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Abstract

Numerical methods for solving Markov chains are in general inefficient if the state space of
the chain is very large (or infinite) and lacking a simple repeating structure. One alternative to
solving such chains is to construct models that are simple to analyze and that provide bounds for
a reward function of interest. We present a new bounding method for Markov chains inspired by
Markov reward theory; our method constructs bounds by redirecting selected sets of transitions,
facilitating an intuitive interpretation of the modifications on the original system. We show that
our method is compatible with strong aggregation of Markov chains; thus we can obtain bounds
for the initial chain by analyzing a much smaller chain. We illustrate our method on a problem
of order fill rates for an inventory system of service tools.

1. Introduction.

In Markov chain modeling, one often faces the problem of combinatorial state space explosion:
modeling a system completely requires an unmanageable - combinatorial - number of states. Many
high-level formalisms, such as queueing networks or stochastic Petri nets, have been developed to
simplify the specification and storage of the Markov chain. However, these models only rarely
have closed-form solutions, and numerical methods are inefficient when the size of the state space
becomes very large or for models with infinite state space that do not exhibit a special repeating
structure that admits a matrix analytic approach (Neuts [16]). Typically, the latter approach is
quite limited if the state space is infinite in more than one dimension. An alternative approach
to cope with state space explosion is to design new models that (i) provide bounds for a specific



measure of interest (for instance the probability of a failure in a complex system); and (ii) are
simpler to analyze than the original system.

Establishing point (i): the bounding relationship between the original and new (bounding)
systems may be based on different arguments. Potentially the most general way of obtaining
bounds is by stochastic comparison, which gives bounds for a whole family of reward functions (for
instance increasing or convex functions). Furthermore, stochastic comparison provides bounds for
both the steady-state and transient behavior of the studied model. Many results have been obtained
using strong stochastic order (i.e. generated by increasing functions) and coupling arguments
(Lindvall [11]). Recently, an algorithmic approach has been proposed (Fourneau and Pekergin
[8]) to construct stochastic bounds, based on stochastic monotonicity; this stochastic monotonicity
provides simple algebraic sufficient conditions for stochastic comparison of Markov chains. Ben
Mamoun et al. [3] showed that an algorithmic approach is also possible using increasing convex
ordering that allows one to compare variability. The clear advantage of stochastic comparison is
its generality: it provides bounds for a whole family of rewards, both for the steady-state and
transient behavior of the studied system. Its drawback is that, due to its generality, it requires
strong constraints that may not apply to the system of interest. For more details on the theoretical
aspects of stochastic comparison we refer the reader to Muller and Stoyan [14], and Shaked and
Shantikumar [18].

For this reason more specialized methods than stochastic comparison have also been developed,
which apply only to one specific function, and only in the steady-state. Muntz et al. [15] proposed
an algebraic approach to derive bounds of steady-state rewards without computing the steady-state
distribution of the chain, founded on results of Courtois and Semal [5, 6] on eigenvectors of non-
negative matrices. This approach was specially designed for reliability analysis of highly reliable
systems, and requires special constraints on the structure of the underlying Markov chain. This
approach was further improved and generalized by various authors (Lui and Muntz [12], Semal [17],
Carrasco [4], Mahevas and Rubino [13]), but the primary assumption for its applicability is still
that there is a very small portion of the state space that has a very high probability of occurrence,
while the other states are almost never visited.

Similarly, Van Dijk [21] (see also Van Dijk and Van der Wal [22]) proposed a different method
for comparing two chains in terms of a particular reward function, often referred to as the Markov
reward approach. This method allows the comparison of mean cumulated and stationary rewards
for two given chains. A simplified version of the Markov reward approach, called the precedence
relation method, was proposed by Van Houtum et al. [24]. The origin of the precedence relation
method dates back to Adan et al. [1], and it has been successfully applied to various problems
(Van Houtum et al. [23], Tandra et al. [20], Leemans [10]). The advantage of this method is
its straightforward description of the modifications of the initial model. The precedence relation
method consists of two steps. Precedence relations are first established on the states of the system,
based on the reward function (or familly of functions) one wants to study. Then an upper (resp.
lower) bound for the initial model can be obtained simply by redirecting the transitions to greater
(resp. smaller) states with respect to the precedence relations established in the first step. A
significant drawback of the precedence relation method is that it can be applied only to derive
bounding models obtained by replacing one transition by another with the same probability: the
method does not allow the modification of the probability of a transition, nor the replacement
of one transition by more than one new transition. Such a modification is typically needed, for
example, if one wants to keep the mean behavior of a part of the system (for instance arrivals to a
queue), but change its variability. (One small example of such a system is given in Section 3.)

We propose a generalization of precedence relations to sets of states. This significantly increases
the applicability of the precedence relation method, by allowing the replacement of one set of



transitions by another set. The modification of the probability of a transition can also be seen as
replacement of one transition by two new transitions, one of which is a loop.

We now discuss point (ii): how to derive models that are simpler to solve. In the context
of stochastic comparison, different types of bounding models have been used: models having
closed form solutions, models that are easier to analyze using numerical methods, and aggrega-
tion (Fourneau and Pekergin [8], Fourneau et al. [7]). To our knowledge, the precedence relation
method has been combined only to the first two simplifications. We show here that it is also com-
patible with aggregation. Thus we prove the validity of applying the precedence relation method
on sets of states, in concert with the simplifying technique of aggregation.

To illustrate our new technique, we use as an example the service tool problem. This problem,
introduced by Vliegen and Van Houtum [25], models a single-location multi-item inventory system
in which customers demand different sets of service tools, needed for a specific maintenance ac-
tion, from a stock point. Items that are available in stock are delivered immediately; items that
are not in stock are delivered via an emergency shipment, and lost for the location under con-
sideration. (This is called partial order service as in Song et al. [19].) All non-emergency items
are replenished (returned from the customer) together after a stochastic replenishment time. The
service level in this problem is defined as the aggregate order fill rate, the percentage of orders for
which all requested items can be delivered from stock immediately. Vliegen and Van Houtum [25]
developed an efficient and accurate approximate evaluation model for this problem that combines
two different evaluation models. In their numerical study, one of their models (M;) always led
to an overestimation of the order fill rates compared to the original model, while the other (Ms)
always led to an underestimation. Using the generalization of the precedence relation method in
combination with aggregation, we prove that these two models indeed provide analytical bounds
for the original model.

This paper is organized as follows. In Section 2 we give an overview of the precedence relation
method proposed by Van Houtum et al. [24]. In Section 3 we show the limits of this method and
we propose and prove the validity of our generalization. Section 4 is devoted to aggregation and its
connections with our method. In Section 5 we illustrate our technique on the service tool problem,
proving that the approximations proposed by Vliegen and Van Houtum [25] do provide a lower
and an upper bound for the original model. These bounding models have a state space that is
highly reduced compared to the original system: its dimension is equal to the number of different
types of tools (I), while the original model has dimension 2/. Finally, Appendix A contains a
supermodularity characterization on a discrete lattice, that is used in the proof of supermodularity
for order fill rates for the bounding models (M; and Ms), given in Appendix B.

2. Precedence relations.

Let { X, }n>0 be an irreducible, aperiodic and positive recurrent discrete time Markov chain (DTMC)
on a countable state space S. We will denote by P the corresponding transition matrix and by 7
the stationary distribution. For a given reward (or cost) function r : § — R, the mean stationary
reward is given by:
a= Z r(x)m(x).
€S

Directly computing the stationary distribution 7 is often difficult if, for instance, the state space
is infinite in many dimensions or finite, but prohibitively large. The main idea of the precedence
relation method proposed by Van Houtum et al. [24] is to obtain upper or lower bounds for a
without explicitly computing 7. By redirecting selected transitions of the original model, the graph



of the chain is modified to obtain a new chain that is significantly easier to analyze. For example,
one might essentially truncate the chain by blocking the outgoing transitions from a subset of
states. Note that this might produce a modified chain that is not irreducible. We will assume in
this case that the modified chain has only one recurrent class, which is positive recurrent. Then
we can restrict our attention to this recurrent class S C S, and thus the stationary distribution 7
of the modified chain is still well defined.

Some special care needs to be taken in order to ensure that the reward function of the new
chain provides bounds on the reward function of the original chain. We denote by v.(z) (resp. by
vy(z)) the expected cumulated reward over the first ¢ periods for the original (resp. modified) chain
when starting in state x € S:

vi(x) = r(z) + Y Ple,yloa(y), t > 1, (1)
yeS

where vo(z) := 0, Vo € S. If we can show that
ve(z) < o), Vo, YVt >0, (2)
then we have also the comparison of mean stationary rewards:

a = lim Mg lim @za.
t—o00 t—o0 t

In order to establish (2), a precedence relation < is defined on state space S as follows:
x =y if v(x) <v(y), vVt > 0.

When we are talking about rewards, we will often say that a state x is less attractive than y if
TR

The following theorem states that redirecting transitions to less (more) attractive states results
in an lower (upper) bound for mean stationary reward (Van Houtum et al. [24, Theorem 4.1]):

THEOREM 2.1. Let {X,} be a DTMC and let {Y,,} be a chain obtained from {X,} by replacing

some transitions (x,y) with transitions (z,y') such that y <y'. Then:
ve(z) < vg(x), Vo, YVt > 0.
If both chains have steady-state distributions, then a < a.

The above theorem allows one to easily construct bounding models by redirecting possibly only
a few transitions. Van Houtum et al. [24] illustrated their approach on the example of a system
with the Join the Shortest Queue routing. In the following section we illustrate some of the limits
of the precedence relation approach before proposing its generalization.

3. Precedence relations on sets of states.

The precedence relation method allows one to redirect transitions: the destination of the transition
is modified, while its probability remains the same. The following simple example shows that we
cannot use the precedence relation method to compare models with the same average arrival rate,
but different variabilities.



EXAMPLE 3.1. (Single queue with batch arrivals)
We consider a single queue with two types of jobs:

e Class 1 jobs arrive individually following a Poisson process with rate A;.
e Class 2 jobs arrive by batches of size 2, following a Poisson process with rate As.

We assume a single exponential server with rate y, and let x denote the number of jobs in the
system. Then the following events can occur in the system:

event rate | transition | condition
type 1 arrival | \; r+1 -
type 2 arrival | Ao T+2 -

service I z—1 x>0

Without loss of generality, we assume that A\; +Xo+p = 1. Thus we can consider A1, A2 and p as the
probabilities of the events in the corresponding discrete time (uniformized) chain. Suppose that we
are interested in the mean number of jobs. The appropriate reward function is thus r(z) = z, V.
The corresponding t-period rewards satisfy:

vp1(x) = r(x) + Aoz + 1) + dove(x + 2) + pog(z — 1)1{x>0} + ;wt(x)l{xzo}, z>0,t>0.

Denote respectively by Aj, As and S the t-period rewards in new states after an arrival of type 1,
an arrival of type 2 and a service in state x:

o Ai(z,t) =v(x+1),
o Ay(z,t) = v(x + 2),
o S(x,t) = vi(r — 1)1zs0y + ve(T)Liz—oy-

Then:
ver1(x) = r(x) + MAi(x,t) + XNAs(z, t) + pS(z,t), © >0, t > 0. (3)

Now, suppose some class 1 jobs become class 2 jobs, keeping the total arrival rate constant.
This means that these jobs arrive less often (only half of the previous rate), but they arrive in
batches of size 2 (Figure 1). Then:

’ I €
Al :/\1—6and)\2:)\2—|—§,

where 0 < € < A\;. The total arrival rate is the same in both models, but the arrival process of the
second system is more variable.

A O A.—g |0
1 L m 17 € u
[ o— —=[ 0o
A, g Aoyt €2 an

Figure 1: Batch arrivals.




