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Abstract

We continue our study of intermittency for the parabolic Anderson model du/dt =
kAu 4 £u in a space-time random medium &, where k is a positive diffusion constant, A
is the lattice Laplacian on Z% d > 1, and € is a simple symmetric exclusion process on
Z4 in Bernoulli equilibrium. This model describes the evolution of a reactant v under the
influence of a catalyst &.

In [3] we investigated the behavior of the annealed Lyapunov exponents, i.e., the ex-
ponential growth rates as t — oo of the successive moments of the solution w. This led
to an almost complete picture of intermittency as a function of d and k. In the present
paper we finish our study by focussing on the asymptotics of the Lyaponov exponents as
Kk — o0 in the eritical dimension d = 3, which was left open in [3] and which is the most
challenging. We show that, interestingly, this asymptotics is characterized not only by a
Green term, as in d > 4, but also by a polaron term. The presence of the latter implies
intermittency of all orders above a finite threshold for .

MSC 2000. Primary 60H25, 82C44; Secondary 60F10, 35B40.

Key words and phrases. Parabolic Anderson model, catalytic random medium, exclusion
process, graphical representation, Lyapunov exponents, intermittency, large deviations.
Acknowledgment. The research of this paper was partially supported by the DFG Re-
search Group 718 “Analysis and Stochastics in Complex Physical Systems”, the DFG-
NWO Bilateral Research Group “Mathematical Models from Physics and Biology”, and
the ANR-project MEMEMO.

'Institut fiir Mathematik, Technische Universitit Berlin, Strasse des 17. Juni 136, D-10623 Berlin, Germany,
jg@math.tu-berlin.de

2Mathematical Institute, Leiden University, P.O. Box 9512, 2300 RA Leiden, The Netherlands,
denholla@math.leidenuniv.nl

SEURANDOM, P.O. Box 513, 5600 MB Eindhoven, The Netherlands

40OMI-LATP, Université de Provence, 39 rue F. Joliot-Curie, F-13453 Marseille Cedex 13, France,
maillard@Qcmi.univ-mrs.fr



1 Introduction and main result
1.1 Model

In this paper we consider the parabolic Anderson model (PAM) on Z¢, d > 1,

8—1; = rkAu+&u on Z4 x [0, 00),

u(-,0)=1 on Z4, -

where k is a positive diffusion constant, A is the lattice Laplacian acting on u as

Au(z,t) = Z [u(y,t) — u(x,t)] (1.2)

yezd
ly—=zll=1
(]| - || is the Euclidian norm), and
£= (&0, &= {&(2): x ez, (1.3)

is a space-time random field that drives the evolution. If £ is given by an infinite particle
system dynamics, then the solution u of the PAM may be interpreted as the concentration of
a diffusing reactant under the influence of a catalyst performing such a dynamics.

In Gértner, den Hollander and Maillard [3] we studied the PAM for £ Symmetric Exclusion
(SE), and developed an almost complete qualitative picture. In the present paper we finish
our study by focussing on the limiting behavior as kK — oo in the critical dimension d = 3,
which was left open in [3] and which is the most challenging. We restrict to Simple Symmetric
Exclusion (SSE), i.e., (&)i>0 is the Markov dynamics on Q = {0,1}%° (0 = vacancy, 1 =
particle) with generator L acting on cylinder functions f:  — R as

LHm) =5 3 [F0) - s, neo (1.4
{a,b}

where the sum is taken over all unoriented nearest-neighbor bonds {a, b} of Z?, and n%* denotes
the configuration obtained from 7 by interchanging the states at a and b:

n™(a) =n(b), 7*°(0) =n(a), 7**(z)=n(x) for = ¢ {a,b}. (1.5)

(See Liggett [7], Chapter VIIL.) Let IP,, and E,, denote probability and expectation for £ given
§o =1 € Q. Let § be drawn according to the Bernoulli product measure v, on 2 with density
p € (0,1). The probability measures v, p € (0,1), are the only extremal equilibria of the SSE
dynamics. (See Liggett [7], Chapter VIII, Theorem 1.44.) We write P, = [, v,(dn) P, and

Ey, = Jovo(dn) Ey.
1.2 Lyapunov exponents

For p € N, define the p-th annealed Lyapunov exponent of the PAM by

Aok p) = Jim 1o B, ([u(0,)7). (1.6)



We are interested in the asymptotic behavior of A,(k, p) as K — oo for fixed p and p. To this
end, let G denote the value at 0 of the Green function of simple random walk on Z? with jump
rate 1 (i.e., the Markov process with generator %A), and let P3 be the value of the polaron
variational problem

2
P s [[cam 2 2L - 193] (1.7)
FEH(R3) 2
lfll2=1
where Vgs and Ags are the continuous gradient and Laplacian, || - |2 is the L?(R3)-norm,

HI(R3) = {f € L*(R3): Vgsf € L*(R3)}, and

1

B — 1.8
e =yl (18)

2
a2 £ = [ dwr@) [ dy )
2 R3 R3
(See Donsker and Varadhan [1] for background on how Ps arises in the context of a self-

attracting Brownian motion referred to as the polaron model. See also Gértner and den
Hollander [2], Section 1.5.)

We are now ready to formulate our main result (which was already announced in Gértner,
den Hollander and Maillard [4]).

Theorem 1.1 Letd=3, p€ (0,1) and p € N. Then

lim K[Ap(k,p) = p] = %p(l — p)G + [6p(1 — p)p)*Ps. (1.9)

R—00

Note that the expression in the r.h.s. of (1.9) is the sum of a Green term and a polaron
term. The existence, continuity, monotonicity and convexity of k — A,(k, p) were proved in
[3] for all d > 1 for all exclusion processes with an irreducible and symmetric random walk
transition kernel. It was further proved that A\,(x, p) = 1 when the random walk is recurrent
and p < A\p(k,p) < 1 when the random walk is transient. Moreover, it was shown that for
simple random walk in d > 4 the asymptotics as k — 00 of Ay(k, p) is similar to (1.9), but
without the polaron term. In fact, the subtlety in d = 3 is caused by the appearance of this
extra term which, as we will see in Section 5, is related to the large deviation behavior of the
occupation time measure of a rescaled random walk that lies deeply hidden in the problem.
For the heuristics behind Theorem 1.1 we refer the reader to [3], Section 1.5.

1.3 Intermittency

The presence of the polaron term in Theorem 1.1 implies that, for each p € (0, 1), there exists
a ko(p) > 0 such that the strict inequality

Ap(K, p) > Ap—i1(k,p) VK> Ko(p) (1.10)

holds for p = 2 and, consequently, for all p > 2 by the convexity of p — p Ay(~, p). This means
that all moments of the solution u are intermittent for k > rko(p), i.e., for large ¢ the random
field u(-,t) develops sparse high spatial peaks dominating the moments in such a way that
each moment is dominated by its own collection of peaks (see Gartner and Konig [5], Section
1.3, and den Hollander [6], Chapter 8, for more explanation).



In [3] it was shown that for all d > 3 the PAM is intermittent for small k. We conjecture
that in d = 3 it is in fact intermittent for all k. Unfortunately, our analysis does not allow us
to treat intermediate values of x (see the figure).

Ap(K)

SIS
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Qualitative picture of k — A,(k) for p=1,2,3.

The formulation of Theorem 1.1 coincides with the corresponding result in Gértner and den
Hollander [2], where the random potential ¢ is given by independent simple random walks in a
Poisson equilibrium in the so-called weakly catalytic regime. However, as we already pointed
out in [3], the approach in [2] cannot be adapted to the exclusion process, since it relies on
an explicit Feynman-Kac representation for the moments that is available only in the case of
independent particle motion. We must therefore proceed in a totally different way. Ounly at
the end of Section 5 will we be able to use some of the ideas in [2].

1.4 Outline

Each of Sections 2-5 is devoted to a major step in the proof of Theorem 1.1 for p = 1. The
extension to p > 2 will be indicated in Section 6.

In Section 2 we start with the Feynman-Kac representation for the first moment of the
solution u, which involves a random walk sampling the exclusion process. After rescaling
time, we transform the representation w.r.t. the old measure to a representation w.r.t. a new
measure via an appropriate absolutely continuous transformation. This allows us to separate
the parts responsible for, respectively, the Green term and the polaron term in the r.h.s. of
(1.9). Since the Green term has already been handled in [3], we need only concentrate on the
polaron term. In Section 3 we show that, in the limit as kK — oo, the new measure may be
replaced by the old measure. The resulting representation is used in Section 4 to prove the
lower bound for the polaron term. This is done analytically with the help of a Rayleigh-Ritz
formula. In Section 5, which is technical and takes up almost half of the paper, we prove the
corresponding upper bound. This is done by freezing and defreezing the exclusion process over
long time intervals, allowing us to approximate the representation in terms of the occupation
time meagures of the random walk over these time intervals. After applying spectral estimates
and using a large deviation principle for these occupation time measures, we arrive at the
polaron variational formula.



2 Separation of the Green term and the polaron term

In Section 2.1 we formulate the Feynman-Kac representation for the first moment of u and
show how to split this into two parts after an appropriate change of measure. In Section 2.2 we
formulate two propositions for the asymptotics of these two parts, which lead to, respectively,
the Green term and the polaron term in (1.9). These two propositions will be proved in
Sections 3-5. In Section 2.3 we state and prove three elementary lemmas that will be needed
along the way.

2.1 Key objects

The solution u of the PAM in (1.1) admits the Feynman-Kac representation

u(z,t) = BY <exp [/Ot ds &g (XHS)D , (2.1)

where X is simple random walk on Z3 with step rate 6 (i.e., with generator A) and PX and
E¥X denote probability and expectation with respect to X given X = x. Since £ is reversible
w.r.t v,, we may reverse time in (2.1) to obtain

E,, (u(0,1)) — Eyp,o(exp { /0 Cs €, (Xm)} ) 22)

where E,,, o is expectation w.rt. Py, o =P,, ® Pé(.

