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ABSTRACT. A general price process represented by a two-component Markov
process is considered. Its first component is interpreted as a price process and
the second one as an index process modulating the price component. American
type options with pay-off functions, which admit power type upper bounds, are
studied. Both the transition characteristics of the price processes and the pay-
off functions are assumed to depend on a perturbation parameter 6 > 0 and to
converge to the corresponding limit characteristics as 6 — 0. In the first part of
the paper, asymptotically uniform skeleton approximations connecting reward
functionals for continuous and discrete time models are given. In the second
part of the paper, these skeleton approximations are used for getting results
about the convergence of reward functionals for American type options for
perturbed price processes in discrete and continuous time. Examples related
to modulated exponential price processes with independent increments are
given.

1. INTRODUCTION

This paper is devoted to studies of conditions for convergence of reward func-
tionals for American type options under Markov type price processes modulated by
stochastic indices.

The idea behind these models is that the stochasticity of these models depends
on the global market environment through some indicators or indices. One exam-
ple would be a model where the price process depends on the level of a market
index reflecting a bullish, bearish, or stable market behaviour. Another example
is a model where the overall market volatility is indicating high, moderate, or low
volatility environment.

The main objective of the present paper is to study the continuous time optimal
stopping problem originating from American option pricing under these processes
and to derive approximations of the reward functionals for the continuous time
models by imbedded discrete time models and the convergence of these reward
functionals.

Markov type price processes modulated by stochastic indices and option pricing
for such processes have been studied in [1, 4, 5, 10, 11, 16, 21, 22, 23, 24, 25, 30,
33, 34, 35, 40, 42, 46, 56, 59, 60, 61].
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We also would like to refer the books [42, 44, 46, 47, 48] for an account of various
models of stochastic price processes and optimal stopping problems for options. The
books [31, 50] contain descriptions of a variety of models of stochastic processes with
semi-Markov modulation (switchings).

We consider the variant of price processes modulated by stochastic indices as
was introduced in [33, 34, 35]. The object of our study is a two-component pro-
cess ZO)(t) = (YO (t), X©®)(t)), where the first component Y (?)(#) is a real-valued
cadlag process and the second component X () (t) is a measurable process with a
general metric phase space. The first component is interpreted as a log-price pro-
cess while the second component is interpreted as a stochastic index modulating
the price process.

As was mentioned above, the process X (5)(75) can be a global price index “mod-
ulating” market prices, or a jump process representing some market regime index.
The stochastic index can indicate, for example, growing, declining, or stable mar-
ket situation, or high, moderate, or low level of volatility, or describe credit rating
dynamics modulating the price process Y (9 (¢).

The log-price process Y(‘;)(t) as well as the corresponding price process S (‘s)(t) =
Y (®) are themselves not assumed to be Markov processes but the two-component
process Z®)(t) is assumed to be a continuous time inhomogeneous two-component
Markov process. Thus, the component X () (¢) represents information which in
addition to the information represented by the log-price process Y (%) (t) makes the
two-component process (Y (9)(t), X(©)(t)) a Markov process.

In the literature, the values of options in discrete time markets have been used to
approximate the value of the corresponding option in continuous time. Convergence
of European option values for the Binomial tree model to the Black-Scholes value
for geometrical Brownian motion was shown in the seminal paper [8].

Further results on convergence of the values of European and American options
can be found in [2, 3, 7, 9, 15, 27, 36, 39, 41, 43, 56, 59]. In particular, conditions
for convergence of the values for American options in a discrete-time model to the
value of the option in a continuous-time model, under the assumption that the
sequence of processes describing the value of the underlying asset converge weakly
to a diffusion is given in [2]. There are also results presented for the case when the
limiting process is a diffusion with discrete jumps at fixed dates. Recent results
on weak convergence in financial markets based on martingale methods, for both
European and American type options, are presented in [43]. We would also like to
mention the papers [12, 13, 14, 17, 18, 19, 37, 38], where convergence in optimal
stopping problems are studied for general Markov processes.

It is well known that there does not exist explicit formulas for optimal rewards
for American type options even for standard payoff functions and simple price pro-
cesses. The methods used in this case are based on approximations of price processes
by simpler ones, for example Binomial tree price processes. Models with complex
non-standard payoff functions may also require to approximate these payoffs by
simpler ones, for example by piece-wise linear payoff functions. Results concerning
convergence of rewards for perturbed price processes play here a crucial role and
serve as a substantiation for the corresponding approximation algorithms.

Our results differ from the results in the aforementioned papers by generality of
models for price processes and non-standard pay-off functions as well as conditions
of convergence.
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We consider very general models of cadlag Markov type price processes modu-
lated by stochastic indices. So far, conditions of convergence for rewards were not
investigated for such general models.

We consider so called triangular array models, in which the processes under
consideration depend on a small perturbation parameter § > 0. It is assumed that
the transition probabilities of the perturbed processes Z () (t) converge in some sense
to the corresponding transition probabilities of the limiting process Z(¥)(¢) as § — 0.
That is, the processes Z(®) (t) can be considered to be a perturbed modification of
the corresponding limit process Z(®)(¢). An example is the Binomial tree model
converging to the corresponding geometrical Brownian motion.

We do not involve directly the condition of finite-dimensional weak convergence
for the corresponding processes, which is characteristic for general limit theorems
for Markov type processes. Our conditions also do not use any assumptions about
convergence of auxiliary processes in probability which is characteristic for martin-
gale based methods. The latter type of conditions usually do involve some special
imbedding constructions replacing perturbed and limiting processes on one proba-
bility space that may be difficult to realise for complex models of price processes.

Instead of the conditions mentioned above, we introduce new general conditions
of local uniform convergence for the corresponding transition probabilities. These
conditions do imply finite-dimensional weak convergence for the price processes and
can be effectively used in applications. We also use effective conditions of exponen-
tial moment compactness for the increments of the log-price processes, which are
natural for applications to Markov type processes.

We also consider American type options with non-standard payoff functions
g (t,s), which are assumed to be non-negative functions with not more than
polynomial growth. The pay-off functions are also assumed to be perturbed and
converge to the corresponding limit pay-off functions ¢(*) (t,s) as § — 0. This is an
useful assumption. For example, it has been shown in [33] how one can approxi-
mate reward functions for options with general convex payoff functions by reward
functions for options with more simple piece-wise linear payoff functions.

As is well known, the optimal stopping moment for the exercise of an American
option has the form of the first hitting time into the optimal price-time stopping
domain. It is worth to note that, under the general assumptions on the payoff
functions listed above, the structure of the reward functions and the corresponding
optimal stopping domain can be rather complicated. For example, as shown in
[26, 28, 29, 33, 34, 35] the optimal stopping domains can possess a multi-threshold
structure.

Despite of this complexity, we can prove convergence of the reward functionals
which represent the optimal expected rewards in the class of all Markov stopping
moments.

Our approach is based on the use of skeleton approximations for price processes
given in [34], where continuous time reward functionals have been approximated
by their analogues for imbedded skeleton type discrete time models. In this paper,
skeleton approximations were given in the form suitable for applications to continu-
ous price processes. We improve these approximations to the form that let us apply
them to cadlag price processes and, moreover, give them in the form asymptotically
uniform as the perturbation parameter § — 0. Another important element of our
approach is a recursive method for asymptotic analysis of reward functionals for
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discrete time models developed in [27]. Key examples of price processes modulated
by semi-Markov indices and corresponding convergence results are also given in
[56, 59].

The outline of the paper is as follows. In Section 2, we introduce Markov type
price processes modulated by stochastic indices and American type options with
general payoff functions. Section 3 contains results about asymptotically uniform
skeleton approximations. These results have their own value and let one approxi-
mate reward functionals for continuous time price processes by similar functionals
for simpler imbedded discrete time models. In Section 4, results concerning con-
ditions for convergence of reward functionals in discrete time models are given.
Section 5 presents general results on convergence of reward functionals for Ameri-
can type options. In Sections 6 and 7, we illustrate our general convergence results
by applying them to exponential price processes with independent increments and
exponential Lévy price processes modulated by semi-Markov stochastic indices, and
some other models.

This paper is an improved and extended version of the report [54]. The main
results are also presented in a short paper [55].

2. AMERICAN TYPE OPTIONS UNDER PRICE PROCESSES
MODULATED BY STOCHASTIC INDICES

Let ZO)(t) = (YO (1), X (t)),t > 0 be, for every § > 0, a Markov process with
the phase space space Z = Ry x X, where R; is the real line and X is a Polish space
(a separable, complete metric space), transition probabilities P (¢, z,t+u, A) and
an initial distribution P(®)(A).

It is useful to note that Z is also a Polish space with the metrics dz(2/,2")
= (ly —y" ]2+ dx(a’, 2")2) 2, where 2’ = (y/, '), 2" = (v, 2"), and dx (2, ") is the
metrics in the space X. The Borel o—field By, = o(B; x Bx), where B; and Bx are
Borel o—fields in Ry and X, respectively, and the transition probabilities and the
initial distribution are probability measures on By.

The process Z(®)(t),t > 0 is defined on a probability space (Q®), F(©) p@)),
Note that these spaces can be different for different 4, i.e., we consider a triangular
array model.

We assume that the process Z(®)(t),¢ > 0 is a measurable process, i.e., Z(¥) (t,w)
is a measurable function in (t,w) € [0,00) x Q). Also, we assume that the first
component Y(‘S)(t)ﬂt > 0 is a cadlag process, i.e., a process that is almost surely
continuous from the right and has limits from the left at all points ¢t > 0.

We interpret the component Y(5)(t) as a log-price process and the component
X©)(t) as a stochastic index modulating the log-price process Y (9 (t).

Let us define the price process,

(1) SO(t) = exp{y D (1)}, t >0,

and consider the two-component process V(¥ (t) = (S (t), X©®)(¢)), t > 0. Due to
the one-to-one mapping and continuity properties of exponential function, V(‘S)(t)
is also a measurable Markov process, with the phase space V = (0,00) x X and
its first component S (t),t > 0 is a cadlag process. The process V() (t) has the
transition probabilities Q¥ (¢,v,t + u, A) = P©®(t,z,t + u,In A), and the initial
distribution Q®(A) = P®(In A), where v = (s,z) € V,z = (Ins,z) € Z, and
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InA={z=(y,x):y=lns,(s,z) € A}, A € By = 0(B4 X Bx), where B, is the
Borel o-algebra of subsets of (0, 00).

