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HITTING TIMES FOR MULTIPLICATIVE
GROWTH-COLLAPSE PROCESSES

Andreas H. Lopker!

Johan S. H. van Leeuwaarden?

Abstract: We consider a stochastic process (X;):>o that grows linearly in time and
experiences collapses at times governed by a Poisson process with rate A\. The collapses
are modeled by multiplying the process level by a random variable supported on [0, 1).
For the hitting time defined as 7, = inf{¢t > 0|X; = y} we derive power series for the
Laplace transform and all moments. We further discuss the asymptotic behavior of
the mean of 7, as y tends to infinity.

1. INTRODUCTION

We investigate a growth-collapse process (X;):>0 with deterministic growth and a
multiplicative collapse structure. The process increases linearly with rate one and at
the time 7; of the ith collapse, the process jumps down to Q;- X7, where @, Q1,Q2, . ..
are i.i.d. random variables with distribution function Fg supported on [0, 1).

The collapse times (7;);cn are governed by a Poisson process with rate A\. We
define the hitting time of level y by

Ty, = inf{t > 0|X; = y}. (1)

We shall establish a formula for the Laplace transform of 7, as well as for its mo-
ments, and the asymptotic behavior of its mean.

Growth-collapse processes are real-valued processes that grow between random
collapse times, at which they jump down according to some distribution depending
on their current level. This evolutionary pattern is encountered in a large variety
of physical phenomena, see [16], like build-up of friction, earthquakes, avalanches,
neuron firing, and shot noise, as well as in other fields like insurance mathematics
[29], queueing theory [7] and mathematical finance [9]. Some properties of Markovian
growth collapse models have been studied in [12]. The case where @ is a constant
(usually @ = 1/2) is used as a model for the Transmission Control Protocol (TCP),
the dominant protocol for data transfer over the internet, cf. Section 7 and [4, 5, 8,
15, 19, 27]. Picking items on a circle [23, 24] and DNA replication [22] are further
applications of this case. Moreover, as indicated in [26] (see also [19]), the process
(X¢)e>0 is equivalent to an exponential functional ([9, 13]) of a Lévy process.

In the literature, emphasis lies on analyzing the stationary behavior of the growth-
collapse processes. The results we present for the hitting times are some of the few
results obtained on the transient behavior of growth-collapse processes.
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Another noteworthy contribution on transient behavior is [15] in which results are
obtained for the mean hitting time of a growth-collapse process with () a constant
and the Poisson process having rate A - X; (level-dependent).

To obtain our results, we invoke techniques from the field of piecewise deterministic
Markov processes (see [14]). We consider the infinitesimal generator of the strong
Markov process (X;)¢>0 and apply the well known Dynkin formula. In Theorem 2
we find for 7, starting from level < y, that its mean can be expressed as

oo yn _ n
Py =32 T
n=1 =1

and its Laplace transform as
LSyt T P (s + 0
L4530, LTS (s + 6)
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where 6; = X (1 — E(Q")).

We also investigate the asymptotic behavior of E,7, as y — oo. Clearly the
asymptotic behavior will strongly depend on the behavior of Fi,(x) as x — 1. It turns
out that the asymptotic relations for E,7, all have as their leading behavior e as
y — 00, and so one might argue that the mean hitting times are almost exponential.
In the context of Markov chains on finite state spaces there is a vast literature on
almost exponential hitting times (see [1] for an overview). As advocated by Aldous
[3], hitting times of rarely-visited sets are approximately exponentially distributed
if stationarity is reached rapidly. In [26] the authors obtained expressions for the
transient moments of (X¢)¢>0. These moments were shown to converge to their
stationary counterparts exponentially fast.

A hitting time is a valuable characteristic, as it indicates the ability of the process
to recover after a collapse. We therefore introduce the closely related notion of
recovery time o, defined as the time to reach level x conditioned on the fact that a
collapse took place when the process was exactly in x. As for the hitting time, we
obtain for the recovery time explicit expressions for the Laplace transform and its
mean. Moreover, we show that the recovery time and hitting time have the same
asymptotic behavior.