As in [2] and [3], we rescale time and write

e PUOR, (u(0,t/k)) = E,,mo(exp [i /0 t dsgb(zs)D (2.3)

with
¢(n, z) = n(x) —p (2.4)
and
Zy = (&u/ms X1 (2.5)
From (2.3) it is obvious that (1.9) in Theorem 1.1 (for p = 1) reduces to
1
Tim K2 () = & p(1 - )G+ [60(1 — )Py, (2.6)
where .
1 1
A (k) = lim —logE, o (exp [/ ds ¢(ZS)]> . (2.7)
t—oo t ” K Jo

Here and in the rest of the paper we suppress the dependence on p € (0, 1) from the notation.
Under P, . = P, ® PX, (Zi)1>0 is a Markov process with state space  x Z3 and generator

Aa=tria (2.8)

K

(acting on the Banach space of bounded continuous functions on € x Z3, equipped with the
supremum norm). Let (S)¢>0 denote the semigroup generated by A.



Our aim is to make an absolutely continuous transformation of the measure [P, , with the
help of an exponential martingale, in such a way that, under the new measure P)7", (Zt)e>0
is a Markov process with generator A" of the form

APV — e x¥ A (eéw f) - (e—%me%w) f. (2.9)

This transformation leads to an interaction between the exclusion process part and the random
walk part of (Z;)¢>0, controlled by ¢: Q x Z3 — R. As explained in [3], Section 4.2, it will be
expedient to choose v as

P = /OT ds (Ss9) (2.10)
with 7" a large constant (suppressed from the notation), implying that
Ay = ¢ — Sro. (2.11)
It was shown in [3], Lemma 4.3.1, that
N, = exp %[w(zt) —(Z0)] - /Ot ds (e—%wAe%¢> (Zs)] (2.12)

is an exponential P, ,-martingale for all (,z) €  x Z3. Moreover, if we define PpSY in such
a way that
Proy(A) = Epo (N 1) (2.13)

for all events A in the o-algebra generated by (Zs)se(o,, then under Pp%" indeed (Zs)s>o is a
Markov process with generator A"Y. Using (2.11-2.13) and E}’%) = Ja vp(dn) E%0 it then
follows that the expectation in (2.7) can be written in the form

E., 0 <exp [i / t dsqs(zs)D
1

- E‘;i%(exp [1 w20 - (2] + | s [(ei%iw) A (w)] (Z)  (219)
+i/0t s (5T¢)<zs>]>.

The first term in the exponent in the r.h.s. of (2.14) stays bounded as ¢t — oo and can therefore
be discarded when computing A*(k) via (2.7). We will see later that the second term and the
third term lead to the Green term and the polaron term in (2.6), respectively. These terms may
be separated from each other with the help of Holder’s inequality, as stated in Proposition 2.1
below.

2.2 Key propositions
Proposition 2.1 For any k > 0,

N(k) Z I{(k)+ I3 (k) (2.15)

IV INA



with

1 1 ¢ 1 1 1
If(k) = g i, 7 log ‘i%(exp [q/o ds {(e‘ﬂd’fle”) - A (ﬂ)] (ZS)D,

1. 1 t
(k) = —thm Zlog Eﬁi‘fb(exp [/:/0 ds (Sr¢) (ZQ}),

r t—o0

(2.16)

where 1/q + 1/r = 1, with ¢ > 0, r > 1 in the first inequality and ¢ < 0, 0 < r < 1 in the
second 1nequality.

Proof. See [3], Proposition 4.4.1. The existence and finiteness of the limits in (2.16) follow
from Lemma 3.1 below. n

By choosing r arbitrarily close to 1, we see that the proof of our main statement in (2.6)
reduces to the following two propositions, where we abbreviate

limsup = limsuplimsuplimsup and lim = lim lim lim . (2.17)
t,k,T—00 T—oo  K—00 t—00 t,k,T'—o00 T—00 k—00 t—00

In the next proposition we write 17 instead of ¢ to indicate the dependence on the parameter 7.

Proposition 2.2 For any a € R,

2

: K new ! -1 1 1 o
371£?£?10gEV”’0 <exp [a /0 ds [(e UZ’T.Aewa) - A(K@/JT” (ZQ]) < 8'0(1 —p)G.
(2.18)
Proposition 2.3 For any a > 0,
K> a [t
lim — logEr}fWO<exp [/ ds (ST¢)(ZS):|> = [6a%p(1 — p))*Ps. (2.19)
t.k,T—oo T P> K Jo

These propositions will be proved in Sections 3-5.

2.3 Preparatory lemmas

This section contains three elementary lemmas that will be used frequently in Sections 3-5.

Let pgl)(as,y) and p(z,y) = p§3> (x,y) be the transition kernels of simple random walk in

d =1 and d = 3, respectively, with step rate 1.

Lemma 2.4 There exists C > 0 such that, for all t > 0 and x,y,e € Z3 with ||| = 1,

C C C
, opzy) < —, |+ ey) —pi(z,y)| < (
2

(1+1)? (1+1) U

P (z,y) <

Proof. Standard. |

(In the sequel we will frequently write p;(x — y) instead of pi(x,y).)

From the graphical representation for SSE (Liggett 7], Chapter VIII, Theorem 1.1) it is
immediate that

Ey(&(@) = D pila,y) n(y). (2.21)

yezd
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Recalling (2.4-2.5) and (2.10), we therefore have

Ssp(n, ) = Epe (¢(ZS)> = En( Z Pes(7,y) [gs/fe(y) - P])

yez? (2.22)
= Z Pesi[x] (1’, Z) [”(z) - P]
2€Z3
and
T
vl = [ ds 3 poarile ) [n(2) - g, (2.23)
0 z€Z3
where we abbreviate 1
1 =14+ — .
[ ] + o (2.24)
Lemma 2.5 For all 6,7 >0, 7€ Q, a,b € Z3 with |la — b|| = 1 and z € Z3,
(0, b) = ¢(n,a)] <2CVT  for T > 1, (2.25)
(@) — w(n.a)]| < 26, (2:26)
a,b 2 1
> (w*e) —vima)) < 26, (2:27)
{a,b}

where C' > 0 is the same constant as in Lemma 2.4, and G is the value at 0 of the Green
function of simple random walk on Z3.

Proof. For a proof of (2.26-2.27), see [3], Lemma 4.5.1. To prove (2.25), we may without loss
of generality consider b = a + e; with e; = (1,0,0). Then, by (2.23), we have

T
W}(na b) - 1/1(7% a)‘ < /0 ds Z ‘p6sl[n](z + 61) _p6sl[n](z)‘

z€Z3
T
- / ds ) ‘péﬂ[n}(ﬁ +e1) —Pé?l[ﬁ](zl)‘pé?un](@)péls)l[n}(z?’)
o 5 (2.28)
:/ ds Z ‘pﬁsl (21 +€1) péls)l[,{](zl)‘
z1€Z

T
=2 / ds p{i,(0) < 2CVT.
0

In the last line we have used the first inequality in (2.20). |

Let G be the Green operator acting on functions V: Z3 — [0, 00) as

2)=Y Gla—-yV(y), veZ? (2.29)
yezZ3
with G(z) = [ dtpi(2). Let || - [|oo denote the supremum norm.



Lemma 2.6 For all V: Z? — [0,00) and z € Z3,

Eg?(exp [/OOO dtV(Xt)D <(1- ||gV||oo)71 < exp (%) (2.30)

provided that
GV oo < 1. (2.31)

Proof. See |2|, Lemma 8.1. |

3 Reduction to the original measure

In this section we show that the expectations in Propositions 2.2-2.3 w.r.t. the new measure
IP’I;EY(V) are asymptotically the same as the expectations w.r.t. the old measure P, 0. In Sec-
tion 3.1 we state a Rayleigh-Ritz formula from which we draw the desired comparison. In
Section 3.2 we state the analogues of Propositions 2.2-2.3 whose proof will be the subject of
Sections 4-5.

3.1 Rayleigh-Ritz formula

Recall the definition of ¢ in (2.10). Let m denote the counting measure on Z3. It is easily
checked that both p, = v, ® m and (" given by

dp,™ = en? dpip (3.1)

are reversible invariant measures of the Markov processes with generators A defined in (2.8),
respectively, A" defined in (2.9). In particular, A and A"V are self-adjoint operators in
L*(u,) and LQ(MEEW). Let D(A) and D(A"Y) denote their domains.

Lemma 3.1 For all bounded measurable V: Q x 73 — R,

1 t
lim — ].OgErlljeWO<eXp |:/ ds V(Zs):|) = sup // dugew (VF2 4 FAnewF>‘
t—oo t P> 0 FeD(Anew) Qx 75

‘|L2<u2ew>:1
(3.2)

The same 1s true when E@i‘j{), ™, A are replaced by E,, 0, 11y, A, respectively.

Proof. The limit in the Lh.s. of (3.2) coincides with the upper boundary of the spectrum of
the operator A" +V on L? (1p™"), which may be represented by the Rayleigh-Ritz formula.
The latter coincides with the expression in the r.h.s. of (3.2). The details are similar to [3],

Section 2.2. B

Lemma 3.1 can be used to express the limits as ¢ — oo in Propositions 2.2-2.3 as varia-
tional expressions involving the new measure. Lemma 3.2 below says that, for large &, these
variational expressions are close to the corresponding variational expressions for the old mea-
sure. Using Lemma 3.1 for the original measure, we may therefore arrive at the corresponding
limit for the old measure.



For later use, in the statement of Lemma 3.2 we do not assume that ¢ is given by (2.10).
Instead, we only suppose that 7 +— (n) is bounded and measurable and that there is a
constant K > 0 such that for all n € Q, a,b € Z3 with |ja — b]| =1 and x € Z3,

[nb) = v K and [o(n",z) = v(n,o)| < K, (3:3)

but retain that A"" and p," are given by (2.9) and (3.1), respectively.

