (Th)ey =0z —y) + S(2,9), (2.5)

)
with p(z) = u1 P(2) + d(z), satisfying, for some ¢ € (0, 1), the inequalities
S(z,9)| < Ca® ¢, Jd(u)| < Ca® ", (2.6)

Moreover S and d are even: S(z,y) = S(—z,—y), d(—z) = d(z) and such that

d(z) =0, S(z,y) =0 forallyc Z° (2.7)
2. 2.

Expanding qﬁgl) in the basis {h,}, as ¢§1’ = >, ¢yhy, by (2.5) one can see that

<Tt¢1 (10), P2(10)) ch T(t )y, (he, d2)m, Z%(Tl(t))y,zpz (2.8)

Y Y



where D, = (h., ¢2)m,. Moreover |c,| < Cql¥,|D,| < Cq"*l, C >0, ¢ € (0,1). Therefore
the Fourier transforms

N =D e, ™ () =) D™ N e T (2.9)
Y z

are analytic in the complex neighborhood W, = {\ = A +4ix®@ : XD ¢ 74 \@) ¢
R4, [A®)| < —Ing} of the torus T Moreover the right side of (2.8) has the form

/Td /Td T O, () dm(N)dm(p) (2.10)

where 7® (X, 1) is the Fourier transform of 0.
7! is represented in terms of the resolvent Rz, (z) = (71 — 2E) ! as

T - i,/ztRTl(z)dz, (2.11)
:

where the integration is over a contour 7 in the complex plane z, which goes around the
spectrum of 7;. The kernel R, (A, 1) of Rz (2) is (see [5]).

SA—p) DA, 4 2)
PA) =z AR)(BA) — 2)(B(p) — 2)

Here 0 is the Dirac d-function, p is the Fourier transform of p, and A(z) and D(\, u; 2)
are given by the series

(AD A0 e @
_1+Zn'/ » H”p( )_Z]d (AD)dm(A™), (2.13)

R.(\ p) =

(2.12)

Ko\, s XD A0)
D\, p;2) = SO\, ) + / ARG dm(ADY . dm\™),
( > T g O dmA)
i (2.14)
with K, (AM, . AM) = det {S(AD; D)}, K (AD) = S(AM, A1), and
Sp) SAAD) o 5™
. S )y SO ALY S(AD A
Ko\ s A0 ) = (2.15)
SO ) S ADY o S(AMm A,

S()\,,u) is the Fourier transforms of S in (2.5). As p(y) and S(z,y) are even, p()) and
S(A, u) are real and even. Moreover, by (2.7), S(0, u) = 0.
Therefore the main term in the correlation (2.3) is, by (2.12)

Aztdz [/ ((i ) i () /T/T A “’ )(( >( ()) SamOdmip | (216

The proof of Theorem 1.1 is based on the analysis of the integral (2.16), which we will
carry out in the next paragraph.




3 Asymptotics of the integral (2.16).

By (2.5), we have p(A) = p1po(A\) +d(\ ), where d(\) =3, d(x)e'™®). From the preceding
paragraph (see (2.6, (2.7) ) we have, d(\) = O(a?), d(0) = 0 and d(>\) d(—)). Hence
if a is small enough, if 1 > 0, then ko := max, p(\) = p; and

Ky 1= m/\inﬁ(/\) > gy min Po(\) — const a?

will also be positive for small a. For p; < 0 the range of p()) is obtained by reflecting the
corresponding range with the opposite eigenvalue —p; > 0 and the same choice of P, c
and a. We will only consider the case p; > 0.

Let ¥ C C denote the complex plane with a cut along the real interval [k, ko]. A(z),
and the two functions

_ [ e Au, DPNOW) o
ﬁ(z>_/Td ﬁ(}\)_zd (A)7 Ld/jﬂd (]5( ) Z) ()‘)d (:u) (31)

are analytic in 3. We now formulate a general result concerning the representation of the
functions A(z), 3(z) and T'(z) in a neighborhood of the point z = ky for even dimension
d=2s+2,s=0,1.... The case of odd dimension is briefly discussed at the end of the
paper.

Let A2 be the class of functions that are analytic in the region Us(ko) N ¥, where
Us(ko) is a circle with center kg and some (appropriately small) radius 4, and can be
represented in the form

= $1(z = o)™ log(z — ko) hu(2) (3.2)

k=0

where hi(z),k = 0,1,... are analytic bounded functions in Us(ko) and log(z — ko) is the
branch that is real on the real axis for z > k.