Let g(t,s), (t,5) € [0,00) x (0,00) be, for every § > 0, a pay-off function. We
assume that g(® (¢, s) is a nonnegative measurable (Borel) function.

The typical example of pay-off function is

_R® (s 5
(2) 9O (t,s) =e R al® [s — KO,

where agé),t > 0 and Kt(é),t > 0 are two nonnegative measurable functions, and

Rl(f), t > 0 is a nondecreasing function with R(()‘;) =0.

Here, R,gé) is accumulated continuously compounded riskless interest rate. Typ-
ically, RE(S) = fg (%) (s)ds, where r(®)(s) > 0 is a nonnegative measurable function
representing an instant riskless interest rate at moment s.

As far as functions a,(f;),t > 0 and Kt(&),t > 0 are concerned, these are parameters
of an option contract. The case, where ai‘s) =a® and Kf@ = K do not depend
on t, corresponds to the standard American call option.

Let .7-',5(6)715 > 0 be a natural filtration of o-fields, associated with the process
Z©)(t), t > 0. We shall consider Markov moments 7(®) with respect to the filtration
ft(é),t > 0. It means that 7(%) is a random variable which takes values in [0, o0]
and with the property {w: 7 (w) <t} € ft(é),t > 0.

It is useful to note that .7-}(5), t > 0is also a natural filtration of o-fields, associated
with process V() (¢),t > 0.

Let us denote Mgi)

ax, T’

the class of all Markov moments 7(9) < T, where T > 0,

and consider a class of Markov moments Mgﬂs ) - MSLII.

Our goal is to maximize an expected pay-off for a given stopping moment over
a class /\/lg? ),

(3) MDY= sup  EgO(®, 5O (7)),
T(‘”GM(]?)

The reward functional @(M? )) can take the value 4+c0. However, we shall im-
pose below conditions on price processes and pay-off functions which will guarantee
that, for all § small enough, @(M(é) ) < o0.

max,T
Note that we do not impose on the pay-off functions ¢(%) (¢, s) any monotonicity
conditions. However, it is worth noting that the cases where the pay-off function
g(® (t,s) is non-decreasing or non-increasing in argument s correspond to call and
put American type options, respectively.

The first condition assumes the absolute continuity of pay-off functions and im-

poses power type upper bounds on their partial derivatives:

A;: There exist §y > 0 such that for every 0 < 6 < &p: (a) function g (¢, )
is absolutely continuous in ¢ with respect to the Lebesgue measure for
every fixed s € (0,00) and in s with respect to the Lebesgue measure
for every fixed ¢ € [0,T]; (b) for every s € (0,00), the partial derivative
|%| < K1+ K35 for almost all ¢ € [0, T'] with respect to the Lebesgue
measure, where 0 < Ky, Ky < oo and v; > 0; (c) for every ¢t € [0,7T], the
partial derivative |%| < K3 + K457 for almost all s € (0,00) with
respect to the Lebesgue measure, where 0 < K3, Ky < 0o and v > 0; (d)
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for every t € [0, 7], the function ¢g(®(t,0) = lim,_0g® (t,s) < K5, where
0 < K5 < oo.

Note that condition A; (a) admits the case where the corresponding partial
derivatives exist in points from [0,7] or (0, 00), respectively, except some subsets
with zero Lebesgue measures, while conditions A; (b) and (c) admit the case
where the corresponding upper bounds hold in points from the sets where the cor-
responding derivatives exist except some subsets (of these sets) with zero Lebesgue
measures.

It is useful to note that condition A; implies that function ¢(®)(¢,s) is jointly
continuous in arguments ¢ € [0,7] and s € (0, 00).

For example, condition A holds for the pay-off function given in (2) if functions
R,Eé), agé) and Kt(é) have bounded first derivatives in the interval [0, T]. In this case
v =1 and v, = 0.

Taking into account formula S(‘;)(t) = () connecting the price process
SO (t) and the log-price process Y(®(t), condition A; can be re-written in the
equivalent form in terms of function g(®)(t,e¥), (¢, y) € [0,T] x Ry.

o (8) 9g(®) g% (t.e¥
Let us denote g%g)(t,s) = W and géé) (t.s) = %' Then 22 Sa(tm )

= gié) (t,e¥) and %(yt’ey) = géé) (t,e¥)eY, and the equivalent variant of condition
A; takes the following form:

A’: There exist dy > 0 such that for every 0 < § < do: (a) function g(® (¢, e¥)
is absolutely continuous upon ¢ with respect to the Lebesgue measure for
every fixed y € Ry and in y with respect to the Lebesgue measure for every
fixed ¢ € [0,T]; (b) for every y € Ry, the partial derivative |%| <
K1 + Kye™ for almost all ¢ € [0, T] with respect to the Lebesgue measure,
where 0 < K, Ky < oo and 1 > 0; (c) for every ¢t € [0,T], the partial
derivative |%(yt’ey)| < (K54 Kqe™Y)ev for almost all y € Ry with respect
to the Lebesgue measure, where 0 < K3, K4 < 0o and v2 > 0; (d) for every
t € [0,T], the function ¢ (t, —c0) = my_)_oog(‘;)(t,ey) < Ks, where
0 < K5 < o0.

As usual we use notations E, ; and P, ; for expectations and probabilities calcu-

lated under condition that Z(®)(t) = 2.
Let us define, for 8,¢,T > 0, an exponential moment modulus of compactness
for the cadlag process YO (t),t > 0,

As(YO(),e,T)=  sup  supE, (V0 -YO0Ol ),
0<t<ttu<tt+c<T z€Z

(8)
€Y

We need also the following conditions of exponential moment compactness for
log-price processes:
Cy: lim._,g H(;_,OAQ(Y@(-), ¢, T) =0 for some § > v = max(y1,y2+1), where
71 and o are the parameters introduced in condition Aj,
and
Cy: lims_ E(35|Y(6)(0)| < 00, where 3 is the parameter introduced in condition
C;.
Let us get asymptotically uniform upper bounds for moments of the maximums
of log-price and price processes. Explicit expressions for the constants are given in
the proofs of the corresponding lemmas.
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Lemma 1. Let conditions Cy and Co hold. Then, there exist 0 < §, < dg and
a constant L1 < oo such that for every d < 61,

(4) Eexp{8 sup |Y(6)(u)|} < L.
0<u<T
Lemma 2. Let conditions A1, C1, and Co hold. Then, there exists a constant

Loy < 00 such that for every 6 < 6y,

(5) E(Ogung(‘” (u, S (u)))

8
7 < Lo.

Proof of Lemma 1. Let us define the random variables
s
S§(t) = exp{B sup [YO(u)]}.
0<u<t

Note that
exp{B]Y D (0)[}, if t=0,
(6) S§() =
SUPg<, <t exp{ﬁ|Y(5)(u)|}, if 0<t<T.
Let us also introduce random variables

W= sup ep{BY Q) - YO, o<t <t <T.
t/StSt//

Let us use a partition Il,,, = {0 = vom < -+ < Uy = T} of interval [0, 7]
by points v, = nT/m,n =0,...,m. Using equality (6) we can get the following
inequalities n = 1,...m,

SO nm) < SPWairm)+  sup  exp{BYO ()]}

Vn—1,m UL Vn,m
< Séé) (Un—l,m) + eXp{ﬂ|Y(6) (’Un—17m)‘}Wﬂ(6) [Un—l,my 1)”7m}
(7) S S;;S) ('Un—l,m)(WL(-;é) [Un—l,ma Un,m] + 1)

Condition C; implies that for any constant e™® < Ls < 1 one can choose
¢ =c¢(Ls) > 0 and then §; = d1(c) < dg such that for § < 4y,

Ag(YO (), e,T)+1
@) ILAIORVIES

Also condition Cs implies that §; can be chosen in such a way that, for some
constant Lg = Lg(d1) < 0o, the following inequality holds for § < 4y,

(9) Eexp{3]Y?(0)[} < L.

The process Y (%) (t) is not a Markov process. Despite this, an analogue of the
Kolmogorov inequality can be obtained by a slight modification of its standard
proof for Markov processes (See, for example, [20]). Let us formulate it in the form
of a lemma. Note that we do assume in this lemma that the two-component process
ZO)(t) is a Markov process.

Lemma 3. Let a,b > 0 and for the process YO (t) the following condition holds
sup, ez Po (YO ) = YO@)| > a} < L <1, ¢ <t <t". Then, for any point
Zo € Z,

(10)

1
Pop{ sup [YOR) = YO(t)] > a+b} < —=P., o {|YO ") = YO (t)] > b}.
v <t<t” 1-L
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We refer to the report [49], where one can find the corresponding proof.
Let us use Lemma 3 to show that the following inequality holds for é < §;,

(11) sup sup Ez,t/W[gﬁ) [t',t"] < Lq,
0<H <t/ <t'+c<T 2€L
where
ﬂ( B8 _ 1)L
e~ (e 5
12 L= —— < o0.
(12) 7 =L 00

Relation (8) implies that for every ¢ < 4y,

sup sup P, {[Y O (") = YO (t)| > 1}
0<t/ <t<t" <t/ +c<T 2€Z
@) 41y — v (6)
o | Esrexp(AYO(") - YO}

= p
0<t/<t<t"<t'+c<T z€7Z ef

As(YO(),e,T) + 1
<

(13) <ILs<1.
By applying Lemma 3, we get for every § < 6§, 0 <t <t"<t'+¢<T, z€Z,
and b > 0,
(14)
1
Poof sup [YO) - YO) > 1+0} < T oAV (") = YOt > b}.
5

t<t<t" 1—

To shorten notations let us denote the random variable W = Y (®) (/) =Y (O) (¢}
and W = sup, << [Y O () — YO (#')]. Note that e = W V[t 1"].
Relations (8) ‘and (14) imply that for every 6 < 61, 0 <t/ <t <t'+¢ < T,
z €1,
oo
E.oe®™W' =145 / PP, AW > b}db
0

1 00
<1 +ﬂ/ eﬁbdb+5/ PP AW T > bydb
0 1

— P +6/ eP(1+D) Pz,t’{W+ >1+b}db
0

B e}
<el+ % / P AW > b}db
- 0
BE,pefW —1 s
_ B Be 2t/ € __ € LBV _
¢ 1—Ls B 1—L5(Ez’t € Ls)
/ B(ef —1)L
(15) < (A YO, e T) 41— Ly < LD
1-— L5 1-— L5

Since inequality (15) holds for every § < 4§y and 0 < ¢ <t" <t/ +¢<T, z € Z,
it imply relation (11).