Lemma 3.2 Assume (3.3). Then, for all bounded measurable V: Q x 73 — R,

sup // dpp®™ (VF2 +F AneWF)
FeD(AneY) OxZ3

F =1
I HLQ(ngW)

<
= T sup // diip (ei%VF2 + F.AF),
2 Oxz3

FeD(A)
”FHLZ(HP)II

(3.4)

where £ means + in the first inequality and — in the second inequality, and F means the
reverse.

Proof. Combining (1.2), (1.4) and (2.8-2.9), we have for all (1, 7) € 2xZ3 and all F € D(A"Y),

+ > F(yx)exb0n =0l [p( y) - F(y, ).
y: [ly—z|=1

Therefore, taking into account (2.9), (3.1) and the exchangeability of v,, we find that

J[awe (vEr s paeE) = [ duo) <V<n,x>F2<n,x>
OxZ3 OxZ3

1 1 a,b 2
— ;[w(n’vx)fw(nvx)] avb —
Tk [F(n ) F(n,x)}

{a.b}
1 1 (. 2
-5 Z ex [Wmy)—(n,z)] [F(n,y) — F(n,)]
y: ly—=ll=1

(3.6)

10



Let F' = ¢%/*F. Then, by (3.1) and (3.3),

<
6o S [ oo (Vi F.o)
> Oxz3
K K
- Ton > [F(n b x) F(n,w)} - > [F(n,y) = Fn,x)] )
{a,b} y: lly—=(=1
R <v<n,x>ﬁ2<n,x> (3.7
Oxz3
K K
et ~ b ~ 2 T ~ ~ 2
{a,b} y: lly—=z[=1
= e$lf§// dup<ei%Vﬁ2+ﬁAﬁ).
Oxz3
Taking further into account that
112
_ 2
|7] oy = 1o (3.8)
and that F € D(A) if and only if F € D(A"Y), we get the claim. |

3.2 Reduced key propositions

At this point we may combine the assertions in Lemmas 3.1-3.2 for the potentials
_id, l¢ 1
V=a (e Y Aex )—A(ﬂp) (3.9)
K

and o
V = - (ST¢>) (3.10)

with 1 given by (2.10). Because of (2.25-2.26), the constant K in (3.3) may be chosen to be
the maximum of 2G and 2CV/T, resulting in K/x — 0 as kK — co. Moreover, from (2.27) and
a Taylor expansion of the r.h.s. of (3.9) we see that the potential in (3.9) is bounded for each
x and T, and the same is obviously true for the potential in (3.10) because of (2.4). In this
way, using a moment inequality to replace the factor eFE/hq by a slightly larger, respectively,
smaller factor o’ independent of T' and k, we see that the limits in Propositions 2.2-2.3 do not
change when we replace Erl‘,'iv% by E,, 0. Hence it will be enough to prove the following two
propositions.

Proposition 3.3 For all o € R,
2

! 1
limsupilogE,, o | exp a/ ds (e_ﬂ’Ae%w) —A(—w) (Zs)| ) < gp(l—p)G. (3.11)
t,k, I —00 t ” 0 R 6
Proposition 3.4 For all a > 0,
2

K a [* 2 2
t,l{,l%ploo - logE,, 0 <exp [ﬂ/ﬂ ds (ST¢)(ZS)]> = [6a”p(1 — p)] " Ps. (3.12)

Proposition 3.3 has already been proven in [3], Proposition 4.4.2. Sections 4-5 are dedicated
to the proof of the lower, respectively, upper bound in Proposition 3.4.

11



4 Proof of Proposition 3.4: lower bound

In this section we derive the lower bound in Proposition 3.4. We fix o, k, T > 0 and use Lemma,
3.1, to obtain

1 t
lim - logEVp70<exp [O‘ / ds (qus)(ZS)D —  sup / / dup<9(sT¢)F2 + FAF).
t—oo t K Jo FED(A) QOxZz3 K
HF“L2(Mp):1
(4.1)
In Section 4.1 we choose a test function. In Section 4.2 we compute and estimate the resulting
expression. In Section 4.3 we take the limit x,T" — oo and show that this gives the desired

lower bound.

4.1 Choice of test function

To get the desired lower bound, we use test functions F' of the form
F(n,x) = Fi(n)Fa(x). (4.2)

Before specifying F} and F», we introduce some further notation. In addition to the counting
measure m on Z3, consider the discrete Lebesgue measure m, on Z> = k173 giving weight
k3 to each site in Z3. Let [?(Z3) and [*(Z3) denote the corresponding [2-spaces. Let A,
denote the lattice Laplacian on Z? defined by

(Anf)@) =, > [fly) - f(=2)]. (4.3)

yez}

ly—z|=~—1

Choose f € C°(R3) with | fllz2(rsy = 1 arbitrarily, where C®(R?) is the set of infinitely
differentiable functions on R? with compact support. Define

fu(z) = ﬁ_3/2f(n_1x), x €73, (4.4)
and note that
[ fullizzsy = 1flliz@zsy = 1 as k — oo. (4.5)
For F5 choose
F, = HfHHl_2%23) T (4.6)

To choose F1, introduce the function

o) = e 3 (Sr0)(n,2) f(2). (4.7)
el zey S
Given K > 0, abbreviate
S =6T1[k] and U = 6K~k*1[x] (4.8)

(recall (2.24)). For x> \/T/K, define 1: 2 — R by

U-S
J= /0 ds T.d, (4.9)

12



where (7¢)¢>0 is the semigroup generated by the operator L in (1.4). Note that the construction
of 1 from ¢ in (4.9) is similar to the construction of ¢ from ¢ in (2.10). In particular,

~L = ¢~ Ty—s9. (4.10)

Combining the probabilistic representations of the semigroups (S¢)¢>0 (generated by A in (2.8))
and (7;)i>0 (generated by L in (1.4)) with the graphical representation formulas (2.21-2.22),
and using (4.4-4.5), we find that

~ a
o) = e | mw(da) f2(@) Y ps(, 2)n(z) = ) (4.11)
1712z, Jz ‘ez
and
=Y W=)nz) - ) (4.12)
2€23
with
a U
h(z) = g my(dz) f2(56)/ ds ps(kz, 2). (4.13)
Hf”p(zz) Z3 S
Using the second inequality in (2.20), we have
Ca
0<h(z) < —=, z€Z’ 4.14
< h(z) < Nit (4.14)
Now choose Fj as
~1
Py = [|ef] 2, €% (4.15)

For the above choice of Fy and F%, we have [|Fi[|12(,,) = [[F2[[12(zs) = 1 and, consequently,

| Fll g2,y = 1. With Fi, F> and ¢ as above, and A as in (2.8), after scaling space by k we
arrive at the following lemma.

Lemma 4.1 For F' as in (4.2), (4.6) and (4.15), all &, T, K >0 and k > \/T/K,

2 / /Q . ity (5 (Sr0)F? + FAF)

- (4.16)
_ 21/ dmy fALf + ’;/ dyp(¢e2$+e$Le$)7
11123y /22 1ef1122,,,,) /0
where ¢ and ¥ are as in (4.7) and (4.9).
4.2 Computation of the r.h.s. of (4.16)
Clearly, as k — oo the first summand in the r.h.s. of (4.16) converges to
[ o 1@) @) =~ Tr 1 o (4.17)

The computation of the second summand in the r.h.s. of (4.16) is more delicate:

13



Lemma 4.2 Foralla >0 and 0 <e < K,

/i ~
liminf — / dv,(¢e*® + efLe®
wT= [eB2,,,) /o ( )

»)
6K 12K
> 6a%p(1=p) [ do ) [ dyf2(y)< | an®aa- [ dtp§G><x,y>>,

P\ (@, y) = (4mt) =2 expl—||z — y||? /4] (4.19)

where

denotes the Gaussian transition kernel associated with Ags, the continuous Laplacian on R3.

Proof. Using the probability measure
W -2 2
dvy™ = He@HLQ(Vp) *® dv, (4.20)

in combination with (4.10), we may write the term under the liminf in (4.18) in the form
Ii/ dv, " (eﬂgLe1§ — LY+ TU,S$>. (4.21)
Q
This expression can be handled by making a Taylor expansion of the L-terms and showing
that the 7y _g-term is nonnegative. Indeed, by the definition of L in (1.4), we have

(e-PLe® — LT) ) - é ) (e[lﬁ(n“’b)—lﬁ(n)] —1- [ - J(”)D' (4.22)
{a}

Recalling the expressions for ¢ in (4.12-4.13) and using (4.14), we get for a,b € Z3 with
la =8l =1,

~ ~ Ca
@by = |h(a) — h(b)| |n(b) — n(a)| < —=. 4.23
¥ (™) —¥(n)| = [h(a) = h(D)| In(b) —n(a)| < Wi (4.23)
Hence, a Taylor expansion of the exponent in the r.h.s. of (4.22) gives
new [ — o e—Ca/\/T new T a o 2
/Q v (e $Le$—Lw> > /Q ey [w(n ) —1/;(77)} . (4.24)
{a,b}

Using (4.12), we obtain
~ ~ 12
/ Ve (dn) S B~ dm)| = 3 [h(a) — h(v)]? / Ve (dn) [n(6) = n(@))*.  (4.25)
@ {a,b} {a,b} @
Using (4.20), we have (after cancellation of factors not depending on a or b)
[ volan) 250 [(e) — n(a)]”

/ V2 (dn) [n(8) — n(a)]? = 22 (4.26)
Q /Vp(dn) e2Xa,b(1)
Q

with
Xab(n) = h(a)n(a) + h(b)n(b). (4.27)
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Using (4.14), we obtain that

/Q VR (dn) [(b) — n(a)]® > e 1CNVT /Q vo(dn) [n(b) — n(a)]® = e*/VT2p(1 — p). (4.28)