The representation (3.2) for the functions of A% , is unique, and Aio is a Banach algebra
of functions with respect to the usual addition and multiplication, and with norm

[e.o]

lglls = sup |hx(=)]. (3.3)

0 2€Us (ko)

Moreover if § is small enough we have

sup [g(2) < lglls- (3-4)

2€Us (ko)

We recall that, by (2.6), p()) is an analytic function in W, is positive for real A, and has
a non-degenerate maximum s = p(0) € (0,1) at A = 0. S(\, u) is analytic in W, x W,,
and for real \, yu is real and satisfies a bound |[S(\, p)| < C,a? for some C, > 0. Moreover
the range [k1, ko] of p(\) is contained in the positive real axis.



Lemma 3.1 Under the assumptions above, for d = 2s+2, s > 0, one can find a > 0 and
0 < 6 < Ko — K1, such that for all a € (0,a) the functions B(z), A(z) and I'(z) have the
following representation for z € Us(ko) N X:

)

B(z) = h(2)(z — ko)’ log(z — ko) + H(2); (3.5)
ii)
AR =149(),  be (3.
iii) )
r(s Zni (2 — 50) ™" Dllog(z — ro)|" - on(2). (3.7)

The functions h(z), H(z), H(z) and h,(z) are analytic in Us(ko).
iv) Moreover the zeroes of the function A(z) are always in finite number, and if a is
small enough, they cannot lie in the regions Re z > K,O—% and {z : minycga |2—p(A)| > g} .

Lemma 3.1 is proved in the last section.

Proof of Theorem 1.1 Assume first that A(z) # 0 for all z € X . Then, if h(kg) # 0,
where h appears in (3.5), by the results of Lemma 3.1, the function in the square brackets
of (2.16) , if 0 is small enough, has, in the region Us(ko) N X the following representation

P(E) = BE) ~ iy = HE) + 3 =) Vgt~ o) Bif3), 65)

where H* and h} are analytic functions in Us(kg). The representation (3.8) is obtained
by expanding 1/A(z) in (3.6) in power series of 1, which is possible for a small.
We write F(z) in the form

F(z) = H*(2) + hi(2)(2 — ko)*log(z — ko) + (2 — ko) * T log®(z — /{0)@(7:), (3.9)

where ®(2) = H(2) + 357, [(2 — ko) log(z — ko)]*hi(2) € AZ, and ||®]|5 < Ca?.

As one can see from (2.12) and assertion iv) of Lemma 3.1, for small a the spectrum
of 77, i.e., the singularities of the resolvent, consist in the cut [k1, ko] on the real axis
and some possible poles in the region Rez < kg — 2, at a distance smaller than S from
the cut. Therefore we take the contour v as made of two parts, v = v U 79, Where Y1 1S
“degenerate“ and made of two segments, [k — g, Ko] above the cut and (kg — g, Ko) below

the cut, and 7, is a circle with center at the origin and radius r = ko — 2 (see Fig. 1).

2
Clearly
/ 2'F(2)dz
V2

As for the integral over 7y, which will give the leading term, observe that the analytic
function H* in (3.9) gives no contribution, as its jump over the cut vanishes. For the
second term, as the jump of the logarithm over the cut is 27z, the contribution is

S C (Iio - g)t

(—1)° / Z(mo ) hi(2) .
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Figure 1: The contour « is made of two parts, v = v U s

We set z = Ko(1 — %) and consider the asymptotics of this integral as ¢t — oo:

“

S H;t S * t
0 e [ = a1 = ) o~ oy

with Cy = (—=1)*(ko)*t'h* (ko) [, wie™“dw. As kg = i1, we get the leading term of the
asymptotics (1.7).

For the next term in (3.9) , denoting by &\Di(z) the values of the function ® computed
above and below the cut, respectively (i.e., for log(z — ko) = log |z — ko| £ im), we find
that the difference across the cut is (z — k)2 A(z) with

A(z) = (log? |2 — kol = 7°)(®4(2) — D (2)) + i log |z — ol (B (2) + D-(2)).
Changing variables as before, the contribution of the integral over v; is

d t
Ko Ko

5
K, w o~
o g w0 = B (w1 = ) ) e
0

Observe that z = logu + im = pe'®, with p = y/log®u + 72 and ¢ = sin_l(g), so that
|<;5] <z ) and we get |(logu -+ im)* — (logu — im)*| < w2kp*~1. Therefore, setting O (z) —
o (z ) = 2ig(z), we find, for some constant C' > 0

19(2)| < Ca?|kg — z|*™! Z klhi(2)|[|log |ko — 2| + i7|(ko — 2)*T1F! < Ca®(z — ko).