Different transitions for both models are shown in Figure 2. Note that a part of the transition
rate that corresponds to the arrivals of type 1 is replaced by a new transition that corresponds to the
arrivals of type 2, but the rate is divided by two. This can be also seen as replacing one transition
with rate € by two transitions, each with rate €/2; we can consider a “fake” transition (z,x) with
rate €/2 in the continuous time model, that is transformed into a strictly positive diagonal term in
the discrete time model, after uniformization. Thus we cannot directly apply Theorem 2.1, since it
allows neither replacing only a part of a transition, nor replacing one transition with two new ones.

Aa Ay €2
w(Cy I, () N
X / X

Figure 2: Batch arrivals: redirecting transitions.

In the following we propose a more general method, that allows us to replace a transition or
more generally a set of transitions by another set of transitions having the same aggregate rate.
Also, only a part of some transitions might be redirected.

3.1 Generalization of precedence relations.

To aid intuition, we will introduce the main ideas by considering a single state x € S. (The general
result will be proved later, in Theorem 3.1.) Assume we want to replace (redirect) the outgoing
transitions from = to a subset A by transitions to another subset B. For instance, in Figure 3
we want to replace transitions to A = {aj,a2} (blue transitions on the left) by transitions to
B = {b1,ba,b3} (red transitions on the right). We might also have some transitions from z to states
that are not in A and that we do not want to redirect (transitions to states u and v in Figure 3).

a;

ar

[ ]
0.4 b2

Figure 3: Redirecting the sets of transitions.

Furthermore, we might want to redirect transitions only partially: in Figure 4 only the half
of probability of transitions to A is replaced by transitions to B. Thus in order to describe the
redirection of a set of transitions we will need to provide:

e the set A (resp. B) and the probabilities of transitions to each state in A (resp. B);

e the weight factor A (the amount of each transition to be redirected; the same scalar A is
applied to all transitions to states in A).



Figure 4: Partial redirection of transitions.

Information on sets A and B and the corresponding transition probabilities will be given by two
vectors a = (a(2)).es and B = (6(2)).es. Since the information on the amount to be redirected will
be given by a weight factor, we only need the relative probabilities of transitions to the respective
sets A and B. Therefore it is convenient to renormalize the vectors o and 8. The modifications in
Figures 3 and 4 can now be described by vectors a = 0.50,, +0.5d4, and 8 = 0.20p, +0.2d3, 4 0.66p,,
where ¢, denotes the Dirac measure in a:

1, z=a,
(5a(z):{0 cta ,z€S.

The weight factor A is equal to 0.5 in Figure 3 and to 0.25 in Figure 4.

We now formally generalize the previous example. Let o« and (8 be two stochastic vectors:
a(z) 20, B(z) 20, Vz € S and ||af|1 = [|B][1 = 1 (where ||a||1 := >, 5 a(2) is the usual 1-norm).
Let {X,} be an irreducible, aperiodic and positive recurrent DTMC with transition probability
matrix P and ¢-period reward functions vy, satisfying the following relation:

D alz)u(z) <) B(z)ui(z), t > 0. (4)

z€S z€S
Let A and B denote the supports of vectors o and 3 respectively:
A=supp(a) ={2z€8 : a(z) >0}, B=supp(f)={z€S8 : G(z) >0}

If (4) holds, we will say that the set of states A is less attractive than the set B with respect to
probability vectors o and 3, and we will denote this:

A=apB.

We will show that if A <, 3 B, replacing the outgoing transitions to A (with probabilities o) by the
outgoing transitions to B (with probabilities 3) leads to an upper bound for ¢-period rewards (and
thus also for the mean stationary reward, when it exists). Before giving this result in Theorem 3.1,
note that relation (4) is indeed a generalization of precedence relations of states:

REMARK 3.1. Suppose x <y, for some x,y € S. Set o =6, and = dy. Then (4) becomes:
’Ut(.’I]) < 'Ut(y>, t> 07

which is equivalent to x < y by definition.



To see that (4) indeed is more general than the precedence relation method (Van Houtum et al.
[24]), let @ = 6 and 8= 30, + 16, x,y,2 € S. Then (4) becomes:

1 1
vi(w) < §Ut(y) + 5%(2)7 t>0.

We can write this {x} =; 15,416 {y,z}. By takingy = x+ 1 and z = x — 1 this is exactly the
2,50y T 50z

relation we need to prove in Example 3.1. The proof of this relation for Example 3.1 will be given

in Section 3.2.

Replacing the outgoing transitions that correspond to the set A and probabilities « by the tran-
sitions that correspond to the set B and probabilities 5 (called («, 3)-redirection in the following),
can be also represented in matrix form. The matrix T, g(x) defined as:

[ BE) -alz) w=r,
Toplluw = { v

describes the (a, 3)-redirection of the outgoing transitions from state x € S. The transition matrix
of the modified chain after (a, )-redirection of the outgoing transitions from state z € S is then
given by: N

P =P+ A,p(x)T, 5(x),

with the weight factor A, g(z), 0 < A, g(z) < 1. (Note that if A, g(x) = 0, we do not modify the
chain.) In order for P to be a stochastic matrix, the weight factor A, g(x) must satisfy:

0 < Plz,yl + Aap(2)(B(y) —aly)) <1, y €S, (5)

which can be also written as:

Bap(e) < min {y : a]((g;l)igﬁ(y) {CM} E CVI(Iyl)iEﬁ(y) {m}} ‘

Without loss of generality, we can assume that the supports of « and 3 are disjoint: AN B = ().
Indeed, if there exists y € S such that a(y) > 0 and B(y) > 0, then we can define new vectors

o = L (a—cey) and ' = 2 (B—cey), where ¢ = min{a(y), B(y)}. Relation (4) is then equivalent
to:

D (2)ul(z) <) B (2)ui(z), t = 0.

2€8 2€8

Assuming A and B are disjoint, relation (5) has an intuitive interpretation given as Proposition
3.1: one can only redirect the existing transitions.

PROPOSITION 3.1. For vectors a and 3 with supports AN B =) condition (5) is equivalent to:

a(y)Aq, g(x) < Plz,yl, y € S. (6)

Proof. Relation (6) follows trivially from (5) as a(y) > 0 and AN B = @ imply G(y) = 0. In order
to see that (6) implies (5), we will consider the following cases for an arbitrary y € S:

e a(y) > 0. Then 3(y) = 0 so relation (5) becomes: 0 < Plz,y] — Ay p(x)a(y) < 1. As we
assumed that 0 < A, g(z) < 1, and 0 < ay) < 1, the right inequality is trivial and the left
one is simply relation (6).



e 3(y) > 0. Then a(y) = 0 so relation (5) becomes: 0 < Plz,y] + Aq g(x)B(y) < 1. The left
inequality is trivial. For the right one we have, using the fact that P is a stochastic matrix

and [(y) < 1:
Pla,yl+ Aap(x)Bly) < 1= Pla,z]+ Agp(x)
27y
< 1= Agp(r)alz) + Agp(@)
27y

= 1+A.p(x)|1- Za(z)
2y
= 1+ Aus@aly) = 1,

where the second inequality follows from (6).

e Finally the case a(y) = B(y) = 0 is trivial. O

Until now we have considered only one state 2 and only one relation («,3). Typically, we
will redirect outgoing transitions for a subset of the state space, and we may need more than one
relation. Let R be a set of relations that are satisfied for our model. We will denote by R, C R the
set of all relations that will be used for a state x € S. (If the outgoing transitions for a state x € S
do not change, we will set R, := (.) Note that the same relation («, 3) could be applied to different
states z and 2’ (i.e. (a,) € Ry NRy). In that case the corresponding weight factors A, g) ()
and A, (2") need not to be equal. Also, there could be different relations («, ) and (¢, ')
that have the same supports A and B; we might even have that A <, 3 B, but B <(4 gy 4 (if
supp(a) = supp(’) = A and supp(f) = supp(«’) = B). Thus our method can be made arbitrarily
general. The following theorem states that under similar conditions as (4) and (5) (for all states
and for a family of precedence relations), the t-period rewards v; of the modified chain satisfy:

ve(x) < ve(z), v €S,t>0.

THEOREM 3.1. Let {X,,} be an irreducible, aperiodic and positive recurrent DTMC with transition
probability matriz P and a reward v that is bounded from below:

dm e R, r(x) >m, Vz € S. (7)

Denote by v, t > 0, the corresponding t-period rewards. Let R be a set of couples of stochastic
vectors such that for all pairs (o, 5) € R:

> a)uly) < Buly), t > 0. (8)
yeS yeS

Let Ry CR, v €S (the precedence relations that will be applied to a state x € S). Let {Yy} be a
DTMC with transition probability matriz P given by:

P=P+> 3 Aup@)Tap),
2€S (a,8)€R,
where the factors A, g(x), z € S, (o, B) € Ry, satisfy:

0<Ployl+ D Aap@)(By) —a@) <1, zyes (9)
(a,B)ER:



(i.e. 0 < ]B[m,y] <1, z,y€S).
Then the t-period rewards vy of the modified chain satisfy:

v(x) <v(z), v €8S, t>0. (10)

Symmetrically, if (8) is replaced by:

> au(y) =D Bu)uly), t >0, (11)

yeS yES
for all (o, B) € R, then the t-period rewards vy of the modified chain satisfy:
v(x) > v(x), €8S, t>0. (12)

Proof. We will prove (10) by induction on ¢. For ¢t = 0 we have vg(x) = vo(z) := 0, z € S, so (10)
is trivially satisfied. Suppose (10) is satisfied for ¢ > 0. Then for ¢ + 1 we have:

1(z) = r(x)+ Z Pla,ylv:(y)
yeS

> r()+ Y Plr,ylu(y)

yeS

= @)+ [ Plryl+ D> Aap@)Tas@)x,y] | viy).

yeS (a,B)ER

Relation (9) implies that for all y € S the series absolutely converges (in RT U {+o00}) if v is
bounded from below. (Note that if r is bounded from below then v; is bounded from below for
each t.) Thus, simplifying and interchanging summation:

T1(z) > va(@)+ Y Das(@) | (By) — ay)) vly)

(a,8)ER yeS
> vp(z).

O]

COROLLARY 3.1. Under the same conditions as in Theorem 3.1, if the modified chain is aperiodic
and has only one recurrent class that is positive recurrent, then the mean stationary reward of the
modified chain {Y,} is an upper bound (a lower bound in case of (11)) for the mean stationary
reward of the original chain {X,}.

3.2 Proving the relations.

Thus the steps in order to prove a bound are to first identify the set R, and then to prove the
corresponding relations for the t-period rewards. We will illustrate this steps on our simple example
of a queue with batch arrivals, discussed in Example 3.1.

ExaMPLE 3.2. Consider again the two models from Example 3.1. We will show that:

ve(xz) <ve(x), >0, t >0, (13)

10



where v; denotes the t-period rewards for the original chain and vy for the modified chain for reward
function r(x) = x, Vx. For each z > 0, we want to replace a part of the transition that goes to
x 4+ 1 by two new transitions that go to x and x + 2. We will define vectors a, and 3, as follows:

1

@ (y) = 0ur1(y),  Buly) = 5 (02(y) +dus2(y)), y € S.

Let Ry = {(a, Bz)}, © € S. Then R = UgesRy = {(a, Bz) : © € S}. Furthermore, let:
Az) = Ay, 5, () =€, x €S,

with 0 < € < Aq. Let P be the transition probability matrix of the original discrete time model.
The transition matrix of the modified chain is then given by:

P=P+> Y Aup@)Top@)=P+> el 5 ().

€S (a,B)ER: z€S

Relation (8) for (ag, 8z), > 0, is equivalent to convexity of functions v, t > 0:

1 1
ve(x+1) < ivt(ac +2)+ §vt(ac),x >0, t>0.

Thus, if we prove that v, ¢t > 0 are convex, then Theorem 3.1 implies (13), as our reward function
7 is positive, and (9) holds from the definition of e.