Now we can complete the proof of Lemma 1. Using condition Csg, relations
(7), (9) — (12), and the Markov property of the process Z()(t) we get, for § < &,
and m = [T/c] + 1, where [z] denotes integer part of z (in this case T/m < ¢),
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n=1,...,m,

ESS (vnm) < E{SE (vn-1,m) E{(WE [on—1,m: Onm] +1)/2) (vn-1,m)}}

(16) < ESY (Un—1m)(Lr +1) < - <ESY(0)(Ly + 1)™ < Le(Ly + 1)
Finally, we get, for § < 6y,

(17) Eexp{8 sup |V (u)|} = ESY (vmm) < Lo(Ly +1)™

0<u<T

Relation (17) obviously implies that inequality (4) given in Lemma 1 holds, for
6 < 61, with the constant,

(18) Ly =L¢(L7+1)™.
The proof of Lemma 1 is complete.

Proof of Lemma 2. According condition A; (¢) and (d) and since o2 + 1 < 7, the
following inequality holds, for § < 4y,

S(‘S)(u) 8 (5) w. s
§sOw) < [ 124 g0 0)
0 85
K
(19) < K380 (u) + —2 8O (u)+! 4 Ky < Lye? Y0
Y2 +1
where
Ky
20 Ls =K K .
(20) 8 3+ et 1 + K5 < o0

Relation (6) and inequality (19) implies that

(21) (sup g@(u, 5P ()" < (Ls)7 exp{B sup YO (u))]}.
0<u<T 0<u<T

Inequalities (4) and (21) obviously imply that inequality (5) holds, for § < 4y,
with the constant,
(22) Ly = Li(Ls)" < .

The proof of Lemma 2 is complete. ¢

Relation (5) given in Lemma 2 implies that for § < 47,

(23) (M)

max,T

) <E sup g (u, S () < (L2)¥ < oo.
0<u<T

Therefore, functional @(MSSBM’T) is well defined for § < §;. In what follows we

take 6 < 4.

3. SKELETON APPROXIMATIONS

In this section we derive skeleton approximations for the reward functional

@(Mgﬁlmj) by a similar functional for an imbedded discrete time model.

Let I = {0 =ty < t; < ...ty = T} be a partition of the interval [0,T]. We
consider the class /\;lg )T of all Markov moments from ./\/liszw 1, which only take the

values tg,t1,...tx, and the class Ml('f,)T of all Markov moments 7(%) from Mg):p
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such that event {w : 70 (w) =t} € o[ZO)(ty),..., ZO(t})] for k = 0,...N. By
definition,

s ~ (6 s
(24) Mifr € M € Moz
Relations (23) and (24) imply that, under conditions of Lemma 2,
5 ~ (6 5
(25) M) < @Miir) < BMy0, 1) < 0.

The reward functionals @(Mgt)mj), @(M(ris,)T), and (I)(M(rf,)T) correspond to
the models of American type option in continuous time, Bermudan type option in
continuous time, and American type option in discrete time, respectively.

In the first two cases, the underlying price process is a continuous time Markov
type price process modulated by a stochastic index while in the third case the
corresponding price process is a discrete time Markov type process modulated by
a stochastic index.

Indeed, the random variables Z(®)(ty), Z¥)(t,),..., Z¥) (tx) are connected in a
discrete time inhomogeneous Markov chain with the phase space Z, the transition
probabilities P (t,,, z,t, 41, A), and the initial distribution P(®)(A).

Note that we have slightly modified the standard definition for a discrete time
Markov chain by counting moments tg,...,ty as the moments of jumps for the
Markov chain Z()(t,,) instead of the moments 0,..., N. This is done in order to
synchronize the discrete and continuous time models.

Thus, the optimisation problem (3) for the class M(rf,)T is really a problem of
optimal expected reward for American type options in discrete time.

Now we are ready to formulate the first main result of the paper concerning
skeleton approximations of the reward functional in the continuous time model
by the corresponding reward functional in the corresponding discrete time model.
Note that skeleton approximations have asymptotically uniform with respect to
perturbation parameter form. This is very essential for using these approximations
in convergence results given in the second part of the paper.

We use the method developed in [34]. However, we essentially improve the
skeleton approximation obtained in this paper, where the difference @(Mgﬁlzj) —
@(Ml(f)T) have been estimated from above via the modulus of compactness for
the uniform topology for the price processes. This estimate could only be used
for continuous price processes. In the present paper, we get alternative estimates
based on the exponential moment modulus of compactness Az(Y(9(-), ¢, T). These
estimates can be effectively used for cadlag price processes.

The following theorem presents this result. The explicit expression for the con-

stants in the corresponding estimate will be given in the proof of the theorem.

Theorem 1. Let conditions A1, C1, and Co hold, and let also 6 < 61 and
d(IT) < ¢ where ¢ and 61 are defined in relations (8) and (9). Then there exist
constants Lz, Ly < oo such that the following skeleton approximation inequality
holds,

B—~

(26)  B(ML), 1) — M) < Lsd(ID) + La(Ag(YO(-),d(1), T)) 7.

max,T

Proof of Theorem 1. Let us begin from the following important fact which plays an
important role in the proof of Theorem 1.
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Lemma 4. For any partition II = {0 =ty < t1 < ... <ty = T} of interval
[0, 77,

(27) M) = DM ).

Proof of Lemma 4. A similar result was given in [33, 35] and we shortly present
the modified version of the corresponding proof.

The optimisation problem (3) for the class /\;lg)T can be considered as a problem
of optimal expected reward for American type options with discrete time. To
see this let us add to the random variables Z; additional components 7 =
{Z(‘S)(t)ﬂﬁn,l < t < t,} with the corresponding phase space Z endowed by the
corresponding cylindrical o-field. As Zég) we can take an arbitrary point in Z.
Consider the extended Markov chain Z\) = (ZO(t,), Zy(f)) with the phase space
7 = ZxZ. As above, we slightly modify the standard definition and count moments

to,...,tn as moments of jumps for the this Markov chain instead of moments
0,...,N. This is done in order to synchronize the discrete and continuous time
models.

Let us denote by Mg,):r the class of all Markov moments 7(%) < ¢y for discrete

time Markov chain Z,(f) and let us also consider the reward functional,

(28) O(MPp) = sup  EgO (e, 5O (1)),
e,

It is readily seen that the optimisation problem (3) for the class /\;lg)T is equiv-
alent to the optimisation problem (28), i.e.,

(29) MY r) = DM ).

As is known, (See, for example, [45]) the optimal stopping moment 7() exists in
any discrete time Markov model, and the optimal decision {7(5) = t,,} depends only
on the value Zy(f). Moreover the optimal Markov moment has the first hitting time
structure, i.e., it has the form 7(9) = min(t,, : Z,(f) € ]]3)5{5)), where DE{”, n=0,...,N
are some measurable subsets of the phase space Z. The optimal stopping domains
are determined by the transition probabilities of the extended Markov chain Z,(f).

However, the extended Markov chain Z(Js) has transition probabilities depending
only on values of the first component Z(®)(t,). As was shown in [35], the optimal
Markov moment has in this case the first hitting time structure of the form 7(%) =
min(t, : ZO)(t,) € ]D)gf)), where DY) n = 0,..., N are some measurable subsets of
the phase space of the first component Z.

Therefore, for the optimal stopping moment 7(%) the decision {T(é) = t,,} depends

only on the value Z(®(t,), and 7(9) € M(rf)T Hence,
(30) ®(Murr) > Eg® (70, 5O (7)) = oM7),
Inequalities (25) and (30) imply the equality (27). ¢

For any Markov moment 7 ¢ Mg:i?mj and a partition IT = {0 =ty < t; <

... <ty =T} one can define the discretisation of this moment,

: (0) —
(8) _ 0, if 7 = 0,
T { ty, if tpo1<7® <tp, k=1,...N.
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(9)

maz, T 1€

Let 75(6) be e-optimal Markov moment in the class M

(31) Eg®(r(D, 5@ (7)) > o (MY )~ <.

Such e-optimal Markov moment always exists for any € > 0, by definition of the
reward functional CI)(M(6) ).

maz,T
By definition, the Markov moment 7°’ [I1] € Mg,)r This fact and relation (27)
given in Lemma 4 implies that

(32)  E¢® O[], SO (rOm])) < d(MG) = BMED,) < dMD) ).

max,T
Let us denote
d(M) = max{t —tp—1,k=1,... N}.
Obviously,
(33) 7 < O] < 79 + d(1).

Now inequalities (31) and (32) imply the following skeleton approximation in-
equality,

5 5
0< oMY 1) — M)

<e+Eg D (rl?, 5O(r)) — g (<[ [1], §© (72 [1]))
(34) <e+E|g0 0, O D)) — g (O], O (0 [1m)))] -

€

To shorten notations let us denote, for the moment, the random variables 7/ =
7O = 70 [, and Y’ = YO (7), Y = YO (7). Let also denote Y+ =
Y'VY", Y™ =Y'AY"”. By the definition, 0 <7/ < 7" <Tand Y~ <YT.

Using these notations and condition A} we get the following inequalities,

4O )~ gD )
< |g(6)(7_/76Y/) —g(é)(Tﬁ,eYl)l + |g(6)(7_//7eY’) _ g(é)(TH,EYN)‘

! Y+
[ / &
<[ 0w i [ 16 enenidy

! Y+
g/ (K1+K2€71Y/)dt+/ (K3ey+K4e(’Yz+l)y)dy

’

= (Kl + KQe’YlIY/‘)(TH - Tl) + (K3€|Y+| + K4e(’72+1)\Y+\)(Y+ _ Y_)
< (K1 + Ky)exp{y1 sup |[YO@)|} (7" -7
0<u<T

(35) + (K3 + Ky)exp{(12+1) sup [YO)|}Y' —Y"|.
0<u<T

Recall that 0 < 7/ —7/ < d(I1) and 71 V(2 +1) = v < 8. Now, applying Holder’s
inequality (with parameters p = /v and ¢ = 3/(8 — )) to the corresponding
products of random variables on the right hand side in (35), and using inequality
(4) given in Lemma 1, we can write down the following estimate for the expectation
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on the right hand side in (34), for 6 < ¢y,
Elg (7, 8 (1)) = ¢ (10 1], s (7 [11))) |
=Elg? (") — gD "))
< (K1 + Kz)Eexp{y sup [V (u)|}d(IT)
0<u<T

+ (K3 + K4)Eexp{y sup [YO(u)]}[Y' —Y"|
0<u<T

(36) < (Kl + Kg)[Ll]%d(H) + (K3 + K4)[L1]%(E|Y/ o Y”|ng)ﬁ%,
The next step in the proof is to show that, for § <y,

EY’ - ¥"|75 = Ely @ () - YO O ) ==
(37) < LoAg(YV(), d(I1), T),
where
_B_
B—~
< 0.