The series converges and is small for @ and 0 small enough. Hence the contribution of

I{O log t

the first term of A to the integral over 7, is bounded by C , for some C' > 0. In a

1
similar way one can see that the second term of A is of the order Kh 5L

This proves assertion i) of Theorem 1.1.



As for assertion ii), observe that for values of a € (0, a), for which the representations
i), ii), iii) of Lemma 3.1 hold, a finite number of zeroes of A(z) may appear in the half-
plane Re z > kg. Suppose that this is the case. Clearly only zeroes of A which are in the
spectrum of 7; matter, and they are inside the unit sphere. Since moreover A(ky) = 1,
we can find §; > 0 such that the contours v; and +5 can be taken as before, except that
% is replaced by 071, and we have to add a third contour «3 which goes around the zeroes
of A with Re z > k(. Such zeroes can only be a finite number of complex conjugate pairs
(21,21)s- -5 (%, Zm), m > 1, with Im z; > 0, and Re z; =, = 1,...,m.

The integral over 73 is a sum of contributions: each pair (z, Zx), k = 1,...,m, con-
tributes a quantity e~ *qy(t) cos(yt), where ) is the argument of z;, and the order of the
polynomial g (t) is ny — 1, where ny, is the order of the zero z;. As the remaining part of
the spectrum is to the left of kg — 01, we get the assertion (1.8).

Theorem 1.1 for d even is proved.

Sketch of the proof of Theorem 1.1 for d odd. If d = 2s + 1, s > 0, the
fundamental Lemma 3.1, as it is easy to check, following the proof in [2], is modified by
replacing the assertions by the following.

¥) B(2) = h(2)(z — ko)t + H(2).

i) A(z) = 14 h(2)(z — ko)*T2 + H(2).

ii") D(z) = H(2) + (z — ko)* 2h(z).

The functions h, H, h, H, h, H are analytic in U°(Ko). Assertion iv) of Lemma 3.1 is
unchanged, and the smallness of the term H(z) for small a also holds.

For assertion i), following the steps of [2] we see that (3.8) is replaced by

F(2) = h(z)(z — ko)* 2 + H(z).

The proof then follows as in [2] (see also [7]). Assertion ii) is proved in the same way as
for even dimension.

4  Proof of Lemma 3.1.

Proof of i) If f(X) is analytic in W, for some ¢ € (0, 1), and such that f(0) # 0, then,
following [7], we consider the integral

F(z) = /T %dm()\) _ L /T — 1f(A~) dm(\) = (4.1)

Ko —’%—1—1

- _fcio (/1L2(>\)<5 ﬁf(T);)(/\) am) + /uw)za 5J{(T/\2)(>‘) dm()\)> '

Here u2(\) = 1 — 2 and g = = —1, and ¢ is so small that in the region u*(\) < d we

can apply the Morse Lemma. The second term is analytic for || < §, and bounded for

|8 < & < 6. Following [7], the first integral in the second line of (4.1) is represented as

RO,
/u2(A)<5 B+ u?(\) dm(A) = 9(8)5" log 5 + G(0), (4.2)
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where g, G are analytic for |3] < 6. The coefficients of the expansion of g at 5 = 0 are a
simple expression of the coefficients of the Taylor expansion of f and the jacobian J(u)

of the transformation A = (Ay,...,A\g) — u = (uy...,uq), with the variables uy, ..., uq
being such that u? = u? +...+u2 = u*(\). In particular, g(0) = 21()25; 22 £(0)J(0), where

wq is the measure of the surface of the unit sphere in R?. It follows that

f) e e Lo (e — .
/Tdﬁ(A) dm(\) = h(z)(z — ko)*log(z — ko) + H(2) (4.3)

—z

where h, H are analytic in Us(kg) for some § > 0, and h(kg) = (—1)3%, and, as
K/O ¥

shown in [7], J(0) = v detC~!, where C is the matrix of the second derivatives of the

function x, 'H()\) at A = 0, which is positive definite for small a.
Taking f(\) = ¢(A)¥ (), this proves assertion i).