In the proof of convexity of v, t > 0, we will also use an additional property. We will show by
induction on ¢ that for each ¢ > 0, the function v, is:

1. Non-decreasing: vi(z) < vi(z+ 1),z > 0.
2. Convex: 2vi(z + 1) < w(x +2) + ve(z), x > 0.

Assume this holds for a given t > 0 (for ¢t = 0, vy := 0 is obviously non-decreasing and convex).
Then for ¢t + 1 we have (see (3) in Example 3.1):

ver1(x) = r(x) + MAi(x, t) + XAs(z, t) + pS(z,t), > 0.
We consider separately one period rewards, arrivals of each type, and service.
e One period rewards. v1 = r is obviously non-decreasing and convex.

o Type 1 arrivals.

— Non-decreasing. For x > 0, Aj(x + 1,t) — Ai(x,t) = vy(x +2) — v(x 4+ 1) > 0, since v,
is non-decreasing.

— Convex. Forz > 0, Aj(x+2,t)+ A1 (x,t)—2A1 (x+1,t) = v(x+3)+v(x+1)— 20 (2+2) >
0, since vy is convex.

o Type 2 arrivals.

— Non-decreasing. For x > 0, As(x + 1,t) — As(x,t) = v(x + 3) — ve(x +2) > 0, since vy
is non-decreasing.

— Convex. Forz > 0, Aa(x+2,t)+Ag(x, t)—2A2(x+1,t) = vi(x+4)+v(x+2) — 20 (2+3) >
0, since v; is convex.

11



e Service.

— Non-decreasing. For z > 0, S(x+1,t) = S(x,t) = vi(x) —ve(r — 1) 1550y —ve(2) L {z—0y =
(vie(r) — ve(x — 1)) 150y 2> 0, since vy is non-decreasing.

— Convex. For x > 0, S(z +2,t) + S(z,t) — 2S(x + 1,t) = v(z + 1) + ve(z — 1)1gzm0y +
V() Lm0y —20e(7) = Lpsoy (ve(z+1) +ve(x—1) = 204(2) )+ Lp—y (ve(z+1) —v1(2)) > 0,
since vy is non-decreasing and convex.

Thus v¢4+1 is non-decreasing and convex.

Applying Theorem 3.1 we have vi(z) < v(z), © > 0, t > 0, that is the number of jobs in the
system increases if we have more variable arrivals.

REMARK 3.2. The goal of this example is only to illustrate the generalization of precedence relation
method. Note that the above result can be also obtained by using stochastic recurrences and icx-order
(see for instance Baccelli and Bremaud [2]).

A primary use of precedence relations is to enable bounds to be established by analyzing simpler
(smaller) systems. As mentioned in the introduction, one common simplification of a chain is to
reduce its state space using aggregated bounds. We examine this technique next.

4. Aggregation.

In this and the following sections we assume that the state space of the chain is finite, as we will
use results in Kemeny and Snell [9] on the aggregation of finite Markov chains. Let C = {C }rex
be a partition of the state space S into macro-states:

UkexCr = S, CiﬂCj:®, Vi £ j.

DEFINITION 4.1. (Kemeny and Snell [9]) A Markov chain X = {X,}n>0 is strongly aggregable (or
lumpable) with respect to partition C if the process obtained by merging the states that belong to the
same set into one state is still a Markov chain, for all initial distributions of Xg.

There are necessary and sufficient conditions for a chain to be strongly aggregable:

THEOREM 4.1. (Matriz characterization, Kemeny and Snell [9, Theorem 6.3.2]) A DTMC X =
{ Xy }n>0 with probability transition matriz P is strongly aggregable with respect to C if and only
if:
Vie K,Vj € K, Z Plz,y] is constant for all z € C;. (14)
yECj

Then we can define a new (aggregated) chain'Y = {Y,}n>0 with transition matriz Q. For all
1,7 € K:
Q[lu.]] = Z P[xay]v US CZ
yGC]‘
There are many results on aggregation of Markov chains, however they primarily consider the
steady-state distribution. Surprisingly, we were not able to find the following simple property, so
we provide it here with a proof.
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PROPOSITION 4.1. Let X = {X,}n>0 be a Markov chain satisfying (14) and Y = {Y,}n>0 the
aggregated chain. Let r : S — R be a reward function that is constant within each macro-state, i.e.
there exist r, € R, k € K such that for all k € K:

r(z) =rg, Yo € Cy.
Denote by vy and wy the t-period rewards for chains X and Y. Then for all k € K:
vi(x) = we(k), v € Ck, t > 0. (15)

Proof. We will show (15) by induction on ¢.
Suppose that (15) is satisfied for t > 0 (for ¢ = 0 this is trivially satisfied). Then for ¢ + 1 and
ke K:
vepr(z) =r(@) + Y Pla,ylu(y) =+ Y Y Plr,ylu(y).

yeS JjeEK yel;

By the induction hypothesis v (y) = w(j), j € K, y € Cj, and from Theorem 4.1, for z € C,
Zyecj Plz,y] = Q[k,j], j € K. Thus:

vera (@) = i+ > Qlk, flwi(4) = wiga ().
jek

By taking the limit, the above result also gives us the equality of mean stationary rewards.

COROLLARY 4.1. Let X and Y be two Markov chains satisfying the assumptions of Proposition 4.1.
If both chains are irreducible and aperiodic, then the mean stationary rewards a = limy_ o v(z) ,T €

t
wy (k) e o
5=, k € K satisfy: a = a.

S and a = limi—

5. An inventory system of service tools.

In this section we illustrate our analytical technique - applying precedence relations on sets of states
- on the example of an inventory system of service tools, introduced by Vliegen and Van Houtum
[25]. We consider a multi-item inventory system; we denote by I the number of different item
types. For each ¢ € {1,...,I}, S; denotes the base stock level for item type i: a total of S; items
of type i are always either in stock or being used for a maintenance action at one of the customers.
Demands occur for set of items. Let A be any subset of {1,...,1}. We assume demands for set
A follow a Poisson process with rate A4 > 0. When a demand occurs, items that are available in
stock are delivered immediately. Demand for items that are not available in stock is lost for the
stock point that we consider. (Those items are provided from an external source, and they are
returned there after their usage.) These so-called emergency shipments incur a considerably higher
cost than regular shipments. Items that are delivered together from stock are returned together
after an exponential amount of time with rate ;1 > 0: we have joint returns to stock. The service
level in this problem is defined as the aggregate order fill rate, the percentage of orders for which
all requested items can be delivered from stock immediately.

As the items that are delivered together return together, we need to keep track of the sets of
items delivered together. Consider a very simple case of two different item types. Then the state
of the system is given by a vector (n41y,n42),n(1,2}) Where ngy (vesp. nyoy) is the number of items
of type 1 (resp. 2) at the customer that were delivered individually, and ny12y is the number of
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sets {1,2} at the customers that were delivered together and that will return together. Given, for
example stock levels S; = 1, Sy = 2, all possible states of the system are: (0,0,0), (1,0,0), (0,1,0),
(1,1,0), (0,0,1), (0,2,0), (1,2,0) and (0,1,1). Note that if set {1,2} is demanded, and item type
2 is out of stock, this becomes a demand for item type 1 (and similarly if item 1 is out of stock).
The Markov chain for this case is given in Figure 5.

Figure 5: Markov chain for the original model for I =2, S; =1 and Sy = 2.

For the general I-item case, the state of the system is given by a vector n = (nA)@;éAC{L_“J}
where ng > 0 is the number of sets A at the customer that were delivered together. For each
i€ {l,...,1}, we denote by &;(n) the total number of items of type 7 at the customer:

&i(n) = Z nA- (16)

AC{1,....I},i€A

The state space of the model is then:

S={n=ma)oeacp,.n : &n) <S;, Vie{l,....I}}.

For each A C {1,...,I}, A # 0, we will denote by e4 the state in which all the components are
equal to 0, except the component that corresponds to set A that is equal to 1.
We will consider the uniformized chain: without loss of generality, throughout the paper we

assume that: ,
> )\A+<Zsi>u:1.
i=1

0£AC{L,...I}

Then for a state n € S we have the following transitions:
e Demands. For all the subsets A C {1,...,I}, A # 0:
— Probability: A\4.

— Destination: d4(n). For all i ¢ A the amount of items of type i at the customer stays
the same. For i € A, we can deliver an item of type i only if &;(n) < S;. Thus:

da(n) =n+efica: en)<si}-

e Returns. For all the subsets A C {1,...,I} such that n4 > 0:

14



— Probability: puna.

— Destination: r4(n) =n — e4.
e Uniformization.

— Probability: ,u(z:ilz1 Si — Z(B#Ac{l,...,l} na).
— Destination: n.

We will refer to this (original) model as My. Note that My has only one recurrent class, as
> 0. Furthermore, as the state space is finite, the stationary distribution always exists. Though
its state space is finite, its dimension is equal to 2/ — 1, thus the Markov chain becomes numerically
intractable even for small values of I and S;, i € {1,...,I}. For example, for I =5 and S; = 5, Vi,
the cardinality of the state space is |S| = 210 832 854.

5.1 Models M; and M.

The complexity of the original model (Vliegen and Van Houtum [25]) comes from the need to track
which items were delivered together. We will consider two extreme, simplifying models: model M;
is similar to model My, but it assumes that all the items return individually, while model My is
also similar to model My, but it assumes returns of sets of maximal cardinality. Both of these cases
remove the need to track which items were delivered together. Thus the state of the system for
models M7 and Ms is fully described by the number of items at the customer for each item type:

x=(x1,...,21).
We have the following state space:
X={z : 0<2;,<S;,i=1,..., 1},

and we will denote by e; the state x € & such that x; = 0, j # ¢, and z; = 1. The cardinality of
X, |X| = Hfil(S’i + 1), is considerably lower than for the original model. For example, for I =5
and S; = 5, Vi, we have |X| = 7776 (compared to |S| = 210 832 854).

Note that models M7 and M> can be obtained from the original model in two steps:

1. By redirecting transitions that correspond to returns. We will denote by Mj the model
obtained from the original by replacing all joint returns by individual returns (see Figure 6,
on the left). For example, in the original model in state (0,1,1) we have one joint return
of set {1,2} and a uniformization loop; these are replaced by two new transitions: one to
state (0,2,0) (corresponding to an individual return of item 1) and one to state (1,1,0) (an
individual return of item 2). Similarly, we denote by M} the model in which the returns are
defined as follows : we greedily partition the set of items at the customers into disjoint sets;
we have a return with probability u for each of these sets (see Figure 6, on the right). For
instance, in state (1,2,0) we have one item of type 1 and two items of type 2 at the customer.
The greedy partition gives the sets {1,2} and {2}. Thus in state (1,2,0), we will have a
return of set {1,2} and a return of set {2}, each with probability u.

Note that in this case the destination of new transitions is not uniquely specified: for example
consider I = 3 and state n = (n{l}, N{2}, {3}, {12} 10{1,3} 11{2,3} n{172’3}) = (0,0,0,1,1,0,0).
Then in model My we have a return of set {1,2} that goes to state (0,0,0,0,1,0,0), and a
return of set {2,3} that goes to state (0,0,0,1,0,0,0). In M} we will have one return of the
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set of maximal cardinality {1,2,3}, and one return of set {1} (left over after considering the
return of {1,2,3}). The return of set {1,2,3} goes to state (1,0,0,0,0,0,0), but the return
of the set {1} can go to (0,1,0,0,1,0,0), (0,0,1,1,0,0,0), or (1,1,1,0,0,0,0): we can choose
any state m such that {(m) = (1,1, 1), see (16). To simplify the notation in Section 5.2, where
the formal description of the transformation of the chain and the proof of the bounds will be
given, we will assume that in model M} all the returns go to states with only individual items
at the customer. In Figure 6 (on the right), the transition from state (0,1,1) to (0,0,1) is
thus replaced by a transition to state (1,1,0).