On the other hand, by (4.13),

2 U U
2_7a S m X 21‘ m 2
>~ [h@) = O] = i | [ } Ad)f()/zz (dy) 12(y)

{a,b} ) (4.29)
x> [pe(kz, a) = py(kz,b)] [ps(ky, a) — ps(ry,b)]
{a,b}
with
Z [pt("ixv CL) - pt(fiﬁ, b)] [ps("iy7 (l) - ps("iya b)] = - Z pt(ﬂx7 G)Aps(:‘il’, CL)
{a,b} acZ3
(4.30)
0
=—6 > pi(kz,a)| z—ps(ky,a) ),
3 s (Gt

where A acts on the first spatial variable of ps(-,-) and Aps = 6(9ps/0s). Therefore,

U
(4.29) _6/5 dt . my(dz) f2(x) / my(dy) f2(y Zpt (kz,a) [ps(ky, a) — pu(ky,a)]

acZ3

S+U 2U
=6 my.(dx) fQ(x) /23 my.(dy) fg(y) </2$ dt pi(kz, KY) —/ dtpt(/ﬁx,ffy)>

z U+S
(4.31)
Combining (4.24-4.25) and (4.28-4.29) and (4.31), we arrive at
. —SCa/VifQQ
[ (e ®nef — 1) 2 S0 - ) [ metda) £20) [ mati) £20)
Q Hf|h2 (z3) z3 z3 (4 32)

S+U 2U
X / dtpt(m?,/iy)—/ dt pi(kx, KY) |.
28 U+S

After replacing 2S5 in the first integral by 6ex?1[k], using a Gaussian approximation of the
transition kernel p;(x,y) and recalling the definitions of S and U in (4.8), we get that, for any
e >0,

liminfﬁ/ dvyeV e_@Le@—IAZ
L )

Kk, —o0

6K 12K
> 60%p(1 =) [ defa) [ ay f2<y>< /6 atp (. ) - /6 dtp§G><x,y>>

€ K
(4.33)
At this point it only remains to check that the 7y _g-term in (4.21) is nonnegative. By

(4.11) and the probabilistic representation of the semigroup (7¢)¢>0, we have

/QdV;‘ew To_s¢ = m,{ (dz) f*(x Z pu (K, z / v, (dn)[n(z) —p]  (4.34)

2€Z3

IIlez z3)
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and, by (4.20),

new pe*!?) p
/Qyp (dn)n(z) —pl = —p+ 2 11—, =-—p+ 1= (1= p)(1— e 200 (4.35)
> —p+ p[l +(1—p) (1 - e‘zh(z))} = p(1—p) (1 - 6‘2"(2’),
which proves the claim. |

4.3 Proof of the lower bound in Proposition 3.4

We finish by using Lemma 4.2 to prove the lower bound in Proposition 3.4.
Proof. Combining (4.16-4.18), we get
lim inf 5 / / dpiy (- (Sro) F? ~ FAF)
Ox2z3 K

K, T'—00

6K 12K
> 6a°p(1 — p) /RS dz f*(z) /R3 dny(y)</6 dtpff’v)(ﬂc,y)—/6 dtpﬁc)(w,y)>

K

- HVR?’fo'ﬂ(Ri‘)'
(4.36)
Letting € | 0, K — oo, replacing f(z) by 732 f(vz) with v = 6a2p(1—p), taking the supremum
over all f € C2°(R3) such that [ fllz2(r3y = 1 and recalling (4.1), we arrive at

., K2 a [t 5 9
t})l{rgglofotlogEyp,o(exp L_J/O ds (STQS)(ZS)]) > [6a%p(1 — p)]“Ps, (4.37)
which is the desired inequality. |

5 Proof of Proposition 3.4: upper bound

In this section we prove the upper bound in Proposition 3.4. The proof is long and technical.
In Sections 5.1 we “freeze” and “defreeze” the exclusion dynamics on long time intervals. This
allows us to approximate the relevant functionals of the random walk in terms of its occupation
time measures on those intervals. In Section 5.2 we use a spectral bound to reduce the study
of the long-time agymptotics for the resulting time-dependent potentials to the investigation
of time-independent potentials. In Section 5.3 we make a cut-off for small times, showing
that these times are negligible in the limit as x — oo, perform a space-time scaling and
compactification of the underlying random walk, and apply a large deviation principle for the
occupation time measures, culminating in the appearance of the variational expression for the
polaron term Ps.

5.1 Freezing, defreezing and reduction to two key lemmas
5.1.1 Freezing

We begin by deriving a preliminary upper bound for the expectation in Proposition 3.4 given

by t
El,m()(exp [/O dsV(ZS)D (5.1)
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with
V(n,x) = (Sch (n,x me (z,9)(n(y) — p), (5.2)

y€Z3

where, as before, T is a large constant. To this end, we divide the time interval [0,¢] into
|t/Ry ] intervals of length
R, = Rk? (5.3)

with R a large constant, and “freeze” the exclusion dynamics (§; /n)tZO on each of these intervals.
As will become clear later on, this procedure allows us to express the dependence of (5.1) on the
random walk X in terms of objects that are close to integrals over occupation time measures
of X on time intervals of length R,. We will see that the resulting expression can be estimated
from above by “defreezing” the exclusion dynamics. We will subsequently see that, after we
have taken the limits ¢ — oo, kK — 0o and T' — o0, the resulting estimate can be handled by
applying a large deviation principle for the space-time rescaled occupation time measures in
the limit as R — co. The latter will lead us to the polaron term.

Ignoring the negligible final time interval [|t/Ry]|Ry,t], using Holder’s inequality with
p,q>1and 1/p+1/q =1, and inserting (5.2), we see that (5.1) may be estimated from above

" |t/Rw)Re
E%O(exp [/O ds V(ZS)D
o [t/Re] kR,
= Ey,,, (eXp [ Z / ds Z pGTl[n] 5 Y (fs/ﬁ( ) p)]) (5_4)
ko Y (k=DRg e
14 1/p
< (e, )" (e2,0)
with
(1) 1) LS
Eralt) =Epo(r,T51) =Ky 0o <eXp [ Z / ds Z <p6T1[n] (Xoy) €2 (1)
Foo Je-DRe s
! (5.5)
o p6T1[fﬂ+% (XS) ?/) fm (y))
and

EN(t) = Eq (K, T3 )

)

o [t/Re] kR,
—Eymo<exp — Z / ds ZPGTl[ |4+ 5=(:=1)Rx 1)1{N (XS, )(£(k—1)RK (y) —p)])-
=1 Y (k—1)Rg yez3 "~

(5.6)
Therefore, by choosing p close to 1, the proof of the upper bound in Proposition 3.4 reduces
to the proof of the following two lemmas.

Lemma 5.1 For all R, > 0,

K2 )
lim sup - log SR@(/@,T; t) <O0. (5.7)

t,k, T —00
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Lemma 5.2 For all o > 0,

2
lim sup lim sup % log 51(%2,) (k,T5t) < [6a2p(1 — p)]2773. (5.8)

«
R—oo t,k,T—00

Lemma 5.1 will be proved in Section 5.1.2, Lemma 5.2 in Sections 5.1.3-5.3.3.

5.1.2 Proof of Lemma 5.1

Proof. Fix R, > 0 arbitrarily. Given a path X, an initial configuration n € 2 and k € N, we
first derive an upper bound for

« RK K K
E, (exp [”/0 ds Z <p6T1[l-:} (Xs(k )7y)f§ (y) — Peri[r]+= (ngk )ay)ﬁ(l/)) , (5.9
yezZ3

where
ng’n) = X(k—1)Ru+s- (5.10)

To this end, we use the independent random walk approximation §~ of & (cf. [3], Proposition
1.2.1), to obtain

a [Be
(5.9) < H EY (eXp [F&/o ds (pGTl[n] (Xs(k’ﬁ),y‘i‘yg) — P6T1[r]+2 <X§k7ﬁ)7y>>]>v (5.11)
yeAn

where Y is simple random walk on Z3 with jump rate 1 (i.e., with generator %A), EY is
expectation w.r.t. Y starting from 0, and

A, ={r €7 n(x) =1}. (5.12)

Observe that the expectation w.r.t. Y of the expression in the exponent is zero. Therefore, a
Taylor expansion of the exponential function yields the bound

Ry
EY (exp [i /0 ds <p6T1[n] (Xs(k’ﬁ)a Y+ Yﬁ) ~ PeT1[r]+2 (ng’ﬁ)’y>>] )
oo n R
<1+ ZH (j/ ds; Z psz*zl—1 (ylflayl) (513)

n=2[=1 Si—1 ylez3
X [%Tm (Xﬁlk’”)vy + yl) + Perifa) 4oL (Xs(lk’”), y)} > 7

where sp = 0, yo = 0, and the product has to be understood in a noncommutative way. Using
the Chapman-Kolmogorov equation and the inequality ps(z) < p(0), z € Z3, we find that

Rs
/ ds; Y pa—si (Y1 01) [pmm (Xﬁf’”)7y+yz) + Perifa) 4 2L (Xs(f“’”),y)D
S1—1

yez3 "

< 2/ dsprys(0) =2kG7(0)
O K
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with ~
Gr(0) = [~ dsp.(0 (515)
T
the cut-off Green function of simple random walk at 0 at time 7'. Substituting this into the
above bound for [ =n,n —1,---,3, computing the resulting geometric series, and using the
inequality 1+ z < e, we obtain

(5.13) < exp [

H/ ds; Z Ds— 51 1(yl 17yl)
Si—1

ez’ (5.16)
X <p6T1[n} (Xgl’“”),y + yl) + PeT1[r)+ L (Xélk’”), y))]

with
1
1-— QQGT(0)7

provided that 2aG7(0) < 1, which is true for T" large enough. Note that Cpr — 1 as T' — oo.
Substituting (5.16) into (5.11), we find that