(38) Ly =sup ——

In order get inequality (37), we employ the method for estimation of moments
for increments of stochastic processes stopped at Markov type moments, from [47].

By the definition 7" = 7" + fr1(7') where function fri(¢t) = ¢ — ¢ for ¢, <t <
tg+1,k =0,...,N — 1 and 0 for ¢ = t5. Obviously function f;(t) is continuous
from the right on the interval [0,7] and 0 < fri(¢) < d(II).

Let us now use again the partition IL,,, of interval [0, T] by points vy, = nT'/m,
n =20,...,m. Consider random variables,

je [0, if =0,
T[Hm]_{ Vk,m» if 'kal,m<7_/§vk‘,m;k:1;~-~N~

] &% 7 as

Obviously 7/ < 7/[Ml,,] < 7/ + T/m. Thus random variables 7/[II,,
(t) is a cadlag

m — oo (a.s. is an abbreviation for almost surely). Since the Y (®)(¢
process, we get also the following relation,
s

Q) = YO (L)) — YO ([L] + fur(7 [T} 725
(39) “% QO = [YO () — YO(r' + fur(r'))|755 as m — oo,

Note also that ngb) are non-negative random variables and the following estimate
holds for any m =1,...,
~ ~ B
QW < (YO L)) + Y O (7 [] + fro(r [Ln]))) 7=
<207 (Y O (L)) 75 +W“W[]+h(T]m£ﬂ

B
(40) <255 (sup [YO(u)))75 < 277 WLgeXp{ﬂ sup [V (u)[}.
0<u<T <u<T

Taken into account inequality (4) given in Lemma 1, which implies that the
random variable on the right hand side in (40) has a finite expectation, and relations
(39) and (40), we get by Lebesgue theorem that, for § < 1,

(41) EQY) — EQY as m — .
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Let us now estimate EQSE). To reduce notation let us denote for the moment
Yo =Y (vpp1m) and V' = YO (vp41m + fri(vns1,m)). Recall that 7/ is a
Markov moment for the Markov process Z (‘5)(75). Thus, random variables x(vy, m <
7' < Vpg1,m) and Yy — Y,;’H|% are conditionally independent with respect to
random variable Z(®) (Un+1,m). Using this fact and inequality fi(vnt1,m) < d(II),

we get, for § < 41,
B

EQY) = ElY O (r'[[L,]) = YO (7' [IL] + fu(7'[IL])) 7

_B_
= Z E|Yri+1 - Y'rilJr1|ﬂ7’YX(vn,m < T/ S Un+1,m)
=0

m—1
= Z E{x(vnm <7’ < vn+1,m)E{|Yr;+1, - n+1|’3 ”/Z( )(UnJrl m)}}

n=0
m—1
< sup Ez v, 11,0m Y7:+1, - n/+1|B TP{vnm < 7' < vntim}
n=0 Z€L
m—1
S L9 sup Ez yWUn+1,m eXp{16| +1, = Yyi/Jr1|}P{Un,m < 7_/ S Un+1,m}
n=0 2€L
m—1
<Y LeAg(YD (), dTD), T)P{vnm < 7' < Ups1m}
n=0

Relations ( ) and (42) imply that, for § < 4y,
EQY = EY () - YO (' + fu(r))| 7=
(43) < LoAp(YD(),d(11), T).
This inequality is equivalent to inequality (37) since, by introduced notations,
YO) YO + fu(r)] = [V O (") — YO

If (37) is proved then the estimate (36) can be continued and transformed, for
0 < 41, to the following form,

Elg® (r{, 5©/(r17)) — g (7L[11], s ([ [11]))]

(44) < Lyd(Ty) + La(Ap (YD (), d(11), T)) 7,
where
(45) Ly = (K1 + K2)[L1]#, Ly = (K3 + K2)(L1)? (Lo) 7"

Note that the quantity on the right hand side in (44) does not depend on e.
Thus, we can substitute it in (34) and then to pass € to zero in this relation that
will result inequality (26) given in Theorem 1.

The proof of Theorem 1 is complete. ©

In conclusion, we would like to note that the skeleton approximations given in
Theorem 1 have their own value beyond their use in convergence theorems that will
presented in the second part of the present paper.

Indeed, one of the main approaches used to evaluate reward functional for Amer-
ican type options is based on the use of Monte Carlo algorithms, which obviously
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require that the corresponding continuous time price processes to be replaced by
their more simple discrete time models usually constructed on the base of the cor-
responding skeleton approximations. Theorem 1 gives explicit estimates for the
accuracy of the corresponding approximations of reward functionals for continu-
ous time price processes by the corresponding reward functionals for skeleton type
discrete time price processes.

4. CONVERGENCE OF REWARDS FOR DISCRETE TIME OPTIONS

In this section we give conditions of convergence for discrete time reward func-
tionals @(MS)T) for a given partition IT = {0 =ty < ¢;--- < txy = T} of interval
[0,T].

In this case, it is natural to use conditions based on the transition probabilities
between the sequential moments of this partition and values of the pay-off functions
at the moments of this partition.

In the continuous time case, the derivatives of the pay-off functions were involved
in condition A;. The corresponding assumptions implied continuity of the pay-off
functions. These assumptions played an essential role in the proof of Theorem 1,
where skeleton approximations were obtained.

In the discrete time case, the derivatives of the pay-off functions are not involved.
In this case, the pay-off functions can be discontinuous.

We replace condition Ay by a simpler condition:

As: There exist 6y > 0 such that, for every 0 < § < &, function ¢(®) (tn,s) <
K¢+ K787, for n =0,...,N and s € (0,00) for some v > 1 and constants
Kg, K7 < 0.

We need also an assumption about convergence of payoff functions. We require
locally uniform convergence for pay-off functions on some sets, which later will be
assumed to have the value 1 for the corresponding limit transition probabilities and
the limit initial distribution:

Aj3: There exists a measurable set S;, C (0, 00) for every n = 0,..., N, such that

9 (tn,s5) = gO(t,,s) as § — 0 for any ss — s €S;, and n=0,..., N.

Let us also denote as V; =§; x X.

Obviously, condition Ag can be re-written in terms of function g(®) (¢, e¥), (t,y) €
[0, OO) X Rli

Aj: There exists a measurable set Y; C Ry for every n = 0,..., N, such that

g (ty,e¥) — g0 (t,,e¥) as § — 0 for any ys — y € Y, andn=0,...,N.

It is obvious that the sets S;, and Y; are connected by the relations Y| =
InS;, ={y=Ins,s€S;, },n=0,...,N.

Let us also denote Z; =Y; xX.

The typical examples are where the sets Y; = 0 or where Y, are finite or
countable sets. For example, if pay-off functions g(®) (¢, e¥) are monotonic functions
in y, the point-wise convergence g(® (t,e¥) — g0 (t,e¥) as 6 — 0,y € Y; , for every
n =20,...,N, where Y; are some countable dense sets in Ry, implies the locally
uniform convergence required in condition Aj for sets Y; , which are the sets of
continuity points for the limit functions ¢(%)(t,,e¥), as functions in y, for every
n =0,..., N. Due to monotonicity of these functions, an are at most countable
sets.
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Symbol = is used below to denote weak convergence of probability measures,
i.e. convergence of their values for sets of continuity for the corresponding limit
measure or to denote weak convergence for the corresponding random variables.

We need also conditions on convergence of transition probabilities of price pro-
cesses between sequential moments of a time partition IT = {0 =ty < t;--- <ty =
T}:

B;: There exist measurable sets Z;, C Z,n = 0,..., N such that (a) P (t,, zs,
tht1,) = PO (tn,2,tnt1,+) as 6 — 0, for any zs — z € Zy, as § — 0 and

n=0,...,N—1; (b) PO(t,, Z,tn+1,Z2n+1 NZy,.,) =1 for every z € Zy,
andn=20,...,N—1, where Z;W are the sets introduced in condition Aj.
The typical example is where the sets Z;n UZs, = 0. In this case, condition

B; (b) automatically holds. Another typical example is where Z; = Y} x X and
Z, =Y, x X, where the sets an and Y;, are at most finite or countable sets. In
this case, the assumption that the measures P(O)(t7 z,t+u, AxX), A € B; have no
atoms implies that condition By (b) holds.

As far as condition of convergence for initial distributions is concerned, we shall
require weak convergence for the initial distributions to some distribution that is
assumed to be concentrated on the intersections of the sets of convergence for the
corresponding transition probabilities and pay-off functions:

By: (a) PO () = PO(:) as § — 0; (b) PO(Z, NZ,) =1, where Z} and Z,

are the sets introduced in conditions A% and Bj.

The typical example is where the sets ZQO UZ¢, = (. In this case, condition
B (b) automatically holds. Another typical example is where Z; = Y; x X and
Zi, = Yy, x X, where the sets Y, and Yy, are at most finite or countable sets.
In this case, the assumption that the measure P(®)(A x X), A € B; has no atoms
implies that condition Bz (b) holds.

Condition By holds, for example, if the initial distributions P®)(A) = ya(z0)
are concentrated in a point zg € Zj N Zy,, for all § > 0. This condition also holds
if the initial distributions P©®)(A) = x4(zs) for § > 0, where z5 — 2y as § — 0 and
20 € ZQO n Zto'

We also weaken condition C; by replacing it by a simpler condition:

Cs: Timy_osup, ey Eoq, (eP1Y O Ee) YOIl _ 1) < 00, n=0,...,N — 1, for

some [ > -y, where + is the parameter introduced in condition As.

Condition Cz does not change and takes the following form:

Cy: lims_ EellY @ (o)l < 00, where 3 is the parameter introduced in condition

Cs.

The following theorem is the second main result of the present paper.