2. Notice that the obtained models M| and M/ are lumpable with respect to the partition of
the state space induced by function § = (&i)ieq1,....1y, see (16). The model M; is the lumped
version of M and M, is the lumped version of Mj}. We now need not track the history of
joint demands, only the total number of items of each type at the customer.

A(Z) +A 1.2

Figure 6: Markov chains M{ (left) and M (right) for I = 2, S; = 1 and Sz = 2. The blue (dashed)
transitions represent the transitions of the original model that have been replaced by red (bold) transitions.
To simplify the figures, the (uniformization) loops are not shown when they are not part of redirected
transitions. See Section 5.2 for a more formal description of the corresponding transformation of the chain.

We describe now in detail the transitions in models M; and Ms. Note that transitions corre-
sponding to demands are the same in both models. Markov chains for case I = 2, Sy = 1 and
So = 2 are given in Figure 7.

Model M;. For a state x € X we have the following transitions:

e Demands. For all the subsets A C {1,...,1}, A # 0:
— Probability: A4.

— Destination: d;(x). For all i ¢ A the amount of items of type ¢ at the customer stays
the same: (d'y(x)); = x;, ¢ ¢ A. For i € A, we can deliver an item of type i only if
z; < Sit (dy(x)); = min{z; + 1, S;}, i € A. We can write the both cases together as:

d;‘(l’) =x+ Z Liz,<s;)€i-
i€A

e Returns. We have only individual returns. Thus for each item type i, 1 < ¢ < I we have the
following transition:
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Figure 7: Markov chains for models M; (left) and My (right) for I =2, S; =1 and Sy = 2.

— Probability: px;.

— Destination: rj(z) = z — (5,06

e Uniformization.
— Probability: Y7 (S; — ;).
— Destination: .

Model M>. For a state x € X we have the following transitions:

e Demands. Same as in model M. For all the subsets A C {1,...,I}, A # 0:
— Probability: A4.
— Destination: d’j(z) = dy(x) =z + 3 ;c 4 Liz,<5,)6i-

e Returns. We consider joint returns : we greedily partition the set of items at the customer
into disjoint sets; each set corresponds to a return with probability u. For example, if [ = 3,
S1 = S9 = S3 =5, then in state z = (1,5, 3) we have the following joint returns:

— return of set {1, 2,3} with probability p (remaining items at the customer: (0,4, 2)),
— return of set {2,3} with probability 2u (remaining items at the customer: (0,2,0)),
— return of item 2 with probability 2u.

Generally, for all the subsets B C {1,...,I}, B # {:

— Probability: p[mingep z — maxggp x| (with max (0 := 0).

— Destination: r5(z) = — 3 "1cp Lz, >0} k-
e Uniformization.

— Probability: ,u(Zézl Sk — maxg—1...; ).

— Destination: z.

Similar to model My, models M; and M, also have only one recurrent class (as p > 0), so the
stationary distributions always exist.
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5.2 Proof of the bounds.

In the following, we will show that model M7 gives a lower bound and model My an upper bound
for the aggregate order fill rate of the original model.

5.2.1 Model M;.

Let us first consider model M;. It is obtained from the original model by replacing the returns
of sets of items by individual returns. In order to describe this transformation formally, for each
n € S and each A C {1,...,1} such that |[A] > 1 and ng > 0 we will define probability vectors
ap A and B, 4 as follows:

Qn,A = ‘j” (5n—eA + (|A] = 1)d,), Bn,a = ]/11\ Z(Sn—e/;-&-m\{i}v
i€A
and the weight factor A, 4:
Apa = pnalAl.
Let P be the transition matrix of the original chain. The transition matrix Pj of the chain M] is
then given by:
Pl=P+) > pnalAlTn, 46, 4(n).

neS AC{1,...,I}, |A|>1:ns>0

For example, if I = 2 and S; = 1, Sy = 2 (as in Figure 6, on the left), then for state n = (0,0, 1)
and A ={1,2}:

1 1
001){1.2} T 3 (5(0,0,1)76{172} + 5(0,0,1)) =5 (5(0,0,0) + 5(0,0,1)) ;
1 1
Bo,0,1),{1,2} = B <5(0,0,1)76{172}+e{2} + 6(0,0,1)76{172}4’6{1}) =5 (5(0,1,0) + 5(1,0,0)) )

and A0,1),{1,2) = 2u. Vectors ago1){1,2) and B0,1),{1,2y formally describe the redirection of
outgoing transitions from state (0,0,1) (see Figure 6, on the left): old (blue/dashed) transitions
to states (0,0,0) (joint return of set {1,2}) and (0,0, 1) (uniformization loop) are replaced by new
(red/bold) transitions to states (0,1,0) (individual return of item type 1) and (1,0,0) (individual
return of item type 2). The corresponding weight factor Ao 1) (1,2} = 24 states that the redirected
amount of the transitions should be equal to a(o,1),11,2}(0,0, 1) A0 0,1),{1,2y = P0,0,1),(0,0,0)- ntu-
itively, we redirect entirely the transitions corresponding to joint returns. Note that after applying
the above modification we still have a loop at state (0,0,1), but with a modified probability: the
new probability of the loop transition is now equal to u, compared to 2 in the original chain.

Let 7 : S — R be any reward function and let v¢, t > 0, denote the t-period rewards for the
original model:

wa(m) = )+ Y Aawldam)+ Y pnpure(n)

0£AC{1,....I} BcA{1,....I} : np>0
I
+u ZSk— Z na | vi(n), ¥n € S,
k=1 0£AC{1,....I}

where vg(n) := 0, n € S. Similarly, denote by v; the ¢t-period rewards for model M. If we show
that for all n € S and for all A C {1,...,I} such that ng > 0, functions v; satisfy:

Z ana(k)ve(k) > Zﬁn,A(k)Ut(k)a t>0, (17)

kesS keS
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then by Theorem 3.1 it follows that:
ve(n) > vy(n), n€ S, t > 0. (18)

Forn € S and A C {1,...,I} such that ng > 0, relation (17) is equivalent to:

vi(n—ea) + (JA] = Dvg(n) =) vi(n —ea+eagsy), t > 0. (19)
i€A
Due to the complex structure of the state space S, relation (19) is difficult to check (and might

even not hold). However, (19) is only a sufficient condition for (18). The “dual” sufficient condition
for (18) is to show that for all n € S and for all A C {1,...,1}, A # (), functions v; satisfy:

vi(n —ea) + (JA] — L)vi(n) > ng(n —eateagy), t =>0. (20)

i€EA
Intuitively, instead of starting with model M as the original model, we can start with model Mj.
Then the transformation of model M{ to model My can be described using probability vectors
nA = [Bp,a and 57“4 = ap,4, and the weight factor A/ nA = = A, 4, for each n € § and each

AcC{l,...,I} such that |A| > 1 and ngq > 0. Transition matrices P (model M) and P{ (model
M) clearly satisfy:

P=P+) > unalAlTy g (n).

n€S AC{l,..,I} : n4>0

Furthermore, relation (20) is clearly equivalent to:
> " ah, a(k)vi(k) <7 Bl a(k)vj(k), t > 0. (21)
kes keS

So proving (20), and using Theorem 3.1, we will show that model M gives an upper bound for
model M/, which is equivalent to showing that M] gives a lower bound for model M.

The advantage of (20) is the lumpability of model M{. Let r be a reward that is constant within
every macro-state C, = £71(x), x € X, and denote this common value by 7(z), = € X

r(n) =7(x), Vn € C,.

Let v; and v; be as before, the t-period rewards for original model and model M7, and let w; be
the t-period reward for model Mi:

I I
win (@) =T(@) + Y Aawlds(@) + Y pagw(ry () + p (Z(Sk - 5Uk)> w(w), (22)

0£AC{L,....I} k=1 k=1
for all x € X, t > 0, where wy(x) := 0, x € X. Now by Proposition 4.1, for all z € X
vi(n) = wi(z), Vn € Cy. (23)

This property allows us to consider the relations for model M7, instead of Mj: relations (20) and
(23) imply that to show (18), it is sufficient to show that for all x € X and for all A C {1,...,I},
A # (0, functions w; satisfy:

wi(z =Y ei)+ (|A] = Dwi(z) > ) wi(z —e;), t > 0. (24)
icA i€A
Using Proposition A.1 in Appendix A, relation (24) is equivalent to the supermodularity of the
functions wy, t > 0 (we consider the usual componentwise ordering on X C (Ng)?).
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PROPOSITION 5.1. Let ¥ : X — R be any supermodular reward function and let wy denote the
corresponding t-period reward for model My. Then wy is supermodular for all t > 0.

The proof is given in Appendix B.

THEOREM 5.1. Let r : 8§ — R be a reward function that is constant within every macro-state
Co =&Y a), x € X, and define by:

r(x) =r(n), n € Cy.

Let vy : § = R and wy : X — R, t > 0 be t-period rewards respectively for the original model and
model M. If the reward function 7 is supermodular, then:

ve(n) > we(x), n € Cyy t >0,
and the mean stationary rewards satisfy:

a = lim u(n) > lim M =aq.
t—oo t t—oo T

Proof. Let r : § — R be a reward function that satisfies the assumptions of the theorem. Then
Proposition 5.1 and Proposition A.1 (in Appendix A) imply that the ¢-period rewards wy, t > 0,
for model M; satisfy (24). By (23), this is equivalent to (20) and to (21). The result now follows
from Theorem 3.1 and its Corollary 3.1. O

5.2.2 Model M.

The proof for model Ms is similar to, yet more technical than, the proof for model M7, as we need
to compare individual and joint returns with the returns of maximal cardinality. Let w; denote the
t-period reward for model Ms:

() = Fx)+ Y Mawmldi@)+ ,u[minxk—?gagxk]"r@t(r%(x))

keB
D#£AC{L,....T} 0£BC{1,..I}
I
+u (Z Sk — nax xk> we(z), € X, t>0, (25)
k=1 -

where wy(z) :=0, z € X.

PROPOSITION 5.2. Let 7 : X — R be any supermodular reward function and let w; denote the
corresponding t-period reward for model My. Then wy is supermodular for all t > 0.

The proof is given in Appendix B. By following similar steps as for model M;, we obtain the
following result for model Ms:

THEOREM 5.2. Letr : § — R be a reward function that satisfies the same conditions as in The-
orem 5.1 and denote by T the corresponding reward function on X: 7(x) = r(n), n € C,. Let
v :S—Randwy: X — R, t >0 be t-period rewards respectively for the original model and model
Ms. If the reward function 7 is supermodular, then:

vi(n) < w(x), n € Cyy t >0,

and the mean stationary rewards satisfy:

a = lim
t—oo t—o00 t



Proof. We consider model M) with a state space S, defined as follows (see Figure 6, on the right):

e Demands. Demands are defined in the same way as the original model: for every n € X and
every set A C {1,...,I}, A # (), there is a transition to state:

N+ €ficA: &(n)<S;}
with probability A4.

e Returns. For each equivalence class of states C,, x € X define as a representative state n* € C,
that has only individual items at the customer. Formally, for sets of items A such that |A| > 1,
n% = 0 and for sets A = {i}, i € {1,...,I}, niy = i

I
nx = Z :Uze{l}
=1

Returns in model M) from any state n € S go only to the representative states {n®, = € X'}.
Let x € X. For every state n € C, and every set B C {1,...,1}, B # (), there is a transition

to state:
n®" Lken Hay>03k

with probability p[mingep x) — maxpgp 5] (with max () := 0).

e Uniformization. For x € X and a state n € C, the probability of the uniformization loop is
I
equal to: p(> 1 Sk —maxp—; 1 Tk).

Then model M)} is obviously aggregable and its aggregated model is exactly model M.