We have structured the paper as follows. A formal introduction to the model
is presented in Section 2, including the infinitesimal generator, Dynkin’s formula
and a specific class of test functions. In Section 3 we derive explicit expressions
for the means and Laplace transforms of the hitting- and recovery times. Section
4 is concerned with the asymptotic behavior of the mean hitting time. The main
theorem, covering various modes of asymptotics, is proved in Section 5. We conclude
with two special choices of () in Sections 6 and 7. In Section 6 we treat the case where
Q follows a Beta distribution. Several characteristics are reformulated in terms of
hypergeometric functions and exponential integrals. In Section 7 we consider the
case where () is some constant in [0, 1), which gives rise to g-calculus.

In what follows let P, denote as usual the conditional probability given that the
process starts at Xg = x. Moreover, let P, be the probability given that the process
starts with a jump from z and let E, and E,, be the respective expectations. Note
that E(, is obtained from E, by conditioning on the first jump,

Eo() = /0 Euy () dFo(y). 2)
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For a probability distribution function F, let F' = 1—F. For the asymptotic behavior
of functions we sometimes write f(x) =< g(x) if there is a constant C' € (0,00) such
that lim f(z)/g(z) = C. In particular, if C' = 1 we use the usual notation f(x) ~ g(x)
for asymptotic equivalence. The infimum over the empty set is defined to be infinite,
empty sums are zero, empty products are one.

We already introduced the coefficients 0, = A (1 — E(Q%)). We further introduce

mo(s) = 1 and the product
k

me(s) = [J (0 + ).

i=1
2. THE MODEL

We thus consider the process (X¢)i>0, a Markov process with linear deterministic
increase and multiplicative jumps. The process jumps down at times (7;);en that
are governed by a Poisson process (N;):>o with intensity X\. At T; the process jumps
from X1, to X7, = Q; - X7,— where Q, @1, @2, ... are i.i.d. random variables with
distribution function Fg supported on [0,1). We exclude the case where P(Q =
1) > 0, although it could be included by changing the jump intensity from A to
P@Q<1)-\

The process is a special case of a piecewise deterministic Markov process intro-
duced by Davis [14]. The state space S consists of all non-negative real numbers.
The extended generator of the strong Markov process (X¢);>0 is given by

1
(@) = ') = M@)+ ) [ flan) dFoy) . v €S = [0.00)

The domain of &7 contains absolutely continuous functions f : [0,00) — R that are
either locally bounded or for which f(zy) < f(x)f(y) holds (see [26]). The defining
property of the extended generator is that for all functions f in the domain of & the
stochastic process f(X;) — fg o f(Xs) ds is a martingale.

Our central observation is that for all a for which E(Q®) < oo the application of
the generator to power functions leads to a sum of two powers. That is,

A = az®t — 1%,. (3)

It has been shown in [26] that (3) can be used to obtain a formula for the transient
moments of the process. In this paper we will demonstrate how (3) can be utilized to
find expressions for the mean and the Laplace transform of the hitting- and recovery
times. The preservation of powers property in (3) is crucial in proving Theorem 1,
which gives a solution to the generator equation &7 f(x) = sf(z) + z(z), where z is
some arbitrary function.

3. HITTING- AND RECOVERY TIMES

We have defined the hitting time of the level y € S as 7, = inf{t > 0|X; = y}. We
have furthermore defined the recovery time o, as the time the process needs to reach
level x, conditionally on the fact that a jump takes place when the process is in level
x. It has been shown in [12] and [26] that E,7, < oo for all z,y € S. Obviously,
E o, < Eyrp < oo forallz € S.