Theorem 2. Let conditions As, Az, B1, Ba, Cs, and C4 hold. Then, the
following asymptotic relation holds for the partition I ={0=1tg <t,--- <ty =T}
of interval [0, T,

(46) B(Mip'r) — SMp) as 6 — 0.

Proof. We improve the method based on recursive asymptotic analysis of reward
functions used in [27].
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The reward functions are defined by the following recursive relations,
w O (ty, 2) = gD (tn,e¥), z = (y, ) € Z,
and, forn=0,...,N — 1,
w (t,, 2) = max(g® (t,, e¥), E.r, w® (tni1, 2O (tns1)), 2 = (y, ) € Z.

As follows from general results on optimal stopping for discrete time Markov
processes ([6] and [45]), the reward functional,

(47) (M) = Ew® (to, 27(0)).
Note that, by definition, the reward functions w®(t,,z) > 0,z € Z,n =
0,...,N.
Condition Cg implies that there exists a constant L1y < oo and do < dp such
that for n =0,...,N — 1 and § < dg,
(48) supE, ;. (A7t =YWl _ 1) < L.
2€EZ

Also condition C4 implies that do can be chosen in such a way that, for some
constant Ly; < 0o, the following inequality holds for § < o,

(49) ESY VOl < Ly,

Condition A directly implies that the following power upper bound for the
reward function w(® (ty, z) holds, for § < da,

(50) w(‘s)(tN, z) < Lin+ szNevlyl’ z=(y,xz) € Z,
where
(51) Ll,N = Kﬁ, L27N = K7 < 0.

Also, according to condition Aj, for an arbitrary zs — 2o as 6 — 0, where
20 € ZQN N ZtN7

(52) w® (ty, z5) — w O (tn, 20) as § — 0.

Let us prove that relations similar with (50), (51), and (52) hold for the reward
functions w(® (ty_1, 2).
We get, using relation (50), for z = (y,z) € Z and § < da,

Ez,tN_lg(é) (tN7 €Y(6)(tN)) < L1,N + LQ,NEz,tN_lew‘Y(é)(tN)l
< Ll,N+LQ,NEz,tN,le’y‘yleﬂY(S)(tN)_yl
< Loy + Loy WE, YV t0)=Y O leno)
(53) < Li N+ Lo n(Lio + 1)67“".
Relation (53) implies that, for z = (y,x) € Z and 6 < ds,
w® (ty_1,2) = max(g® (tn_1,e¥), E. ;0@ (tn, ZO(ty))
< Ko+ K7W+ Ly n + Lo y(L1o + 1)e™!
(54) <Lino1+ Loy e,
where

(55) Lin-o1=Ke¢+ Lin, Lon-1=K7+ Lo n(L1g+ 1) < o0.
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Let us introduce, for every n = 0,..., N—1 and z € Z random variables Z,(fs)(z) =
(Yn(‘;)(z), X,(fs)(z)) such that P{Z,(f)(z) € A} = PO(t,, 2z, tny1, A), A€ By.

Let us prove that, for any zs — 20 € Zi, , N Zsy_, as 0 — 0, the following
relation takes place,

(56) w® (tn, 29 (25)) = wO(ty, 2P| (20)) as 6 — 0.

Relation (56) follows from general results on weak convergence for compositions
of random functions given in [51]. However, the external functions w(®)(ty,-) in
the composition on the right hand side in (56) is non-random. This let us give a
simpler proof of this relation.

Let us take an arbitrary sequence §; — dp = 0 as k — oco. According to condition
B;, (a) the random variables Zz(v )1(z5k) = Zz(v )1(z50) as k — oo, for an arbitrary
25, — 250 € Ly, Ny, as k — oo, and (b) P{ZN 1(2'50) € Zy,,NZsy} = 1. Now,
according the representation theorem by Skorokhod [57], one can construct random
variables Z](\(,;’“_')l(z(;k), k =0,1,... on some probability space (€2, F,P) such that (c)
P{ZN 1(z(;k) € A} = {Z((s’“) (25,) € A}, A € By, for every k = 0, 1,..., and (d)
Z](\(,s’j)l(zgk) 22 Z](v )1(250) as k — o0o. Let Ay_1 = {w € Q: ZN )1(25k, w) —
Z](\?O_)l(z(;o,w) as k — oo} and By_1 = {w € Q: Zz(v0_)1(260’ ) € Zi,, N Zy}. Rela-
tion (d) implies that P(Ay_1) = 1. Relations (b) and (c) imply that P(By_1) = 1.
These two relations imply that P(Ay_1 N By_1) = 1. By relation (52) and
the definition of the sets Ay_; and Bxy_1, functions w(‘s’c)(tN,Z](\?’i)l (z5,,w)) —
w0 (ty, Z](\‘,; )1(250, w)) as k — oo, for w € Ay_1 N By_1. Thus, (e) the random
variables w(®*) (ty, ZJ(\,")l(z(; )) &% w(50)(tN,Z§\?ﬂ)1(250)) as k — oo. Relation (c)
implies that (f) P{w®) (tx, ZQ), (25,)) € A} = P{w®) (ty, 20 (25,)) € A}, A €
Bz, for every k = 0,1, .... Relations (e) and (f) imply that (g) the random variables
wO) (ty, ZJ(\‘,S’:')l (25,)) = w) (ty, ZJ(\‘,S‘i)l (zs,)) as k — oo. Because of the arbitrary
choice of the sequence 6y, — dp, relation (g) implies relation (56).

Using inequality (54) and condition C3 we get for any sequence z5 = (ys,x5) —
20 = (Yo, w0) € Zy,,_, NZsy_, as 6 — 0, and for § < oo,

B8

5 B
E(w(é)(tN,Z](\?)_l(z(;)))w —E.y i, (0O (tn, 2O (tn) "
< Esin o (L1,y + Lo NeV‘Y(‘S)(tN)I)%’

<25 (L7 + (Lo 7 Eny gy sl PV 00)-usl)

(57) < 257N ([Lyw]5 + [Law]7 (Lao + 1)ePlsl)
and, therefore,
(58) Timg_oE(w® (ty, 28 | (26)))7 < 0.
Relations (56) and (58) imply that for any sequence z;5 — 20 € Zj,, | NZ¢y_, as

0 — 0,

(59) Ezé,tN—lw(é)(t]\“ AL (tn)) — Ezo,tN,lw(O)(tN, Z(O)(tN)) as 0 — 0.
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Relation (59) and condition Aj imply that for any sequence z5 = (ys5,25) —
20 = (Yo, w0) € Ly, NZyy_, as 6 — 0,
w (tn-1,25) = 90 (En—1,€%) V Bz iy, 0 (tn, 29 (tw))
— w O (ty_1, 2)
(60) =gO(ty_1,e%) Vv EZO,thlw(O)(tN, ZO (tn)) as § — 0.

Relations (54), (55), and (60) are analogues of relations (50), (51), and (52).
By repeating, the recursive procedure described above we finally get that for every
n=0,1,...,N, and for § < do,

(61) w(é)(tn»z) S Ll,n + L2,n67|y‘7 z = (y71') € Za
for some constants,
(62) Ll,na L2,n < 00,

and that, for an arbitrary z5, — 20, as 6 — 0, where 2o, € Z;n N Z,,, and for
everyn=0,1,..., N,
(63) w(‘s)(tm Zsn) — w©® (tn, z0.n) as 6 — 0.

Let us take an arbitrary sequence §; — dp = 0 as k — oco. According to condition
B, the random variables (h) Z©)(0) = Z(%)(0) as k — oo and (i) P{Z)(0) €
Zy,NZy, } = 1. According to Skorokhod Representation Theorem, one can construct
random variables Z(°*)(0),k = 0,1,... on some probability space (€,F,P) such
that (j) P{Z()(0) € A} = P{Z%)(0) € A}, A € By, for every k = 0,1,..., and
(k) Z©R)(0) L5 Z(0)(0) as k — co. Let us denote A = {w € Q : 2 (0,w) —
Z0)(0,w) as k — oo} and B = {w € Q : Z0)(0,w) € Z, N Zy,}. Relation
(k) implies that P(A) = 1. Relations (i) and (j) imply that P(B) = 1. These
two relations imply that P(A N B) = 1. By condition Bg, relation (63), and the
definition of sets A and B, functions w() (ty, ZO0%)(0,w)) — w %) (ty, Z%)(0,w))
as k — oo, for w € AN B. Thus, (1) the random variables w(*)(ty, Z(%)(0)) =5
w®) (tg, Z(%)(0)) as k — co. Relation (j) implies that (m) P{w(®)(t,, Z%%)(0)) €
A} = P{w®) (ty, Z(%)(0)) € A}, A € By, for every k = 0,1,.... Relations (1) and
(m) imply that (n) the random variables w(®%) (£, Z(0%)(0)) = w(%) (tx, Z(%)(0))
as k — oo. Because the sequence §;, — dp was arbitrary, relation (n) implies that,

(64) w® (to, ZD(0)) = w (tg, 2 (0)) as § — 0.
Using inequality (61) and condition Cy4, we get for § < 3,
E(w® (to, 2 (0)))g <E(Lio+ Lz,oeﬂy(s)(o)‘)
8_ 8 8 ®
<277 ((L1,0) + (L) ESTTON)

B
5

(65) <277((L10)7 + (L20)7 L),

and, therefore,

(66) Tims_oE(w® (to, Z®)(0)))5 < oo.
Relations (64) and (66) imply that,

(67) Ew® (to, 29 (0)) — Ew® (ty, Z(9(0)) as § — 0.

Formula (47) and relation (67) imply relation (46) given in Theorem 2.
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The proof of Theorem 2 is complete. ¢

In order to provide convergence of the reward functionals @(M%SJ)V,T) for any
partition Iy of the interval [0, 7], one can require the conditions of Theorem 3 to
hold for any partition of this interval. Note that these conditions also would not
involve the derivatives of the pay-off functions. In this case, the pre-limit and the

limit pay-off functions can be discontinuous.

5. CONVERCGENCE OF REWARDS FOR CONTINUOUS TIME PRICE PROCESSES

As was mentioned above, in the discrete time case, the pay-off functions can be
discontinuous. In the continuous time case, the derivatives of the pay-off functions
are involved in condition A;. The corresponding assumptions imply continuity of
the pay-off functions.