As before, we will start from model M} and show that model M gives a lower bound for the
aggregate order fill rate of model M). Model My can be obtained from M} by modifying the
transitions that correspond to returns and uniformization. Denote by v} t-period rewards for model
M., We will show that for any = € S and any n € Cy:

> ey — maxay] T e o0y | 3T g - mbxay, | Bn) 2
P#£BC{1,...,1} € g 0AAC{L,....I} B

Z nati(n — g, >03€a), t > 0. (26)
0#£AC{1,....I}

The first term on the left-hand side of (26) corresponds to returns in M}, and the second term
is the difference in uniformization terms between model M} and Mj. The right-hand side of (26)
corresponds to returns in M.

Relation (26) corresponds to the following probability vectors ay,, Gp:

1

. +

a, = minzy — maxz] ™0 o v, cpir, wore

" D 0%AC(L,..1} VA @#BCZ{I:... 1y "€ reb o e
I

+ Z nA ~ MAX T on |, ze X, neCy,
0£AC{1,....T} a
1
ﬁn = Z nA(Snfl{nA>0}eA7 T e X? ne C:B)

2U0#ACL.1} A 0£ACL,....T}
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and weight factors A,:
A, =p Z na, € X, ne€C,.
Ac{1,....I}

If we denote the transition matrix of model M} by Py, then the transition matrix P of model M

can be obtained as:
P=Py+ Y > AT, p.(n)
zeX neCy

Therefore, if we show that (26) holds, then Theorem 3.1 implies that model M gives a lower bound
for model M}, which is equivalent to show that M gives an upper bound for model M.
By Proposition 4.1, for any = € S and any n € C,, relation (26) is equivalent to:

_ I _
> [min z; — max o P =D Ygesoper) + Yoo ona- max zy | wi(w) =
0#£BC{1,...,I} keB 0AAC{L,...I}

Z nAwy(x — Z ei), t >0. (27)

0£AC{1,....I} €A

We will show next that the above relation follows from supermodularity of wy, t > 0 (Proposition
5.2), which will end the proof.

As wy,t > 0, is supermodular, Proposition A.1, relation (36), implies that for all K € N,
Aq,...,Ax C{1,...,n} and for all x € S such that = — ZkK:leAk es:

K

K
> (w - eulgil<...<ijgx<n{_1Ail>) > kZ@t(x —ea), t 20, (28)
=1

j=1

where eq 1= Y .. e;. For v € S and any n € Cy, let K = Z(Z);éAC{l,...,I} na and choose sets
Ay, ..., Ak in (28) such that for each subset A C {1,...,1}, A # (), there are ny subsets among
Ay, ..., Ak that are equal to A. For example, if I = 2, z = (3,5) and n = (ng1),np2),n{12}) =
(1,3,2), we set K = 6 and Al = {1}, A2 = Ag = A4 = {2}, and A5 = Aﬁ = {1,2}

For this collection of sets Aj,..., Ak, the right-hand side in (28) is obviously equal to the
right-hand side in (27), thus:

K

Zwt (x — eU1§i1<-»-<ij§K(m{—lAil)) > Z nawi(x —ey), t > 0.

j=1 P£AC{L,....T}

We will show that the left-hand side in (28) is also equal to the left-hand side in (27). Denote by
H; = U1§i1<...<z‘j§K(ﬁ{:1An), 1 < j < K, the set of items that appear in at least j sets among
Aq,...,Ag. Clearly, Hy D Hy D ... D Hg. Consider now an arbitrary subset B C {1,...,I}, and
denote by h(B) the number of sets H;, 1 < j < K, that are equal to B: h(B) = Z]K:l Lu;=By-
Then:

K
Z{Dt <33 o €U1<i1<..4<¢‘<K(ﬂ{1Az‘l)) - Z h(B){Dt(x - 63), t= 0’
j=1 B T Bc{l,..,I}
with ey := (0,...,0). We will show that:
h(B) = [mi — *. B 29
(B) = [minzy, %?é(xk] , B#10, (29)
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and ;
h(0) = Z A — WX T (30)
0£AC(L,....I}
Relation (30) follows from the fact that there are in total K' =} g 4c¢  pna sets Hj, 1 <

Jj < K, and the sets H;, 1 < j < maxézl xp are non empty (they contain at least the items
i €{1,...,I} such that x; = max}_, xy).

For B # (), denote by G(B) = {C C {1,...,I} : B C C} the family of all subsets of items that
contain set B. Then clearly ZCeQ(B) h(C) = mingep . We have two cases:

o If B=UK A}, then (29) follows from the fact that >_ceg(p) M(C) = h(B) = mingep xx, and
maxggp Tf = 0.

o If B+ UleAk. For each i € B, ZCeg(Bu{i}) h(C) = mingepugsy Tk, and

i¢B

> (C) = h(B) + max D I(e)
)

Ceg(B CeG(BU{i})
Thus:
h(B) = minzg —max4 min zj p = minz; — min < min g, maxx;
keB igB | keBU{i} keB keB i¢B

= [minzy — maxz;]T,
keB i¢B

so (29) holds.

Therefore (27) holds, and so does (26). In other words, model M} is an upper bound for the original
model, and so is the aggregated model My by Proposition 4.1. O

It remains for us to show that the aggregate order fill rate is indeed a function satisfying the
conditions of Theorems 5.1 and 5.2. The aggregated order fill rate is a linear combination of order
fill rates for individual demand streams. Denote by OFR4 : S — {0, 1} the order fill rate for the
demand stream for set A C {1,...,1}, A#0:

OFRA(n) = H 1{£i(n)<5i}, nes.
i€A

Reward function OF R, is clearly constant within every macro-state and we will denote also by
OFR4 : X — {0,1} its aggregated version:

OFRa(z) = [[ Lini<sy}, z € X. (31)
€A

LEMMA 5.1. Reward function OF R4 is supermodular for all A C {1,...,I}, A#0.

Proof. Let AcC{1,...,1}, A#0,and i,j € {1,...,I}, i # j. We need to show that for all z € X
such that  — e; — e; € X’ (see Proposition A.1):

OFRp(x —e; —ej) + OFRA(x) > OFRA(x — €;) + OF Ryg(x — e5). (32)

Suppose first that i, j € A. We have 4 different cases:
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e There is a k € A\{7,j} such that z; = Si. Then OFRj(xz — e; — ej) = OFRy(z) =
OFRj(x —e;) = OFR4(z — e;) = 0, and relation (32) clearly holds.

e For all k € A\{4,j}, v, < Sk, x; = S; and z; = S;. Then OFR(x — e; — e;) = 1 and all the
other terms are equal to 0, thus relation (32) holds.

e For all k € A\{i,j}, 2 < Sk, ; = S; and z; < S (x; < S; and x; = S; is symmetrical).
Then OF Rs(x —e; — e;) = OFRa(x — e;) = 1 and the other two terms are equal to 0, so the
both sides of relation (32) are equal to 1.

e Finally, if 23 < Sk, Vk € A, then the both sides of (32) are equal to 2.

If i ¢ A, then OFRy(x —e; —ej) = OFRj(x — ej) and OFRz(x) = OF Rs(x — €;) so (32) clearly
holds. O

Thus the aggregated order fill rate is supermodular a an linear combination of supermodular
functions.

6. Conclusions.

We have established a new method to compare Markov chains: a generalization of the precedence
relation method to sets of states, which we have shown to be compatible with aggregation. The
precedence relation method on sets of states, combined with aggregation, is then used to prove the
bounds for the service tools problem, conjectured by Vliegen and Van Houtum [25].

The core advantage of precedence relations is still preserved: the modifications of the original
model are easy to understand and allow intuitive interpretation. On the other hand, establishing
precedence relations for sets of states allows one to construct bounding chains by replacing one set
of transitions with another set. As illustrated on the example of a queue with batch arrivals, this
can be used, for example, to compare systems with arrivals that have the same mean but different
variability.

One can expect that our technique could be applied to derive bounds by replacing a part
of the system with a simplified version having the same mean behavior. Note that this is not
typically possible using some classical methods for Markov chain comparison, for example strong
stochastic ordering or the classical precedence relation method. Along this line, the generalization
of precedence relations to sets of states can be, to some extent, compared with the generalization
of strong stochastic order to other integral orders, such as convex or increasing convex order.
One possible future research direction is to compare the method presented here with comparison
techniques based on stochastic monotonicity and different integral stochastic orders. One could
expect, for selected families of functions and under certain conditions, that the two methods would
be equivalent. If true, such an equivalence could allow on one hand the definition of a model-driven
family of functions for which the precedence relations hold, and on the other hand enable the use
of arguments of integral stochastic orders that allow both steady-state and transient comparison of
Markov chains.

The second major contribution of the paper is showing that our new method is compatible with
strong aggregation. This property allows the construction of bounding chains with a state space
of significantly reduced cardinality. This much smaller chain is then used to derive bounds on the
reward function. We have also shown that the precedence relations can be established both on
the original or the aggregated bounding chain; in some cases the latter may be much easier. For
example, in the service tools problem, we have shown that the precedence relations we need to
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compare the two chains are equivalent to the supermodularity property of cumulated rewards for
the aggregated chain.

Finally, we studied here the service tools model in which all the returns have equal rates, which
is a natural assumption in our application. It may be interesting to study a generalization of this
model to allow different return rates. Note that the bounding models M; and My strongly rely on
the assumption of equal return rates. These models may still be used as bounds if the difference in
rates are not too high. Otherwise, they will give very loose bounds and it is reasonable to expect
that more accurate bounding models might need to be found.
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Supermodularity and its characterization.

DEFINITION A.l. Let (S,=) be a lattice and f a real function on S. Then f is said to be super-
modular if

flAy)+ fxVvy) > f(z)+ fly), Yo,y € S. (33)

In Proposition A.1 we will give a characterization of supermodularity for the case of a finite-

dimensional lattice. Without loss of generality, we will assume the set (S, <) to be a subset of

26



(N§, <), where < denotes the usual componentwise partial order. In that case, the A (meet) and
V (join) operators are defined componentwise:

L1, X2y ,Tn Y1,Y2,-- -y Yn = Mo Y1, L2 NY2y -y Tn NYn),s
( ) A ( ) (1 A A A Yn)
($17$27--~7$n)\/(y17y27---7yn) = ($1Vy1,a:2\/y2,...,:cn\/yn),

where x; A y; = min{z;,y;} and z; V y; = max{x;,y; }, for all 7.

Before stating the proposition, we introduce some additional notation that will be used. We
recall that e;, 1 < ¢ < n, denotes the vector with all the coordinates equal to 0, except the
coordinate ¢ that is equal to 1. Similarly, we will denote by e4 the vector with all the coordinates
equal to 0, except the coordinates that belong to the set A: ey := Y .. e, A C {1,...,n},
A # (), and ey := (0,...,0). Finally, let Ay,..., Ax be any collection of sets such that K € N,
Ar,...,Ax € {1,...,n}, and A; # 0, 1 < i < K. Then for each j, 1 < j < K, the set
Hj = U1§i1<...<i]~§K(ﬂL1Ail) is the set of the elements in {1,...,n} that appear in at least j sets
among the sets Aj,..., Ax. For example, if n =5, K = 3, A; = {1,2,4}, Ay = {2,3,4}, and
As = {3,5}, then:

H, = A1UA2UA3:{1,2,3,4,5},
Hy, = (Al N AQ) U (Al N Ag) U (AQ N Ag) = {2,3, 4},
Hy; = (AlﬂAgﬁAg) = 0.

PROPOSITION A.1. Let (S, =) be a subspace of (Njj, <) and f : S — R. The following statements
are equivalent:

1. f is supermodular.

2. Foralli,je{l,...,n}, i # j, and for all x € S such that x —e; —e; € S:
fle—ei—ej)+ f(z) = flx—e) + flz —¢). (34)
3. Forall ACA{l,...,n}, A#0, and for all x € S such that x — ) ;. ,€; € S:

fla=> e)+ (A= Df(x) 2> flz—e). (35)

€A €A

4. For all K € N, Ay,...,Ax C {1,...,n}, A; # 0, 1 <i < K, and for all z € S such that
:U—ZszleAk es:

K K
z; ! (a; B eU1§i1<...<ij§K(ﬂf_1Aiz)> = ; fle =ean). (36)
‘7: =

Proof. e 1) = 4). We will show this implication by induction on K. For K = 1 relation (36) is
trivially satisfied: f(z —ea,) > f(z —e4,). In order to better understand relation (36), we
will write it explicitly also for K = 2:

f(x —eaua,) + f(@—eana,) > flz —ea) + f@—ea,).