To prepare the ground for our main result we provide a solution to the generator
equation 7 f(x) = sf(x)+2z(x). The result is more general than needed, but perhaps
of some interest for future study of this model.
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Theorem 1. Let z : R — R be a function analytic in a neighborhood zero. A solution
of o f(x) = sf(x) + z(x) with f(0) =ap € R is given by
n

00 n—1 Z(k) -
flx) = ao+ Z (Sa(] + Z Trk(g)) Wn—l(s)ﬁ'
n=1 k=0 :

Proof. It is straightforward to show that for a function h(z) = > 77 anmn_1(s)%r
we get

(@) = (1= 5)h(0) + sh(z) + 3 Aaymn-1(s) - —

where Aa,, = a,, — ap—1. Thus the equation o f(z) = sf(x) + z(x) can be written as

© g1 e -1
- Adnn_1(5) 5 Z§ 0D |
( s)ao—i—nzl anTn—1(8) =) ;z (0) =1

It follows from comparison of the coefficients that z(0) = (1—s)ap+(a1—ap) = a;—sag
and Aa,, = 2(""1(0), and finally that a, = sag + > p_, 2200 g gy > 1. O

Tr—1(8)

We now present our main result. Let the function Rs(z) be given by
[e.9] xn
Ry(z) =) Tn-1(s) - (4)
n=1

Theorem 2. For x <y the means and Laplace transforms of T, and o, are given by

E:va = RO(y> - RO(x)v (5)

_ 1+ sRs(z)

Epe™v = )
T TR (©)

1
Ewos = (Ro(x) — 1), (7)
_ 1 Ry(x)
E e = 14— (s— = .
@¢ 3 (5 1+ sRs(a:)> ®)
Proof. We utilize the fact that, if f is in the domain of &7,
t

fx0) = [ p(x) as )

" F(X0) exp <— / o F(XF(X) ds> (10)

are martingales (see e.g. [15, 17]). It follows from Theorem 1 that Rs(x) is the solution
of the equation & f(z) = sf(x) + 1 with f(0) = 0. In particular, &7 Ry(z) = 1, so
that Ro(X;) — t is a martingale and optional stopping, if allowed, yields E,7, =
Ro(y) — Ro(x). On {t < 7,} we have that |Ro(X;) — t| < Ro(y) +t = O(t) as t — oco.
Since E,7, < oo it follows that

E.(Ro(Xt) —t;t < 1y) = Ex(Ro(Xy) —t|t < 7y)o(1/t) — 0

as t — oo and thus the optional stopping theorem can be applied (see [17] for this
criterion) and (5) follows.

Since &7 (1+sRs(x)) = s(1+sRs(x)) it follows that e™5!(1+sRs(X;)) is a martin-
gale and optional stopping yields (6). Because Rs(X;) is bounded for ¢t < 7,, optional
stopping is allowed here (see also [21]).
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We can find an expression for the mean of o, in terms of the function Ry by
applying the conditioning formula (2), i.e.,

1 1
E(z)az = /0 ExyTx dFQ(y) = /O (Ro(.%') - RO(xy)) dFQ(y)

Since o Ro(z) = 1 = Rj(x) — A [} (Ro(x) — Ro(zy)) dFq(y), it follows that
Rj(z) — o/ Ro(z) _ Ry(x) -

A A
A similar method works for the Laplace transform. Using (2) and (6) yields

1
_ _ 1+ sRs(xy)

E e = F e = —————= dFy(y).

(@€ ()€ /O 1 SRS(SU) Q(y)

Since &7 (1 + sRs(x)) = s (1 + sRs(x)) it follows that

o (14 sRs(x)) R.(z) /1 1+ sRs(zy)
= = 5 — A+ A —— == dF, .
1+ sRs(x) 1+ sRs(x) + o 1+ sRs(x) 2(v)
Consequently,
_ o (1+ sRs(z)) — R.(z) s R.(x)
E e % = 1 )i W
@€ TN+ sR.(2) X TN T sRe(@)
This completes the proof. O

To derive formulas for the higher moments we define

s = Y T16i+9).

KC{1,...k} ieK

|K|=k—m
and kp(x) = > oo, %77,(;:1)(0). Note that mx(s) = W,go)(s) and thus k1(x) = Ro(x).
The next lemma shows that these functions are solutions of the equation .o7*ry(x) =
1, where 7% denotes the repeated application of the operator <7. Moreover, although
we will not use this fact in the sequel, it is shown that the xj are the coeflicients of
the power series expansion of R in s.