This give us possibility to weaken the assumption concerning the convergence of
the pay-off functions and just to require their pointwise convergence:

Ay gO(t,s) — gO(t,s) as § — 0, for every (t,s) € [0,T] x (0,00).

Obviously, condition A4 can be re-written in terms of function ¢(® (¢, e¥), (t,y) €
[0, OO) X Rli

Al g (tev) — g0 (t,e¥) as § — 0, for every (t,y) € [0,T] x R;.

Let us now formulate conditions assumed for the transition probabilities and the
initial distributions of process Z()(t).

The first condition assumes weak convergence of the transition probabilities that
should be locally uniform with respect to initial states from some sets, and also that
the corresponding limit measures are concentrated on these sets:

Bs: There exist measurable sets Z; C Z, t € [0,7T] such that: (a) P (¢, z,
t4u,-) = PO(t,z,t +u,-)as § — 0, for any z5 — z € Z; as 6 — 0 and
0<t<t+u<T; (b) POUt 2t+uZi,) =1 for every z € Z; and
0<t<t+u<T.

The typical example is where the sets Z; = (). In this case, condition Bg (b)
automatically holds. Another typical example is where Z; = Y; x X, where the
sets Y; are at most finite or countable sets. In this case, the assumption that the
measures PO (¢, z,t +u, A x X), A € B; have no atoms implies that conditions Bsg
(b) holds.

The second condition assumes weak convergence of the initial distributions to
some distribution that is assumed to be concentrated on the sets of convergence for
the corresponding transition probabilities:

By: (a) PO() = PO()as § — 0; (b) PO(Zy) = 1, where Z is the set
introduced in condition Bgs.

The typical example is again when the set Zg is empty. In this case condition
B4 (b) holds automatically. Also in the case, where Zy = Y x X and Y, is at most
a finite or countable set, the assumption that measure P(%)(A x X), A € B has no
atoms implies that conditions B4 (b) holds.

Condition By4 holds, for example, if the initial distributions P®)(A) = y(z0)
are concentrated in a point zy € Zg, for all 6 > 0. This condition also holds, if
the initial distributions P(®)(A) = xa(zs) for § > 0, where z; — 29 as § — 0 and
2o € Zo.
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The following theorem, presenting conditions for convergence of reward func-

tionals @(MSZWT), is the third main result of the present paper.

Theorem 3. Let conditions Ay, Ay, Bs, By, Cq, and Co hold. Then,
(68) dMD y dMO ) < ooasd— 0.

max,T max,T

Proof of Theorem 8. Let Iy = {0 =ty n < t1,ny <...tyn =T} be a sequence of
partitions such that d(IIy) — 0 as N — oc.

Lemma 5. Let conditions Ay, C1, and Cao, the following relation holds for any
sequence of partitions Iy such that d(Ily) — 0 as N — oo,
. . é 4
(69) lim lims_o(P(M), 1) — ®(ME) 1)) =0.

max, T

Proof of Lemma 5. This lemma is a direct corollary of Theorem 1, which implies
that, under conditions A1, C1, and Co, there exist constants L3, L4 < oo such that
the following skeleton approximation inequality holds for § < §; and N such that
d(TIx) < ¢ (01 and ¢ were defined in Theorem 1),

B=~

(70) ML) 1) — (M) 1) < Lad(Iy) + La(Ap(Y (), d(Ily), T)) 7.

max,T

This estimate directly implies relation (69). ©

The following lemma show that conditions of Theorem 3 do imply that conditions
of Theorem 2 hold for any partition IIy of the interval [0, T].

Lemma 6. Let conditions Ay, Ay, Bz, By, Cq, and C3 hold. Then, conditions
of Theorem 2 hold for any partition Iy = {0 =1ty < t1--- <ty =T} of interval
[0,T], and therefore the following asymptotic relation holds,

(71) M) ) — ®MY) 1) as & — 0.

Proof. Conditions Aj (c) and (d) imply that (t) for any ¢ € [0,T], 0 < s < o0,
and § < g,

s () (¢
$.9) < [ 125+ 9 00
0 ou
S/ (K3+K4u72)du+[(5
0

(72) = K33+

K.
~ 1 1S’Y2+1 +K5 < KG —|—f(78’y7
2

where KG = Kg + K4 + K5 and K7 = (Kg + K4)

Thus condition Ay holds for any partition Iy of the interval [0, T].

Condition Ay (c) imply also that, for any t € [0,7], 0 < s’ < §” < oo, and
d < 607

199t 5"7) — g® (¢, 8] S/

S

2

= 999 (t,u)
< " |d

, | ou du

(73) < / (K3 4+ Kyu?)du < (K3 + Ka(s")7)(s" = &').

Thus, for any ¢t € [0,7],0 < s~ < sT < 00, and § < &y, the following inequality
holds for the modula of compactness in uniform topology for payoff functions,
(74) sup 19D (t,s") — g (t,s")| < (K3 + Ky4(st)V)e.

s~ <s'<s"<s'+c<st
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Relation (74) and condition A4 imply that the conditions of the Ascoli-Arzeld
Theorem holds for pay-off functions ¢{®)(t,s),s € [s~,sT], for every t € [0,T] and
0 < s~ < s < co. Thus, for every t € [0, 7], these functions converge uniformly,
i.e.,

(75) sup |99 (t, s) — g0 (t, )| — 0 as § — 0.

s~ <s<st

Relation (75) implies, in an obvious way, that the condition of locally uniform
convergence Ag holds for any partition IIy of the interval [0,7] with the corre-
sponding sets S;, = (0,00). Note that in this case sets Y;, = InS; = R; and
therefore the sets Z = Z.

If Zi = Z for any t,, € [0,T] then condition Bg implies that condition By holds
with the sets Z;, from condition Bg for any partition IIy of the interval [0, T,
and condition By implies that condition Bz holds with the sets Z; = Z for any
partition Iy of the interval [0, 7).

It remain to show that condition C; implies that condition Cgz holds. Condition
C; implies that for any constant L1 < oo one can choose ¢ = ¢(L13) > 0 and then
03 = 63(6) < dg such that for § < 537

(76) Ag(Y(),¢,T) < Lya.

Take an arbitrary integer 0 < n < N and consider the uniform partition ¢, =
Uom < 0 < Umym = tnyr1 of the interval [¢,,t,41] by points ug ., = “"“T_t")k
Using relation (76) and the Markov property of the process Z©)(t) we get, for
5§63,m:[w]+1 (in this case (t”fni_t”) <c¢),z€Zyand k=1,...,m,

E., (&A1Y (wem) =Y @ wom)l _ 1)

< E,, BV 1) =YD (wo,m)l BIY O (wrm) =Y D (wrrm)| _ 1
- 1bn

=E,; ((65|Y(5)(chq,m)—Y(‘s)(uo‘mH _ 1)65|Y(5)(uk,m)—y(5>(uk—l,m)|

+ B O )Y O a1
= B (1 )Y ]y

% E{(eﬁ‘Y(‘s)(uk,m)*Y(‘;)(ukfl,m)\ 14 1)/Z(6)(Uk71,m)}}
+ Ez . {E{(65|Y(6)(uk,m)_Y(é)(uk—l,m)l _ 1)/Z(6)(uk,1 m)}}
(77) < By, (¢ o) YO w0l 1) (L 1) + L.
Finally, we get, for § < §3 and z € Z,
E.. (eﬁlY(é)(tn+1)*Y(6)(tn)| —1)
_E,, (PO )Y O o)l _ 1)

m—1
(78) <(Liz+ 1)+ L1z Y (Lia+ 1) =2(Lia +1)™ — 1 < oo
k=0
Thus condition C3 holds. Finally, condition Cs is equivalent to condition Cy.
The proof is complete. ¢
Lemmas 5 and 6 let us make the final fifth step in the proof of Theorem 3. We
employ the following obvious inequality that can be written down for any partition



CONVERGENCE OF OPTION REWARDS FOR MARKOV TYPE PRICE PROCESSES 23

HN?
DM ) — MDD < (@M ) —dMY) )]
(79) + MO )= oMY ]+ eME) ) — (M) ).

Using this inequality and relation (71) given in Lemma 6 we get for any partition
Iy,
T [ S(MU1), 1) = BML, )]

max,T max,T

(80) < Timsol®(ME) 1) — (M) )+ @MY ) — d(MY) ).

max,T max,T

Finally, relation (69) given in Lemma 5 implies (note that relation § — 0 admit
also the case where 6 = 0) that the expression on the right hand side in (80) can
be forced to take a value less then any € > 0 by choosing the partition Iy with
the diameter d(IIy) small enough.

This proves the asymptotic relation (68) and completes the proof of Theorem 3.
o

6. COMPACTNESS CONDITIONS FOR LOG-PRICE PROCESSES

Let us make several useful remarks concerning the evaluation of the exponential
modulus of compactness Ag(Y®)(-), ¢, T).

The following representation formula takes place for the exponential modulus of
compactness Ag(Y®)(.) ¢, T),

As(YO(),6,T) =  sup  sup(E. eV 0 YOOl )
0<t<ttu<t+c<T z€Z

o0
= sup sup 3 PP, YOt +u) — YO(1)] > y}dy.
0<t<t+u<t+c<T zeZ Jo

This representation shows that the compactness condition C; can be effectively
used if the tail probabilities for increments |Y () (t+u) — Y () (¢)| are given explicitly
or can be effectively estimated.

The condition of exponential moment compactness C; can also be connected
with the traditional condition of compactness in J-topology for Markov type cadlag
processes. Let us introduce the modulus of J-compactness,

AYO (), he,T) = sup sup P {|Y O (t +u) — YO ()] > h}.
0<t<t4+u<t+c<T 2€Z

The following condition of J-compactness plays the key role in functional limit
theorems for Markov type cadlag processes:

Cs: lim, o lims Lo A(Y©® (), h, ¢, T) =0, h > 0.
Let also introduce the quantity, which represents the maximum of the moment
generating functions for increments of the log-price process Y () (t):

Z(YD(),T)= sup supE, el -y W),
0<t<t+u<T 2€Z

The following condition, formulated in terms of these moment generating func-
tions, can be effectively verified in many cases:
Ce: lims o215 (YO (), T) < oo, for some ' > 3, where 3 is the parameter in
condition Cj.
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Lemma 7. Conditions Cy and Cg imply condition C1 to hold.