This follows trivially from supermodularity of f, as (x —ea,) A (z — ea,) = & — ea,u4, and
(JI - 6141) \% (l’ - 6A2) =T — €AINAz-
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Assume now that relation (36) holds for some K > 2. Then for K +1 by induction hypothesis
we have:

K+1 K
kz flx—ea,) < z; f <x - 6U1§i1<.4.<ij§K(ﬂ{_1Aiz)> T fr—eax,)
—1 j=

Since:
(i) f is supermodular,
(ii) (x - €U1gi1gKAi1> N (x - eAKH) =T 7 CUigiy <144y and

(iii) (m - €U1§ingAil> v (‘T - eAK-H) =T 7 CUrci <k A )NAg 11 = T 7 CUiqy <k (A NAK 1)

we obtain:
K+1 K
Z f(x - eAk) S Z f (w - 6U1<,-1<m<1-.<K(ﬁ{:1Ail)> + f(x - eUlSi1SK+1Ai1)
k=1 j=2 - 7=
+f (x - €U1g¢1gK(Ai1ﬂAK+1)) : (37)

Assume now that for some 1 < m < K we have shown (for m = 1 this is equivalent to (37)):

K+1 K m
Z flx—eys,) < Z f (x — eu15i1<...<ij5K(“f_1Ail)) + Zf (x — eUlgi1<...<ing+1(ﬁ{_lAil)>
k=1 j=m+1 j=1
+f (m - 6U1§i1<.4.<im§K((ml”;1Ail)mAKJrl)) . (38)
As
(Ur<ir<.<imp <k (M A)) U (Urgis<.<im< i (M2 43) 0 Agcer))
= Ulcii<.<imn<k+1 (N5 Ay)
and
(Uris <.o<impr <k (M2 A3)) 0 (Ui <o<i<ie (M2 Ai) N )
= (Uicir<<ippr <k (2T A3) N (Vi< <<ip< i (M1 A3)) N AR
= (Ut<ii<ocimp<i (M3 A3)) N Ak 1 = Ut<iy<.ct < (MR A3) N Agegr),
we have:
(x n eU1§i1<..4<im+1§K(m;1J{1Ail)) A (:C o 6U1§¢1<...<¢m§K((ﬂ{11Ai1)ﬂAK+1)>
= = eulgil<4..<im+1§K+1(ﬂl71-1_1Ail)
and

($ B eUISil<~-<<im+1§K(m?l41—1Ail)) N <$ - 6U1§i1<4.4<im§K((ﬁglAi1 )mAK+1)>

= I —e€ 1 .
Ut<iy <. <l <k (M2 A )N AR 41)
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Supermodularity of f and (38) thus imply:

K+1

Z f(.%' - eAk) <
k=1

m—+1

K
r—e€ j xr — e j
Z f ( U1§i1<m<ij§K(m?=1Ail)> + Z f ( U1§i1<m<ij§K+1(ﬁ{:1Ail)>
Jj=1

j=m+2

+f (;17 B 6U1gi1<.4.<zm+ng((07§1A¢l)ﬂAKJrl)) ’
so (38) is valid for any m < K. Finally, for m = K (38) gives:

K+1 K

; flx—es,) < Z f (a: — eU1§il<m<ijSK+1(m{_lAil)> +f (x — e(mgzlAk)mAKH)

Jj=1

A

K+1

= T —e j
Z f < U1<i1<...<¢j<K+1(ﬁf1Ail)> ’
J=1

which is exactly what we needed to show.

4) = 3). Consider an arbitrary but fixed subset A C {1,...,n}, A # 0, and a state z € S
such that = — >, 4e; € S. Let K = |A|, and denote by i1,...,ix the elements of A.
Define Ay = {ix}, k =1,..., K. Sets Ay, k = 1,..., K are disjoint so for j > 1 we have:
ﬁleAil = (), for all iy,...,7; € A such that ¢y # ... # i;, and for j = 1: UfleAil = A. Thus

(36) becomes:
K K

fla—ed)+ ) fl@)=> flx—e),

j=2 k=1

which is precisely (35).
3) = 2) follows directly by taking A = {1, j}.

2) = 1). Consider arbitrary two states z,y € S. Then y can be written as:
y=z+ Zaiei - Zﬁz’%
icA 1€B
where A, B C {1,...,n} and AN B = (. Then:
m/\yzm—z&ei, andx\/y:x—i-Zaiei.
1€B icA

If B =10, then x < y, which implies z Ay = z and x V y = y. Therefore relation (33) is
trivially satisfied. The case A = () is similar. We consider now the non-trivial case where both
A # () and B # (). We will first show the following relation for arbitrary ¢ € B and j € A:

flx = Bie;) + f(x +e5) > flx) + f(x +ej — Bies). (39)

Indeed, the above relation can be obtained by adding the following relations (relation (34)
for states x +e; —me;, 0 <m < (6; — 1)):

flx—e)+ flzt+e) = fl@)+ flz+e —e)
flx—2e)+ flx+ej—e) = flz—e)+ flz+e —2e)
flx—Bie)) + fx+e; — (Bi —1ei) = flz— (8 —Vei) + f(x+ej — Bies)
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Denote the elements of B by B = {b1,b2,...,b5/}. Then adding the following relations
(obtained by applying relation (39) for k = 1,...,|B| to state = — Z;:ll By, €p,, With i = by,
and j € A):

f(x = Bpen) + flx+ej) > flz)+ fx+ej — Byen)
f(x = Brren, — Buyeny) + f(x+ €5 — Boyen,) > f(x— Bpren,) + f(x+ej — Boev, — Boyeny)
1B 1Bl-1 ' 1B]-1 B
flz - Z/Bblebl + flz+e; — Z Bren) > flo— Z Bren,) + f(x +ej — Zﬁblebl)
= =1
gives:
|B] |B|
F@=> Byew) + flw+e;) > fla)+ fle+ej— Y Buey), j €A (40)
=1 =1

By adding the following equations (obtained by applying relation (40) for k = 0,...,a; — 1
to state z + ke;, j € A):

|B| |B
Fla = Buen) + flx+e;) > fla)+ fla+e;—Y Buey)
Bl T
f($+€j—25bl€bl)+f($+2€j) > f(l'+€j)+f(l’+2€j—z/8bl€bl)
1=1 =1
|B| ‘ |B|
f@+ (o = e; = > Byew) + flz+ajey) > flz+ (o — Dey) + flo + aje; — Zﬁblebl
=1
we obtain:
|B]| 1B

Fl@=> Byew) + flx+ajej) > f(2) + flz+ aje; — Y Byey), j € A. (41)
=1

Denote the elements of A by A = {a1,as,...,a4)}
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Then addmg the following relations (obtained by applying relation (41) for k =1,...,|A]| to
state x + Zl | g €q,, With j = ag):

|B| |B|

f(x—ZBblebl)Jrf(erameal) > (@) + (@ + areay — ) Bue,)
=1

|B|

f$+aa16a1 Zﬁblebl +f$+zaal€az > f($+aa1€a1)

|B]

2
+f($+zaal€al - Zﬁblebl)
=1 =1

|A|—1 1B |A] |A]—1
flz+ Z Qi €a; — Zﬁbzebz) + flz+ Zaazeaz) > flz+ Z Qa,€q,)
=1 =1 =1 =1
|A] |B|
—i—f(.%’ + Z Qg €q; — Z/Bblebl)
=1 =1
gives:
1B |A] |A] 1B

flz— Zﬁblebz) + flz+ Zaaleaz) > f(x) + f(z+ Zaazeaz - Zlgblebz)7
=1 =1 =1 =1

what we needed to show.

B. Supermodularity proof for models M; and M.

PROOF OF PROPOSITION 5.1. After Proposition A.1, proving supermodularity of w; is equivalent
to showing that for all 4,5 € {1,...,1}, i # j, and for all x € X such that z —e; — e; € X

wi(x —e; — ej) +we(x) > wi(x — e;) + we(x —e;), YVt > 0. (42)
Recall that (relation (22)):
1 I
wit1(x) = r(x) + Z Aawi(d'y(z)) + Z,ua:kwt re(T)) + 1 (Z(Sk - wk)> wy(x), (43)
0£ACHL,...I} k=1 k=1

for all x € X, t > 0, where wy(z) :=0, x € X.

We will show relation (42) by induction on ¢. Suppose that relation (42) holds for a given ¢ > 0
(the case t = 0 is trivial). We will show that then it also holds for ¢t + 1. Let 4,j € {1,...,1}, i # j,
be arbitrary and fixed. We need to show that for all z € & such that z —¢; —e; € &

Wi (T — €5 — €5) + w1 (x) > w1 (x — €;) + wepr (z — €5). (44)

To simplify the discussion, we will consider demands separately.
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e Demands. Consider a demand of an arbitrary and fixed subset A C {1,...,1}, A # (. We

will show that for all z € X such that x —e; —e; € X
wi(dy (= e; — €5)) + wi(dy (2)) > wi(da(@ — €:)) + wi(da(@ — €;)).
Denote by C' C A the subset of item types that are out of stock in state x:
C={jedA: z;=25}
We have 3 different cases:

1. i ¢ C and j ¢ C. Then (45) becomes:

(45)

wiw—ei—ej+ Y ep)twilzt+ > ep) Zwz—ei+ Y er)twz—ej+ Y ep),

keA\C kEA\C keA\C kEA\C

which holds, by induction hypothesis, from relation (42) for state = 4, A\C €k

2.i€Cand j¢&C (case i € C and j € C is symmetrical). Then (45) becomes:

w(z—ej+ Y er)twlr+ Y er)Zw(z+ Y e tw(z—eit+ Y oep),

kEA\C kEA\C kEA\C kEA\C

which is trivialy satisfied.

3. Finally, if i € C' and j € C, then (45) becomes:

we(x + Z ex) + wi(x + Z er) > w(x + Z er) + wi(r + Z ex),

ke A\C keA\C keA\C keA\C

which is also trivialy satisfied.

e Returns and uniformization. Denote by Ry (z), 1 < k < I, the terms corresponding to returns
of item type k in state x, and by U(x) the uniformization term in state = (without the scalar

factor p):

1
Ri(z) = zpwi(r,(x)), 1 <k <1, Z (Sk — zr)we ().
k=1

We will show that the function Zé:l Ry + U is supermodular, i.e. that for all z € X such

that v —e; —e; € &

]~

I
Ri(v —ei—e;) +U(x —e; —ej) + ZRk(ZE) +U(x)
k=1

I~
8
\
D
+
=
&
\
Ay
+
oy
=
)
\
Q('Il
+
=
8
\
Q@

= k=1
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For uniformization terms we have:

Ulx—e —ej)+U(x) —U(xr—e) —U(z —¢j)

I I
= Z(Sk — T + l{ke{iyj}})wt(x —e; — ej) + Z(Sk — xzp)wi ()
k=1 k=1

¥

+2wt(x —e; —ej) —wi(z — e;) —w(x — €j).