Z H/ ds Z Ds— 91 1(yl 1,yl)

yez3 =1 S1—1 Yy €Z3

(pm[ﬁ]( 9y + ) + Py (X8, ))]

Using once more the Chapman-Kolmogorov equation and pi(z,y) = pi(z—vy), we may compute
the sums in the exponent, to arrive at

(5.9) < exp s /0 dsl/ dss (plle[HHSQHSl (XSQ’K — Xior )
S1

k,k k,k
+ 3P 1oy [ 2201 (ng ) x| )>>] :

Note that this bound does not depend on the initial configuration 77 and depends on the process
X only via its increments on the time interval [(k—1)Ry, kRy]. By (5.10), the increments over

Cr = (5.17)

(5.9) <exp [
(5.18)

(5.19)

the time intervals labelled k = 1,2,--- ,|t/Rx| are independent and identically distributed.
Using E,, 0 = S yp(dn)Eg( E,, we can therefore apply the Markov property of the exclusion
dynamics (§/)i>0 at times Ry, 2Ry, ---, (|t/Rx] — 1) R, to the expectation in the r.h.s. of
(5.5), insert the bound (5.19) and afterwards use that (X¢);>0 has independent increments, to
arrive at
R R
1 CTOé . .
log 5}(2,)01( ) < Rf log EX (exp / dSl/ dso <p12T1[/i]+52 21 (XS2 - X51)

(5.20)

+ 3p12T1[n]+@ (Xsz = XSl))] ) .
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Hence, recalling the definition of R, in (5.3), we obtain

lim sup log 51(12) (t)

t—o00

—= logE (exp

CTQQR R B
/ dSl/ d82 plQTl[ }+52 S1 (XSQ - Xsl) (521)

+ 3p12T1[n]+@ (Xsp — XSl))] ) .

R

Let R
X=X+ Yy, (5.22)

and let EO‘Q = EXEY be the expectation w.r.t. X starting at 0. Observe that

pt+s/,$(z) = Eé/ (pt (z + Ys/,{)). (5.23)

We next apply Jensen’s inequality w.r.t. the first integral in the r.h.s. of (5.21), substitute
s9 = s1 + s, take into account that X has independent increments, and afterwards apply
Jensen’s inequality w.r.t. E%/, to arrive at the following upper bound for the expectation in

(5.21):
CTaQR Ry Ry
R, /0 dsy /51 dsa pl?TlMJrSQ;Sl (X82 - Xsl)

EY (ex
+ 3p12T1[/{}+752:51 (Xs, — XSl))

</ Nd E
S exX
_Rm 1&g p

CTQZR/ ds EOY (plngm (XS + Yi) (5.24)
0

)

1 R * oo ~ .
< Rﬁ/o ds1 Ep (exp CTQZR/O d3<p12T1[n] (Xs) + 3D 9r1 s 22 (Xs ))])

Applying Lemma 2.6, we can bound the last expression from above by

+ 3p12T1[n]+2i (XS + Yi))

(5.25)

4CT052R@2T(0)
1-— 4CTa2R62T(O) ’

where GQT( 0) is the cut- off at time 27T of the Green function G at 0 for X (which has generator
1[k]A). Since Gor(0) — $G127(0) as k — oo, and since the latter converges to zero as T — oo,
a combination of the above estimates with (5.21) gives the claim. |

5.1.3 Defreezing

To prove Lemma 5.2, we next “defreeze” the exclusion dynamics in SI(;?L (t). This can be done
in a similar way as the “freezing” we did in Section 5.1.1, by taking into account the following
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remarks. In (5.6), each single summand is asymptotically negligible as ¢ — co. Hence, we can
safely remove a summand at the beginning and add a summand at the end. After that we can
bound the resulting expression from above with the help of Hélder’s inequality with weights
p,q>1,1/p+1/q =1, namely,

[t/Bx]  (k+1)R,
Eva()(eXp [Z Z /kR ds Z pGTl[ |2 kRK( s Y )(fkRN( ) P)]) (5 26)

k=1 yez3

< (e2,0) " (e,m)"

with
ERN) = ) (k. T 1)
. < Lt/zRfJ/km . /(k—H)Rnd Z( Ko y) Exn ()
=K, of exp U S Periin)4 s=kBe \As) Y) SEEs \Y
? Kl = Jk-1)R. kR ez’ ST == g
—P6T1[H]+T(X37y)fg(y)>]>
(5.27)
and
EGA(t) = ) (s, T5 1)
. Lt/Z:Rd /kRH ; /(kﬂ)Rﬁd Z x )<§ @) )
=E, ol exp U S Perip]s=u\Xs, Y) | §ely) — p .
. £l = Ju-vre Jin, A i
yeZ
(5.28)

In this way, choosing p close to 1, we see that the proof of Lemma 5.2 reduces to the proof of
the following two lemmas.

Lemma 5.3 For oll R,a > 0,
2

lim sup % log 51(%) (k,T;t) <O0. (5.29)
t,k,T—00
Lemma 5.4 For all o > 0,
" 2 log £ 2 2
im sup lim sup - log €p (k,T5t) < [604 p(l — ,0)] Ps. (5.30)
R—oo t,k,T—00

In the remaining sections we prove Lemmas 5.3—-5.4 and thereby complete the proof of the
upper bound in Proposition 3.4.

5.1.4 Proof of Lemma 5.3

Proof. The proof goes along the same lines as the proof of Lemma 5.1. Instead of (5.9), we

consider
Ry 2R,
exp R, / du / ds
~ yezZ3
- pGTl[n}Jr% (Xs(k’ﬂ)u y) g% (y)>] ) .

21
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Applying Jensen’s inequality w.r.t. the first integral and the Markov property of the exclusion
dynamics (ft/,{)tz() at time u/k, we see that it is enough to derive an appropriate upper bound

for
a [ (k%)
EC exp /{/R ds Z <p6T1[H]+S—5& (Xs " 7y)§RmN—", (y)
"oye (5.32)

= Do)+ 2 (Xﬁk’ﬁ)a y) C(ZD)] )

uniformly in ¢ € Q and u € [0, Rs]. The main steps are the same as in the proof of Lemma
5.1. Instead of (5.19), we obtain

Cro? [2Rx 2R, . i
(5.32) < exp /R dsl/ dso <p12T1[H]+32—51+2(31—R,$) (XS(Q’”) - Xs(1 ’“))
K S1 K K

12
(5.33)
+ 3p12T1[K}+S2_Sl+2(Sl_u) (X§];:7H) — Xélfvﬁ)))] ,
and this expression may be bounded from above by (5.25). n

5.2 Spectral bound

The advantage of Lemma 5.4 compared to the original upper bound in Proposition 3.4 is that,
modulo a small time correction of the form (s — u)/k, the expression under the expectation in
(5.28) depends on X only via its occupation time measures on the time intervals [kR,, (k +
1R.], k=1,2,---,|t/Rx]. This will allow us in Section 5.3 to use a large deviation principle
for these occupation time measures. The present section consists of five steps, organized in
Sections 5.2.1-5.2.5, leading up to a final lemma that will be proved in Section 5.3.

We abbreviate

1 (k+1)Rsk

Viu(n) = VX ()

, " Re Jin, ds Y Perapeys = (Xe:9) (0(y) = p) (5.34)

yeZ3

and rewrite the expression for ng)a (t) in (5.28) in the form

(4) o VLR kR
gR,a(t) = EVp,O (exp [K Z / B du Vk,u (Su/n)
=1 Y (k—1)Rs

). (5.35)

In (5.34) and subsequent expressions we suppress the dependence on T" and R.

5.2.1 Reduction to a spectral bound

Let B(2) denote the Banach space of bounded measurable functions on € equipped with the
supremum norm || - [|o. Given V € B(), let

AV) = tlirgoilogEyp<eXp [/OtV(gs)dsD (5.36)
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denote the associated Lyapunov exponent. The limit in (5.36) exists and coincides with the
upper boundary of the spectrum of the self-adjoint operator L + V on LQ(VP), written

A(V) =supSp(L + V). (5.37)

Lemma 5.5 For allt > 0 and all bounded and piecewise continuous V': [0,t] — B(2),

Eyp(exp Uot vu(gu)duD < exp [/Ot/\(Vs)ds} (5.38)

Proof. In the proof we will assume that s — V; is continuous. The extension to piecewise
continuous s — Vg will be straightforward. Let 0 =ty < t; < --- < t, =t be a partition of
the interval [0,¢]. Then

/ () du<2/ Ve (€) ds+2 V= Vi o (8 = 1)

Se[tk 1, k

t (5.39)
k
< 2/ Vie_, (&) d8+t max = _max Vs — Vi [l oo-

th1 TSE[tk 1,tk]

Let (S )i>0 denote the semigroup generated by L+ V on L%(v,) with inner product (-,-) and
norm || - ||. Then

|SY | = ™). (5.40)
Using the Markov property, we find that

123
Z V Vi Vi
l/p (exp [ /t Wk 1 53 ]) - < 0 St;ltl ’ Str—tr 1 ]1 ]1>
k—1

t tl Vi,
< S 1Seall--- 1857 (5:41)
= exp [Z )\(Vtk,l)(tk - tk_l)] )
k=1

Combining (5.39) and (5.41), we arrive at

T

¢
logE,,p(/O Vs(&s) ds) < )\(Vik_l)(tk—tk 1)+t il%axrse[?;aictk HVS—V}k_lHoo. (5.42)
k=1

Since the map V' +— A(V) from B(f2) to R is continuous (which can be seen e.g. from (5.40) and
the Feynman-Kac representation of S}), the claim follows by letting the mesh of the partition
tend to zero. n