Lemma 3. &k, (x) = kp—1(z) and Rs(x) = >00 | kn(z)s" L.
Proof. We have

oo n—1 o] n—1 n
k x
n=1k= 1 n=1 \k=0 '
- n—1 - (n-1) a - n—1
= Zs Zw,%l (O)E :ZS Kn ().
n=1 k=n ’ n=1
That &k (z) = kp—1(z) follows from &/ Rs(x) = 1 + sRs(x). O

Theorem 4. For x <y the higher moments of 7, and o, are given via the recursions

_k> : (11)

n—1
Egol = (-1)%1(“"1( )A i (”3) Z(—l)k(:k_(,g).EW” k) (12)

E;ﬂ’; = n! (/{n — kn(y

M§
LLTIL
?r
=
=
Sj
<3




Proof. 1t is shown in [25] that (11) holds if @k, (z) = kn—1(z). Equation (12) is
immediate if we use (2). We have

n n ! « k ’Qk(‘r) n—k
Ego? = (=1)"n! /0 (M(m)—ﬂn(x)—z:(—n MEM ) dFo(u)

4. ASYMPTOTIC BEHAVIOR OF THE HITTING TIME AND RECOVERY TIME

Our first asymptotic result gives an upper bound for the mean of 7, and o, and
states that as y — oo both values grow equally fast in the sense of asymptotic
equivalence (denoted by ~). Both statements are not difficult to prove and we will
see later that the actual growth may differ considerably from these bounds.

Proposition 5. We have

b1y _ 1 AY 1
e e
E, 13
01 S LTy > Y ( )
and % (eely — 1) < Eyyo, < % (e)‘y — 1). Moreover, as y — 00,
E(y)Uy ~ ExTy. (14)

Proof. 1t is immediate from the definition of R and 6; < 6,, < X that

eely_l—i ﬁm—EQ) £<R()<§:A”*1£—€Ay_l
0, _n=1 pt = W= nl X

k=1 n=1
Next, we have E,0, = } (R{(y) — 1) and
3" (H el) P gy < 3oL = o
n=0 \k=1 ’ n=0

Finally, with 7, = m,(0),

0o
¢ y)zzﬂ'ny 01+Z 7Tn+1
n=0 n!

so that relation (14) follows from Lemma 8 and the fact that m,41/m, = 0,41 con-
verges to A as n — oo. (I

The next result shows that there is no smaller coefficient than X in the linear term
in the exponent.
Proposition 6. For every e > 0,

Ay 1
1=y < Eor, < € — (15)

for large enough values of y.

Proof. The upper bound in (15) is copied from (13). For an entire function f(z) =
S anx™ for which e1=9)*" < f(z) < e1+9)2” holds ultimately for every e > 0 the
coefficients p and c are called order and type of f. One can calculate the order and
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type by using the formulas p = —lim,, .o nlog n/log |an| and ¢ = limy, 0 2 [an|”/",
respectively (see e.g. [11]). Stirling’s formula and 2! < 7, < 677! yield
p_1 = lim logn! — log tn 1 = lim (1— % - 1.
e nlogn n—o0 nlogn
n—1
" log 0
¢ = lim ° (mpo1/n)Y" = lim |m,_q|"/" = lim Lz 1080 _
n—oo € n—060 oo n
Thus (15) follows. 0

For g € [0,1], let (q)oo = [T, (1—¢*) denote the infinite g-series (see Askey et al. [2])
and define g = sup{z € [0,1]|Fu(z) < 1}. A measurable function L : [0,00) —
[0,00) is said to be slowly varying at 0 if L(cx)/L(x) — 1 as z — 0 for all ¢ > 0
(cf. [10]). The central result of this section is the following theorem, which gives the
asymptotic behavior of E,7, as y tends to infinity in some important cases.