M~

B
Il
—

I
(Sk — 2k + Lgp—iy)we(z — €;) Z (Sk — 2k + L—jy )wi(z — €5)
k=1

1R

(Sk — fﬁk)) (wi(r —e; — ej) +wi(w) — wi(z — ;) — wi(x — ej))

Relation (42) gives wi(x — e; — €;) + wi(x) — we(z — €;) — wi(x — e;) > 0, thus:

Ulx—ei—ej)+U(x)—U(r—e;) —U(z—ej) > 2wi(x —e; —ej) —wi(x —e;) —wi(x —ej). (47)

For returns of type k& we have two cases:
— For k & {i,7}:

Ri(x —e; —ej) + Ri(x) — Ri(z — €;) — Ri(x — ej)
= zpwi(r —e; — ej — Lz, soyer) + Tpwe(® — 1z, s01€k)
—zpwi(T — € — Lz s0rek) — Tpwi(T — €5 — gz, Soyek)
= zp(wi(z — e —ej — 1y, soper) + wi( — 1z >0y€k)

—wt(x — €; — 1{xk>0}€k) — wt(a: — € — 1{xk>0}ek)-

Relation (42) for state z—1y,, soyex implies wi(r—e;—ej— 1y, soyer) +wi(r—1g,, soyer) —
wi(x — e; — 1z, s0yek) — wi(z — €5 — Lz, sopex) = 0, thus:

Ri(z —e; —ej) + Ri(x) — Rp(x — e;) — Ri(x —e5) >0, k & {3,5}. (48)
— For k =i (case k = j is symmetrical):

Ri(x —e; — ej) + Ri(xz) — Ri(z — ;) — Ri(z — ¢;)
= (x; — 1)wt(a: —e; —ej — Lz s1yer) + zawe(w — e;)

—(r; — Dwy(x — €; — Lz,>11€i) — Towe (v — € — €5).
For z; = 1, the above equation becomes:
Ri(x —e; —ej) + Ri(x) — Ri(z — €;) — Ri(z — €j) = wi(x — €;) — we(x — €; — €;),
and for z; > 1 we have:

Ri(z —e; — ej) + Ri(x) — Ri(z — e;) — Ri(z — ¢)
= (zi— 1) (wi(z — 2e; — €j) + wi(z — €;) — wi(z — 2¢;) — we(z — €; — €5))

+w(z — €;) —wi(x — e; — ;).
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Relation (42) for state x — e; implies:
we(x — 2e; — ej) + wi(x — €;) — w(x — 2e;) — we(x — e; — ej) >0,
thus for k = 4:
Ri(x —e; —ej) + Ri(x) — Ri(z — €;) — Ri(z — €j) > we(x — €;) — we(x —e; — ej). (49)
By symmetry, for k = j:
Rj(x —e; —ej) + Rj(x) — Rj(x —e;) — Rj(x — ¢j) > wi(x — e5) —wi(x —e; — ej). (50)

Now from (47), (48), (49) and (50) it follows that:

I I
ZRk(l' —ei—e;)+U(x—e —ej)+ ZRk($) +U(x)
k=1 k=1
I I
—ZRk(x—ei)—U(x—ei) —ZRk($—€j) —U(z — e)
k=1 k=1

> 2w —e; —ej) —wi(z —e;) —wi(x — ej)
+wi(x —e;) —wi(z — e; — e;) +wi(z — €j) — w(x — e; —ej) = 0.
Thus relation (46) holds.

Relation (44) follows follows now easily from relations (43), (45), (46) and supermodularity
of reward function 7.

O

PrROOF OF PROPOSITION 5.2. The proof is similar to the proof of Proposition 5.1. We

will show, by induction on ¢, that for all 4,5 € {1,...,I}, i # j, and for all x € X such that
T —e —ej €X:

wi(x — e; —ej) + w(x) > wi(r — ;) + we(x —ej), YVt > 0. (51)
Recall that (relation (25)):

() = Fz)+ Y Mawldi(@)+ > pminag — maxa] @ (rh(z)

kEB k¢B
PAAC{L,....I} p#£BC{1,...,.I}
I
+u <Z Sk — nax, l‘k> wi(x), x€ X, t >0, (52)
k=1 :

where wg(z) := 0, € X. Suppose that relation (51) holds for a given ¢ > 0 (the case t = 0 is
trivial). We will show that then it also holds for t + 1. Let ¢,j € {1,...,1}, i # j, be arbitrary and
fixed. We need to show that for all x € A such that z —e; —¢; € A

{Et-&-l(l’ — €; — ej) + {Et_i,_l(ff) Z ﬁtﬂ(x - ei) + wt+1(x — ej). (53)

e Demands. Demands in model Ms have the same rate and destination as in model My,
therefore the same arguments as in proof of Proposition 5.1 can be used to show the equivalent
of relation (45) for the My model: for all A C {1,...,I}, A # (), and for all x € X such that
rT—e —e €X:

wy(dj(x — ei — e5)) + Wi(dh () = wi(da(x — ) + wi(da(x — ¢;)). (54)
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o Returns and uniformization. Similar to the proof of Proposition 5.1, we denote by Rp (z), B C
{1,...,1}, B # 0, the term corresponding to joint returns of set B in state z, and by U(x)
the uniformization term in state x (without the scalar factor p):

I
Rp(z) = [%gxk - glgagxkﬁwt(rfé(x)), B#0, Uzx)= (; Sk — kglff}%) wy ().

We will show that the function Zi:l ﬁk + U is supermodular, i.e. that for all x € X such
that z —e; —e; € &

Z EB(:L‘—ei—ej)—l—ﬁ(:z:—ei—ej)jL Z Rp(x) + U(zx)

0#£BC{1,...,I} 0#BC{1,...,I}
> >  Rple—e)+U(@—e)+ Y.  Rpz—e)+U(x—¢j). (55
0#£BC{1,...,I} 0#£BcC{1,...,I}

For uniformization terms we have:

U(.%'—ei—€j)+ﬁ($)—U(x_ei)_U(x_ej)

1 1
= (Z S — kI:nlaXI{:L'k - 1ke{i,j}}) ﬁt(l' — € — Bj) + (Z Sk — inllaXI :Ek) @t(:E)

k=1 k=1
1
— Z (Z S — krzllaxj{xk - 1kr}> wi(x — ey). (56)
refij} \k=1

Denote by M (z) = maxy—1. jxi. Let C = {k | 2, = M(x)}. We have 3 different cases:
— C ¢ {i,j}. Then (56) becomes:

Ulx e —ej) + Ulz) = Ulw — ;) = Ulz — ¢)
- (Z Sk — M(l‘)) (@t(x —e; —ej) +wi(z) —wi(x —e;) — wy(x — ej)) > 0,
k=1

by induction hypothesis (relation (51)).
— C ={i,j}. Then (56) becomes:

Ux—e—ej) +U(x) — Uz —e;) — Uz — ¢;)
= (ij Sp — M(@) (@1(z — e; — €;) + Wi (x) — Wiz — ;) — Wy(x — )
—I—IZE:téa: —ei—ej) > Wiz — e —¢j).
— C = {i} (case C = {j} is symmetrical). Then (56) becomes:

U(m—ei—ej)—i—ﬁ(x)—U(:z:—ei)—U(a:—ej)

I
= <Z Sk — M(x)) (We(x — e — €j) + we(x) — we(x — €;) — we(x — €5))
k=1

+wi(x —e; —ej) —wi(x —e;) > We(x — e; — ;) — Wiz — €;).
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All three cases can be now written together as:
Uz —ei—e;)+Ulx) — Uz —e;) — Ul — ¢)
> locijywe(r — € — ej) — lo—gwi(z — €;) — Lo—gjywe(z — €;). (57)

Let us consider now the returns. Let B C {1,...,I}, B # (), be arbitrary and fixed. Then
for returns of set B we have:

Rp(z —¢; — ej) + Rp(z) — Rg(z — ¢;) — Rp(z — e;)

o e e
= [min(er — regig)) - fglgag(xk — Leefig) @@ — i — €5 = > L1y 165)

keB
g g e 5 o)
keB
— Z mln xk — 1p=y) — maX(xk — 1= r)]+wt(x —€r — Z 1{33k>1{k r}}ek)
k¢gB
réfig} " keb

Note that:

T—6 — € — 2 1{$k>1{ke{i,j}}}ek =T Z Lay>01€k — Z 1{$r>1{7-eB}}€7’
keB keB refi,g}

and

t—er =Y Lyt e =2 = D Lsoper = Lasig,cppyen 7 € {05}
keB keB

Let
r=x— Z 1{;ck>0}€k-

keB

Then the above relation becomes:

EB(x —e —ej)+ EB(:U) - ﬁB(x —e) — EB(J? —ej)

= [min(@r — reqig)) — Igl;g(xk — Lregigy)] @@’ — ;} Ua,>1emy36r)
redi,g

. . + ~ /
—i—[gggwk %gaécxk] wy (')

-2 mln T = Lg=r) = mgax( k= Lh=n) P02 = L o,y yer)-
TE{%J}

For an arbitrary subset D C {1,...,I} we define I(D) (resp. u(D)) to be the minimal (resp.
maximal) value of components of state = that belong to the set D:

(D) = mi d u(D) = .
(D) minzy an u(D) max

We also denote by L(D) (resp. U(D)) the components for which x reaches the minimal (resp.
maximal) value:

L(D)={keD : z=1D)} and U(D)={ke D : z =u(D)}.
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Let B={k:1<k<I, k¢ B} denote the complement of set B. Then:

[min @), — max zg) " = [[(B) —u(B)]*, (58)

[min(ey — lregisy) — Iglgag(xk — Iregigy)]”

1(B)~1-u®B)]", L(B)N{i,j}#0, UB) ¢ {i.j}
B

= { [UB)—u@B)+1]", LB)N{ij}=0, UB) c{ij} (59)
[(B) — U(E)]+, otherwise
For r € {i,j}:
(B)—1—uB)", reLB)
[min(ek = Li=y) = max(zy = L) = § [UB) —u(B) +1]", U(B) = {r} (60)

[[(B) — u(?)]+, otherwise

Note first that if I(B) < u(B), then (58), (59) and (60) become all equal to 0 and therefore:

Rp(z —e; — ej) + Rp(z) — Rp(x — ¢;) — Rp(x — e;) = 0.

If I(B) = u(B), then we have:

[min gl;g:vk] [[(B) —u(B)]" =0,

. 1, L(B)N{i,j} =0, U(B)C{i,j}
_ L) — _ )T —
[gélg(xk 1k€{z,]}) rkngaéi(xk 1k€{1,j})] { 0, otherwise

and for r € {i,j},

[géiél(wk — Lp=r) — Iglgag(ﬂfk — Lp=r)]

+ _ L, U(E) = {T}
0, otherwise
Therefore, if I[(B) = u(B):
Rp(z —e; — ej) + Rp(z) — Rp(x — ¢;) — Rg(x — €;)

- 1{L(B)ﬁ{i:j}=@7U(E)C{i,j}}@t(xl_ Z l{zr>1{re3}}er)
refi,j}

= > L@ @@ = L1y 6r).
re(ig)

The second term is non-zero only if U(B) = {r} for r € {i, j}, that is:
Rp(x —e; —ej) + Rp(z) — Rp(z — ¢;) — Rp(x — ¢j)

= Lrmngig—o, vE 0@ = Y Les1g0m)er)
refig)

L@ =g @@’ — e, (61)
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where

7=z Z Liz,>0y€k-

keB
Finally, we consider the case [(B) > u(B). We have:
Rp(z —e; — ej) + Rp(z) — Rp(x — ¢;) — Rp(x — e;)
= UB) —uB) = Lumngigee, vBetid

L 1B)nfigy=0, UB L) PE = D Lscpyer)
refig}
+(U(B) — u(B))w(z")

= Y UB) = u(B) = Lpermy + Lw@—py) 0@ = L o1, cpper).  (62)
re{i,j}

We will first show the following relation:
(@ = Y gs1gepyer) (@) = Y @@ = g sy, p60) 200 (63)
refi,j} STN
— If r € B and z, =1, for r € {i,j}, then relation (63) becomes:
{Dt(x’) + wt(lﬁl) - 2’[2)}(.7%) > 0,
which is trivially satisfied.
— If (i € Band z; =1) and (j € B or z; > 1), then relation (63) becomes:

wi (2" — ej) + wi(z") — w(2) — we(a’ — e;) >0,

which is also trivially satisfied. The case (i ¢ B or x; > 1) and (j € B and z; = 1) is
symmetrical.