Proof of Lemma 7. Using Holder’s inequality we get the following estimates, for
every 0 <t <t+u<T and z € Z,

E. e VP t+0-yOml _

< (7 = 1) + En? YO (YO 1 4 u) - YO )] 2 1)
(81)
< (e,Bh . (Ez,teﬂl‘Y(5)(t+u)—Y(5)(t)\)%Pz7t{|y(5)(t ) — Y(‘S)(t)| > hl.

The following inequality, which connect the exponential moment modulus of
compactness with the modulus of J-compactness, follows readily from (81),

AB(Y((S)(')’ G T) < (eﬁh - 1)
8
(82) +(Ap(YO),e,T)+ )7 AYD (), by, T).
Also, the following estimate takes place, for every 0 <t <t+u < T and z € Z,
E, e VOt -YOWI Z B O tr0-Y D0y (yO) (¢ 1) > YO (1))

+ B e PO YO W)y (YO (¢ 4 y) < YO (1))
(83) < Ezvteﬁ/(y(é)(t+u)7y(é)(t)) 4 Ez7t€7ﬁ/(y(6)(H,u),y(é)(t)).

This estimate implies the following inequality,
(84) Ag(YO(),e,T)+1 < Eg (YD), T) +Z_5 (YO(),T).
Relations (88) and (89) imply the statement of Lemma 7. ¢

7. EXAMPLES

In this section, we illustrate the theoretical results given in Theorems 1-3 by
several examples.

Let us consider the model without modulation that is where the phase space
X = {zo} degenerates to an one-point set while the log-price process Y (¥)(t),t > 0
is a cadlag processes with independent increments.

We also assume for simplicity that the initial state of this process ys = Y(‘s)(O)
is a constant.

The process Y (® (t) is a cadlag Markov process with transition probabilities
which are connected with the distributions of increments for this process P (¢, +
u, A) by the following relation,

PO(t,y,t +u, A) = PO (t,t +u, A —y)

(85) =P{y+YO(t+u) - YO(t) € A}.

Let us assume the following standard condition of weak convergence for distri-
butions of increments for log-price processes:

Dy: POt t+u,-) = PO(tt+u,-)asd —0,0<t<t+u<T.

Representation (85) implies in an obvious way that condition B3 holds with the
sets Y; = Ry,t € [0,7), i.e., distributions of increments for the processes Y (9 (t)
locally uniformly weakly converge, if condition D; holds. Thus, in the case of

processes with independent increments, condition B with the sets Y, = Ry is, in
fact, equivalent to the standard condition of weak convergence for such processes.
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In this case the J-compactness modulus A(Y®)(.), h, ¢, T) take the following
form,

AY () hye,T) = sup P{Y @ (t +u) = YO(t)] > h}.
0<t<t4+u<t+c<T
Thus, condition Cg is reduced to the standard J-compactness condition for the
log-price processes:

Dy: lim,_qlims_o A(Y®(t),h,¢,T) =0, h > 0,

Note that conditions D; and Do imply J-convergence of processes Y(‘S)(t),t €
[0, 7] to process YO (t),t € [0,T] as § — 0 and stochastic continuity of the limit
process.

Also, in this case, the quantity EQ(Y(‘S)(-), T) takes the simplified form,

Ep(YD(),T)=  sup EePO =Y @)
0<t<ttu<T

Therefore, condition Cg take the following form:

D3: lims_oZ4p (Y@ (), T) < oo, for some 3 > 3, where 3 is the parameter
penetrating condition Cj.

According to Lemma 7, conditions Dy and D5 imply condition C; to hold.

Condition By is reduced in this case to the following condition:

Dy4: lims o ys = yo.

Note that yo can be any real number since the set Yo = Rj.

Obviously, condition D4 implies also condition Cy4 to hold.

Summarising the remarks above, one can conclude that the conditions and, there-
fore, the statement of Theorem 3 hold for the exponential price processes with in-
dependent increments S () = ey(é)(t), if conditions A1, A4, and Dy — D4 hold.

The skeleton approximations Y® () = YO ([t/6]), t > 0 for a stochastically
continuous cadlag log-prise process Y (©) (t), t > 0 with independent increments give
an example of the model introduced above.

In this case, conditions Dy and Dy automatically hold.

As far as condition Dg is concerned it is implied by the following condition:

Ds: Eigf(Y(O)(-)7 T) < oo, for some ' > (3, where [3 is the parameter penetrat-
ing condition Cjy.

Thus, the statement of Theorem 3 hold for the exponential price processes
SO (4) = Y (t/3D ¢ € [0,T), if conditions Ay, A4, and D hold.

It is not out of the picture to note that, in this case, Theorem 1, given in the
first part of this paper, yields a stronger result in the form of explicit estimates for
accuracy of skeleton approximations for reward functions.

Note also that the optimal expected rewards for the skeleton price processes
SON(t) = Y (t/3) can be estimated with the use of Monte Carlo method. The
corresponding algorithms are described, for example, in [27, 28, 29, 34, 35, 52, 53].

Combination of these Monte Carlo based estimates with the skeleton approx-
imations described above yields the effective approximation methods for optimal
expected rewards for American type options with non-standard payoffs.

Now, let us consider the model, where the log-price process Y (%) (t),t >0 is, for
every § > 0, a cadlag Lévy process, which Lévy—Khintchine representation has the
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following form,
i (v) = Eexp{iv(Y D () — ys)}
ivs

1 .
(86) = exp{itasv — ~tb3v? —|—t/ (e —1— 2)H5(ds)} vERy, t >0,

2 R, 1+s
where (a) as € Ry; (b) bs > 0; (¢) II5(A) is a measure on R; satisfying the integral
condition f|s\§1 s2M5(ds) < oo; (d) ys = Y(®)(0) is an initial state of this process,
assumed for simplicity to be a constant.

Let us assume the following standard condition that is necessary and sufficient

condition for weak convergence of increments of the processes Y (9 (t):

Eli (a) limg_,o as = ap, (b) ms_,o 11m5_>0|b% - bg — f|s\§5 52H5(d8)| = 0,
(c) lims_g le s)Is(ds) fR s)[I(ds) for any continuous bounded
function f(s) vanishing to 0 in some nelghbourhood of zero.

As is well known (see, for example, [58]) condition E; implies, in this case, both

conditions Dy and D» to hold.

Also, as known, the moment generating function Eexp{wY (¥ (t)} = ¢§6)(w)

exists for given w € R; if and only if f‘8|>1 e Il5(ds) < oo. Moreover, it is

connected with the corresponding characteristic function by the formula wt(é)(w) =
o) (wi).

It readily follows from these facts that condition D3 is implied, under condition
D5, by the following condition:

Ezz limgﬁofl
6-
Summarising the remarks above, one can conclude that the conditions and, there-
fore, the statement of Theorem 3 hold for the exponential Lévy prise processes
introduced above, if conditions Ay, A4, Dy4, and E; — E5 hold.

As far as the case with skeleton approximations S(®) (t) = YV (1t/9)) ig concerned,
let just note that condition Dy is implied, in this case, by the following condition:

s>1 e?'151T15(ds) < oo, where (3’ is the parameter given in condition

E;: f\8|>1 eﬁ/“*'HO(ds) < 00, where (3’ is the parameter given in condition Cg.

Thus, the statement of Theorem 3 hold for the exponential price processes
SO (4) = ¥ (t/3D if conditions Ay, A4, and E5 hold.

The result formulated above can be readily generalised to the model of non-
homogeneous in time stochastically continuous cadlag exponential prise processes
with independent increments.

Let us now consider a price process S (t) = which can be referred as
an exponential process with independent increments modulated by semi-Markov
stochastic index process. In this model, the log-price process Y (%) (t) is given in the
form,

ey(5)(t)

N®(t)—1
5
YO =yt 3 V(T T
n=0

5
(87) + Y(<2s>(t) x@ (T D(t)),t >0,

where (e) X (t),t > 0 is a continuous from the right semi-Markov process with a
finite set of states X = {1, ..., m} and transition probabilities Ql(?) (t),t >0,i,5 €X



CONVERGENCE OF OPTION REWARDS FOR MARKOV TYPE PRICE PROCESSES 27

(f) N©®)(t) is the number of jumps for the semi-Markov process X () (u) in interval
[0,t]; (g) X},‘s),n = 0,1,... are the states of the semi-Markov process X () (t) at
sequential moments of jumps; (h) T,(Lé)7 n =0,1,... are the sequential moments of

jumps of the semi-Markov process X (t), (t) T (t) = ¢ — TJ(\;S()(s)(t) is the time

between moment ¢ and the moment of the last jump of process X% (u) before t;
(i) Yn(? (t),t > 0is, for every n = 0,1,... and i € X, a real-valued cadlag process
with independent increments with an initial state nyi-)(O) = 0 and distributions of
increments P(5)(t, t+s,A) = P{Yé? (t+s) —Y,fi-)(t) € A} which do not depend on

n=20,1,...; (j) the processes Yrgf?(t),t >0forn=0,1,...,7 € X and the process
X©@)(t),t > 0 are mutually independent.
We assume for simplicity that (k) the initial state of the log-price process Y (%) (0) =

Yo € Ry and the semi-Markov index X(®(0) = iy € X are a constants, and also
that (1) the semi-Markov index has no instant transition, i.e., ng)(O) =0,4,7 € X.

In this case, the two-component process (Y (9 (t), X (#)) is not a Markov pro-
cess, but the process X (t) = (X (), T (t)) is a homogeneous Markov pro-
cess with the phase space X = {1,...,m} x [0,00). This process should be inter-
preted as a stochastic index modulating the log-price process Y(®)(t). The phase
space of this process is a Polish space with the standard metric p((, s), (j,t)) =
VX # §)+ s =t i

The process Z) (t) = (YO (1), X©)(¢)),t > 0 is a homogeneous Markov process.
Note that it is so even if the processes Y,fi-)(t),t > ( are non-homogeneous in time
processes with independent increments. ’

The results formulated above for exponential processes with independent incre-
ments can be generalised to the model introduced here.

The transition probabilities of the semi-Markov process X9 (t) can always be

represented in the form QE?) (t) = pg)Fi(f) (t),t > 0,i,5 € X, where pl(?) are transi-
tion probabilities of the imbedded Markov chain X while Fi(f) (t) are the distri-
butions of inter-jump times for this process conditioned on the states before and
after jumps.