Lemma 5.6 For all o, T, R,t,x > 0,

o [t/Rx] kR, lt/Rx] kR,
Eyp,o<exp - Z / dthu(fu/,{)]) <E <exp[ Z / du)\kﬂL]> (5.43)
K = Joe-1)R.
ith
" X 1 a [P x
)\k,u:)\k’u :tlirgloglogEyp exp - ; dsV,w (55/,{) , (5.44)

where u € [(k — 1)Ry, kRy], k=1,2,--- , [t/Rsx].
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Proof. Apply Lemma 5.5 to the potential V,,(n) = (o/k) V(1) for u € [(k — 1)Ry, kR, with
(§u)uzo replaced by (€, /x)u>0, and take the expectation w.r.t. Ef. |

The spectral bound in Lemma 5.6 enables us to estimate the expression in (5.35) from
above by finding upper bounds for the expectation in (5.44) with a time-independent potential
Viu- This goes as follows. Fix x, X, k and u, and abbreviate

o =aVit. (5.45)

Let (Q¢)e>0 be the semigroup generated by (1/k)L, and define

~ M ~
P = / dr (2r¢) (5.46)
0
with
M = 3K1[x]x> (5.47)
for a large constant K > 0. Then
1~ ~ ~
—— L =6 - Quo (5.48)
with
~ o [FFDER.
(Q6)(n) = - ds Y Paripe s e=utr (Xs,9) [0(y) = p)
RKJ k’RK 3 r
yez (5.49)
=a ) E)hy) -l
yeZ3
and
_ kX 1 (k+1)Rn
:T(x) = ‘:'k:u,r(x) = R— / dspGTl[K/]+sfu+'r (XS, l’) (550)
K JER, "”“

As in Section 2, we introduce new probability measures ;" by an absolute continuous trans-
formation of the probability measures I, in the same way as in (2.12-2.13) with ¢ and A
replaced by 1 and (1/k)L, respectively. Under Pp¢Y, (§/.)t>0 is a Markov process with gen-

erator ) ) 1
v — e P2 <ei@f> . <e—iﬂ?Lei )f. (5.51)
K K K
Since 1 — J(n) is bounded, we have, similarly as in Proposition 2.1 with ¢ =r = 2,
fX 1 (5) . 1 (6)
9 < . .
A < h?iil.fp 5 log (Skm(t)) + h?iigp 5 log (Eku(t)> (5.52)
with
£9)() = £ (1, X 1) = B exp | 2 /t dr (e—%@Le%*’) _o(13)] (/) (5.53)
kau kau\™s <2 vp 5 Jo p | r/k
and . -
2 ~
0 (1) = €% (r, X3 1) = Er;fjv(exp [/1 /O dr (Qmo) (&)x) > (5.54)

where EB‘;W = fQ v,(dn) E5?", and we suppress the dependence on the constants T', K, R.
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5.2.2 Two further lemmas

For a,b € Z? with ||a — b|| = 1, define

2 M M
a,b) = KX (a,b) = 200/T 2 r |2 (a) — = Zela) — =
Knula,b) = KX (a,b) | [ @) - 20) [2alo) ~ 2]

3k3
(5.55)
with =, given by (5.50) and C' the constant from Lemma 2.4. Abbreviate
|Kiall, =D Ko (a,b). (5.56)

{a,b}

Lemma 5.7 For all o,T,K,R,k,t >0, u € [(k — 1)Rx,kRy], k = 1,2,--- | |[t/Ry], and all
paths X,

t/k
5,22(t)§1ay,,<exp n\\/ck,u!\l/o dr [gr(el)—gr(())f]) (5.57)
with
25Ca/T 202 [(k+1)Rx (k+D)Rx oM
[ Krull, <e HQRQ/ ds/ ds/ dr pyypy g4 ste=zuser (Xe — Xs). (5.58)
x JKkR, kR 0 r

Lemma 5.8 There exists kg > 0 such that for all Kk > ko, K > 1, o,T,R,5,t > 0, u €
[(k—1)Rx,kRy], k=1,2,--- ,[t/Rx], and all paths X,

Do
£9(t) < exp (5“ pt>, (5.59)

where the constant Do 1 i does not depend on R, t, k, u or k and salisfies

Klim Dorx =0, uniformly in T > 1. (5.60)
—00

5.2.3 Proof of Lemma 5.7

Proof. We want to replace EJ*" by E,, in formula (5.53) by applying the analogues of Lemmas

3.1 and 3.2. To this end, we need to compute the constant K in (3.3) for ¢ replaced by L/D\
Recalling (5.46) and (5.49), we have, for n € Q and a,b € Z? with |ja — b|| = 1,

~

R M
D) — P) = o /0 dr [2,(a) — Z: ()] [7(6) — n(a)]. (5.61)
Hence,

. R M 0o -2
‘w(n“’b) _ @ZJ(U)‘ < a/o dr ’Er(a) — Er(b)‘ < C'oz/0 dr <1 + 67 + /Z) < %/{. (5.62)

Here we have used (5.50) and the right-most inequality in (2.20). This yields

EXN(t) <Ey, (exp [2eCa/T /Ot dr [(e—i@Lei@) - L(i&)} (gr/n)] > (5.63)

K
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By (1.4), we have

1 1 1 1~ 1 1 a,by_ 11~ a —~

! [eﬂ%en@ - L(HM ) = o {Zb} (ew e w<n>}>. (5.64)
In view of (5.62), a Taylor expansion of the r.h.s. of (5.64) gives

1 _1p. 1h 1~
Hetrert - 1(10) o <

eCa/T

12x3
{

(P~ d0m)” (5.65)

a,b}

K

Hence, recalling (5.55) and (5.61), we get

Ev, <eXp [zeca/T /Ot dr [(e—i@Lei@> - L(i@)] (gT/H)D
= <eXp [ /Ot dr 3 Kiu(a:b)[6: () ~ ¢ mﬂ ) 0

{a,b}
Using Jensen’s inequality w.r.t. the probability kernel Ky, /|| |1, together with the transla-
tion invariance of £ under IP,,, we arrive at (5.57). To derive (5.58), observe that for arbitrary

h,fz,r,?>0and x,y € 7%,

S [pnez @) = oz (2] [Py o (4:0) — Py (4:,0)]
{a,b}

als

(5.67)

0
== prrz(2,0)Apg, e (y,0) = =6k Y poyz(7,0) 5= Dy, e (v,0),
a€ezZ3 " a€Z3 "

where A acts on the first spatial variable of p;(-, -) and %Apt/,i = k(0/0t)py/,;- Recalling (5.50),
it follows that

Y [Er(a) —Er(0)] [Ee(a) — Ee(b)] = —6r ) =r(a) 5= Bela) (5.68)

{a,b} a€eZ’

and, consequently,

_ acayr20® M = (= =
HIC’WH1 =e =z /. dr Z Er(a)[Er(a) — Enp(a)]

K2 :
P acz (5.69)
(&7 —_
< eQCa/T,@/ dr Z =.(a)?.
0 €73
Hence, taking into account (5.50), we arrive at (5.58). |

5.2.4 Proof of Lemma 5.8

Proof. Using the same arguments as in (5.62-5.63), we can replace E*" by Ey, in formula
(5.54), to obtain

R

E0(t) <E,, <exp [QeCa/T /Ot dr (Qud) (gr/ﬁ)} ) (5.70)
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Because of (5.49), this yields

2
exp [:eCa/Tpt]géz()SEVp(eXp[ CQ/T/ dr > Ear(y)Ex(y D (5.71)

yezs

Now, using the independent random walk approximation E of & (see [3], Proposition 1.2.1), we

find that .
2c _
E, (exp [ - CQ/T/O dr ) :M(y)&/m(y)D
3
yGZZ t (5.72)
/Vp dn) 1] EY<6XP[ C“/T/ dTEM(Y%/n)D’
€A, 0
where A, is given by (5.12) and Y is simple random walk with step rate 1. Define
Y 2 C’a/T ’ = 3
v(z,t) =E; [ exp - dr ‘:‘M(}/T‘/,‘Q) , (z,t) € Z° x [0, 00), (5.73)
0
and write
w(z,t) =v(x,t) — 1. (5.74)
Then we may bound (5.71) from above as follows:
r.hs (5.71) < /Vp(dn) H 1+ n(z)w(z,t)]
zeZ3
= I [1+pu(t)] (5.75)
z€Z3
(o5 ).
z€Z3
By the Feynman-Kac formula, w is the solution of the Cauchy problem
2w(m t) = —Aw(m t)+ 2—aeco‘/T:M(yc) [1+w(z,t)], w(,0=0 (5.76)
ot 6r K B e T '
Therefore 5
o > wla,r) = 292 Co/T > Enle) 1+ w(x,r)]. (5.77)
z€Z3 x€eZ3

Integrating (5.77) w.r.t. r over the time interval [0, ¢] and substituting the resulting expression
into (5.75), we get

r.h.s. (5.71) < exp [ eCe/T / dr Z Em(z) (14 w(z, 7"))] (5.78)
x€Z3
Since Y73 En(x) = 1, this leads to
(6) 20 casr, [* -
Epi(t) < exp dr Z Ep(m)w(z,r)|. (5.79)
h : 0 z€Z3
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An application of Lemma 2.6 to the expectation in the r.h.s. of (5.73) gives

v(z,t) < (1 - 2aeco‘/THQEMHOO)_1. (5.80)
Next, using (5.47) and (5.50), we find that
192m]| . < Gorinsyn(0) < G3g,2(0), (5.81)

where the r.h.s. tends to zero as k — oco. Thus, if K > 1 and k > ko with k¢ large enough (not
depending on the other parameters), then v(z,t) < 2, and hence w(x,t) < 1, for all z € Z3
and t > 0, so that (5.76) implies that w < w, where @ solves

O 1 da g I
&w(x,t) = G?Aw(w,t) + —e Em(zx), w(-,0) = 0. (5.82)
The solution of this Cauchy problem has the representation
N 4oy t _ 4o to
w(zx, t) = eca/T/ dr Z pr(x,y)Enm(y) = eca/T/ dr Epr4r (). (5.83)
I 0 K K 0
yeZ3
Hence
- 4o cor [F A" = e
Z Ey(z)w(z,r) < —e dr Z Epm(z)Enie(z)
CL‘EZB 0 I€Z3
4 cor 1 (k+1) Ry (k+1)Rsk o
< ?e o/ RI%/kR ds /kR ds/o drr‘p12T1[R}+s+E72uﬁ+2]ﬂ+e(0)
4 o
S a€Ca/T/ d?”p2M+e (O)
’i O K
< 4C o eCa/T
~ VKk ’
(5.84)
where we again use the second inequality of Lemma 2.4. Substituting (5.84) into (5.79), we
arrive at the claim with D, 7 x = 80(206200‘/T/\/E. |

5.2.5 Further reduction of Lemma 5.4

To further estimate the expectation in Lemma 5.7 from above, we use the following two lemmas.