— Ifr¢g Borz, >1, for r € {i,j}, then relation (63) becomes:
wi(a' — ei — ;) + we(a') — Wi(a' — e;) — w2’ — ;) >0,
which is satisfied by the induction hypothesis for state z’.

Therefore, relation (63) holds.
Let us now go back to relation (62). We have the following cases:

— L(B)N{i,j} = 0. Then:

Rp(z —e; — ej) + Rp(z) — Rg(x — ¢;) — Rp(x — e;)
= (UB) = u(B) + Liy@)cpi) 0@ — > Lo, >1p,epyy6r) T (U(B) — u(B))w(z")

refig}
- Y (UB)—u(B)+ L @)= 0t(@ = Lgs1, gy yer)
re{ig}
= (I(B) —u(B)) (wt(xl - Z 1{$,«>1{T€B}}€r) + wy(2")
refig}

- Z @t(ﬂfl—l{mx{rw}}er)) + L@y e — Z Lz, >1 (e 36r)
re{ij} re{i,j}

LB ={rycfigh D@’ —er).
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Then from relation (63) it follows that:
Rp(z —e; —¢j) + Rp(z) — Rp(z — ¢;) — Rp(x — ¢j)
> 1{U(§)C{i,j}}wt(:g/ - ;} 1{xr>1{reB}}er) - I{U(F):{r}c{i,j}}@t(ﬂ —e).
re{i,g

— L(B)N{i,j} # 0. Then:

Rp(z —e; —ej) + Rp(z) — Rp(z — e;) — Rp(x — ¢;)

= (UB) = uB) = Ly@epmn) @@ = D Lasigem)er)
re{i,j}

+(U(B) — u(B))wi(a)
- Z (U(B) —u(B) - Ler(syy + 1{U(§):{r}})wt($l - 1{xr>1{763}}er)

refig}
= (I(B)—u(B)-1) (wt(x/ - ;} 1{wT>1{rgB}}€T) + wy (')
redi,g
_ z @t(:n'— 1{$r>1{r€B}}€r))
refig}
@ cm@@ = D Lasigepyer) + @)
refig}
= Y (1 =1perd) + Lu@epn) @@ = Las1ycm)er):

refigl
Then from relation (63) it follows that:
Rp(z —e¢; — ej) + Rp(x) — Rp(x — ¢;) — Rp(x — e;)

> Lu@eum@@ = D Yasipemyer) + o)
refid}

— Z 1{7’€L B)} + 1{U(B) {T‘}})wt( 1{$T‘>1{'PEB}}6T)'
re{i,j}

Therefore, if we put the both cases together we obtain:
Rp(z —e; — ej) + Rp(x) — Rp(x — ¢;) — Rp(x — e;)

> L@ - D Yaos1pen o) + Lumngigy20 ()
refig}

L@ D, @@ = L1, oper)
rei g I\L(B)

L@ =(ryc i@ —er),

where

=x— Z 1{xk>0}€k-

keB
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In order to show relation (55), we need to consider together uniformization terms (relation
(57)) and returns (relations (61) and (64)). Without loss of generality we can assume that:

T <xog<...<zxJ.

Consider the partition {G1,...,G,} of set {1,...,1} into sets of components having equal
values:

1. Forall 1 <k <n, z; =z, Vi,j € Gj.
2. For1§k<l§n,xi<xj, Vi € G, Vj € Gj.
Furthermore, for all 1 < k < n, we will denote by gi the value of components in Gy:
i = gk, Vi € Gy.

For a given set B we will denote by s(B) the index of the component set in B for which x
has the minimal value:

s(B) =min{k : G N B # (}.

Then for a fixed value of s(B) = s the non-trivial sets B for returns are given by:

I(B)>u(B) & B=U>sGpUF,
where
) £ F =L(B) C Gs.

In other words, B must contain all elements of sets G with index k larger than s and some
subset of Gj.

Now returns and uniformization term can be written as:

RU(z) = > Rple—ei—e¢)+U@—ei—¢)+ Y. Rp(x)+U()
0£Bc{1,...,I} 0£BcC{1,....I}

- Z Z Rp(z —e.) + Uz —e,)

re{i,j} \0#Bc{1,...,I}

n
= Z Z Ry, ,aur (@ — € — €5) + Ry, gur (@) — Z Ru,..qur(@ —er)

0
+U(z —e; —€;) +U(x)—Ulz —e) — Uz — ej).
We have two different types of sets B:
1. Sets for which Gy ¢ B (i.e. F'# Gyp)). Then
L(B)=F S Gyp), U(B)=Gyp)\F,

and

I(B) = u(B) = g4y

For returns of this type we use relation (61).
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2. Sets for which Gypy C B (i.e. F'=Gypy). Then
L(B) = F =Gyp), U(B)=Gyp-1(Go:=0),

and B
U(B) = gs), w(B)=gsm)-1 (90 :=0).

For returns of this type we use relation (64).

Finally, for uniformization term we use relation (57). Note that we have here I € C = G,,.
Then from (61) for the first three lines, (64) for the next four lines, and (57) for the last line,
it follows:

Eﬁ(iﬂ) > Z( Z (1{Fﬂ{i,j}:®,GS\FC{z‘,j}}{Dt(f* Z Lz, >01€m

s=1 (Z);AF;GS meEUgs sGrUF
- Z 1{$T>1{T€Uk>sGkUF}}er)
refig}
— Y Yoar=ppielz— ) 1{xm>0}em—e7«))
re{ij} mEUg> s GLUF
+1{@7$G5,1C{i,j}}ﬁ}/t(x_ Z 1{5’3m>0}6m_ Z 1{ZT>1{reUk>sGk}}67")
meUg>sG ref{i,j} -
Hlanp @@= D Lz, >01em)
meUkZSGk
S P SR CED WS VAN RS TN Y
TE{i,j}\GS mEUstGk -
= > Neo=pn@le— ) 1{xm>0}em—er)>
Te{i,j} mEUkszk

Tl clijpwi( — e —€;) — g, =(ncp (e —er).

Now we can rewrite the terms that contain G;_1 as follows:

D Noreciam®@ = Y Laesoem = Y Lasige,. 6016

s=1 meEUE> Gy re{i,j}
n—1

= Z 1{Gsc{i,j}}@t(aj - Z 1{acm>0}€m - Z ]‘{$r>1{reuk28+1Gk}}er)
s=1 mEUr>s11Gk refig}
n—1

= D lecum@le = Y lpsaem— D Yesige . a1€r)
s=1 meUg>Gy, re{i,j\Gs -

41



and

Z Z 1{G571:{T}}at($ - Z 1{atm>0}em —er)

s=1re{ij} meUp>sGr
n—1

= Z Z Lg.=(rpywe(z — Z Lz, >016m — €r)
s=1refi,j} mEUk>s+1Gk
n—1

= Z Z Lg,={rpywi(z — Z Liz,,>01€m)-
s=1re{ij} meUy> Gy

Note that for s = n:

LG, clign @@ — e —e) = g, cugn®@ — D> lg.soem— Y. L soper)

meUg>s G r€{i,j}\Gn
and
Ya=(cn@@—e) = Y Lig=enole— Y lg,0pem)
re{i,g} meEUg >, Gy
Therefore:
RU(z) > < > (1{Fm{7;,j}=@,GS\Fc{i,j}}ﬁt(«’v— > lgsoem (65)
s=1 @#F;GS meEUgs ;G UF
a Z 1{$r>1{reuk>SGkUF}}er)
refig}
- Z Lig\F={r} Wi (T — Z 1{xm>o}6m*6r)) (66)
Te{i,j} meUgs sGrUF
Hiecum@@ = Y Yewsoem— D Lasige,. ., 00)667)

meUr> Gy re{i,j]\Gs

a0 @@— > g, sopem)

meUg> G
_1{Gsm{i’j}¢®} Z @t($ o Z 1{Im>0}em B 1{$r>1{reuk>sck}}e’r)
TE{’i,j}\GS mEUstGk -
pPIRCHOLICEIDY 1{mm>0}em>>- (68)
T‘E{’i,j} mEUkszk

Consider now terms (65) and (67) in the above relation. First, if N {i,j} =0 and G,\F C
{i,7}, then:

T — Z 1{zm>0}€m - Z 1{$r>1{reuk>sGkuF}}er
MEUL> s GLUF refi,j}
= I — Z 1{[Em>0}em - Z 1{xr>1{T€ukZSGk}}e7"
meUy> G re{i,j}\Gs
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Now (67) can be seen as a special case of (65) for F' = (). Similarly, for G\ F = {r},

T — Z l{xm>0}€m —€r =T — Z 1{xm>0}€m.

meEUgs sGrUF mEUstGkUF

Now (68) is a special case of (66) for F' = (). Therefore,

ET](»”U) > Z( Z <1{Fm{i,j}=(2),GS\Fc{i,j}}@t(l’— Z l{xm>0}em

s=1 \ FGG, meUg> G
N Z l{xr>1{reuk>sck}}er)
TE{ZJ}\GS -
=Y Year—pn@ia— Y soen)
re{i,j} meU>sGi

gz @@ — D ,.sopem)

mEUkZSGk

—Lig.ngi,j1#0} Z wy(z — Z 1{xm>0}€m—1{zr>1{reuk>sgk}}€r)>-

TE{i,j}\Gs mEUkszk

Note now that for F' G G,

Lipnigi=0, caFctigy = HG.ntij1#0, F=Go\{igh}
and
Laa\r={r}} = Lpreq,, F=G\{r}}> T € {4, 5}
Therefore, in the above summation over all F' ;Ct G, the first term is non-zero only for
F = G,\{i,j} and the second one is non-zero only for F' = G¢\{r}, which gives:

RU(z) > Z(l{Gsm{z‘,j}ﬂ}@t(ﬂﬁ— Z Liz,,>0y€m — Z 1{xr>1{reuk>sGk}}€T‘)
s=1 meUg>Gr re{i,j 1\Gs B
o E 1{7~€G5}U7t(x_ Z 1{xm>0}€m)
re{i,j} mEUg>sGy
+lG.nfi 20y We(T — Z Lapn>0y€m)
meUstGk

gy D, e Y 1{xm>0}6m—1{xr>1{reuk>sak}}€r>>-

TE{i,j}\GS mEUkZSGk

In order to show that Eﬁ(m) > 0, will show that for each s € {1,...,n}:

1{Gsm{i,j}¢@}<@t(w— Yo Newsoem = Yo Lasige,. 66)

meUkZSGk T'E{i,j}\Gs
- Z 1{TEGS}iEt(w_ Z 1{xm>0}em)+@t(x_ Z 1{xm>0}€m)
Te{ivj} mEUkZSGk meukszk
X e F e e 20 )
re{i,j \Gs meUstGk N
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For a fixed s € {1,...,n}, we have the following cases:

1. Gsn{i,j} = 0. Then relation (69) trivially holds.
2. i€ Gsand j € G (the case j € G5 and i € G is symmetrical). Then (69) becomes:

ﬂ;t (:E - Z l{xm>0}em - 1{xj>1{jEUstGk}}ej)

mEUstGk
—wy(x — Z Lz, >0 6m) + Wiz — Z Lz, >0}€m)
mEUkszk mEUkZSsz
_wt(x - Z 1{zm>0}€m - l{xj>1{j€uk>SGk}}ej) 2 07
meUstGk -

which clearly holds.
3. {i,j} C Gs. Then (69) becomes:

wi(r — Z 1{mm>0}€m) — 2wy (z — Z 1{xm>0}6m)

mGUkszk meukszk

+wy(z — Z 1{$m>0}€m) +0 > 0,
mGUkZSGk

which also holds.

Therefore, RU (x) > 0, so we proved relation (55).

Now relation (53) follows directly from (52), (54), (55) and supermodularity of reward function 7.
0
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