Theorem 7. Let F' be a probability distribution function on [0, 1] with
F(z) = (1 -2)°L(1 - 2)

and L(x) slowly varying as x — 0. The following asymptotic relations hold asy — oo.
1. If either xg < 1 or Fo(z) > F(z), =1 and [{° L(1/u)/u du < oo then

D
Ey1y ~ 3 e (16)

with D =T[32, (1= E(Q)). Moreover, (z9)s < D < (EQ)c-

2. If Fy(z) ~ F(z) asx — 1 and B € (3,1] then Ey7y ~ C-exp ([ Ox dt) with
some C' > 0. In particular,
(a) if B =1 then

Ay
Eor, ~ oxp (Ay —/1 L(lt/t) dt - (1+ 0(1))> . (17)

(b) if B € (3,1) then
L'(1+p5)

Bury ~ e (= 0L 1/0) - (o)) (18)

Some remarks are in order.

Firstly, for the third assertion in Theorem 7, we rely heavily on a depoissonization
lemma of Foss & Korshunov [18] (see Lemma 11). Although this result may be used
also for our 3 € (0,3) case, the results in [18] are not easy to state in this case.
We refer to the original paper for the interested reader. Further depoissonization
methods can be found in [20, 28].

Secondly, note the appearance of the o(1) term in (17) and (18). As y — oo the

quotients
AV L(1/t
E,1,/exp <)\y - / (t/) dt)
1

may considerably deviate from constants. It seems complicated though to derive
more accurate results.

and



5. PROOF OF THEOREM 7

We need several lemmas. The first lemma is well known from calculus and shows
that functions expanded in power series with asymptotically equivalent coefficients
are asymptotically equivalent.

Lemma 8. Let (a,) and (b,) be two non-negative real sequences and let A(zx) =
S, arr® and B(x) = Y32, bia® be convergent for all x. If ay ~ c- by as k — oo
then A(x) ~ c- B(x) as ¢ — oo. In particular, if ap < b then A(x) < B(x).

Proof. First note that A(x) and B(x) tend to oo as  — oo. For all € > 0 there is
an m € N such that by (1 —¢/2) < ar < bi(1+¢/2). Thus

m—1 oo
r) < Z aFay, + Z b (1 +¢/2)
= k=m

Let a, = 7' 2*ay, and b, = S0 2*by,. Then
A(z) a, b,
< +(1+¢/2)(1 - 57).
B(x) ~ B(x) B(x)
Thus for every ¢ > 0, A(z)/B(z) < (1 + ¢) ultimately as  — oco. It can be shown
similarly that A(x)/B(z) > (1 —¢). O

The next result gives the asymptotics of the coefficients 7y (s) = Hle(ﬂi + ) in
terms of the moments E(Q").

Lemma 9. Let M be the smallest integer such that 3772, E(Q)M < oo. Then

M-1 1 A i k o
me(s) = (A + s)Fexp | — - E@)]. (19)
b P Zz; i <)\—|—s) ;

Proof. For brevity we write o(s) = (A + s) ¥ 71 (s). Note that oy (s) = H?Zl(l—uj),

with pu; = )\+s E(Q"). By taking logarithms we obtain log o (s) = Z? og (1= py).
We have p; < c = /\+SEQ < 1 and from Taylor’s formula log(l —z) = = > | %Z —
(x{f)j“ for all z € [0,¢) and some z = z(z) € [1 —¢,1). Hence
1k
1 - i M
)= 3" 134 - e
=1 7j=1

withd € [1,{] and C = &; Z?:l ,uj-\/[ < 00, and so (19) follows. O

The next result relates Fi,(x) at © = 1 to the Mellin transform of @ at infinity.
Lemma 10. Let 8 > 0. Then the following relations are equivalent:
Fo(a) ~ (1 -2)’L(1 - ) (z—1)
E(Q") ~T(B+ 1)t PL(1/t) (t — o0)

Proof. Let W (

x) = F o(e™") be the probability distribution function of W = —log Q.
Since (1 —e™®) ~

and
L(l—e Y%y L(1/z+ O(1/2?))
L(1/z) B L(1/z)

— 1, (20)
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we know that W(z) ~ 2°L(1/x) as # — 0. Therefore, by Karamata’s Tauberian
theorem (cf. [10])

B(QY) = / w! dF,(w) = / et GV (w) ~ (B + 1)t PL(1/8),
0 0
which concludes the proof. O

Lemma 11 (Foss & Korshunov [18]). Let (&,)nen be a sequence of i.i.d. non-negative

random variables with Efi/“Y < 0o for some v € (3,1] and let A = E(&1). Let Ny be
the associated renewal counting process and let X be a random time with tail function
Gt)=P(X >t). If é(n + h(n)) ~ G(n) as n — oo for all functions h(n) = o(n?),
then P(X > Y1 1 &) ~ G(An).