Lemma 5.9 Let

D(8) = lim sup % l0gE,, (eXp [ﬁ /0 du [€4(e1) — gu(o)ﬂ ) (5.85)
Then I )
%ii% 5 = 2p(1 — p). (5.86)

Proof. The proof is a straightforward adaptation of what is done in Gértner, den Hollander
and Maillard [3], Lemmas 4.6.8 and 4.6.10. |
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Lemma 5.10 For all o,T,K,R,k > 0, u € [(k — 1)Rx,kRy], k = 1,2,--- ,|t/Rx], and all
paths X,

hnmupg—bggék)<<ﬁan1—— )kl (5.87)

t—o0

where Vo1 does not depend on K, R, k,u,k or X, and Vo7 — 1 as T — oo.

Proof. Using the bound in (5.58) for ||KCk 4 |/1, we find that

Ca%QCa/T
VT

which tends to zero as T' — oo. Hence, we may apply Lemma 5.9 to (5.57) to get the claim. B

HH]C]{7UH1 S QQCOC/TQOCQ/ d?‘plgjq_gr(()) S (588)
0

At this point we may combine Lemmas 5.10 and 5.8 with (5.52), to get

Do Kk
2K2

Ao < Do p(1 = p)|| K|, + (5.89)
Note that the upper bound in (5.58) for ||y ||1 depends on X only via its increments on the
times interval [(k — 1)Ry, kR,] and that these increments are i.i.d. for k = 1,2,--- , [t/ R,].
Hence, combining (5.35) and Lemma 5.6 with (5.89) and splitting the resulting expectation
w.r.t. Ef into |t/R.] equal factors with the help of the Markov property at times kR,
k=1,2,---|t/R], we obtain, after also substituting (5.58),

2

hmsup—logé’( ) L) < Elogc‘:}%) (k) +
t—o00

Da1 i

5 (5.90)

N (k) = XN (T, K k)

,Q

@aT B F
= EOX eXp K/’Q 7/77 dS/ dS/R du/ dTp12T1 s+§ 2u+27‘ (X - X) 5

(5.91)

where
Ou,1,p = 40, 702e?CT p(1 — p) — 402p(1 — p) as T — co. (5.92)

Because of (5.60), we therefore conclude that the proof of Lemma 5.4 reduces to the following
lemma.

Lemma 5.11 For all a, K > 0,

limsup — 7 log Eg) (T, K; k) < [6a”p(1 — p)]2773. (5.93)

«a
Kk, T,R—o0

5.3 Small-time cut out, scaling and large deviations
5.3.1 Small-time cut out
The proof of Lemma 5.11 will be reduced to two further lemmas in which we cut out small

times. These lemmas will be proved in Sections 5.3.2-5.3.3.
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For € > 0 small, let
m = 3er>1[x] (5.94)

and define

ES) (k) = ESL (T, & k)

Oar,y [T B 10 m (5.95)
/-£2R2/0 ds/s ds/R du/o drplQTl[HH_w (Xe—Xs)

81(%9) (k) :51(3?) (T,e,K; k)

X Ouar, [ R (5.96)
:EO 2R2 / ds/ dS/R du/ drp12Tl[n]+5+e 2u+2r (X X)

By Holder’s inequality with weights p,q > 1, 1/p+ 1/q = 1, we have

and

&) () = (5,(%8)[&(&))1/ "6 ) v (5.97)

Hence, by choosing p close to 1, we see that the proof of Lemma 5.11 reduces to the following
lemmas.

Lemma 5.12 For all o > 0 and € > 0 small enough,

1
limsup — log ESL(T, e; k) =0. (5.98)
Kk, T, R—00 R ’

Lemma 5.13 For oll o, e, K > 0 with 0 < e < K,

1
lim sup RlogE(g) (T,e, K; k) < [6ap(1 — p)}2773. (5.99)

Kk, T, R—00

Note that in 5}(387)&(&) we integrate the transition kernel over “small” times r € [0,m]. What
Lemma 5.12 shows is that the integral is asymptotically negligible.

5.3.2 Proof of Lemma 5.12

Proof. We need only prove the upper bound in (5.98). An application of Jensen’s inequality

yields
an d d d X
2R, s h u T P1aT1[r]425=04r 4 ( el |-

(®) L[ ox
SR’Q(F;)SR— dsEy | exp
0
(5.100)

K
Observe that

Y
P1oT1[k)y25-utr y (Xe) = Eg <p12T1[n]+275*g” (Xe+Ye ,{)) (5.101)
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As in (5.22), let X, =X, + Y/, and let Eok denote expectation w.r.t. X starting at 0. Then,
using Jensen’s inequality w.r.t. E%/, we find that

1 Ry T, ~
c® </dEJq “p/ / d/d en (Xe) | ]-
R,a(“) =R )y o | <P |~ 5p . u T P1271 (k)42 8=utr ( )

K

(5.102)
For the potential
. 1 0 m
‘/S (x) = K/2RK/ /RK du /0 dT’p12T1[ﬁ]+2572+7‘ (x), (5103)
we obtain
1 m 3 EH2
lave| = [ darGory 2 (0) < 211K / dr G,(0) < CV/e, (5.104)
00 K 0 3k1[kK] K 0

where G and G are the Green operator, respectively, the Green function corresponding to
1[k]A. Hence, an application of Lemma 2.6 to (5.102) yields

E (k) < (1 - COurp/e) (5.105)
which, together with (5.92), leads to the claim for 0 < € < (4Cp(1 — p)a?)~2. |

For further comments on Lemma 5.12, see the remark at the end of Section 5.3.3.

5.3.3 Scaling, compactification and large deviations

In this section we prove Lemma 5.13 with the help of scaling, compactification and large
deviations.

Proof. Recalling the definition of m in (5.94) and M in (5.47), we obtain from (5.96), after

appropriate time scaling (s — k2s, § — %5, u — k?u and r — 3x31[k]r),

9
Efh(x)
K ("i)
(exp |:3®an R2 / ds/ ds/ du/ drpz:m §+e—2u+1[n]r< S( ),Xe ):|>
(5.106)
with the rescaled transition kernel
K , . 1 .
( )(Z' y) - K’dp6f€2t("£$7 /iy)7 T,y € Zi = E237 (5107)
and the rescaled random walk
X" = kX, 2, te0,00). (5.108)

Let Q be a large centered cube in R3, viewed as a torus, and let Q) = QN Z3. Let 1(Q),
Z(Q(”)) denote the side lengths of Q and Q)| respectively. Define the periodized objects

0= n (wy+ (@) (5.109)

kez3
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and

X9 = x 7 mod(QW). (5.110)
Clearly,
(309, 347) < (x0, 09) oy
Let 8 = (6¢)t>0 be Brownian motion on the torus ¢ with generator Ags and transition kernel
D,y = 3 o (y + K@) (5.112)
kez3

obtained by periodization of the Gaussian kernel pEG) (x,y) defined in (4.19). Fix 6 > 1

(arbitrarily close to 1). Then there exists ko = ko(0; €, K, Q) > 0 such that
pp N (x,y) < Opy 7 (x,y), forall kK > ko and (t,z,y) € [€/2,2K] x Q x Q. (5.113)

Hence, it follows from (5.106) that there exists k1 = k1(0; T, €, K, R, Q) > 0 such that

3 1 R R K
50°0arom /0 ds /0 d3 / drng:@(XngQ), ijv‘?)) . (5.114)

Applying Donsker’s invariance principle and recalling (5.92), we find that

Sg)a(/i) <Ef (exp

li ] 5“’)
imone g o0

) (5.115)
< RlogE@(exp [692a2p 1-— / ds/ ds/ drp GQ ﬂ&ﬂté)])
Applying the large deviation principle for the occupation time measures of 3, we get
1
lim sup = logSgL(T,e;m) < 733()@)(9; ¢, K), (5.116)
Kk, T R—o0 ’

where

K
P (0, K) = sup [692a2p<1—p> /Q v(dz) /Q vidy) [ drp£G7Q><x,y>—sQ<u>]

veMi(Q) €
(5.117)
with large deviation rate function S?: M1(Q) — [0, cc] defined by
SQ(M) — HVR3fH% lf,U, << dCC and “ = f( ) Wlth f € per(Q) (5118)
o0 otherwise,

where M1(Q) is the space of probability measures on @, and Hper(Q) denotes the space of
functions in H'(Q) with periodic boundary conditions. By [2]|, Lemma 7.4, we have

limsupP?EQ)(G;e,K) < P3(0;¢, K) (5.119)
QTR3
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with
P3(07 €, K)

K
= sw [oapi—p) [ o) [ anr) [ s e - [Teof )

feHL(R3)
Ifll2=1

swp [002a%p(1=p) [ da £2a) [y 20 [ ars@ e < [V e |
f\fﬁéff) R3 R3 0

= [6 6%a2p(1 — p)]2733.

IN

(5.120)
Combining (5.116) and (5.120), and letting 6 | 1, we arrive at the claim of Lemma 5.13. &

This, after a long struggle by the authors and considerable patience on the side of the
reader, completes the proof of the upper bound in Proposition 3.4.