In this case, one should first assume the following condition of weak convergence

for transition probabilities for the stochastic semi-Markov indices:

Fi: (a) p)) — plY) as§ — 0,i,j € X; (b) FS)() = FY(-) as 6 — 04,5 € X,
where the limit distribution functions are continuous for every i, j € X.

As far as log-price processes Yé? (t) are concerned the following conditions should
be imposed:

F5: Conditions Dy — D3 hold for processes Yo(fi)(t),t € [0,T] for every i € X.

Introduce the distribution of sojourn times FZ@ (t) =2 ex pz(?) Fl,(jfs) (t) and in-
troduce the set Y = {(i,t) : Fi(o)(t) <1,ieX}.

Conditions Fy and Fy imply that, for the processes Z)(t),t € [0, T, condition
B holds, with the sets Z; = Ry x Y,0 < ¢ < T, as well as that conditions Cg —
Cg hold.

We refer to the work in [59], where one can find the related proofs based on
estimates for the corresponding quantities related to log-price processes under fixed
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trajectories of the semi-Markov index; integration of these estimates with respect
to the measure generated by the semi-Markov index in the space of its trajectories;
and estimates for the number of jumps of this index in the finite interval [0, T7.
For example, let us shortly present a sketch of the corresponding proof related
to condition Dg.
The assumption that condition Dg holds for every processes Yo(i)(t),t € (0,77
for every 7 € X implies that there exists d, > 0 such that

(88) Z14/(T) = sup max Ep (YO (), T) < oo.
6<5, 1€X ’

Also, condition Fy implies that for any o > 0 there exist d5 = d5(a) > 0 such
that

(89) Y(a,T) = sup EeeN” (1) < o0,
5<5s

Due to assumptions (e) - (j), the log-price process Y (%) (¢) is a process with in-
dependent increments conditionally independent with respect to the modulating
stochastic semi-Markov index X (%) (). This let us get, using (88) - (89), the follow-
ing estimate, for § < dg = 4 A Is(InE4p (T)), and 0 <t <t +u < T,

o0 (V) (t4u) -y @ (1)
2 B =0 0
n=01y,...,incX 7 0<t1 <<t <T
T € dty,k=1,...,n, NOT) = n}P{X" =iy,
T € dty,k=1,...,n, NO(T) = n}

< i Exp (T)"MP{NOI(T) = n}
n=0
(90) = Eip (1) T (I0(Exp (1)), T) < 00.

Relation (90) obviously implies that condition D3 holds for processes Y (9)(t).

Note also that assumption (k) automatically implies that condition B4 and Cy4
holds for any initial states yo and ig.

Summarising the remarks above, one can conclude that the conditions and, there-
fore, the statement of Theorem 3 hold for the exponential price processes with in-
dependent increments modulated by the semi-Markov stochastic indices introduced
above, if conditions Ay, A4, and F; — F3 hold.

In particular, the statement of Theorem 3 hold for the exponential Lévy price
processes modulated by semi-Markov stochastic indices introduced above, if condi-
tions A1, A4, F1, and also conditions E; — E5 hold for Lévy processes Yo(j)(t), te
[0,T] for every i € X.

In conclusion, let us consider the case where the log-price processes Yn(
of trinomial type, i.e., have, for § > 0 the following form,

é §
(91) yOm= 3 v, t>o,
1<h<[t/6]

%)

N

(t) are
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where Y((;)

ik =1,2,...,0 € X,n = 0,1,... are independent random variables

¥ 50,0, and —u'® ©) ) ©)

% A i ]

respectively, where pl(-g) + 7“1(6) + ql@) =1.

which take three values u with probability p and ¢

As far as the limiting log-price processes YTE?Z-) (t) are concerned, they have the
following form,

(92) YO (t) = pit + 0, Wi i(1), ¢ > 0,

where W, ;(t), t > 0 are standard Wiener processes mutually independent for i €
X,n=0,1,....

In this case, S0 (t) = exp{Y () (¢)} is a geometric Brownian motion modulated
by a semi-Markov stochastic index X () (¢).

It is also naturally to assume that the stochastic index X (%) (t) can jump only at
the moments §, 24, ... that is provided by the assumption that (m) the transition
probabilities QE;?) (t),i,7 € X, as functions of ¢, may possess jumps only at moments
9,26, . ...

Let us choose ¢ > max;¢cx ;. In this case, pz@ and qgé) defined below in condition

G are positive numbers and their sum is less than 1 for all i € X and 0 < § <
(0> —02)no?

P The condition mentioned above is:
%

dp = mingex
2 2 2 2
Gi: ul(&) = U\/g, pf;é) = 20;2 + %\/g“f‘ 2?257 Q§6) = Qggiz’ - %\/54— 21225’ ieX.
Condition G implies that EYO(j?l = [0, VarYO(i)1 = 028; provide J-convergence
of the processes Y(,(j)(t),t € [0,T] to the processes YO(’(Z)-)(t),t €10,T) as 6 — 0, for
every ¢ € X; and that conditions D; and D2 hold, for every i € X.

Also, the moment generation function Eexp{ﬁYo(fz) (t)} exist for any 8 € Ry and
has an explicit form, namely,

a/5,,(8) () —BavE (ON[t/8]
(93) Eexp{ﬂy((s)(t)} _ (65 p;, +r; +2€ 2? q; )[t/ ]7 if §>0,
0 ettt it §=0.

This makes it easy to check that condition D3 holds for these processes for any
B > 3 and for every i € X. Thus, condition F5 holds.

Let assume that the semi-Markov stochastic index is a Markov chain and has
transition probabilities that satisfy the relation QZ(-?)(t) = pE?)QES) (t), where Qgé)(t)
are geometric distributions of random sojourn times which take values nd with
probabilities Qz@(l - an))”_l, n=12,...

In this case, condition F; is implied by the following condition:

F3: (a) pg) —>p§?) as 0 — 0,4,7 € X; (b) Qgé)/é — X >0aséd—0,ieX.
The limiting transition probabilities takes the form,

(94) QW (1) =p) (1 —e ), t>0,i,j € X.

Summarising the remarks above, one can conclude that conditions Ay, Ay, Fq
and Gy imply that the conditions and, therefore, the statement of Theorem 3
hold, i.e., @(M(é) ) — @(M(O) ) as 0 — 0, for the exponential trinomial price

max,T max,T
processes S (t) = ¥’ ® introduced above in (87) and (91) — (92).
Let assume for simplicity that 6 = T//N and consider the partition Il =< ¢ty =
O0<t1=0<---<ty_1=(N—-1)0 <ty =T > of interval [0,T].



30 D. S. SILVESTROV, H. JONSSON, AND F. STENBERG

In this case, the Markov chain (n,Y®) (nd), X(®(nd)),n = 0,1,... is a trinomial
tree model with the initial node (0, yo, i9) and (2n+ 1)m nodes of the form (n,ys £
kov6,i),k=0,1,...,n,i=1,...,m after n > 1 steps.

The standard backward procedure can be applied in order to find optimal ex-
pected reward at moment 0 for the for the discrete time exponential trinomial
price process with Markov modulation (S (nd), X (%) (ng)). This optimal expected

reward coincides, in this case, with the reward functional @(M(ﬁ?j) for the ex-

ponential trinomial price processes S (t) = Y ®) introduced above in (87) and
(91) - (92).

To estimate the deference @(Mglx,ﬂ - @(Mﬁ?j) we can use Theorem 1. In

this case, d(Il5) = 6 and Ag(Y®)(.), 5, T) = max;ex Eeﬁlyl(i‘)vl‘ -1)< PV 1,
B
Theorem 1 yields in this case the following estimate

B—v

(95) @MW) 1) — (M) 1) < Lyd+ La(e?V? —1)F —0as 6 — 0.

max,T
Thus, Theorem 3 guarantees that the optimal expected reward @(Mﬁ?,T) con-

verge, under conditions Ay, Ay, F3, and G1, to the reward functional @(Mggt)mj)

for the geometric Brownian motion defined in (87) and (92) modulated by the
continuous time homogeneous Markov chain with transition probabilities given in
(94).

Note that we use the trinomial model instead of the standard binomial one in

order to be able to fit the corresponding values for expectations and variances for
(&)

price jumps YO(,i,)l by choosing (n) the specified values of probabilities pgé) and ¢g; 7,
for every i € X, and, at the same time, (o) the same values of jumps ugé) = o/3,
for all ¢ € X. The latter property (o) provides automatically necessary recombining
properties for the corresponding trinomial tree model, which makes it possible to
construct the tree model for the modulated log-price processes with the number of
nodes which has a linear rate of growth as a function of the number of steps.

In the case of approximation of the continuous type option with maturity 7' by
the corresponding discrete time model with time step 6 = T/N the corresponding
tree has N steps, and therefore (2N + 1)m nodes after the last N-th step, (2(N —
1) + 1)m after (N — 1)-th step, etc.

The above backward algorithm can be also generalised to the general case of
trinomial tree model with semi-Markov index X (‘5)(t) making jumps only at the
moments 4, 29, . ... In this case, one should consider the Markov chain

(n, YO (ns), X (ns), T (nd)), n=0,1,...

as a tree model with the initial node (0, yo, ig, 0) and (2n + 1)mn nodes of the form
(n,yo £ kov/6,i,1),k=0,1,...,n,i=1,...,m,l =0,1,...,n after n > 1 steps.

In the case, the corresponding tree with number of notes which has a quadratic
rate of growth as a function of the number of steps. In the case of approximation
of the continuous type option with maturity 7" by the corresponding discrete time
model with time step § = 1/N the corresponding tree has N steps, and therefore
(2N +1)mN notes after the last N-th step, (2(N —1)+1)m(N —1) after (N —1)-th
step, etc.
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Theorem 3 guarantees that these optimal expected reward at time O for the
described above trinomial tree model with semi-Markov modulation converge, un-
der conditions Aj, A4, F1, and Gy, to the corresponding optimal expected re-

ward functional @(Mﬁ,’igﬂ) for the geometrical Brownian motion (defined in (87)

and (92)) modulated by the semi-Markov index with the transition probabilities

QE?) t) = pE?)Fi(jQ)(t) given in condition F;.
Numerical algorithms for approximation of optimal reward values for exponential
price processes modulated by stochastic market indices shortly described above do
require a more detailed consideration. The corresponding results will be presented
in a separate paper.
In conclusion, we would like also to note that similar examples for multivariate

exponential price processes with independent increments are also considered in [32].
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