Lemma 12. Let g be a non-increasing function such that g(x) — 0 and g(z+h(x)) ~
g(z) as x — oo for all functions h(n) = o(n?) for some v € (3,1]. Then, as z — oo,

o0 :‘Uk‘
S o)1 ~ ()
k=1

Proof. We may assume that g(0) = 1 and set G(z) = P(X > z) = g(x) for some
random variable X. Let (N¢);>o be a Poisson process with intensity one and let
& = N; — N;—1. Then clearly F{! < oo for all a > 0, and according to Lemma 11,

k

PX >3 6)=P(X>N,)=Y e glk)
i=1 k=1

Finally note that P(N,41 < X) < P(N, < X) < P(N, < X) for z € [n,n+1]. It
follows that P(Ny4+1 < X)/P(N, < X) — 1 and g(n)/g(z) — 1 as n,x — oo. O

Proof of Theorem 7. Clearly if Fo(x) > F(x) then E,7, > E,7,, where 7, is the mod-
ified hitting time of a process where Fi;, has been replaced by F'. Since f ) u)/u du <
oo it follows from Lemma 10 that Y 7 EQ* < co. In particular the Varlable M in
Lemma 9 is equal to one and thus 7, =< A\¥. Applying Lemma 8 yields E,ry < e,
The inequalities for D are immediate from azg < E(Q*) < (EQ)*. This proves
assertion 1.
To prove assertion 2 note that it follows from Lemma 10 that E(Q!) ~ T'(8 +
1)t=PL(1/t), so that [° E(Q") dt is finite and thus > 3>, (EQ¥)? is finite. Hence,
application of Lemma 9 with M = 2 gives

k
m(s) = Mexp Z (21)

as k — oo. Since the function ¢ — EQ! is decreasing it follows that

k k , k
[ E@) i<y B@)< [ BQ) @+ EQ
1 = 1

so that the sum in (21) can be approximated by an integral without changing the
asymptotic behavior (w.r.t. <). Let h(z) = o(z"~°) with § € (0,3 — 1). It follows
from Lemma 10 and the mean value theorem that for z large enough there are
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constants ¢, ¢ > 0, such that

z+h(x) z+h(x) L(l/t) z+h(x) 1
t

< h(@) 2?7 =o(a7?).

For g(z) = exp (— [[" E(Q") dt) and v = 8 — § € (},1], the conditions of Lemma 12
are fulfilled. The first part of assertion 2 follows from

Zwk 1(8)75 Zexp< / E(Q) dt> (Ak')k ~ exp ()\x— /\xE(Qt) dt>

1

and
Az

Az — EQY)dt=1+ % /M M1—E@QY))dt =1+ /x M1 — E(QM)) dt
1 1

1
Moreover, Lemma 10 yields
Az

¢ “ L(1/t)
1 E(Q)dtwl“(lJrﬁ)/l o dt,

which proves assertion 2a in the 8 = 1 case. To see that 2b is true for 3 < 1, observe
that

from Karamata’s integration theorem (see [10]). O

6. SPECIAL CASE: BETA DISTRIBUTED ()

We assume that @ has a beta distribution with density

o x)5*1
x) = ,
fQ( ) B(a,ﬁ)
for z € [0, 1], where B(a, 3) = 01 al(1 —2)f~1 do = FF((Ogi(ﬂB)) and a > 0, 8 > 0.

In this case we have
_ _ Bla+t,8)\ _ ~ Tla+t)(a+p6)
0= (1- 5 5) A1 Hara+ 574
~T(a+p)/T(a) -t as t — oo. According to Theorem 7
1),

ExTy =C- exp <)\y — (Ay)l_ﬁm 4 0(y1—5>> )

In case § = 1, when Q) < gV @ we can obtain more explicit results and sharper
asymptotics.