Remark. The reader might be surprised that the expression in the L.h.s. of (5.98) does not only
vanish in the limit as € | 0 but vanishes for all € > 0 sufficiently small. This fact is closely
related to the observation that

P3(7%) =0 whereas P3(c0) = Ps >0 (5.121)

with

. 5.122
feHL(R3) ( )
Ifll2=1

Py)= sw !/R o @) [y 2w [l =)~ [T |

Indeed, given a potential V' > 0 with ||GrsV||co < 1/2, where Ggs denotes the Green operator
associated with Ags, the method used in the proof of Lemma 5.12 leads to

R R
I%ijr;o;logE(?(exp [}1%/0 ds/o ds V(ﬁe—ﬁs)]> =0. (5.123)

On the other hand, the large deviation principle for the occupation time measures of g shows
that this limit coincides with

feHL(R3)
IIfll2=1

sup [/RS dz f(z) /R3 dy f2(y) V(z —y) — HVRSszl- (5.124)

But, for 0 < € < 7% the potential
Viw) = [ ar(a) (5.125)
0

satisfies the assumption ||GrsVe|loo < 1/2, implying P3(73) = 0.

6 Higher moments

In this last section we explain how to extend the proof of Theorem 1.1 to higher moments
p > 2. Sections 6.1-6.3 parallel Sections 2.1, 3.2, 4 and 5.

33



6.1 Two key propositions

Our starting point is the Feynman-Kac representation for the p-th moment,

t P ,
E,, (u(o,t)P> - Eg'jﬁ(exp [/0 ds ;gs(xgs)D, (6.1)

where X!, ..., XP are independent simple random walks on Z? starting at 0 and E(,Z);x denotes

expectation w.r.t. }P’(,f)p);x =P, ® Pfll ® - ® Pi‘:’, z=(z1, - ,xp) € (Z3)P.
The arguments in Sections 2 and 3 easily extend to this more general case by replacing Z,

A, (St)t>0, ¢ and 1) by their p-dimensional analogues Z®), A®) (St(p))tzo, #® and ). To
be precise, consider the Markov process

ZP) = (s X1y, XP) on Q x (ZP)P (6.2)

with generator

1 p
AP — EL+ZAj’ (6.3)
j=1

where the lattice Laplacian A; acts on the j-th spatial variable. Denote by (St(p))tzo the
associated semigroup. We define

OV s, ) = 3 onas) =Y _(n(x;) = p) (6.4)

j=1 j=1
and
T
e :/ dsSﬁp)¢(p). (6.5)
0
Then ,
j=1

In this way the proof of Theorem 1.1 for p > 2 reduces to the proof of the following extension
of Propositions 3.3 and 3.4.
) (6.7)

Proposition 6.1 For allp e N and a € R,

2

t
lim sup H—tlog E(zi);o <exp [a / ds [(e‘iw(mA(l’)eiw(”)) —A® (lw(p))} (ng))
0

t,x,T—oo P R

a
< 6 p(1—p)G.

Proposition 6.2 For allp € N and o > 0,
2

t
: ~ (p) o () +(p) (p)
lim logEVp;()(exp[Ii/o ds (ST ¢ )(Zs )

t,xk,T—o00 pt

) = [6a2p(1 — p)p]*Ps. (6.8)

Proposition 6.1 has already been proven for all p € N in [3], Proposition 4.4.2 and Section 4.8.
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6.2 Lower bound in Proposition 6.2

We use the following analogue of the variational representation (4.1)

t
lim — logE() <eXp [Z‘ / ds (3;p>¢(p))(2§p>) )
0

t—oo t

6.9
- sup // dyt [O‘ (5;p)¢(p)> (F(p))2 + F®) A@) p@) | (6.9)
F(P) ep(alP) Qx(Z3)p R
HF@)nLgmg):l
To obtain the appropriate lower bound, we use test functions F®) of the form
FO(nay,--  2p) = Fi(n)Fa(a1) - Fa(wyp), (6.10)

where F1, Fy and F = F(1 are the same as in (4.15), (4.6) and (4.2), respectively. One easily

checks that
N // d p[ 5( )(z)(p)) (F(p))2 I F(p)A(p)F(p)]
Qx Z3 K

p“ //Q><23 [ ST¢>F2+F<1KL+A>F}

But this is 1/p? times the expression in Lemma 4.1 with o and x replaced by pa and ps,
respectively. Hence, we may use the lower bounds for this expression in Section 4 to arrive at
the lower bound in Proposition 6.2.

(6.11)

6.3 Upper bound in Proposition 6.2

1. Freezing and defreezing can be done in the same way as in Section 5.1, but with V(n, z) in
(5.2) replaced by

V( )(777 Z (ZP6T1[I€ x]? >( ( ) P)- (6'12)

y€Z3

This leads to the analogues of Lemmas 5.1 and 5.3 along the lines of Sections 5.1.2 and 5.1.4.
2. Considering

) 1 (k+1)Rm
Vi (1) = 2= ds ) me e e=e (X2,9) ) (n(y) = p) (6.13)
K kR,@ EZS —
and
(4.0) o D i ®)
ELP ) =E, of exp |— / du V" (€, 6.14
R,x ( ) p10< [H kzz:l (h—1) R ko (§ / ) ( )

instead of (5.34-5.35), the proof reduces to the following analogue of Lemma 5.4.

Lemma 6.3 For each o > 0,

2
lim sup lim sup —t log 5(4’p)( t) < [6a?p(1 — p)p]2733. (6.15)

R—oo t,k,T—00
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3. The proof of Lemma 6.3 follows the lines of Sections 5.2-5.3. The spectral bound is
essentially the same as in Section 5.2.1. In Lemma 5.6 we have to replace Vi, by Vk(f;) and

Aku by
t
® _ o 1 o ()
Ao = th%otlogEvP(exp L /0 ds V., (55/”)]) (6.16)

Subsequently, we replace Vj,,, by Vk(l;) in (5.45), to obtain functions PP), ®) replacing (5.45—
5.46), and

_ 1 (k+1)Rsx P )
=20 (z) = R/k ds ZP6T1[K]+—S‘2+T (X1,2) (6.17)

replacing (5.50). Then, in the analogue of Lemma 5.7, instead of (5.58) we get the bound

soayr 202 [HHDES (k+DRe oM P D
H’C uH1 se K2R2 /Rn ds/kRN ds/o dri;%mmw—guw(& - X;)

(6.18)
along the line of Section 5.2.3. Similarly, the proof of the analogue of Lemma 5.8 follows the
argument in Section 5.2.4, leading to a reduction of Lemma 6.3 to the analogue of Lemma
5.11, as in Section 5.2.5.

4. To make the small-time cut-off, instead of (5.95) we consider

a I, . i
2R2p / dS/ ds / " du/ dT’ E plng[H]+.e+e—iu+2r (Xé - XS)] ) .

ESP (k)

:ng(

,j=1
(6.19)
Using the Chapman-Kolmogorov equation, we see that
Ry Ry p
/ dS/ ds Z p12T1 €+e—2u+27‘ (X X )
1,7=1
R.. 2
— Z Z/ dspﬁTl s— u+7‘ (X Z)
z€Z3 \i=1

6.20
) . | ) (6.20)

<o 3 ([ e (09

2623 i=1 \70

Ry R,
— pz / ds/ ds p12T1[,{]+ ste— 2u+2r (X Xz)

Substituting this into the r.h.s. of (6.19) and applying Holder’s inequality for the p exponential
factors, we reduce the problem to the consideration of a single random walk and can proceed
as in Section 5.3, leading to the analogues of Lemmas 5.12-5.13.

5. The proof of the analogue of Lemma 5.12 runs along the line of Section 5.3.2. To prove the
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analogue of Lemma 5.13, instead of (5.96) we consider

97
D (x)
X a,T, R
:EO eXp 2R2p/ dS/ dS/ du/ dT Z plQTl[fi s+e— 2u+2r (X XZ)
1,7=1
(6.21)
As in Section 5.3.3, this leads to
lim sup —lo glop)
nTR—»oopR 8 R ( )
1
< - sup [92a2p1 Z/l/ldx/yjdy)/ drpGQ):vy ZSQVZ]
P viemi(@ 1
1<i<p b=
(6.22)

instead of (5.116-5.117). Now we can proceed similarly as in |2|, Lemma 7.3. Consider the
Fourier transforms 7; of the measures v; € M1(Q) defined by

; (k) :/ eI U@k, (dr), ke ZPj=1,---,p. (6.23)
Q
The transition kernel p(©*@) admits the Fourier representation
1 .
PG (z) = ; Z e~ @TUQ?IKPro—ir/UQDET (1 ) € Q x (0, 00). (6.24)
Qr 2,
€z
Therefore we may write
1 -
/ vi(dz) / vi(dy) P9 (,y) = smog > e GO (), (k). (6.25)
Q Q Q) kez3
Using that
o NET L2 1. 2
Re(ui(k:)uj(k:)> < S[B®) [+ 5[50, (6.26)
we obtain
[ vitda) [ vyt o a)
@ . @ . (6.27)
<5 [ wtdo) [ wdnp )+ ;5 [ vitdn) [ vy )
Q Q Q Q
Therefore the term inside the square brackets in the r.h.s. of (6.22) does not exceed
P K
> (62?1~ plp [ wldo) [ wtdy) [ drp©eg) - 52|, (028)
i=1 Q@ Q@ €
and we arrive at
lim sup Blog 5](3?;5)(,%) < PéQ’p)(O; e, K) (6.29)
Kk, T,R—00 R ’
with
K
POV G e 1) = sup [66%a%p(1— plp [ wlde) [ wldy) [ arp©@wy) - 59|,
VvEML(Q) Q Q €
(6.30)

which is the analogue of (5.116-5.117) for p > 2. The rest of the proof can be easily obtained
from the analogues of (5.119-5.120).
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