Remark. If f(0) = 0, then, as shown in [7], we have, instead of (4.3),

A

F(z) = / #dm()\) = h(2)(z — ko)* ! log(z — ko) + H(2). (4.4)
ra P(A) — 2

h, H have the same properties as before, except for a different expression of h(0), which

now depends on the second derivatives of f at A = 0. It is not hard to see that

sup [h(z)] + sup |H(z)] < Rs sup [f(A)], (4.5)

z€Us (ko) z€Us (ko) AEW,

where Rs depends on § and p only. (A similar inequality holds for (4.3 ).) In fact such
inequality is obvious for the second integral in the second line of (4.1). For the first
integral we refer to our paper [7] in which the coefficients of the power series for g(3)
and G(0) in (4.2) are given explicitely in terms of the derivatives of the function f(\) at
A = 0. Such derivatives, as f()) is analytic, are estimated in terms of sup,cy, [f()]-

Proof of ii). As S(0,\) = 0 the second term in the series (2.13) defining A(z) is

Dy(z) := /T :S(A—’)\),Zldm()\) = hi(2)(z — ko) T log(z — ko) + Hi(2) € A° (4.6)

d p()\) — k0’

and the norm, by (4.5), is ||®1(2)||s < Rs;C.a®. For an estimate of the generic term it is
convenient to consider different values of z for each variable, i.e., to study the function

. Y K(/\(l),...7/\(n)) (A0 NG
D, (21, 2n) ._/Td/Td ” H?zl[ﬁ()\(i))—zi]d (A odm(AM). (4.7)

Clearly K(A®W ... A™) = 0 whenever \U) = 0 for at least one j = 1....,n, and,
by the Hadamard lemma supm, . xom)ews KD, .- XM < (Cha?)"nz. Therefore
integrating over A(!) we see, by (4.5), (4.6), that

.....

KW oo X))
ra  [PAW) = 2]
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and [|®,,(z;; A@ ..., AM)||5 < Rs(C.a®)"nz. Integrating now over A?) we get a function
®,, (21, 20; A3 ..., AM) which belongs to the Banach algebra (AiO)Q, i.e., the algebra of
the functions of (21, z2) € Us(ko) X Us(ko) that can be written as series

o0

g(z1,2) = Y (21— ko) log(z1 — ko)]¥* [(22 — ko)™ log (22 — k0)|* i, ks (21, 22),
k1,ko=0
(4.8)
where hy, 1, are analytic and bounded in UZ(kg), with norm

o0

2
lglls = >~ max |hy (21, 2)]-

k1,k2=0 (21,22) €145

For this one has to integrate over dm(A\®) the two terms which come out of the first
integration. The norm is bounded by

1D (21, 20 A®), A |2 < 2R2(CLa?) 0. (4.9)

Integrating over A® ... A" with obvious definitions of the Banach algebras (Aio)j ,

j=1,2,...,n, with norms || - ||((5j), we get a function ®,(z1,...,2,) € (A} )" with norm

(21, .-, 2) | < 277 TRE(CLa®) 3.

Clearly ®,(2) := @, (z,...,2) € A% and [|[®,,(2)]ls < [|Pulz1, ..., zn)||((5") Hence for a
small the series (2.13) converges and ii) is proved.

Proof of iii). The proof follows immediately along the same lines as for the proof of
assertion ii), with due care for the fact that ¢(0) and ¢(0) do not necessarily vanish.

Proof of iv). For a < a we have by assertion ii) of Lemma 3.1 that

|A(2) — A(ko)| = |A(2) — 1] < Cra*g(|2]), g(r) =ry/log’>r + 72, r >0

where C} is a constant independent of a. Hence if a is so small that C1a’g($) < 1, then
A(z) # 0 for all z € Ks, the circle with center ko and radius 2. On the other hand if z €
& = {z : minyer [P(N) — 2| > 2}, then, by the inequality |K,(A1,...,\,)| < (C*a?)"n?
we find that |A(z) —1| < C’l%, for some other constant C;. Hence if CH% < 1 there is no
zero of A(z) in the region &. This implies that A(z) # 0 in the half-plane Rez > kg — &,
and the first assertion of iv) is proved.

If a is large enough some zeroes of A(z) which belong to the spectrum of 7; may
appear in the half-plane Re z > ko. They are always in finite number, because analytic
functions can only have a finite number of zeroes in a compact connected region, and such
zeroes cannot lie, as we have seen, near kg, or outside the unit sphere.
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