Lemma 10 yields F(Q*
we then have, for 3 € (

1\3\’—‘\'/

Corollary 13. For x <y and the mean hitting- and recovery times are given by

y
E, 7y = /a)\_au_aemy(a,)\u) du, (22)
1
Eo, = a)\_a_lx_ae)‘mfy(a,/\x)—x, (23)

where y(a, Au) = fo)‘u te~le=t dt.
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Proof. Since 6; = =5 it follows that
()\+ + 1)
Ti(s) = (A + s)F = (24)
(a+1),
where (z), =x-(x+1)--- (x+ k — 1) is the Pochhammer symbol. We thus have
ay k—1 -1
Z (Az) (k= 1) = a\ "My (a, Ax).
— ( (a+1),4

With E,7, = Ro(y) — Ro(z) and E, 0, = 5 (Rj(x) — 1) this gives the result. O

Expression (23) leads, using lim, o y(a, Az) = I'(a), to a sharp result for the
asymptotics.
Corollary 14. For x <y and Q L g/ we have the asymptotics

MNa+1) ,

E oy ~ Ey1y ~ Noatiga e, (25)

In the special case Q 4 U, ie. if a = 1, we obtain Ry(z) = C + 3 (Ei(Au) — log u)

with Ei(z) = — ffz %e*“ du the exponential integral. Consequently,
Ei(Ay) — Ei(Az) — 1
and
Az
e —1-—Ar

)\%ye)‘y follows immediately from (25) with

o = 1. Alternatively, it follows from (26) and the fact that Ei(z) ~ Le® (see [2],
p. 231).

Let 1Fi(a;b;z) = Y 12, (—)‘”k— denote Kummer’s hypergeometric function (see
e.g. [6]).

Corollary 15. For x <y and Q Lyle the Laplace transforms of the hitting- and
recovery times are given by

o5t — 11 (585505 (A + 8)y)

’ 113505 (A 4 s)z)

1F1()\+S+1 a+1; ()\—i-s)a:))

The asymptotic result £, o, ~ E,7y ~

E,e %% = 1+ 1-—
)\< 1F1()\+57 7()‘+S)x)

Proof. We get from (4) and (24) that

1 as
~R = F
s s(7) ! 1(/\+ s

and since 1 F(a; b;x) = b=l %1F1(a —1;b—1;2) and R4(0) =1,

a—1

+La+1;(A+s)x)

as

1+ sR = 1F(——
+ s s(x) 1 1()\4-87

Application of Theorem 2 then completes the proof. U

o; (A + s)z).
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7. SPECIAL CASE: DETERMINISTIC ()

In this section we discuss the case where @ is a constant, say @ = g € [0,1). The
case ¢ = 1/2 corresponds to the standard model for TCP, which is the dominant
protocol for data transmission over the internet. The case ¢ = 0 describes the age
process of renewal theory with exponential renewal epochs.

In general, we have 6, = A\(1 — ¢%) and

k k—1
TT0nss + ) = 0+ 0 [T - 227 0) = b (2ot ig)
L a+j = o )\+uq - )\+uq y4)k

where (a; q)r = Hf:_ol (1—agq®) is the so called g-series (see Askey et al. [2]). Recall that
(@)oo = limg_,00(q; q)k. Specializing Theorem 2 to the deterministic case immediately
yields the following result.

Corollary 16. For z <y and Q = q € [0,1) the means and Laplace transforms of
Ty and o, are gien by

o k T k
Eyry = % ; (/\y)k!()\)(% k-1, (28)
oo LE N @O+ )R () 20)
: L4302 (WA + s)R /R (25 q)
Fuoe = 3 i (Ax)k(q' q) (30)
(z)Yx A\ s k! sq)ks
— s 1 (A 8)a) RN 56 )
Boe ™0 = 173 (l TE Y (O s R ) Y

The asymptotic result below is an immediate consequence of Theorem 7, part 1.

Corollary 17. For z <y and Q = q € [0,1) we have the asymptotics

E(y)Uy ~ I'Ty ~ (q))\oo €Ay. (32)
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